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On two-signed solutions to a second order semi-linear parabolic partial
differential equation with non-Lipschitz nonlinearity

V. Clark?, J. C. Meyer*

% College of Engineering, Mathematics and Physical Sciences, University of Exeter, Exeter, UK
bSchool of Mathematics, Watson Building, University of Birmingham, Birmingham, UK

Abstract

In this paper, we establish the existence of a 1-parameter family of spatially inhomogeneous radially symmet-
ric classical self-similar solutions to a Cauchy problem for a semi-linear parabolic PDE with non-Lipschitz
nonlinearity and trivial initial data. Specifically we establish well-posedness for an associated initial value
problem for a singular two-dimensional non-autonomous dynamical system with non-Lipschitz nonlinearity.
Additionally, we establish that solutions to the initial value problem converge algebraically to the origin and
oscillate as n — oo.

Keywords: semi-linear parabolic PDE, well-posedness, oscillation, non-Lipschitz, self-similar solutions
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1. Introduction

In this paper we consider v : Dy — R such that u = wu(z,t) is continuous and bounded on Dp :=
R™ x [0, T] and, for fixed n € N, uy, uy, and ug,,; exist and are continuous on D := R" x (0,77] for each
1 < 4,7 < n. Moreover, we suppose that u is a solution to the following Cauchy problem for the second

order semi-linear parabolic partial differential equation with non-Lipschitz (Holder continuous) nonlinearity,

given by
ug — Au=ulu/P"* on Dr, (1.1)
u=0 on ODr, (1.2)
u € C*Y(Dp) N C(Dr) N L>(Dr), (1.3)

with 7> 0,0 < p < 1 and D7 := R™ x {0}. Here C%!(X) denotes the set of functions that are defined on
X which are continuously differentiable twice with respect to the spatial variables x, and once with respect

to the time variable ¢; C(X) denotes the set of functions that are defined and continuous on X; and L (X)
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denotes the set of functions with bounded essential supremum and infimum. We refer to the Cauchy problem
in (L.I)-(L.3) as [CP] and u : Dy — R satisfying (L.1)-(L.3) as a solution to [CP]. In addition, throughout
the paper we denote (z,t) € Dy as (z1,22,...,Tn,t), for € R™, t € [0,T].

The existence of spatially inhomogeneous classical self-similar solutions to [CP] of the form u = w(n)t'/(~?)
with 7 = 2/t'/? and n = 1 has been considered in detail in [13]. In the paper, via consideration of a self-
similar solution structure, a two-dimensional non autonomous dynamical system with non-Lipschitz nonlin-
earity was analysed and the existence of a two parameter family of homoclinic connections on the equilibrium
point (0,0) of the dynamical system, as well as decay bounds and estimates on these connections, were es-
tablished. Herein, we consider an analogously derived dynamical system in n-spatial dimensions, for n € N,
and establish the existence of spatially inhomogeneous solutions to —. Moreover, we establish a
full well-posedness result for the initial value problem for the dynamical system. Furthermore, we prove
that solutions oscillate as 7 — oo, which gives additional structural information about the aforementioned
solutions in [I3]. Curiously, oscillation theory of Sturmian type (see, for example [6] or [I6]), when com-
bined with algebraic decay bounds on solutions to the initial value problem for the dynamical system as
1 — 00, obtained here via an adaptation of a technical argument in [4], appear to be insufficient to establish
oscillation of solutions as 7 — oco. Hence, we adopt a novel alternative approach which relies on properties
of non-negative solutions to [CP] established in [1], to establish that solutions to the initial value problem
for the dynamical system oscillate as n — oo.

Qualitative properties of non-negative classical bounded solutions to boundary value problems for ,
have been considered in [I], [5], [8], [10], [I1], [13] and [15] with 0 < p < 1 and non-negative initial data, and
until [CP] in [I3] with n = 1, two-signed solutions were not considered. We highlight here that the spatially
inhomogeneous solutions constructed in this paper are two signed on Dy because any non-negative classical
bounded solution to [CP] must be spatially homogeneous [l Corollary 2.6]. Following the investigations in [9]
and [I2] it should be noted that local results which guarantee spatial homogeneity of solutions to semi-linear
parabolic Cauchy problems, with homogeneous initial data, depend critically on uniqueness results (which
do not apply to [CP] with 0 < p < 1). We note that boundary value problems for the partial differential
equation in have been extensively investigated with p > 1, see for example [I7] and references therein.

The remainder of the paper is structured as follows: in we establish a priori bounds on solutions
to [CP], and subsequently, we formulate a radial self-similar solution structure of [CP] of the form u =
w(n)t'/A=P) with ) = |x|/t'/?, which gives an associated initial value problem for a two-dimensional singular
non-autonomous dynamical system with non-Lipschitz nonlinearity studied in the remainder of the paper
and referred to throughout as (P) (see Lemma [2.2)for details). In §3] we proceed to show that there exists a
local solution to (P), by using a suitable contraction mapping, which can be extended to a global solution via
a priori bounds and multiple applications of the Cauchy-Peano Local Existence Theorem. We subsequently
establish that there exists a 1-parameter family of solutions to (P) which converges to (0,0) as n — oo.
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We complete the section by establishing well-posedness of (P), via uniqueness and continuous dependence
results for 7 € [0,00) and initial data in (0, (1 — p)ﬁ) x {0} (see Theorem for details). In we
establish algebraic decay bounds for solutions to (P) as 7 — co. Furthermore we demonstrate that solutions

to (P) oscillate as n — oco. In summary, for (P) we establish,
Theorem 1.1. (P) is well-posed for initial data (w(0),w'(0)) = (a,0) € [0,(1 — p)/0=P)) x {0} with
continuous dependence respect to || - || on [0,00). For o € (0, (1 — p)/ =P solutions to (P), denoted by
Wq : [0,00) = R, satisfy: (wq,w),) — (0,0) algebraically and oscillate as n — oo; and w, € L1([0,00)) for
= (1-p)/2

In relation to [CP], Theorem [1.1| directly yields,
Theorem 1.2. There exists a 1-parameter family of two-signed spatially inhomogeneous solutions to [CP]
denoted by u, : Dy — R for parameter o € (0, (1—p)/O=P)). Fort € (0,T]: ||ua(-t)||eo < ((1—p)t)/(=P);
U (-, t) — 0 algebraically and oscillates as |z| — co; and uy(-,t) € LY(R™) for ¢ > (1 — p)n/2.

In §5| we summarise the proofs of Theorem and and explain how related results in [I3] can be

improved. We also highlight potential extensions to results in and related queries that have arisen
from the study.

2. Self-similar solution structure to [CP]

In this section, we establish a priori bounds for solutions to [CP]. Consequently, we consider a radial

self-similar solution structure of solutions to [CP] which yields (P). To begin, we have,

Lemma 2.1. Let u: Dy — R be a solution to [CP]. Then,

u(z,t)] < (1= p)t)/ ") V(x,t) € Dr.

Proof. Since [CP] has spatially homogeneous initial data, the maximal solution u* : Dy — R and minimal
solution u~ : Dy — R to [CP] are spatially homogeneous for ¢ € [0,7] (see, for example, [12, Proposition

8.31] for n = 1). We note that u* : D — R given by
ut(z,t) = £((1 —p)t)/P) vY(z,t) € Dy

are the maximal and minimal solutions to [CP], and hence any solution u : Dy — R to [CP] satisfies

u~ <u <ut on Dy, as required. O

We now determine an initial value problem [IVP] associated with a self-similar solution structure to [CP].
Consider a solution u : D7 — R to [CP] on Dr of the following form: there exists w : [0,00) — R such that
w(#h) ™7, (.0 Dr

u(z,t) =
0, (1’, t) € 0Dr.

(2.1)



We introduce H : R — R given by

1w —wlwPl,
iy = | TRl T ERV(0) )

0, z=0
and observe that H € C(R) N CY(R\ {0}). We also denote

My = sup |H| > 0. (2.3)
[0,(1-p)t/C=P)]

We note here that via Lemma any solution to [CP] of the form (2.1)) satisfies
lwloe < (1= p)"/ =7, (24)

We also note that if there exists a solution to [CP] of the form (2.1, then —u is also a solution to [CP].
It follows from (2.4)) that u : Dy — R given by (2.1)) is a solution to [CP] (up to symmetry) if and only
if there exists a constant a € [0, (1 — p)*/1=P)] such that w : [0, 00) — R satisfies the following [IVP] for the

second order singular non-autonomous ordinary differential equation with non-Lipschitz nonlinearity given

w” + ((nn D) Jr;’) w — Hw)=0 Vne(0,00), (2.5)
w(0)=a, w'(0)=0, acl0,(1—p)/tP)] (2.6)
w € C%([0,00)) N L>¥([0, 00)). (2.7)

Observe that the condition on w’(0) ensures that u given by (2.1)), has continuous first spatial derivatives
on Dy for t € [0, T]. Moreover, from (2.5))-(2.7) it follows that

w”(0) = @ (2.8)

and hence, u satisfies (1.1)) on Dp. Note that the [IVP] given by (2.5)-(2.7) is equivalent to the [IVP] for

the singular two-dimensional non-autonomous dynamical system with non-Lipschitz right hand side, given

by;

(w) =w', (2.9)
(w') = H(w) — ((nn—l) + Z) w' Ve (0,00), (2.10)
(w(0),w'(0)) = (a,0), a €0, (1—p)"/P], (211)
(w,w') € C*([0,00)) N L>®([0, 00)). (2.12)

Due to the singular term in (2.5) at n = 0, we give a specific argument to establish that there exists a
solution to (2.5)-(2.7)). It is also convenient to express the [IVP] given by (2.5)-(2.7) as an integral equation,

and hence, we have,



Lemma 2.2. The following statements are equivalent

(a) w:[0,00) = R is a solution to the [IVP] given by (2.5)-(2.7).
(b) (w,w') : [0,00) — R? is a solution to the [IVP] given by ([2.9)-([2.12).
(¢) w:[0,00) = R satisfies

=« ! ! t w(s 5”*16% S 0

win=a+ [ [ A teFasi e o) (213)
aeo,(1—p)/t, (2.14)
w € C([0,00)) N L*([0, 0)). (2.15)

Proof. Tt follows immediately that (a) and (b) are equivalent. Now, suppose that w satisfies (a). By
72
multiplying (2.5) by e T 7" ! and integrating twice, it follows that w satisfies (2.13)), and since (a) implies

(2.15), then w satisfies (¢). Now suppose w satisfies (¢). From (2.13) and (2.15)), it follows that w €
C1([0,00)) N L>=([0,00)) with

W) = —— /nH<w(s>>sn*e%ds Wi € (0,00), (2.16)
nnflef 0
)

w(0) =a, w'(0)=0.

Additionally, from (2.16)) it follows that w € C?((0, 00)) with

2 2

(" teTw' () = Hw(n)n™ e ¥y € (0,00), (2.17)

and that w” is continuous at n = 0, with

w”(0) = lim =
n—0t 7N n

In addition, w” (n) satisfies (2.17) for all n € (0, 00), so that

') = (3+ =) o) + ) e (0.0

Hence w € C2%([0,0)) N L>=([0,00)) and satisfies (2.5). Thus it follows that w satisfies (a). Hence (a), (b)

and (c) are equivalent, as required. O

We refer to the equivalent [IVP] given by (a), (b) and (c) in Lemma [2.2] as (P).

3. Well-posedness of (P)

In this section, we establish that (P) is well posed in the sense of Hadamard, for initial data w(0) €

[0, (1 = p)t/ (=),



8.1. Existence

We first establish a local existence result for solutions to (P) on [0, €] via a contraction mapping, and

then extend this to an existence result for (P), via multiple applications of the Cauchy-Peano Theorem.

Theorem 3.1. For 0 < a < (1 —p)"/0=P) (P) has a unique local solution on [0, €] with

=it | iy | (a7 g &y

3
saswlja

-

Proof. Consider the Banach space X = ((C[0,¢€]), || - ||co) and the closed subset of X, given by
3
D= {ueC’([O,e]):ZSu(z) <°‘}. (3.2)

Moreover, we define the operator T : C([0,¢€]) — C([0, ¢€]), given by,

| t 52
Twl(n) =« —|—/ o / H(w(s))s" teTdsdt Yw e C([0,€]),n € [0, €.
0 th—es Jo
For wy € D, set I € C([0,€]), to be
T ¢ 52
I(n) :/ > / H(wy(s))s" teTdsdt ¥ne[0,¢]. (3.3)
o tn—lex Jo

Observe that

[I(n)| < /On ! /o \H(wl(s))|5”*16§dsdt

tn—le%
ot gnlet
<  sup \H(w)|// —dsdt
la<w<2a o Jo trler
2
< swp  [Hw)% (3.4)

1 3
safwlia

for all n € [0,¢]. It follows that |I(n)| < § provided that

Nl=

€< sp TH@)] | (3.5)

1 3
salwlja

Since € given by (3.1]) satisfies (3.5]), it follows from (3.4) and (3.3)) that T[w;] € D for all wy € D and hence
T[D] C D. Now, consider

7] = Thoalll < [ [ 51| Hn() = HOwa(lldsde Vurwa e D, (36)

tn7167

Observe that H € C1(R\ {0}), given by (2.2) satisfies

a\p-1 a 3o
()" =0 wee[s ). (37)
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Furthermore, via (3.6]), (3.7) and (3.1) it follows that

€ 1 t .2
1T [wn] — Tlws]l|so < Callwr — wsl]oc / _ / 1o dsdt
0 0

=l
C,€?
<
- 2
1
< §||w1 — w2||oo Ywy,we € D. (38)

w1 — wal|o

We conclude from (3.8) that 7" is a contraction mapping on D, and via the contraction mapping principle,
there exists a unique fixed point w* € D of T. Tt follows from (3.2), (3.3) and Lemma that w* is the

unique solution to (P) restricted to [0, €], as required. O

We now illustrate that the local solution to (P) on [0, €] can be extended to a solution to (P) on [0, c0).

First introduce @ : R? x (0,00) — R?, given by

Qo) = (wtrw) - ("= 1 D)) ') €7 x 0,00) (39)

and note that @ € C(R? x (0,00)), but also that @ is not locally Lipschitz continuous on R? x (0, 00) (@Q is
locally Lipschitz continuous on R? x (0,00) \ N, with A/ any neighbourhood of the plane w = 0). We also
introduce the function V : R? — R defined by,

1 1 1
Viw,w) ==w)? - w? + w|'P Y(w,w') € R2. 3.10
(w,0) = 50 = g + sl Y, w) (3.10)
We observe immediately that V € C11(R?) with
VV(w,w') = ((l—w) +w|w|p_1,w'> Y(w,w') € R%, (3.11)
-p

q

)

7

Figure 3.1: A qualitative sketch of the level curves of V' is depicted above. The equilibria for the dynamical system are located
at (0,0) and e+ = (£(1 — p)l/(lﬂg)7 0). The level curves V = c¢*(p), that intersect et are depicted in red. Level curves with
V =c>c*(p) and V = ¢ < ¢*(p) are depicted in blue and black respectively. The region enclosed by the red curves that
contains (0,0) is denoted by H.

We now consider the structure of the level curves of V in R? defined by

V(w,w') = c, (3.12)



for —oco < ¢ < oo. It is straightforward to establish that the family of level curves of V are qualitatively
as depicted in Figure for 0 < p < 1, with H representing the parts of the level curve connecting
(+(1 — p)/(0=P) 0) that enclose the origin. We denote ¢*(p) to be

V(£(1 —p)/3=P) ) = (12_(]19)1;1)) = c¢*(p) > 0. (3.13)
Inside H, the level curves are simple closed curves concentric with the origin (0,0), and V is increasing from
V' =0 at the origin (0, 0), as each level curve is crossed, when moving out from (0,0) to the boundary curve
H, on which V' = ¢*(p). Thus, inside H, V has a minimum at (0,0) and is increasing on moving radially
away from (0,0) to the boundary H. We will focus attention on the level curves of V on and inside H,
which have 0 < ¢ < ¢*(p). We denote the interior of the level curve V(w,w’) = ¢ by ., with the level curve
V(w,w") = ¢ labelled as 99, for 0 < ¢ < ¢*(p).

Now let @ : [0,€¢] = R be a local solution to (P) (any € > 0) and define F': [0,¢] — R to be,

F(n) = V(a(n),a"'(n) Vnel0,€. (3.14)
Then F € C1((0,€]), and via (3.14)), (3.9)-(3-11), and (2:10), F satisfies,
F'(n) = VV(@(n), @' (n)) - (@' (n), d" (1))
= VV(@(n), @' (1)) - Q(w(n), @' (1),n)
)

— ("= D @m? e 0. (3.15)

We can now establish the following a priori bound on solutions to (P), namely

Lemma 3.2. Let w : [0,¢e2] — R be a local solution to (P) (any 0 < e < €2) with 0 < o < (1 — p)1/(1=P)
and ¢ = V(w(er),w (e1)). Then,
(w(n), @'(n)) € Qe Vn € (€1, €.
Proof. Let €3 = 0 and note that
0<c=V(a,0) <c*(p). (3.16)
Via (2.8) and (2.10)), we have @"(0) < 0. Moreover, it follows from (3.15)) that, F’(n) < 0 almost everywhere

on (0, e3) with respect to the Lebesgue measure, and hence

F(n) < F(0) Vne (0,e]. (3.17)

Therefore, via (3.17)), (3.16]) and (3.14]),

V(w(n),a'(n) <ec ¥ne(0,el,

as required. The result follows similarly on the interval (e, e2] with 0 < €1 < e3. O
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We now have:

Lemma 3.3. For 0 < a < (1 —p)Y(=P)(P) has a local solution @ : [0,¢] = R (any € > 0). Moreover,

these local solutions satisfy (w(n),w'(n)) € Q. for all n € (0, €] with ¢ = V(a,0).

Proof. By Theorem [3.1]there exists e; > 0 (dependent on «) such that (P) has a solution on [0, ¢;]. Moreover,
via Lemma if 0 < a < (1—p)YO=P) (P)is a priori bounded on [0,¢] (any € > 0). Without loss of
generality, suppose that € > e¢; > 0. Since @ given by (3.9) is bounded on the set

XCR®: X = {(w»w’,n) Hwl < (1=p)Y P | < V/2er(p), en < < 6}

we can apply the Cauchy-Peano Local Existence Theorem [3, Chapter 1, Theorem 1.2] repeatedly with

—1
5:( max |Q(w7w/777)|) )

(w,w’,n)€X

to establish that there exists a solution to (P) restricted to [0, €]. Since € > 0 is arbitrary, the result follows,

as required. O

Theorem 3.4. For 0 < a < (1 —p)"/0=P) (P) has a solution 10 : [0,00) — R. Moreover, these solutions
to (P) satisfy (w(n),w'(n)) € Q. for alln € (0,00), with ¢ = V(a,0).

Proof. The result follows directly from Lemmas [3.2] and [3.3] since € > 0 in Lemma [3.3]is arbitrary. O

3.2. Uniqueness

To begin this subsection we consider (P) with oo = 0.

Remark 3.5. Let w : [0,00) — R be any solution to (P) restricted to (0,¢] with « = 0. It follows from

, and that
V((n), @' (n) = F(n) < F(0) =V(0,0)=0 V€ (0,¢.
Thus (w(n),w'(n)) € S for all n € (0,€], with S defined as the connected subset of
{(w,w') € R*: V(w,w) < 0}

which contains (0,0). Hence S = {(0,0)} and so (w(n),w'(n)) = (0,0) for all n € (0,€]. We conclude that

the unique solution to (P) with o = 0 is given by the equilibrium solution w = 0.

Before we can establish a uniqueness result for (P), we require bounds on solutions to (P) when the

solution is in a neighbourhood of the plane w = 0.



Proposition 3.6. Let w : [0,00) — R be a solution to (P) such that (w(),w' (7)) = (0,8) € Qe-(p) with
B > 0. Then,

(1=p)OP > w(n) 2 g(n 1), g <w'(n) <B [0+ ns),
with
. g\ /(1) [ 6\ 1 — p)1/(1—-p)
03 mm{(7> 7,4 /7% — 4log (7>,n+ 4]5[}[, ( p)ﬁ . (3.18)

Proof. Let w : [0,00) — R be any solution (P) which satisfies (w(7),w’(77)) = (0, ). It follows from Lemma

and an integration of (2.17)) that

77 n-l 72—n? 1 n s2
wn =5 (1) T [T H@E)s et e oo (3.19)
n 77”716% 7
Since
A\""! 2z T 6 8\
<Tl) € >3 7 Vn € |1,7 + min <7) 7, ﬁ2—4log<>
and
1 " ]
H(w(s))s"Leds| < £ wye {W;Jrﬁ], (3.20)
1% Ja 1 AMp
it follows from (3.19)-(3.20) that
B _
w'(n) > 5 Vi € (7,7 + 15 (3.21)

2
with 7 given by (3.18). An integration of (3.21)) then gives
s _ o
w(n) > 5 (=) ¥ & 7,7 +ng]. (3.22)
Since (w(n),w' (1)) € Qe (py for all n € [7, 00), it follows from (3.21)), (3.22) and ([2.10) that

w”(n) <0 Vn € [7,74 ],

and hence,
B _
w'(n) € [2, Bl VI, 7+ nsl. (3.23)
The result follows from (3.22) and (3.23)), as required. O

Note that analogous bounds to those in Proposition 3.6/ hold for (0, 3) € Q- () with 8 < 0. Additionally,
note that the a priori bounds in Proposition and symmetry in (P) allow us to establish the following
uniqueness result for (P). The proof is based on the uniqueness argument originating in [I] and a local

uniqueness result in [I3].

Proposition 3.7. For 0 < a < (1 —p)Y(=P) (P) has a unique solution on [0,1*] for any n* > 0.
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Proof. If @ = 0, then uniqueness of the solution to (P) on [0,7*] follows from Remark Now consider
0<a<(1—p)/0=P) Since Q, in (3.9), is Lipschitz continuous on (R?\ ) x (0, c0), for any neighbourhood
N of the plane w = 0, it follows from Theorem and [3, Chapter 1, Theorem 2.3], that the solution to

(P) is unique on [0,7)] for any 77 > 0 such that
w(n) >0 v e0,7).

Hence if a = (1 — p)/(=P)_ then the equilibrium solution to (P) given by w = (1 — p)'/(=P) is unique on
[0,7*]. We now consider 0 < a < (1 — p)*/(1=P), Recall that any non-constant solution to (P) must be two
signed. Suppose that there exists two distinct solutions to (P), denoted by w; : [0,00) — R (i = 1,2), for
which

wi(n) = wa(n) Vn € [0,7] (3.24)

with 0 < 77 < n* and for all € > 0,
wi (1) # wa(n) (3.25)

for some n € (7,7 + €]. From [3, Chapter 1, Theorem 2.3] and Remark it follows that for i = 1,2
wi() =0, wi(7) # 0. (3:26)

Thus, there exists 5 € R\ {0} such that (w;(7),w;(7)) = (0, 8) € Qe-(py. Without loss of generality (due to
symmetry), we suppose that 3 > 0. Let ng be given by (3.18)); so that it follows from Proposition and
Theorem [3.4] that

g(n =) Swi(n) < (1-p)/07), g <wiln) <6 Vi€ 0,7+ ). (3.27)
It follows immediately from that
wi(n) — w2 ()] < (1 =)V, |w (n) —wi(n)| < B V€ [7,7+ng). (3.28)
Note that for (W, W’) € [0, (1 — p)*/A=P)] x [0, 8], then
W4+WP W < (2+ BV P)(W + WP, (3.29)

since 0 < p < 1. Now via (2.9) and (2.10]) respectively, we have,

n o) = o] < [ k() = w5, (330

ur(6) ~ w9+ un(s) = )P+ (S 5t o) = wolas (30

11



for all n € [7,7 + ng]. We next introduce v : [, 7 + 15] — R, given by
v(n) = |wi(n) = wa(n)| + [wi(n) — wy(n)| Vn € [7,7 + ). (3.32)
Therefore, via (3.28)-(3.32), it follows that

v(n) < /nn q ip) w1 (5) — wa(s)] + [wi (s) — wa(s)|? + ((";U +o+ 1) () — why(s)|ds

"1 (@b @4 I
< [ (P B 1) 6) - st un6) = wats)

il

+ |wi(s) — wy(s)[)ds

K 1 (Tl—l) (774'775) 1-p v(s))Pds
< [a (5 1) vy (3.3

for all n € [f, 7+ ng] with the final inequality due to (3.28)) and (3.29). Also, via Proposition [3.6|and (3.18)),
ng is dependent on p,n,7 and § only, and hence, it follows from (3.33]) that

n
o) < [ Ko p)o(s)ds (3:34)
7
for all n € [7,7 + np], with constant K (p,n,7, 8) given by,
_ 1 (n—1)  (1+mns) ) 1-
K(p,n,7,8) = ( — ) +1)@2+8"7)>0. 3.35
o) = o (o4 0L 2+ 517) (3.35)
Now, we introduce the function J : (7, 7] + n5] — [0, 00) given by
n
o) = [ K seE)rds e n ) (3.36)
7

It follows from (3.35) and (3.36]) that J is non-negative, non-decreasing and differentiable on [7, 7 + 73], and

via , satisfies
(J(s)) < K(p,n,n, B)(J(s))" Vs € [7,1 + 1] (3.37)

Upon integrating (3.37)) from 7 to n, we obtain

J(n) < (1= p)K(p,n,73, B)(n — 7)) vy € [7,7 + ng). (3.38)

Therefore, via (3.38)), (3.36) and (3.34) we have

v(n) <6 Vn € (7,7 + ns] (3.39)

with > 0 chosen sufficiently small so that

gi-r
5 = - <ng. 3.40
P a—pEpn) " (3.40)
Now, from Proposition [3.6] we have
. B _ o
min{w (n), wa(n)} 2 50 —1) V1 € [7,7 + ng]. (3.41)

12



Moreover, it follows from and the mean value theorem, that there exists a function 6 : (77,7 +
ng] — R such that 6(s) > mln{wl(s), wa(s)} on (77,7 + ng), and for which

|Q2(w1(5)7w11(3)> s) - QQ(w2(8)7 wé(3)7 S)|

(1-p)

1 — wo(s s)P Hawq (8) — wols n (1 +15) wh(s) — wh(s
< 1 (6) = ()] 4 (006 o) — >|+<n+ - )| [ () — wh(s)

! Bis—q . wi(s) — wa(s n oy tm) wi(s) — wh(s
<<(1_p)+p(2<s n) )|1<> 29+ (24 TE) g 5) - i o)

1 B, N @tm)
< (1_p)+p<2(8—7l)> +%+ 5 i >v(s) (3.42)

for each s € (77,7 + 1g]. Now, via (2.9), (2.10), (3.9), (3-34), (3.40), (3.42) and (3.39), we have,
/ Q1 n(5), ] (5), 5) — Qi (wa(s), wh(s), 5

+1Qa(wi(5), w)(5), 5) — Qa(wa(s), wh(s), 5)|ds
7+ns
< / K (p,n,7, B)(u(s))?ds

n

I (” T (g“‘”))p_l + M) o(s)ds

T
6 ’ : ﬁ 77+77,8) vls)as
SN SR S R

for all n € [7 + 15,7 + ng]. An application of Gronwall’s Lemma [2] Corollary 6.2] to (3.43)), gives

e A O e I e

oo (- e (1 s+ 2 T (O o)

<amer(n(ie gy i ) (5) ) .

for all n € [7 4+ ns, 7 + ng]. Since v is non-negative, it follows from (3.44) and (3.39), upon letting 6 — 0,
that

[\

v(n) =0 V€ [n,7+mngsl (3.45)
Moreover, it follows from (3.45) and - ) that
wi(n) =w2(n) Vn € [7,7+ns,

which contradicts the definition of 7 in (3.24)-(3.25). Thus, the solution wy : [0,00) — R to (P) with
0 < a < (1—p)Y(=P) is unique on [0, n*] for any n* > 0, as required. O
13



3.3. Continuous Dependence

In this subsection we establish continuous dependence of solutions w : [0,00) — R to (P) with respect to
initial data a € [0, (1 — p)*/(=P)). To proceed we establish that all such solutions to (P) satisfy (w,w’) —
(0,0) as 7 — oco. The uniqueness result in Proposition then yields a local continuous dependence result
(on arbitrarily large intervals), and finally, limiting behaviour of solutions to (P) as n — oo allows continuous

dependence to be established on [0,00). To begin, we have

Lemma 3.8. Let w : [0,00) — R be the solution to (P) with 0 < a < (1—p)/=P). Then, for some 1, > 0,

) AM
lw'(n)| < TH V1 € [Na, 00).

Proof. Via (2.16) and (2.3)),

1

! S —
W) < M

n 1.2
/ s""leids VWi e [0,00). (3.46)
0

Via an application of Watson’s Lemma [T4, Proposition 2.1] we see that
1,2

n gl n npgn 4
/ et sn—1gs = 1 / e Hi1 =)t tdg ~ S () as - oo, (3.47)
0 2 0 2 n?

Substituting (3.47) into (3.46]) establishes that for sufficiently large n, > 0, w’ satisfies

AMy
|w/(77)| < T V77 € [nomoo)a

as required. O
Additionally, we have,

Lemma 3.9. Let w : [0,00) — R be the solution to (P) with 0 < o < (1 —p)/=P). Then, F :[0,00) — R,
as given by (3.14), converges to Fu, € [0,F(0)) as n — oo.

Proof. Theorem [3.4] ensures that (w(n),w’(n)) € Q. for all n € (0,00) with ¢ = V(a, 0) = F(0), and so, via
(3.14) and (3.15]), F' is continuously differentiable, non-increasing and bounded below by 0. Therefore there
exists Fio € [0, F(0)), such that F(n) — F as n — 00, as required. O

Theorem 3.10. Let w : [0,00) — R be the solution to (P) with 0 < a < (1 — p)/(=P) Then,
(w(n),w'(n)) = (0,0)  asn— oc.

Proof. Recall from Theorem [3.4] that,
(w(n), w'(n)) € Qe=(yy 1 € (0,00), (3.48)

and from Lemma [B.8 that
w'(n) =0 as n— oo. (3.49)
14



In addition, via Lemma 3.9

V(w(mn),w'(n) = Foo as 1 — o0 (3.50)
for some Foo € [0, c*(p)). It follows from (3.48)-(3.50]) that
lw(n)] = weo as N — 0 (3.51)

with ws, the unique non-negative root of V(w,0) = Fi, for w € [0, (1 —p)'/(1=P)). Without loss of generality
we suppose that (w(n),w’(n)) = (W, 0) as n — co. However it follows from (2.16]) that

1 n 1.2
w'(n) = 712/ H(w(s))s" tet* ds Vn € (0,00) (3.52)
nnflezn 0

and H(ws) < 0. Using (3.51)), if H(2+) < 0 then an application of Watson’s Lemma to (3.52]) implies that

2H (weo
w'(n) ~ (;U) as 1 — oo. (3.53)
In addition, from ({2.9)), we have
n
w(n) =« —|—/ w'(s)ds Vn € ]0,00), (3.54)
0
which implies, via (3.53)), that
w(n) ~ 2H (weo)log(n)  as n — oo, (3.55)

which contradicts (3.51). We conclude that H(we) ¢ 0 and so we must have H(w.) = 0. Since
Woo € [0, (1 —p)Y(=P)) H(wy,) = 0 requires that we, = 0. It then follows from (3.49) and (3.51)) that,
(w(n),w'(n)) — (0,0) as n — oo, as required. O

To establish continuous dependence for (P), we split the argument into three parts; a local result on
[0,71] for 1, small, to address the singularity in (2.10) as n — 07; a local result on [0, 72] for 7y arbitrarily
large, via a ‘uniqueness implies continuous dependence’ argument; and on [72, 00) via asymptotic behaviour

of solutions to (P) as n — oo. Firstly, we have,

Lemma 3.11. Let w; : [0,00) — R be the solution to (P) with 0 < a; < (1—p)/0=P). Then, for any e >0
there exists & > 0 such that if |y — aa| < &, the solution to (P) with 0 < ag < (1 — p)/=P) denoted by

ws : [0,00) = R satisfies

max{[wi (1) —wa(n)|, [wi(n) —wy(n)|} <e Vne0,n]

o
2My *

with 1 =
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Proof. Via (2.13)

(| ! 22
wi(n) = o + / / H(w,,(s))s" e T dsdt, (3.56)
0 0

2
tn7167
for all n € [0,00) and i = 1,2. Let 0 < § < 2, then since |w;(n)| < (1 — p)*/1=P) for all n € [0,00), via

(3.56)), we have

Tl ! 2 3 2
wi(n) > oy —/ = / s"le’T Mydsdt > o MHn— > (3.57)
0o tn—leT Jo 4 2 2
for all n € [0,m], i = 1,2. Additionally, via (3.56)), we have,
| ! 22
n ) = wa(n)| < Jonr ol + [ [ (1 (0) ~ H(wa()ls"~ T dsar € 0.1
0 th—tex JO

Since H given by ([2.2) is bounded and Lipschitz continuous, on [%, (1- p)l/(lfp)], we have

[H(w1(n)) — H(wa(n))| < Kalwi(n) —wa(n)] Vo e [0,m], (3.58)

with K, a Lipschitz constant for H on [%, (1 — p)Y/(1=P)]. It follows from (3.57)-(3.58) that

2 b)
n t
() =~ wa(l < far — ol + [ [ Kalun(s) = wa(s)lasds
o Jo
n
<oy — sl +/ Kom|wi(s) — wa(s)|ds. (3.59)
0
An application of Gronwall’s Lemma to (3.59)) yields
2
lwi(n) — wa(n)] < Jox — agle™m" <Jag — agle™ ¥y € [0,m].
Therefore, provided that 0 < é < min {%, ceKani }, it follows that
lwi(n) —wa(n)| <€ Vn € [0,m],
as required. O
Secondly, we have,

Lemma 3.12. Let w; : [0,00) — R be the solution to (P) with 0 < a; < (1—p)/=P). Then, for any e >0
and any 12 > 0 there exists § > 0 such that if |ay —aa| < 8, the solution to (P) with 0 < ag < (1 —p)Y/(1=P)
denoted by ws : [0,00) — R satisfies

max{|w1(n) — wa(n)|, [wyi(n) —wh(n)|} <e Vn €[0,m].

Proof. Without loss of generality suppose that ns > n1, for n; given in Lemma [3.11] It follows from

Proposition [3.7| that the [IVP] given by (3.60)-(3.63)):

(w) =w', (3.60)
(w') = H(w) — <(nnl) + g) "Y€ [n1, el (3.61)
(w(m),w’(m)) = (wi(m),wé(m)% (3.62)
(w,w") € C*([m,72]), (3.63)

16



have unique solutions, given by (w;, w}) ] for i = 1,2. Therefore, via [3, Theorem 4.3, p.59], there exists

|["717772

01 > 0 such that provided
max{|wi () — wz(m)|, [wy (m) —wh(m)[} < o (3.64)
then
max{|wi (n) —wa(n)|, [wy(n) —wy ()|} < e Vn € [n,nal. (3.65)

Setting € = §; in Lemma it follows that there exists § > 0 such that for all a that satisfy |ag —as| < 4,

we have
max{|wi (n) — wa(n)l, [w)(n) —wy(n)[} <01 =€ Vne[0,m]. (3.66)
The result follows from ([3.64)-(3.66)), as required. O

Thirdly, we have,

Lemma 3.13. Let w; : [0,00) — R be the solution to (P) with 0 < ay < (1—p)"/=P). Then for any ¢ > 0,
there exists 6 > 0 such that if |y — aa| < 8, the solution to (P) with 0 < ay < (1 — p)/(=P) denoted by

wa : [0,00) — R satisfies

max{|w1(n) — wa(n)], |w)(n) —wy(n)|} <e Vnel0,00).

Proof. Set ¢ > 0. To begin, consider the level curves of V' denoted by 0. that are closed and concentric
with (0,0). For 0 < ¢ < ¢*(p), define the positive real numbers w, and w!, via the rules V(w.,0) = ¢ and
V(0,w") = ¢ respectively. Then for 7. = /w2 + w’?, we have Q. C B,_(0,0) with B,((w,w’)) denoting the
Euclidean ball in R? of radius r with centre at (w,w’). Observe that r. — 0 as ¢ — 0.

Now, for any ¢, > 0, via Theorem there exists 1, > 0 such that

(w1(n), wi(n)) € Be,(0,0) Vn € [na,00). (3.67)

Additionally, via Lemma, for any €, > 0, there exists 6 > 0 such that for all |a; — ag| < §, we have

max{|wi(n) — wa(n)l, [wy(n) —wy(n)|} < e Vn € [0, na. (3.68)
Via (3.67) and (3.68)), it follows that
(w2(77)7w§(77)) € BQ(ea-&-eb)(O’O) V77 € [77&7 OO) (369)

Since {2, are open and have centre (0,0), we can select ¢, and ¢, sufficiently small so that for some c(e) €
(0,c*(p)), we have
BQ(eaJ'_Eb)(O, 0) C Qc(e) C BE(O, 0). (3.70)

Thus, it follows from (3.68)-(3.70) that
max{|w1(n) — w2 ()|, [wi(n) —wy(n)|} <e ¥ne0,00),

as required. O
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3.4. Summary

We now amalgamate the main results in §3|into the following well-posedness result for (P).

Theorem 3.14. Let 0 < a; < (1 —p)/1=P). Then (P) has a unique solution w; : [0,00) — R and for any
€ > 0 there exists § > 0 such that for all 0 < ay < (1 — p)"=P) such that |oy — as| < 6, there exists a
unique solution to (P) with 0 < ag < (1 — p)Y(=P) denoted by ws : [0,00) — R and

max{|wi(n) = wa(n)l, [wi(n) — wh(n)[} <e Vn € [0,00).
Moreover, (w;,w}) — (0,0) as n — cc.

Proof. Existence and uniqueness are given by Theorem Remark and Proposition Continuous
dependence on the initial data is established in Lemma for 0 <y < (1— p)l/(l_i’) and for a; = 0 see
Theorem and Remark Theorem establishes that solutions to (P) tend to (0,0) as n — oo, as
required. O

4. Qualitative Properties of solutions to (P)

In this section, we establish that solutions w : [0,00) — R to (P) with 0 < a < (1 —p)"/(=P) tend to 0
algebraically as n — co. Furthermore, we establish that these solutions oscillate as n — oco.

The algebraic decay bounds here are established for solutions to (P), that are analogous to those in [13]
(for (P) with 0 < p < 1 and n = 1) and obtained via a bootstrap argument that appeared in [4] (for (P)
with p > 1 and n € N). We note here that if one uses these algebraic decay bounds directly with oscillation
theory for second order ordinary differential equations (see, for example [6] or [16]), it does not appear
possible to establish that solutions to (P) oscillate. Consequently the approach used to establish oscillation
of solutions to (P) in what follows, is largely independent of standard methods from oscillation theory for
second order ordinary differential equations. More specifically, instead of employing a comparison principle
of Sturmian-type for zeros of solutions to second order ordinary differential equations, we use a specific
comparison theorem for solutions to second order semi-linear parabolic partial differential inequalities on an

unbounded domain, which appeared in [I, Theorem 2.8].
4.1. Algebraic Decay Bounds for Solutions to (P) asn — o0
To begin, we have

Proposition 4.1. Let w : [0,00) — R be a solution to (P) with 0 < a < (1 — p)lflp Suppose that for
o €0, ﬁ], and for ¢y > 0, that
c
wml < = ¥ € (0.00). (4.1)
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Then,

1 M 2p
w'(n)] < T <2H 6s(lép ) (SHHe—%sZ) +c’f2"p+2> Vn € (0, 00). (4.2)
Proof. Observe via , (4.1) and T heoremthat
1 _ I
[H (w(n))| = w(n) — [wn)[P~wn)| < lwm)P < — Vi € (0,00). (4.3)
(1-p) ner

Thus, via (2.16]) and (4.3]), we have

1
W'l < ———
77”_167

1 2 52 " e
5 (/ |H(w(8))|67d3+611)/ ds)
@nT 0 g 59P

n
/ |H(w(s))|s" teTds
0

IN

IN

for all € (0,00). Observe that

_ 3.2
Mpme™ 16" < My opt2
2 - 2770p+1 N

SiMHl sup (30”26*%52)
2770p+ s€(0,00)

MH 27174’,2 3.2
< o—7 sup (SI*P e 16° ) (4.5)
2770p+1 s€(0,00)
for all n € (0,00) and ¢ € [O, (13—1))} Substituting (4.5) into (4.4) yields (4.2)), as required. O

A simple consequence of Proposition [4.1] and Theorem [3.14] is

Proposition 4.2. Let w : [0,00) — R be a solution to (P) with 0 < o < (1 —p)ﬁ. Then

|w' ()]

IN

1 (M »
(=2 sup (slgfp'me*%ﬁ) +4(1 — p)P/(=P) vn € (0,00).
n 2 s5€(0,00)

Proof. Tt follows from Theorem that (w,w’) € Qe+, for all n € [0,00). The conclusion then follows
from Proposition (with 0 = 0, ¢; = (1 — p)Y/(17P)) as required. O
We now establish the aforementioned algebraic decay bounds for solutions to (P) as n — co.

Theorem 4.3. Let w : [0,00) — R be a solution to (P) with 0 < a < (1 — p)=P). Then, for any ¢ > 0,

there exists cie,coc > 0 such that

Cle
wn)| < —5— ¥y € (0,), (4.6)
7](1—11) €
C2¢
W' ()] <~y ¥ € (0,00). (4.7)
77(1*10)



Proof. Observe on multiplying (2.5) by #, we have,

I — @m)?*] _ whw"(m) (1 =njwimw'(n)  winw'(n)
g [0 (1—p)] B n 7’ 2
_ [(w(z))z N w(n)w’(n)y L W) nw(n)Qw’(n) (48)
n n n
for all n € (0,00). Via Theorem w(n) — 0 as n — oo and hence there exists n* > 0 such that
2p(1 _p) (11717) *
il < (2L we oo (1.9)
Additionally, given F : [0,00) — R, defined as in , ie.
_ iy @ m)? (wm)? | wn)HP
Fin) = Vi) = G0 - O B vy e f0.00), (4.10)
we can refine our choice of n* in so that we also have,
(1+p)
s\ T2
ogﬂ@g(“ﬁ@i) v € ln*,00), (111)
with
11 an _2(1+p)
c(p) = aip) 2 d C(p) = 1= +1. (4.12)
Thus, it follows from , and respectively that
F(p) _ @) 1] (wm)?  |wm)]"*?
= e
(w'm)?* | L[ (@m)? e
=T Ty { (1-p) + hwl) }
3w ) [wm)? | whw'(n)]" nwm)w'(n)
2 [ T Ty } 2o (4.13)

for all 5 € [n*,00). Since F(n) > 0 for all 5 € [0, 00), together with the decay bound in Proposition and
Theorem it follows that we may integrate inequality (4.13)) from n (> n* > 1) to [, and then allow

[ — o0, to obtain,

T F(t) 3% (w'(t)? (w(n)*  w(n)w'(n) T w(t)w'(t)
/n tdt<2/n ot + Z + "n ”—n/n ot
w 2 e’} ’U}/ 2
< () (Z)) +717(1+n)§§rn>lw(t)w’(t)+g/ o) g)) dt (4.14)

for all n € [n*,00). Also, since |w(n)| < (1 —p)/1=P) for all n € [0,00), we have
F(n) = fw(m)*Pe(p) 20 V€ [, 00). (4.15)
Substituting (4.15) into (4.14]) then yields

0</mFﬁﬁgi(Qg)“”+;u+mgmmmmm+§/m@ﬁm3t (4.16)
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for n € [n*,00). Observe that the right hand side of (4.16)) is uniformly bounded for n € [n*,00) via

Proposition [£.2]
Now suppose that there exists £ > 0 and o > 0 such that

Fi) < X vpe o).

Via (4.15)), it follows that there exists a constant ¢; > 0 such that

C1 %
w(n)| < e Vi € [n", 00).

Thus, via Proposition and (4.18)), there exists a constant co > 0 such that

Co *
[w'(n)] < ) v € [n*, 00).
77 P

Hence, it follows from (4.16))-(4.19) and (4.11]) that there exist constants c3, ¢4, c5 > 0 such that

2
 F(t 1/F a+rm c c F ¢
/ () <1 ( (77)) TR TR T (n) I
n t 4\ c(p) U paint2 = Clp)  puimt2

for all n € [n*, 00). Setting G : [n*,00) — R to be
= Bt .
G = [ Ea w0
n
it follows from (4.20) that G satisfies,

(tCOGR)Y < catCP3TET Vi€ [, 00)

for some constant cg > 0. Provided that

20p
(1+p)
integrating inequality (4.21) from n* to n, yields
Cg 1 x xC®) %
n“PaGmn) < o sz oy TEWINTT Ve, o),
(C) —2— ;) o=
for some constant cg > 0, and thus,
c7 c8 X
<
G(n) < e oo Y€ [, 00),

for some constants ¢z, cg > 0. Recalling from (3.15)), that F(n) is non-increasing on [*, 00), we have

2n
G(n) Z/n @dt > %F(%) Vn € [n*, 00).

Thus, it follows from (4.24) and (4.23)) that

C9 C10 *
<

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)



for some constants cg, c1g > 0. We now define 7 : [0, 2((11:5))} x (0,1) — {0, 2((11:35)} given by

&(c,p) = min { (fipp) +2, C(p)} ¥pe (0,1), o€ {0, M]

Now since (4.17)) is satisfied for ¢ = 0 and k = F(0), it follows from (4.25)) that there exists a sequence

{0 m }men such that

01=0, Omi1=0(0m,p) (4.26)
and
Fn) < 2 Vi € [77,00), (4.27)
for some constants k,, > 0 (m € N, provided that C(p) — 3 — (fop’; > —1, recalling ) and 7}, > 0. We
obtain from that,
2(1 4 2p \"7°
=y () e 2

and hence o, is increasing with
2(1
Om — 2(1+p) as  m — oo. (4.29)
(1-p)
Since
20mp 1
C(p)—3— > 21+p)—2(1—p)—4p)=0> —1
it follows that o, given by (4.28|) satisfies (4.22) with ¢ = 0,,, and hence, via (4.27), given € > 0, there

exists a sufficiently large M € N such that

kv

neM

[F(n)| < Vi € [n*, 00) (4.30)

with oy > 2(%? —€(1+4p) and n* = n},. Thus, via (4.30) and (4.15)), there exists a constant ¢1; > 0 such
that

win)| £ —— Vlr*,00). (4.31)

7]@76
Since |w(n)| is bounded, it follows that (4.31)) holds on (0, 00) (with a new constant ¢;.). The proof is then
completed by applying Proposition to (4.31) to obtain the conclusion for |w’(n)|, as required. O

4.2. Oscillation of solutions to (P)
We now establish that solutions to (P) oscillate as 7 — co. The approach we consider here relies on the
uniform lower bound of solutions to the following Cauchy problem for a second order semi-linear parabolic

partial differential equation related to [CP], given by:

us — Au = max{u,0}’ on Dr, (4.32)
u=1uy on dDrp, (4.33)
u € C*Y(Dp)NC(Dr) N L>(Dr), (4.34)
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with 0 < p < 1 fixed, and ug : 9Dy — R is continuous, bounded, non-negative and non-zero on a set of
positive Lebesgue measure. We denote the Cauchy problem given by — as [CP]4. Moreover,
we remark that [CP]. has been investigated in detail in [I] and notably, global existence and uniqueness
of solutions has been established. To establish oscillation of solutions to (P), we construct a sequence of
functions {u(™},,en converging to a solution of [CP], as m — oo and compare the terms in the sequence
to a solution of [CP] in a suitable subset of Drp.

To begin, fix ug : 0D — R as specified in [CP];, and consider the sequence of Cauchy problems, given

by:

ugm) — Au™ = f,.(u™) on Drp, (4.35)
u™ =uy  on dDp, (4.36)
u(m) S 02’1(DT) n C(DT) N LOO(DT), (437)

for m € N and f,,, : R — R given by

0, u<0
fm(u) = qmlPu, 0<u< % (4.38)
up3 u Z %7

with 0 < p < 1. For fixed m € N we refer to the Cauchy problem given by (4.35)-(4.38)) as [CP]7.

Lemma 4.4. For fized ug : 0Dy — R, there exists a unique solution to [CP]y which we denote as u :

Do, — R. Moreover, for each m € N, [CP]'? has a unique solution u™) : Do, — R which satisfies
0 <u™ (z,t) <u™ Y (x,t) <ulz,t) < ((1—p)t+||lul|lo?)Y P V(zx,t) € Do, m € N.

Additionally,
lim o™ (z,t) = u(z,t) V(1) € Dso. (4.39)

m=c0
Proof. Existence of a solution to [CP]; follows from [I, Theorem 1.11], and uniqueness follows from [I]
Corollary 2.18]. Existence and uniqueness of solutions to [CP],, follows from standard theory since [CP], is
a priori bounded on D for each T' > 0 and f,, is locally Lipschitz continuous (see for example [7]). Since
fm are locally uniformly Hélder continuous for all m € N, by following the argument used to establish [I]

Theorem 1.7] with the sequence defined by (4.35)-(4.38]) above (instead of [I, (1.8),]) demonstrates that
(4.39) holds. O

Immediately from Lemma [£.4] we have,

Corollary 4.5. Let u(™ : Doy — R be as in Lemma IE' Then,

su%u(m)(x,t) > (1 =p)t)YAP Y(2,t) € Do
me
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Proof. From [I, Lemma 2.2] it follows that u(x,t) > ((1 — p)t)*/1=P) for all (2,t) € Ds. The result then

follows from (4.39). O

From Lemma and Corollary we can establish that solutions to (P) with 0 < a < (1 — p)t/(-P)

have zeros in any neighbourhood of co.

Lemma 4.6. Let w : [0,00) — R be a solution to (P) with 0 < a < (1 — p)Y/(A=P). Then, for any n* > 0,
there exists n € [1*,00) such that w(n) = 0.

Proof. Suppose that for some n* > 0 that w(n) # 0 for all n € [*, 00). Now, define @ : * x [0, %] — R as

with Q* := R™\ B, (0) and with B, (z) representing the Euclidean ball in R™ of radius r centred at z € R".
It follows immediately from (4.40) and the supposition, that

(e, t) = (t+ DY V@, e T x [0,1], (4.40)

Uy — AU — frn(W) =T — frn(@) 20  on Q* x [0,3], (4.41)
u>g ondB,(0)x[0,3], (4.42)
>0 onQ* x {0}, (4.43)
ueC® (" x (0,4])nC (2 x [0,4]) nL> (Q* x [0,1]), (4.44)

with constant g > 0 given by

| —

)1/(117)

and f,, given by ([4.38)). Now, set u: Do, — R to be u := u™) with «(™ as in Lemma for some m € N

g= it i)l

nen*,v2n*|

and fixed ug : 0D — R given by

%6_1/(77*_|I‘)7 ‘x| Sn*
uo(x,0) = (4.45)
0, x| > n*.

Since 0 < ug < § on dDr, it follows immediately from Lemma and (4.45)), that

w,— Au— frn(uw) =0<0 onQ* x (0,7, (4.46)
u<g ondB,(0)x[0,T], (4.47)
u=0 onQ* x {0}, (4.48)
u € C*HQ* x (0,T)) NC(Q* x [0,T]) N L>(Q* x [0,T]), (4.49)

with

el 50007}
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Therefore, from (4.41)-(4.44) and (4.46))-(4.49) respectively, it follows that @ and w can be taken to be

a bounded regular supersolution and a bounded regular subsolution on the Q" x [0, 7] in [9, Theorem 4.4]

(since f, is locally Lipschitz continuous), and hence
wu<u onQ x[0,7]. (4.50)
Since m € N used to define @ is arbitrary, via (4.40)), (4.50) and Corollary it follows that

()

Inequality (4.51) implies that w(n) 4 0 as n — oo, which contradicts Theorem Hence, for every

(t+H0? > sup o (2,1) > ((1 YD (e ) e x (0,T). (4.51)

n* > 0, there exists some 1 € [n*, 00) such that w(n) = 0, as required. O

To establish that the zeros of non-trivial solutions to (P) are isolated, we have

Lemma 4.7. Let w : [0,00) — R be a solution to (P) with 0 < a < (1 —p)*=P). Suppose that there exists
n* > 0 such that (w(n*),w' (n*)) = (0,0). Then, w =0 on [0,00).

Proof. Without loss of generality, suppose that n* € (0, c0) is the smallest value of 1 at which (w(n),w’(n)) =
(0,0). Consider F : [0,00) — R as in (3.14), i.e.

E(n) = V(w(n),w'(n) ¥nel0,00).

It follows from the argument in Remark that w = 0 on [n*,00). Now, consider n € [0,7*). Via (3.15)),
F € C'((0,00)) and satisfies,

o= (5 = () (o)

Thus,

(S (50 ().

Since (w(n*),w’'(n*)) = (0,0) and w,w’ € C*((0,0)) it follows from (4.52) that there exists n. € (0,7*)
such that

n—1 N
Foi+2 (U2 D) 20 e ol
and so
1,2 / N
(P Ded " Fm) =0 o€ (0], (4.53)

Since F(n*) = 0, an integration of (4.53)) yields
F(n) <0 Vne (n,n'. (4.54)

Since V' > 0 in a sufficiently small neighbourhood of (0,0) it follows that and our supposition that

w = 0 on [N, n*] which contradicts the definition of n*. Therefore, it follows that « = 0 and via Remark

m w =0 on [0,00), as required. O
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We conclude from Lemmas andthat solutions to (P) with 0 < a < (1—p)*/~P) do not have non-
isolated zeros in [0, 00), but have infinitely many isolated zeros in [n*, c0) for any n* € [0, 00) i.e. solutions

to (P) with 0 < a < (1 — p)Y/(1=P) oscillate as 1 — oo.

5. Conclusion

The proof of Theorem [I.1] follows directly from Theorem [3.14] Theorem Lemma [4.6] and Lemma[4.7]
Moreover, the proof of Theorem now follows directly from Theorem and .

As a consequence of the theory developed in this paper, we state the following improvements to the theory
concerning homoclinic connections in [13] that can be established using analogous arguments to those given
in this paper (for (o, 8) € Q=) \ {(0,0)}): the solution to problem [I3, (P)] is unique; the problem [I3]
(P)] is continuously dependent on its data; and solutions to [13] (P)] oscillate as 7 — o0o0. This addresses
one outstanding query in the conclusion of [I3]. However the conjectured decay estimate for solutions to
(P) as n — oo remains open.

We highlight here that the novel approach to establish that solutions to (P) oscillate as n — oo was
motivated by an apparent lack of sufficient conditions on solutions to (P) to apply Sturmian oscillation
theory. Specifically, the decay bounds established in Theorem when used in conjunction with Sturmian
oscillation theory for second order linear ordinary differential equations (see, for example [16] p.42-46] or
[6]) appear to be insufficient to establish the oscillatory properties of solutions to (P). In this direction, we

note that if one could establish that solutions to (P) decay sufficiently rapidly, for instance,

(16 — €)1/ (1=P)
lw(n)| < SO

as 1 — oo, (5.1)
for some € > 0, then one could use the aforementioned oscillation theory to establish that solutions to (P)
oscillate as 7 — co. We also note here that an attempt refine Theorem to establish the decay bound in
was undertaken by explicitly retaining the constants ¢; in the proof of Theorem and passing to the
limit as m — oo, but this was unsuccessful.

Now that the oscillatory properties of solutions to (P) as n — oo have been established, a decay esti-
mate for solutions to (P), as motivated by the formal estimate in [I3], can potentially be established, thus
classifying the remaining important property of solutions to (P) for 0 < a < (1 — p)*/(=P),

Finally, we highlight a fundamental issue that arises from the previous consideration of [CP]. Consider

the Cauchy problem given by , and
ug = we(|z]) V(z,0) € dDr, (5.2)

with w, : [0,00) — R the solution to (P) with 0 < o < (1 —p)*/1=P), ITmmediately we infer that the Cauchy
problem given by (1.1)), (5.2) and (1.3 has a global solution u : Dy, — R, given by

|| .

u(z,t) = we ((t‘f'l)l/2> (1 —p)(t+ 1))1/(1719) V(x,t) € Doo.
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However, uniqueness (and consequently continuous dependence on initial data) of solutions to the Cauchy
problem given by (|1.1), (5.2)) and (1.3) is not trivially settled. A method which determines whether or not
uniqueness holds for the Cauchy problem given by (1.1, (5.2) and (1.3) would be a useful addition to the

methods available for well-posedness results for boundary value problems for nonlinear parabolic partial

differential equations.
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