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Abstract: Constitutive modelling is of importance for metals and alloys which 

require hot working to improve their mechanical strength. In the present work, a 

semi-empirical method has been proposed for alloy systems which experience strain 

hardening e.g. Cu-Cr based alloys, which is easy to implement. This method is based 

upon the Arrhenius equation, whereby a new parameter α representing the effective 

stress is introduced. This methodology allows for the effect of strain on the changing 

back stress to be taken into account, thus the method considers the coupled effects of 

strain, temperature and strain rate. The value of parameter α can be fitted using 

exponential function. Experimental data of flow curves during isothermal 

compression have been used to verify the present model. Compared to the 

conventional Arrhenius equation using polynomial fitting, the present model reduces 

the parameters to be fitted without sacrificing accuracy. 

Keywords: Constitutive behaviour; Metallic material; Mechanical testing; 

Microstructures
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1. Introduction 

Hot working is one of the most important processing steps for metals and alloys in 

order to achieve improved mechanical properties. Controlling the processing 

parameters is critical to gain a better understanding of the behaviours of the alloys 

during hot deformation, among which flow stress is a key factor. A thorough review of 

the constitutive modelling for the flow behaviours of metals and alloys divides the 

models into three categories – i) phenomenological, ii) physical-based, and iii) 

artificial neural network models[1]. The phenomenological models[2-7] tend to be more 

efficient, and in fact the classical models for dealing with the flow behaviours 

consider parameters which lack a physical meaning. One of the major drawbacks of 

the phenomenological models is that the coupling effects of the strain, temperature 

and strain-rate have not been fully considered in these models. To reflect the coupling 

effects, strain and strain-rate compensation is suggested for the most commonly used 

model, the Arrhenius equation, by introducing a polynomial function of strain to 

describe various parameters[8]. This provides higher precision when describing the 

flow stress on the basis of parameters fitting. 

  After reviewing those literatures using the polynomial functions, it was noted that 

the flow curves can be characterised in to three typical types: (i) with a steady-state 

stress value; (ii) with a peak stress value; and (iii) with a gradually increasing stress 

value. A schematic illustration has been given in Figure 1 to show the three cases. 
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Figure 1: A schematic illustration of the three types of flow curves (i) with 

steady-state stress value; (ii) with peak stress value; and (iii) with gradually increasing 

stress value. 

(i) To represent flow curves with steady-state stress value such as 

10CrMoWNb steel[9] and 9Cr1Mo steel[10], cubic (power of 3) polynomial 

functions were applied, which led to a correlation coefficient R2=0.991. For 

some Al alloys quartic (power of 4) polynomial functions were applied with 

a good consistency[11-13]. Quartic polynomial functions were successfully 

applied as well for a Ti alloy[14] and a Cu alloy[15]. A quintic (power of 5) 

polynomial function was fitted for the X20Cr13 steel[16]. 

(ii) Flow curves with a peak stress value usually are for Mg[17-19], Ti[20,21], Al[22] 

alloys and steels[23]. Quintic (power of 5) polynomial functions were used 

for all these cases, expect AISI420[24]and brass[25] where a hexic (power of 6) 

polynomial function was applied.  

(iii) Flow curves with rising gradually increasing value are a phenomena which 

can occur in some steels and more commonly in Cu alloys. Quintic (power 

of 5) and hexic (power of 6) polynomial functions were fitted for steel[26] 
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and copper alloys[27,28]. In previous work it was shown that only a 7-power 

heptic polynomial function could fit the curves well for Cu-Cr-In alloys[29].  

  When considering the literature for all types of flow curves, it is particularly 

interesting to observe that higher-power polynomial functions are needed for more 

complex flow curves fitting. This is further evidence of the inferiority of these 

phenomenological models – and in particular their lack of physical meaning. 

Nevertheless it is indeed very difficult to obtain a model originated from a 

physically-based background and which is also easily executed. Therefore, the aim of 

this present work is to propose a semi-empirical method to improve the Arrhenius 

equation by defining a parameter reflecting the coupling effect of strain and 

temperature.  

A Cu-Cr based alloy is chosen for investigation for its complexity of strain 

hardening, precipitation hardening and recovery/re-crystallisation softening during 

isothermal compression at elevated temperatures. High-strength and high-conductivity 

copper alloys are widely used in lead frames, track contact lines, and other fields[30-33] 

Among them, Cu-Cr based alloys have become one of the research hot spots due to 

their excellent properties. It is generally believed that the high strength of the alloy is 

caused by small precipitations with typical size being about 10 nm or less[34,35]. 

During the hot deformation process of Cu-Cr alloy, strain hardening, precipitation 

hardening, and dynamic recovery, and the softening of dynamic recrystallization are a 

competitive relationship, which causes the flow stress curve generated during the 

isothermal compression of the alloy to be very complicated. Therefore, a 
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corresponding constitutive model is needed to reflect the coupling effects of strain, 

strain rate, and temperature during the thermal deformation of Cu-Cr alloys. 

2. Material and methods 

2.1 Sample preparation 

Pure copper (99.9 wt.%), Cu-8wt.%Cr, Cu-40wt.%Zr, and pure titanium (99.99 

wt.%) were used as raw materials. Ingots (Φ=30 mm) were cast after melting in a 

medium frequency induction furnace (DS-7-003, Wuxi Doushan). Solution heat 

treatment was carried out at 950 °C for 1.5 h. Sample bars were cut into size of Φ10 

mm × 15 mm for hot deformation. 

2.2 Isothermal compression 

Isothermal compression tests were performed using a thermomechanical simulator 

(Gleeble MMS-100) at 700, 750, 800, 850, and 900 °C and strain rates are 0.01, 0.1, 1, 

and 10 s−1. The sample bars were heated to the correct compression temperature and 

held for 3 min before compression. The sample bars were compressed by 60% 

followed by quenching in water at room temperature.  

2.3 Microstructure characterisation 

  Isothermal compression tests were interrupted at three states, with the 

corresponding true strain being 0.3, 0.6 and 0.9, in order to observe the microstructure 

evolution during compression. Transmission electron microscopy (TEM, 

Tecnai-G2-F20, FEI) was used for the microstructure observation, noting especially 

the dislocation pile-up at each true strain accumulation. X-ray diffraction (XRD, 

Xpert powder, PANalytical B.V.) was used for phase identification as well as allowing 
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for an estimation of dislocation density. The estimation method is the so-called 

Williamson–Hall model[36]. 

3. Theory 

  The commonly used Arrhenius equation is expressed as follows, 

ε 𝐴 ∙ 𝑓 𝜎 ∙ exp                                                (1) 

where ε is strain rate; A is a material constant; σ is stress; Q is activation energy; R is 

the gas constant; and T is temperature. The stress σ is therefore a function of strain 

rate ε and temperature T – 𝜎 𝑓 ε, 𝑇 . In order to give strain compensation, 

another contribution term should be added, 𝜎 𝑓 ε, 𝑇 𝑓 𝜀 . According to the 

hyperbolic law, 

𝑓 𝜎 sinh 𝛼𝜎                                                   (2) 

those two parameters α and n should be both functions of stress σ which is given as, 

α 𝑓 𝜎                                                            (3) 

and  

𝑛 𝑓 𝜎                                                            (4) 

  During fitting process, it is known that n can be obtained by calculating the slope of 

ln sinh 𝛼𝜎  versus ln𝜀. The value n is dependent on α and thus Equation (4) is not 

needed. In fact, a careful check of previous work in the literature showed that the 

value n does not vary a lot for one metal/alloy.  

Although a proposed dependency of α on stress σ is presented, it is still not clear 

which type of function the relationship will take. This is mainly due to the fact that 

the physical meaning of α remains unclear; and it is assumed that it represents the 
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percentage of effective stress (by taking off the back stress during different strain 

stage). It is very difficult to theoretically estimate the effective hardening under the 

mutual effect of recovery/re-crystallisation softening, strain hardening, and 

precipitation hardening. As such, the values of α at each corresponding strain 

accumulation are to be calculated assuming the constant values of activation energy Q 

and material constant A. The series of values for α and n for different strains are then 

to be used to fit their relationship function. Using a fitting process (which is given in 

the following section), the following relationship was obtained; 

𝛼 exp 𝑎 𝑏 ∙ 𝜀                                                    (5) 

and thus a proposed a new constitutive equation is formed, 

ε 𝐴 ∙ sinh exp 𝑎 𝑏 ∙ 𝜀 ∙ 𝜎 ∙ exp                              (6) 

where a and b are fitting parameters.  

4. Results 

4.1 Flow curves 

  Figure 2 shows the flow curves of the Cu-Cr-Zr-Ti alloys compressed at various 

temperatures and strain rates. It is clear that true stress increases rapidly under the 

conditions of low temperatures (700 and 750 °C) or high strain rates (1 and 10 s-1) 

where the strain hardening dominates the flow curve; while the increase of the slope is 

smallest under the conditions of high temperatures (850 ˚C, 900 ˚C) or low strain rates, 

where the recovery/re-crystallisation softening effects are competing with the strain 

hardening.  
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Figure 2: Flow stress curves of the Cu-Cr-Zr-Ti alloys at different strain rates. (a) 0.01 

s-1; (b) 0.1 s-1; (c) 1 s-1; (d) 10 s-1. 

 

4.2 Microstructure evolution 

  Figure 3 shows the microstructure evolution at the desired strain accumulation 

during isothermal compression (700 °C and 0.01 s-1). Evidence of some dislocations 

can be observed in Figure 3(a) referring to an intermediate true strain accumulation of 

0.3. When the true strain reaches 0.6, more dislocations pile up as shown in Figure 

3(b). Finally, severe dislocation accumulation occurs towards the end of compression 

when the true strain reaches 0.9 in Figure 3(c).  
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Figure 3: Microstructure of the Cu-Cr-Zr-Ti alloys during isothermal compression 

(700 °C and 0.01 s-1) using TEM at different strain stages. (a) 0.3; (b) 0.6; (c) 0.9. 

 

 Figures 4(a), 4(b) and 4(c) correspond to the three increasing accumulations of true 

strain of 0.3, 0.6 and 0.9, respectively for the compression condition of 900 °C and 

0.01 s-1. No obvious dislocation accumulation or annihilation can be seen in this case.  

 

Figure 4: Microstructure of the Cu-Cr-Zr-Ti alloys during isothermal compression 

(900 °C and 0.01 s-1) using TEM at different strain stages. (a) 0.3; (b) 0.6; (c) 0.9. 

 

  XRD patterns are presented in Figure 5 for the samples with true strain of 0.3, 0.6 

and 0.9 when compressed at 700 °C and 0.01 s-1. Using the Williamson–Hall model 

[Williamson and Hall, 1953], dislocation density has been estimated to be 3.8×1019 

cm-2, 4.5×1019 cm-2 and 5.4×1019 cm-2. The tendency of higher dislocation density at 

greater strain is consistent with the microstructure evolution as shown in Figure 3.  
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Figure 5: XRD patters of the Cu-Cr-Zr-Ti alloys during isothermal compression 

(700 °C and 0.01 s-1) using TEM at different strain stages. (a) 0.3; (b) 0.6; (c) 0.9. 

4.3 Constitutive modelling 

  Using the classical constitutive modelling method, it is easy to obtain the 

relationships of lnε ln𝜎, lnε σ, lnε ln sinh ασ  and ln sinh ασ 1000/T 

which are shown in Figures 6(a), 6(b), 6(c) and 6(d), respectively. 

 

Figure 6: Relationships between various variables. (a) ln𝜀 ln𝜎; (b) ln𝜀 𝜎; (c) 

ln𝜀 ln sinh 𝛼𝜎 ; (d) ln sinh 𝛼𝜎 1000/𝑇. 
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  When the true strain is 0.2, the values of α, n, Q and A can be fitted to be 0.018, 

4.97, –315091 J/mol, 2.63×1013 respectively. Assuming the values of n, Q and A are 

constant, the values of α can calculated and listed in Table 1 at different strain stages. 

When plotting the values of α against those corresponding strain ε values in Figure 7, 

it shows an exponential relationship which is fitted by, 

𝛼 exp 3.915 0.573ε                                             (7) 

Table 1: Calculated values of α at different strain stages. 

ε 0.2 0.3 0.4 0.5 0.6 0.7 0.8 
α 0.0180 0.0168 0.0156 0.0148 0.0141 0.0134 0.0128 

 

 

Figure 7: Fitting of the relationship between α and ε. 

 

Thus a constitutive equation can be formed using these parameter values, 

ε 2.63 10 sinh exp 3.915 0.573ε σ . exp            (8) 

  The calculated flow curves are then compared to the experimental ones as shown in 

Figure 8. A good consistency can be found by calculating the correlation coefficient 

R2=0.96 in Figure 9. 
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Figure 8: Comparison of the calculated and experimental flow stress curves of the 

Cu-Cr-Zr-Ti alloys at different strain rates. (a) 0.01 s-1; (b) 0.1 s-1; (c) 1 s-1; (d) 10 s-1. 

 

Figure 9: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Cr-Zr-Ti alloy. 
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5. Discussion 

5.1 Model validation 

  In order to validate the model proposed in the present work, isothermal 

compression experiments have been carried out for Cu-Cr-Mg and Cu-Cr-Sn alloys. 

Equation (8) is used to predict the deformation behaviours and compared to the 

experimental results as shown in Figures 10 and 11, respectively. The calculation of 

correlation coefficients (0.97 for both Cu-Cr-Mg and Cu-Cr-Sn alloys) is presented in 

Figures 12 and 13. Previous work on the Cu-Cr-In alloy[29] has been used for 

validation as well and the correlation coefficient R2=0.96 in Figure 14. This new 

proposed model has been applied to more alloys using available data from the 

literature. Very good agreement has been achieved for the correlation coefficients, 

with corresponding R2 values all no less than 0.95 (please refer to the Appendix for 

more details). 
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Figure 10: Comparison of the calculated and experimental flow stress curves of the 

Cu-Cr-Mg alloys at different strain rates. (a) 0.01 s-1; (b) 0.1 s-1; (c) 1 s-1; (d) 10 s-1. 

 

Figure 11: Comparison of the calculated and experimental flow stress curves of the 

Cu-Cr-Sn alloys at different strain rates. (a) 0.01 s-1; (b) 0.1 s-1; (c) 1 s-1; (d) 10 s-1. 
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Figure 12: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Cr-Mg alloy. 

 

Figure 13: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Cr-Sn alloy. 
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Figure 14: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Cr-In alloy[29]. 

5.2 Sensitivity study 

  When fitting the equation between the parameter α and true strain ε, the exponential 

function has been chosen. The model uses a linear relationship to check the sensitivity 

of the fitted equation. Figure 15 shows the fitting of predicted and experimental flow 

stress of the Cu-Cr-Zr-Ti alloy if a linear relationship is applied. The correlation 

coefficient falls from 0.96 to 0.94. 

  Moreover, if another parameter instead of α is chosen to reflect the effective stress 

(deduction of back stress from total stress), such as A, Q, or n, the flow curves cannot 

be reproduced well as shown in Figures 16 – 18.  
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Figure 15: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Cr-Zr-Ti alloys using a linear relationship fitting. 

 

Figure 16: Comparison between predicted and experimental true stress versus true 

strain using A as a factor reflecting the effective stress. 
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Figure 17: Comparison between predicted and experimental true stress versus true 

strain using Q as a factor reflecting the effective stress. 

 

Figure 18: Comparison between predicted and experimental true stress versus true 

strain using n as a factor reflecting the effective stress. 
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5.3 Physical meaning of α 

  As was assumed, the parameter α should represent the proportion of effective stress 

after deducting the back stress, to the total stress, 

𝛼 eff eff

eff back
                                                    (9) 

where σeff and σback are effective stress and back stress, respectively. This means 

that α is dependent upon the back stress. Back stress is a physical variable which can 

be described by dislocation density. During the compression process, as shown in the 

TEM results of Fig. 3, the dislocation density increases, while the estimation results 

based on XRD in Fig. 5 increase. Therefore, back stress during compression increases. 

At 700 °C, the change law of α value is shown in Figure 19, and the α value decreases 

with increasing strain. As shown in the TEM results at 900 °C in Figure 4, the 

dislocation density is almost constant, and the back stress remains constant during 

compression. The value of α varies slightly as shown in Figure 20. This is to say that 

the change of α value is consistent with the change of dislocation density. Therefore, 

we believe that α value depends on the back stress and is related to the dislocation 

density in the microstructure. 

  Although a qualitative explanation of the physical background for the parameter α 

is given, it remains difficult to calculate its value theoretically. In other words, it still 

remains unclear why an exponential function fits the parameter α, and how the values 

of a and b can be estimated from experimental determination or theoretical calculation. 

Nevertheless it gives a very interesting objective for the future work.  
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Figure 19: Relationship between α value and strain at 700 °C and 0.01S-1 

 

Figure 20: Relationship between α value and strain at 900 °C and 0.01S-1 
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6. Conclusions 

A practical semi-empirical constitutive model has been proposed for strain hardening 

alloys during isothermal compression. Only four parameters are required to be fitted 

to reproduce the flow curves, including a new parameter α, which is given to reflect 

the effective stress (the part of total stress by taking away the back stress). The 

physical meaning of the parameter α is proven by XRD and TEM results. This method 

provides an easily implemented practical way of constitutive modelling for strain 

hardening alloys which combines both physically-based background understanding, 

and phenomenological-based methodology. 
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Appendix 

  The model proposed in the present work has been applied into other alloy systems 

in the literatures. Hereby we give some examples such as copper (Figures A1 and A2), 

steel (Figures A3 – A6), titanium (Figures A7 and A8) and magnesium (Figures A9 

and A10). The corresponding data resources are listed with the figure captions for 

information. 

 

Figure A1: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Ni-Si-P alloy [37] using a constitutive equation 

ε 4.62 10 sinh exp 3.994 0.177ε σ . exp . 
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Figure A2: The calculation of correlation coefficients between predicted and 

experimental flow stress of Cu-Ni-Si-P alloy[28] using a constitutive equation 

ε 3.01 10 sinh exp 4.000 0.380ε σ . exp .  

 

Figure A3: The calculation of correlation coefficients between predicted and 

experimental flow stress of CLAM steel[26] using a constitutive equation 

 ε 1.21 10 sinh exp 4.860 0.315ε σ . exp . 
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Figure A4: The calculation of correlation coefficients between predicted and 

experimental flow stress of P91 steel[38] using a constitutive equation 

 ε 2.69 10 sinh exp 4.656 0.420ε σ . exp . 

 

Figure A5: The calculation of correlation coefficients between predicted and 

experimental flow stress of 20CrMo steel[39] using a constitutive equation 

 ε 5.09 10 sinh exp 3.345 2.416ε σ . exp . 
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Figure A6: The calculation of correlation coefficients between predicted and 

experimental flow stress of 28CrMnMoV steel[40] using a constitutive equation 

ε 7.95 10 sinh exp 4.431 0.313ε σ . exp . 

 

Figure A7: The calculation of correlation coefficients between predicted and 

experimental flow stress of Ti-6246S alloy[41] using a constitutive equation 

ε 1.05 10 sinh exp 5.172 1.351ε σ . exp . 
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Figure A8: The calculation of correlation coefficients between predicted and 

experimental flow stress of Ti-Al alloy[42] using a constitutive equation 

 ε 6.64 10 sinh exp 5.392 0.521ε σ . exp . 

 

Figure A9: The calculation of correlation coefficients between predicted and 

experimental flow stress of AZ41 Mg alloy[18] using a constitutive equation 

ε 2.30 10 sinh exp 5.159 2.048ε σ . exp . 
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Figure A10: The calculation of correlation coefficients between predicted and 

experimental flow stress of Mg-6Al-1Zn alloy[1] using a constitutive equation 

ε 7.00 10 sinh exp 4.169 0.751ε σ . exp . 
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