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EQUIDISTRIBUTION RESULTS FOR SEQUENCES OF POLYNOMIALS
SIMON BAKER

ABSTRACT. Let ()52 be a sequence of polynomials and « > 1. In this paper we study
the distribution of the sequence ( f,,(«))$2; modulo one. We give sufficient conditions for a

sequence ( f,, )22, to ensure that for Lebesgue almost every o > 1 the sequence (f,,(a))S2
n=1 n=1

has Poissonian pair correlations. In particular, this result implies that for Lebesgue almost
every o > 1, for any k > 2 the sequence (oz”k')ff’:1 has Poissonian pair correlations.

1. INTRODUCTION

Given a sequence of real numbers of some number theoretic or dynamical origin, describ-
ing its distribution modulo one is a classical problem (see for example [7, 8, 15] for more
on this topic). One approach for describing the distribution of a sequence modulo one is

to ask whether it is uniformly distributed. In what follows we let {-} denote the fractional

part of a real number and || - || denote the distance to the nearest integer. We say that a
sequence ()2, is uniformly distributed modulo one if for every pair of real numbers u, v

with 0 < u < v <1 we have

g PSS N {aaf €fudy
N—o0 N

In recent years there has been much interest in a new approach for describing the finer
distributional properties of a sequence modulo one. We say that a sequence (z,)2; has

Poissonian pair correlations if for all s > 0 we have

lim =

Jim N 2s.

The original motivation for investigating whether a sequence has Poissonian pair correla-
tions comes from a connection with quantum physics. For certain quantum systems the

discrete energy spectra has the form ({a,a})>?, where « is a constant and (a,)5, is a
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2 SIMON BAKER

sequence of integers. The Berry-Tabor conjecture states that the discrete energy spec-
trum has Poissonian pair correlations except for in certain degenerate cases. This con-
nection inspired several important contributions due to Rudnick, Sarnak, and Zaharescu,
see [19, 20, 21]. We refer the reader to [1] and the references therein for more on this
connection between quantum physics and the Poissonian pair correlation property.

Much of the recent interest surrounding whether a sequence (a, )% ; has Poissonian pair

correlations comes from a connection with additive combinatorics, and more specifically

[
n=1"

with the so called additive energy of a sequence (a,,) This connection was initially
observed by Aistleitner et al in [5] and subsequently pursued by several authors. For more
on this connection we refer the reader to the survey of Larcher and Stockinger [16] and
the references therein. We remark that the sequence (na)2?; does not have Poissonian
pair correlations for any o € R. This fact can be seen as a consequence of the three gap
theorem. For a short proof of this fact we refer the reader to the aforementioned survey of
Larcher and Stockinger [16].

An interesting family of sequences is obtained by considering (a™)> ; for @ > 1. The main
source of motivation behind the present work is a desire to obtain a thorough description of
the distribution of these sequences. More generally, we are interested in taking a sequence
of polynomials (f,,)32 , a real number o > 1, and studying the distribution of the sequence

(fu(@))22; modulo one.

o0

>, modulo one dates back to work of

The study of the distributional properties of (o)
Hardy. In [12] he proved that if « is an algebraic number and lim, , [|a”|| = 0 then «
is a Pisot number. This result was later obtained independently by Pisot in [17]. Recall
that we say a real number o« > 1 is a Pisot number if it is an algebraic integer whose
Galois conjugates all have modulus strictly less than one. Pisot had previously shown in
[18] that there are at most countably many a > 1 satisfying lim, . |[@"]] = 0. It is an
long-standing open question to determine whether there exist any transcendental numbers
"l

satisfying lim,,_, ||[@"|| = 0. The main result of this paper builds upon the following

theorem due to Koksma.

o0

Theorem 1.1 ([14]). For Lebesgue almost every a > 1 the sequence (o), is uniformly

distributed modulo one.

For some recent results on the distribution of the sequence (a™)32, we refer the reader

to [2, 6,9, 10, 11, 13], [8, Chapters 2 and 3], and the references therein.
In [4] it was shown that if a sequence has Poissonian pair correlations then it is uni-

formly distributed modulo one. Observe that by our earlier remarks regarding the sequence

oo

o, and the well known fact that (na)®2, is uniformly distributed if « is irrational,

(na)



EQUIDISTRIBUTION RESULTS FOR SEQUENCES OF POLYNOMIALS 3

it follows that having Poissonian pair correlations is a stronger property than being uni-
formly distributed. With this observation and Theorem 1.1 in mind, the following question
naturally arises.

Question 1.2. Is it true that for Lebesgue almost every a > 1 the sequence (a™)2%, has

Poissonian pair correlations?

In this paper we do not answer this question. It is worth mentioning that after completion
of this paper, the author and Christoph Aistleitner were able to answer Question 1.2 in the
affirmative, see [3]. The arguments used in this paper rely on a second moment method
and good estimates on the Lebesgue measure of certain sets. The arguments used in [3]
combine some of the techniques introduced in this paper with a martingale approach and
techniques from Fourier Analysis. The results from [3] do not imply either Theorem 1.3 or
Theorem 1.4, which are the main results of this paper.

The main result of this paper is the following general theorem which gives sufficient
conditions for a sequence of polynomials (f,,)%°; to ensure that for Lebesgue almost every
a > 1 the sequence (f,(«))>; has Poissonian pair correlations.

Theorem 1.3. Suppose (f,)5°, is a sequence of polynomials satisfying the following prop-
erties:
(1) The sequence (deg(f,))>2, is strictly increasing.
(2) For any ny > ny the function f,, — fn, © (1,00) — R is strictly increasing and
convez.
(3) For any |a,b] C (1,00), there exists c,p > 0 such that for any a € [a,b] and ny > ny
we have

(Fra = Fu) (@) = cap deg(fu,)a?52).

(4) For any [a,b] C (1,00), there exists C,p > 1 such that for any a € [a,b] and ny > ny

we have
Oédeg(fHQ )

Ca,b
(5) For any [a,b] C (1,00) and Cuyp as in (4), for ny sufficiently large the following
wequality is satisfied for all no > ny

(2 deg(fn,)
deg(fn,) deg(fn,)

Then for Lebesgue almost every o > 1 the sequence (f,(a))e has Poissonian pair correl-

< (fng = fa) (@) < Cypadestin,

ations.

- 1) log Cop+(deg(fn,) — deg(fn,)) log a—log (deg(fm) (w - 1)) < —3logn,.
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The fifth assumption appearing in Theorem 1.3 might seem a little unwieldy. Essentially
it is a condition on the growth rate of the sequence (deg(f,,))>2 ;. Note that it is not satisfied

[e.9]

o 1, which is why we cannot provide an affirmative answer to Question

by the sequence (n)
1.2. However for many natural choices of sequences it is a straightforward exercise to

o0

check that this assumption is satisfied. As an example, whenever (deg(f,))s>, = (n*)>,

for some k > 2 then this assumption is satisfied. Similarly, if (deg(f,))s>; = (n!)s°, then
the fifth assumption is satisfied. These observations imply the following theorem which
follows from Theorem 1.3.

Theorem 1.4. For Lebesque almost every o > 1 the sequences (™), and (o +a™ 1+
<o+ a+ 1)22, have Poissonian pair correlations for all k > 2. Similarly, for Lebesgue

| . . . .
almost every o > 1 the sequence (&™), has Poissonian pair correlations.

Notation. Throughout this paper we make use of the standard big O notation, i.e.
X = O(Y) if there exists C' > 0 such that |X| < CY. When we want to emphasise a
dependence for the underlying constant C' we will include a subscript, i.e. X = O,(Y) if
| X| < C-Y for some C that depends upon a. Given a sequence of polynomials (f,)32, we
will use the notation (d,,)?, to denote its sequence of degrees. The sequence of polynomials
we are referring to will be clear from the context. We let L(-) denote the Lebesgue measure.

2. PROOF OF THEOREM 1.3

We will repeatedly use the following lemma in our proof of Theorem 1.3.

Lemma 2.1. Let f : [a,b] — R be a strictly increasing differentiable convex function. If
I =c,d] or I =1]c,1]UJ0,d] for some ¢,d € [0,1], then we have

L(I)(b—a) L(I) , L(I)(b—a) L(I)
—1+,C(I) +(’)(m) Sﬁ(ae[a,b].{f(oz)}ef)g—l_ﬁ(]) —l—(’)(m).

Moreover, if the I above is such that L(I) = 1/m for some m € N, then the above can be
strengthened to

L(I
L(a€a,b]: {fla)}el)=LI)b—a)+O (f’((a))> :
Proof. We will prove the statement for general [ first. By adding a constant to f if
necessary, we can assume without loss of generality that I = [0, ¢| for some ¢ € (0,1]. We
start by proving the lower bound. Consider the following collection of intervals:

e (e 213 [}



EQUIDISTRIBUTION RESULTS FOR SEQUENCES OF POLYNOMIALS 5

These intervals cover [0, 1) and there are L%J +1 of them. Therefore, there exists an element
of this collection, that we will denote by .J, such that

b—a < c(b—a) '
[1+17 1+4c

(2.1) L(a€[ab]:{f(a)} eJ)>

Since f is strictly increasing and convex, the following inequality holds for any interval

L C [f(a), f(b)] and t > 0:
(2.2) L(a€lab]: fla)e L) > L(a € a,b]: fla) € L+1).

Using that f is strictly increasing and convex, together with the mean value theorem, we
have the following bound. For any interval L C R, we have

(2.3) Llaclab: fa)eL)=0 (?g) |

Choosing t € [0,1) such that J C [0, c] + ¢ we obtain:

L€ [a,b]: {f(a)} €]0,¢]) Z L(a € [a,b]: f(a) €[0,c] + M)
M=[f(a
= Lsz)“a 0.0]: f(@) € 0.+ )+ 0 (55
= a € la a) € 10,c] + + STYRY
M= Lf(aJ+1 f(CL)

%}Hlﬁ(a €la,b): fla)el0,d+t+M)+0O (m)

LF(b)] -1

> ), Llacad): f<a>eJ+M>+O<ffa>>

M=|f(a)|+1

Vi

Lf (b))
£( b : o) )
Ef:(a” a€lab): fla)eJ+ M)+ (f,(a)

= Lo fab]: {f(@)} € ) +0 <ffa>>

2o (s):

This completes the proof of our lower bound. The proof of the upper bound is similar.
Note that the upper bound is trivial for [0, ¢| such that ¢ > 1/2. As such we restrict our
attention to intervals of the form [0, ¢] for ¢ < 1/2. This time we consider the collection of
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0,¢, [, 2d), ..., KH _ 1) ‘. 1} |

These intervals cover [0,1) and there are [%J of them. Since the Lebesgue measure of the

intervals

set of o that are mapped into the intersection of two of these intervals is zero, there exists

an element of this collection, that we will denote by J’, such that
b—a < c(b—a) |
] 7 1-e

Applying (2.2) in conjunction with (2.3), an analogous argument to that given above yields

L€ la,b]: {fla)} e J)<

L(a € [a,b]: {f(a)} €[0,c]) < L( € [a,b] : f(a) € T)+O (%) :

Then by the definition of J’ we have

Claclat]: {frend <=9 0 <f,fa)> .

This completes our proof of the upper bound.
To deduce the stronger statement when £(/) = 1/m for some m € N, notice that the

two collections of intervals appearing in the proof of the lower bound and upper bound can
both be replaced by the single collection given by the intervals

[0,1/m],[1/m,2/m],...,[(m —1)/m,1].

Importantly this collection consists of exactly m elements. Repeating the arguments given
above for this collection yields the stronger statement.
O

The following proposition is the tool that allows us to prove Theorem 1.3.

Proposition 2.2. Let (f,)22, be a sequence of polynomials satisfying the hypothesis of
Theorem 1.3. Then for any [a,b] C (1,00) and s > 0 we have

/b (#{1 <m#n<N:|fale) = ful@l <%} 23)2da = Oyt (%) .

N

We split our proof of Proposition 2.2 into a series of lemmas. Throughout this paper

x4 denotes the indicator function on a set A C R. We start by expanding the bracket
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appearing within the integral to obtain:

2.4) /b (#{1 <m#An<N:|fale) = fu(@ll <5} 25)2 ”

a N
1 b
= 2. / 0.511fn(@) = (@) Dx10. 51 fa(@) = fp(@)]]) dev
1<m#n<N v @
1<p#q<N
(m,n)#(p,q)
1
i Y [ xosilfate) (@l da
1<m#n<N Y@
4
= ¥ /X[o;vl £(@) = fn()) da
1<m#n<N
+45*(b — a).

We will focus on each term on the right hand side of (2.4) individually. It is useful at this

point to rewrite the first term as follows:

1
LS / Xi0,21(I1fa@) = fn(@) X021 (1fo(@) = fyf@)])) da
1<m#n<N
1<p#q<N
(m,n)#(p.q)
4
b X[ vasla) ~ @D giae) = i)l do
1<m<n<N
1<p<qg<N
(mm)£(p.)
4
s 2 [ Xog5(@) ~ Snl@l o 21(Mfe) ~ el do
TESaEN

aFn

> / 2(150) = S @IDXi0. 51 (1nl@) = @) de

1<m#p<n<N

(2.5) =3 > /X[o s1Ufn(a) = fm(@)Dxp0. 211 fo(@) = fo(a)l]) dex

1<m<n<N
1<p<qg<N
q<n

A / 1(1n(@) = Fn@) D)X 21(1 fu@) = fyl@)]) da

1<m<p<n<N

The behaviour of the two terms on the right hand side of (2.5) is described by the following

lemmas.



8 SIMON BAKER

Lemma 2.3. Suppose (f,)02, is a sequence of polynomials satisfying the hypothesis of
Theorem 1.3. Then for any [a,b] C (1,00) and s > 0 we have

8 1
2 2 @@ o )@ da < 4570-0) 00 (1)
1<m<n<N

1<p<q<N

Proof. To each 1 < p < ¢ < N and M € [[f,(a) = f,(a)], [ fo(b) — f,(b)]] we associate the
interval

S S
Digp = {a € lab]: fyla) = fyla) € [M - 2 M+ 2]}
This is an interval because the function f, — f,, is strictly increasing. We note that

S [fq(0)—=fp(b)]
(2.6) {ocbl:If@-fel<vt= U

M=|fq(a)=fp(a)]

We denote the left hand point of each non-empty Insq, by cargp-

Note that || fu(a) — fu(@)|| € [0, ] if any only if {f,(a) — fu(a)} € [0, F]U[1 — 5. 1).
Therefore by an application of Lemma 2.1 we have

> /X[o 1 (@) = fn(@)Dxp. 511 fa(@) = Fip(a)l]) dev

1<m<n<N
1<p<q<N
g<n

[fq(b

-y z / x041(12(0) = fu(@)]) da

1<m<n<N M=|fq(a)—fp(a) Inqp
1<p<qg<N
q<n

[fq(b)—=fp(b)]

(27) S Z Z E(IM7q7p)28/N

LN -l p@) 2N
I<p<g<N ! ?
q<n

[fa(b)—Fp(b)]

2s
+ 0O Z Z N(fn— ) (Crrqp)

1< <N
1<T;<<;<N M=|fq(a)=fp(a)]
g<n

We now treat the two terms appearing in (2.7) separately.

Bounding the first term in (2.7).
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By an application of Lemma 2.1 and (2.6) we have

[fa(b)=fp(b)]

(28) Z Z E([M,q,p)QS/N

LN i@y L 2N
1<p<q<N ! !
g<n

[£q(0)=fp(0)]

2
:N _828 Z Z £<]M7q7p)

1< <N M= —
1‘5?5?@ M=|fq(a)=fp(a)]
qg<n

2s (b—a)2s/N 2s
SN 25 1<m§<N ( 1—2s/N O (N(fq - fp)’(a)>)
1<p<g<N

g<n

45%(b — a)
il S 1
(N — 2s)2 Z
1<m<n<N

1<p<g<N
q<n

—|—O 482 Z 1
1<p<g<N
g<n

By our third assumption we know that (f, — f,) (a) > capd,at for ¢ > p. We also know
by our first assumption that (d,,)5°, is a strictly increasing sequence of natural numbers,

n=1

therefore d,, > n for all n € N. This implies (f, — f,)'(a) > cqpqa? for ¢ > p. Therefore

N n—1n—-2 n-1 1
o, (3 ﬁ)

n=3 m=1 p=1 q=p+1

N n—1n—-2 1
0 (X5 b

n=3 m=1 p=1 (p + 1)ap+

N n—1
=Oup | Y 1>

n=3 m=1

(2.9) =0,4(N?).
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A straightforward calculation yields

N4
2.10 1="— N3).
(2.10) > 1= o
1<m<n<N
1<p<g<N
q<n

Substituting (2.9) and (2.10) into (2.8), we see that the following holds for the first term
in (2.7)

[fa(b)—1p(0)]

L(Iygp)28/N _ s*(b—a)N*
A < Os.ap(N).
2 2 [—2s/N  ~ 2(N—2s) © ao(V)
1<m<n<N M=|fq(a)—fp(a)]
1<p<g<N
g<n

It is easy to show that

s°(b—a)N*  s*(b—a)N?
2(N —2s)2 2

+ Os.05(N).

Therefore the following holds for the first term in (2.7)

[fa(b)—Fp(b)]

LI 25s/N _ s*(b—a)N?
ey Yy AR SOCON o),
1—2s/N 2
1<m<n<N M=|fq(a)—fp(a)]
1<p<g<N
q<n

Bounding the second term in (2.7).
By the fifth assumption listed in Theorem 1.3, we know that there exists some N; € N
for which

2d,, dn
(2.12) (d_ - 1) log Cyp + (d, — dy,) log a — log (dn (d— - 1>) < —3logn

q q

whenever ¢ > N; and n > ¢. The equation below describes the error that occurs by

restricting the second term in (2.7) to ¢ > N;. As we will see, this error will be negligible.
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We have

[fa(b)—Fp(b)] [fa(b)—Fp(0)]

2s
Z _ Z N(fn — fm)l(CM,q,p) - Z _ Z N(fn— fmy(cM,q,p)
11§ST;<<;§§J<TV M=|fq(a)—fp(a)] 11§SZL<<;§§J<WV M=|fq(a)—fp(a)]
q<n N1<g<n

[fa(0)—Fp(b)]

+ Z Z N(fn— fm) (crgp)

1<m<n<N M= _
1§?<qn<_N1 [fq(a)—fp(a)]
q<n

[fa(b)—Fp(0)] 9

= Z Z N(fo = fm) (crrgp)

1<m<n<N M=|fq(a)—fp(a
RSN Lfa(a)=fp(a)]
N1<g<n

+ Os,a,b Z %

1<m<n<N
1<p<q< N1
q<n

[fq(0)—=fp(0)] 26

(2.13) - Z Z N(fa = fm)(crrgp)

1<m<n<N M=|fq(a)—fp(a)]
1<p<g<N ! i
N1<g<n

+ Os%b (N) .

In the penultimate equality we used that for any ¢ < Ny, for p < ¢ and m,n satisfying
m < n and ¢ < n, we have

[fq(b)—fp(b)] 1
Ous(1).

Z (fn - fm)/(cM,q,p) N ’

M=|fq(a)=fp(a)]

We now bound the first term on the right hand side of (2.13). Recall that by our fourth
assumption there exists C,;, > 1 such that f,(a) — f,(a) < Cypad for all a € [a,b).
Therefore

dq S
CaybcM,q,p > M — N

Increasing C, 5 if necessary, we may assume without loss of generality that

d
Ca,bc]\},q,p > M 42
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holds for all cps 4. Therefore

M+2)1/d'1

(2.14) CM,qp = ( Cos

Using the fact that f,, — f,, is convex, we see that (2.14) implies

(o= ) e3100) = (o — fn ((MC”)/> |

Therefore
[fq(0)—fp(b)] 9

(2.15) ) D Ay T P

1<m<n<N M=|fy(a)—f(a)]
1<p<q<N e
Ni<g<n

[fa(6)—fp(b)] 9
< > . o
LemensN M={s@~1y(@) N(fo = fn) (<M“) )

<p<q<N
N1<g<n

Ca,b

We would now like to be able to use our third assumption to assert that

(M 42\ M + 2\ /%
— > .
(fn fm) <( Ca,b > - ca,bdn ( Oa’b )

However we cannot apply this assumption directly since (m

1/dq
) is not necessarily con-

tained in [a,b]. However, we know by our fourth assumption that f,(a) — f,(a) > gdqb
and f,(b) — f,(b) < C,pb% for all p < q. Using these facts, together with the property

limg o0 dg = o0, it follows that for ¢ sufficiently large, for p < ¢ and M € [|fy(a) —
fo(@)], [ fq(b) — fp(b)-”, we have

M+2\Y4 144
2.16 5| .
210 (e) <[5

Without loss of generality we can assume that the N; we chose earlier was sufficiently large
to guarantee (2.16) holds for any M € [|f,(a) — fy(a)], [f,(b) — f,(b)]] for ¢ > Ny and
p < ¢. In which case we can apply our third assumption for the interval [12—‘1, 2b] to assert
that there exists a constant ¢, > 0 such that

M 42\ "% M + 2\ ™/
_ !/ > /
(fn fm) <( Ca,b > - Ca,bdn ( Ca,b )
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for any M € [ fy(a) — fy(a)], [f4(b) — f»(b)]] for ¢ > N; and p < g. Using this bound in
(2.15) we have

[£a(0)=fp(b)]

2s
> 2 NI en

1<m<n<N M=
1<”;§;<N Lfa(a)=Fp(a)]

N1<g<n
[fa(b)=£5(6)] dn /dy
1 Col
:Osa T =
,ab N E E : dn<M+2)dn/dq
L<m<n<N M= fy(a)fy(a)]
1<p<qg<N
N1<g<n

o 1 Z cjz/dq /(fq(b)fp(bﬂl 1 "
s,a,b N d L (a)] -1 (x_"_2)dn/dq

1<m<n<N n a(a)—fp

1<p<g<N

N1<g<n

(rn/d
00 |+ (Cor ™ (Lfal@) = fyla)] + 1)/
—VYsab | A7
N 1<m<n<N dn(dn/dq — 1)
1<p<q<N
N1<g<n

0|t Y € /™ (o) = fyla))' /s
T b dn(dy/dy — 1)
1<m<n<N
1<p<g<N
N1<g<n

C;iz/dq ( ada /Ca,b)l_dn /dq
(dn/dy — 1)

1
(2.17) =Ouat | % >
1<m<n<N
1<p<q<N
N1<g<n

In the final line we used our fourth assumption that f,(a) — f,(a) >
know that

ad
&L By (2.12) we

Ca/ ™ (s [Cup) =/ 1
An(dnfdy = 1)~

n3
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whenever ¢ > N; and n > ¢. Substituting this bound into (2.17) we obtain

[fq(0)—Fp(D)] 95 1 1
> Y N 0|y X W
L<m<n<N M=|fy(a)~fp(a)] ~ /7 TGP 1<m<n<N
1<p<q<N 1<p<qg<N
N1<g<n N1<g<n
| Nelasl Nl
SCRIED 90 90 9) 3
q=N1 p=1 n=¢+1m=1
| Melet N
SCRIES 9 o) WY
q=N1 p=1 n=¢+1
N—-1 g—1
1 1
_Osa T -
(v X))
qg=N1 p=1
N—1
1
—Osab N 1)
q=N1
—Os,a,b(1>
Therefore

[fa(b)—Fp(b)] 96

22 NGy = G M)

1<m<n<N M=|fq(a)—fp(a)
[SpqiN Lfa p(a)]
N1<g<n

Which when combined with (2.13) gives

[fa(0)=Fp(b)] 96

(2.18) Z Z NG = e = Osap (N).

1< <N M=
1<7Z<<;L<N Lfq(a)—fp(a)]
qg<n

Substituting (2.11) and (2.18) into (2.7) we obtain the desired inequality:

DS / o112 Fule) D 1 @)~ ) D do < 4520-0)+0.n (7 ).

1<m<n<N
1<p<q<N
q<n
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Lemma 2.4. Suppose (f,)5, is a sequence of polynomials satisfying the hypothesis of
Theorem 1.3. Then for any [a,b] C (1,00) and s > 0 we have

5 T [ xwse = @ (@) = b)) da = Ouus (1)

1<m<p<n<N
Proof Notice that if xo s (| fale) = fr(@)]]) = 1 and X[Oﬁ](an(oz) — fp(a@)|l) = 1 then
Xp0,2)([[fp(@) = fm(a)[]) = 1. Therefore
2.19) S [ 0a@ = @D g1 (@) ~ H da
1<m<p<n<N
< > / Xj0,21 (1 fp(@) = fm(a) ) x10, 51 (1fn (@) = fp(@)]]) dex
1<m<p<n<N

Importantly f, — f,, and f, — f, are polynomials of different degrees. As a consequence
of this, the right hand side of (2.19) is in a form where the arguments used in the proof
of Lemma 2.3 can be applied. In particular one can define appropriate analogues of the
intervals Iysq, and the points cprq,. Then by analogous arguments to those given in the
proof of Lemma 2.3, it can be shown that

(2.20) > / Xpo,2:) (I fp(@) = (@) x10,51 (I fn(@) = fp(@)]]) dov = Osap (N) .

1<m<p<n<N

Substituting (2.20) into (2.19) we obtain

DY / o41(Il#=(a —fm<a>\|>><[o,m<ufn<a>—fp<a>u>da=os,a,b(%)_

1<m<p<n<N

g

Substituting the bounds provided by Lemma 2.3 and Lemma 2.4 into (2.5), we see that
under the hypothesis of Theorem 1.3, the following holds for the first term in (2.4)

(2.21)

DY / o4 (1)~ Ful@) D (1 @)~ ) D d < 4526-0)+0.n (7 ).

1<m#n<N
1<p#q<N

(m,n)#(p,q)

Lemma 2.5. Suppose (fn)flo 1 1S a sequence of polynomials satisfying the hypothesis of
Theorem 1.3. Then for any [a,b] C (1,00) and s > 0 we have

% 3 / 2[fn(@) = fm(@)l]) dor = Osap (%)

1<m#n<N
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and

4_]5 Z / Xo,51(1fn(e) = f(a)|]) da > 8s%(b— a) + Oy ap (%) ‘

1<m#n<N
Proof. To prove our result it suffices to show that
(2.22) > [ i@ @l de = Ouas(
1<m#n<N
and
(2.23) > / 11 fal@) = frn(@)]]) dov > 25(b — a)N + Oy 4 5(1).
1<m#n<N

We start by proving (2.22). Applying Lemma 2.1 together with our first and third assump-
tions, we see that the following holds:

3 /x[o (@) = fnla) > 3 / o2 (1ful@) = fn(e)]]) da

1<m#n<N 1<m<n<N
(b—a)2s/N 1
< 2 T a_/nT s,a Nt 7
- Z < 1—2s/N T Osas Nd,an
1<m<n<N
(b— a)QS/N 1
—9 Al
2 1—2s/N Osat Nd,adn
1<m<n<N 1<m<n<N
4s(b—a) 1
<27 —
=N _92s Z 1+Os,a,b (N)
1<m<n<N
4s5(b —a) [ N* 1
N2 <7 oW >) T O (N)
= Os,a,b(N)-

By a similar argument, this time using the lower bound from Lemma 2.1, it can be shown
that

S / xo,21(1£a(@) = Fm(@)]) > 25(6 = )N + Oy (1),

1<m#n<N

g

Proof of Proposition 2.2. Proposition 2.2 follows by substituting the bounds provided by
(2.21) and Lemma 2.5 into (2.4). O

Equipped with Proposition 2.2 we are now in a position to prove Theorem 1.3.
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Proof of Theorem 1.3. Let us start by fixing [a,b] C (1,00) and let s > 0 be arbitrary. By
Proposition 2.2 we know that

b m#n 2 [ fula) = fn(@)]] < 52 ’
/Q<#{1§ £V o) f<>||<N}_28) da:@w,b(ﬁ).

Applying Markov’s inequality, we have

. (a c ol (#{1 <m#An <N : | fula) = fu(@)]| < 55} 23)2 . N1/2> _o.., ( 1 > |

N2 N3/2

Importantly

=1
) Nz S
N=1

Therefore, by the Borel-Cantelli lemma, for Lebesgue almost every « € [a, b], the inequality

> N~1/2

#L<m#An <N |fol0) = fu(@ < 32}
N? o

is satisfied for at most finitely many values of N. This implies that for Lebesgue almost

every « € [a,b] we have

i FHLEm A0 < N2 (@) = fnlo)] < 55)

N—oo N2 =25

The parameter s was arbitrary. Therefore by considering a countable dense set of s, and
applying an approximation argument, it can be shown that for Lebesgue almost every
a € [a,b], for any s > 0 we have

(2.24) o #HLSmAn SN fa@) = fu(@)l] < 5}

N—oo N2 =25

To each N € N we define My € N to be the unique integer satisfying the inequalities

Mz < N < (My+ 1)
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Let s > 0 and € > 0 be arbitrary. Since (2.24) holds for Lebesgue almost every « € [a, ]
for any s > 0, we have

fia LS M A1 S N2 [fufe) = fule)] < 5

im sup

N—oo N
o #l<mAn < (My+ D2 [ fula) — ful@)] € it}

<lim sup 5
N—oo MN

wm+4ﬁ>#ﬂéﬂwﬂwﬂMW+U%th%— m()| < Grihget

MF (My +1)?

N—oo

= lim sup (
=2(s+¢)

for Lebesgue almost every « € [a,b]. Similarly it can be shown that for Lebesgue almost
every « € [a,b], we have

i LS M A1 S N 2 [£a(0) = fnle)] < 4}
11 1n

N—o0 N

> 2(s —e€).

Since s and € were arbitrary, we may conclude that for Lebesgue almost every a € [a, D]
we have

. #F{L<m#n<N:|fula) = fm()| < 5}
im =2s
N—oo N

for any s > 0. Since the interval [a, b] was arbitrary this completes our proof.

Acknowledgements. The author was supported by EPSRC grant EP/M001903/1.

REFERENCES

[1] I. Aichinger, C. Aistleitner and G. Larcher, On Quasi-Energy-Spectra, Pair Correlations of Sequences
and Additive Combinatorics, Contemporary Computational Mathematics — a celebration of the 80th
birthday of Tan Sloan (J. Dick, F. Y. Kuo, H. Wozniakowski, eds.), Springer-Verlag, 1--16, 2018.

[2] C. Aistleitner, Quantitative uniform distribution results for geometric progressions, Israel J. Math. 204
(2014), no. 1, 155--197.

[3] C. Aistleitner, S. Baker, On the pair correlations of powers of real numbers, arXiv:1910.01437
[math.NT].

[4] C. Aistleitner, T. Lachmann, F. Pausinger, Pair correlations and equidistribution, J. Number Th. 182
(2018), 206—220.

[5] C. Aistleitner, G. Larcher, M. Lewko, Additive energy and the Hausdorff dimension of the exceptional
set in metric pair correlation problems, with an appendix by Jean Bourgain, Israel J. Math. 222 (2017),
no. 1, 463—485.

[6] S. Baker, On the distribution of powers of real numbers modulo 1. Unif. Distrib. Theory 10 (2015), no
2, 67-—75.



EQUIDISTRIBUTION RESULTS FOR SEQUENCES OF POLYNOMIALS 19

[7] Y. Bugeaud, Approzimation by algebraic numbers, Cambridge Tracts in Mathematics, 160. Cambridge
University Press, Cambridge, 2004. xvi+274 pp.

[8] Y. Bugeaud, Distribution modulo one and Diophantine approximation, Cambridge Tracts in Mathem-
atics, 193. Cambridge University Press, Cambridge, 2012.

[9] Y. Bugeaud, L. Liao, M. Rams, Metrical results on the distribution of fractional parts of powers of
real numbers. Proc. Edinburgh Math. Soc. 62 (2019), 505-521

[10] Y. Bugeaud, V. Moshchevitin, On fractional parts of powers of real numbers close to 1, Math. Z. 271
(2012), no. 3-4, 627-637.

[11] A. Dubickas,On the powers of some transcendental numbers, Bull. Austral. Math. Soc. 76 (2007), no.
3, 433-440.

[12] G. H. Hardy, A problem of Diophantine approzimation, J. Indian Math. Soc. 11 (1919), 162-166.

[13] J.-P. Kahane, Sur la répartition des puissances modulo 1, C. R. Math. Acad. Sci. Paris 352 (2014),
no. 5, 383-385. (1924), 115-125.

[14] J. F. Koksma, Ein mengentheoretischer Satz iber die Gleichverteilung modulo Eins, Compositio Math.
2 (1935), 250—258.

[15] L. Kuipers, H. Niederreiter, Uniform distribution of sequences, Pure and Applied Mathematics. Wiley-
Interscience, John Wiley & Sons, New York-London-Sydney, 1974. xiv+390 pp.

[16] G. Larcher, W. Stockinger, On Pair Correlation of Sequences, arXiv:1903.09978 [math.NT].

[17] C. Pisot, La répartition modulo 1 et les nombres algébriques, Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(2) 7 (1938), no. 3—4, 205-248.

[18] C. Pisot, Sur la répartition modulo 1 des puissances successives d’un méme nombre, C.R. Acad. Sci.
Paris 204 (1937), 312-314.

[19] Z. Rudnick, P. Sarnak, The pair correlation function of fractional parts of polynomials, Comm. Math.
Phys. 194 (1998), no. 1, 61-—70.

[20] Z. Rudnick, P. Sarnak, A. Zaharescu, The distribution of spacings between the fractional parts of na,
Invent. Math. 145 (2001), no. 1, 37--57.

[21] Z. Rudnick, A. Zaharescu, A metric result on the pair correlation of fractional parts of sequences,
Acta Arith. 89 (1999), no. 3, 283--293.

SIMON BAKER: SCHOOL OF MATHEMATICS, UNIVERSITY OF BIRMINGHAM, BIRMINGHAM, B15 2TT,
UK
Email address: simonbaker412@gmail.com



