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On the energy-critical fractional Schrodinger equation in the radial case
Zihua Guo, Yannick Sire, Yuzhao Wang, and Lifeng Zhao

ABSTRACT. We consider the Cauchy problem for the energy-critical nonlinear Schrédinger equa-
tion with fractional Laplacian (fNLS) in the radial case. We obtain global well-posedness and
scattering in the energy space in the defocusing case, and in the focusing case with energy below
the ground state. The main feature of the present work is the nonlocality of the operator. This
does not allow us to use standard computations for the rigidity part of the theorem. Instead we
develop a commutator argument which has its own interest for problems with nonlocal operators.
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1. Introduction

In this paper, we study the Cauchy problem for the nonlinear Schrédinger equation with
fractional Laplacian for N > 2:

{i@tu + D2y plu|T =0 (2,t)€RY xR

1.1 .
( ) u|t:0 =ug € I‘IQ(RN)7

where a € (375,1), D** is the Fourier multiplier of symbol |¢|>** with D = /=A, p € {-1,1}.
Here 1 = 1 corresponds to the defocusing case, and y = —1 corresponds to the focusing case.
When a = 1, (1.1) is the well-known energy-critical nonlinear Schréodinger equation which has been
extensively studied, and we refer the readers to [27] for a survey of the study. When 0 < a < 1, (1.1)
is a nonlocal model known as nonlinear fractional Schrodinger equation which has also attracted
much attentions recently (see [12, 15, 14, 4, 5, 13, 6, 7, 17, 1, 25]). The fractional Schrédinger
equation is a fundamental equation of fractional quantum mechanics, which was derived by Laskin
[22, 23] as a result of extending the Feynman path integral, from the Brownian-like to Lévy-like
quantum mechanical paths. The purpose of this paper is to prove some analogue global well-
posedness and scattering for (1.1) in the radial case.

Under the flow of the equation (1.1), the following quantities (mass and energy) are conserved:

M(U):/ [u(z, t)*da,
RN
1 I
Ey(u)= [ <|D%ul? P2y,
n(w) /RNQ\ ul +p+2|m z

(©2015 International Press
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We write Ey(u) = E41(u). Moreover, the equation (1.1) preserves the radial symmetry, and also
has the following scaling invariance: for A > 0

u(x,t) — AT u(Az, \2“t),  ug(z) — P ug(Ax).
Thus, (1.1) is H-critical, since the scaling transform leaves H®-norm invariant.
There are remarkable differences between the defocusing and focusing cases. In the focusing
case, the flow has more kinds of dynamical behavior. An important role is played by the ground
state Wy, namely the unique non-negative radial solution to the fractional elliptic equation

(1.2) D2W — |W|¥5= W = 0.

We have W, € H®, and so W, is a stationary solution to (1.1) when g = —1. See section 3 for
more properties of W,. The main result of this paper is

THEOREM 1.1. Assume o € (7,1) and

20 < N < 4au.

Let W, be as above. Assume ug € HO‘, ug radial. Then

(1) Defocusing case (u=1): (1.1) is globally well-posed, and scattering holds.
(2) Focusing case (u= —1): if E_(ug) < E_(Wy) and ||D%ugll2 < || D*Wal|l2, then (1.1) is
globally well-posed, and scattering holds.

REMARK 1. Notice that the cases N = 2 and N = 3 which are relevant for the Schrédinger
equation are covered depending on the values of . Indeed, one can take N = 2 with « € (%, 1) and
N =3 with a € (%, 1). These restrictions on the exponents for the powers of the laplacian come
from the nonlocality of the operator and the arguments to handle the concentration-compactness
argument. Indeed, the nonlocal character of the operator does not allow to have “exact” expressions
but only estimates. At the moment, we do not know how to remove these assumptions.

Now we discuss the ideas of proof. We follow closely the Kenig-Merle’s concentration com-
pactness/rigidity method [19]. There are several different ingredients:

(1) Radial Strichartz estimates. When o < 1, we know that the classical Strichartz estimates
in non-radial case has loss of regularity. However, in the radial case, it was known that
when a € (%, 1) one has generalized estimates which has no loss of derivatives, see
[16]. In contrast to [19], radial symmetry for (1.1) plays crucial role in many aspects.

(2) The results from the study of the fractional elliptic equation. The fractional elliptic
equation has been extensively studied recently. In the focusing case, we will apply the
results for (1.2) which was obtained in [24], [3].

(3) Localization of virial identity. In the rigidity argument, we use the localization of virial
identity. Due to the nonlocal nature of |D|?*®, we need to deal with some commutator
estimates.

The main difference between (1.1) and Schrédinger equation is the nonlocal property of the frac-
tional Laplacian. In our proof, this nonlocal property makes only slight difference from the Kenig-
Merle’s argument in the concentration-compactness part (Thus we omit most of the details). How-
ever, it makes big difference in the space-time a-priori estimates, e.g. localization of virial estimates
in the rigidity part. We do not know any other monotonicity, such as Morawetz estimates. To
our best knowledge, this paper is the first one which generalizes Kenig-Merle’s argument to the
nonlocal setting.

2. The Cauchy problem and the variational estimates

2.1. The Cauchy problem. In this section, we review the local theory and small data global
theory for the Cauchy problem (1.1) with radial symmetry. It has no difference between defocusing
and focusing cases. The key ingredient is the radial Strichartz estimates obtained in [16].
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LEMMA 2.1 (Proposition 3.9 [16]). Suppose N > 2, a > 1/2 and w,ug, F are spherically
symmetric in space and satisfy

i0u+ D?**u=F (x,t) e RN xR
{U|t_0 = Uo-

Then for v € R it holds

(2.1) lullzsry + lullo@.amy S lvoll g + 11F a1

if the following conditions hold:
(1) (g,7) and (G, 7) both satisfy the following conditions:

1 1.1 1
2.2 2< < - N — Z)(= — 2):
( ) _q7r_oo7q<( 2)(2 T')7
(2) ¢ < q and the “gap” condition:
2 N N 2 N N
o=y =y
q r 2 q T 2
REMARK 2. The conditions in (1) can be relaxed to the following
1 1.1 1 4N -2
2. 2 < < -<(N—=)(=—- 2, ——).
(2.3) ,qﬂ",oo,q,( 55 —2) @n)# 2 55—3)

On the boundary line % = (N —23)(3 —1), [16] first proved it for ¢ > r, and was later improved

to other pairs independently by [18] and [8].

DEFINITION 2.1. For N > 2, we say that a pair of exponents (g,r) is a-admissible if (g, r)
verifies

2 N N
(2.4) 70‘4_7:77 2 < q,r < oo.
q r 2
By Lemma 2.1, we see that if & € (7=, 1), then we have a full set of a-admissible Strichartz

estimates which has no loss of derivatives. With these Strichartz estimates, we can proceed as the
classical theory of Schrodinger equation. Let I C R be an interval, and we define S, (I), W, (I)

norm by
Pollsy = loll s s and ol = Il agre angrasy.

L,

Noto that (242l 242

N > 2aq,

) is a-admissible pairs. By Sobolev embedding, we have that if

[vlls.r) < CllDllw, 1)-

DEFINITION 2.2. Let to € I. We say that u € C(I; H*(RY)) N {D% € W,(I)} is a solution
of the (1.1) if
t
ulty = ug, and wu(t) = ei(t=t0)D* —l—/ ei(t_t/)D2u|u| Ny dt.
to
DEFINITION 2.3. Let vy € HO‘, v(z,t) = e“Dmvo and let {t,,} be a sequence, with lim, o ¢, =
t € [—00,400]. We say that u(x,t) is a non-linear profile associated with (vg, {t,}) if there exists
an interval I, with ¢ € I (if ¢ = o0, I = [a,+00) or (—o0, a]) such that u is a solution of (CP) in
I and
lim |Ju(—,t,) —v(—,tn)| o = 0.

n—oo

With the Strichartz estimates, we can obtain the following results for (1.1) by standard argu-
ments (for example, see [9]).

THEOREM 2.2. (1) Assume N > 2, a € (%, 1), 2a < N < 6 and ug € HQ(RN), ug radial,
[luoll o < A. Then 36 = 6(A) s.t. if ||e“D2auo||sa(1) < 8,0 € I, there exists a unique solution
to (1.1) on I such that u € C(I; H®), sup,e; |[u(t)|| o + | D%ullw, 1y < C(A) and ||lulls, ) < 26.

Moreover, we have
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e Local existence: there exists a maximal open interval I = (—T—_(ug),T4(ug)) where the
solution u is defined.

e Small data global existence: if A < 1, then I = (—o0,+00).

e D e LIL"(I' x RYN) for any a-admissible pair (q,7), where I' C I is a closed interval
with finite length.

e Blowup criterion: If T (ug) < +o00, then |lulls, (o1, (u))) = +00. A similar statement
holds in the negative time direction.

o Scattering: If Ty (up) = +00 and u does not blow up forward in time, then u scatters
forward in time, that is, there exists a unique uy € H® such that

. itD2e
(2.5) tllgrnoo |u(t) — eP Uy || ey = 0.

A similar statement holds in the negative time direction.

(2) For anyu, € H®, there exists a solution u to (1.1) such that (2.5) holds. As a consequence,
for any (vo,{tn}), there always exists a non-linear profile associated to (vo, {tn}) with a mazimal
interval of existence.

Next, we need a perturbation theorem. It follows in a very similar way as Theorem 2.14 in
[19] (see [20] for a correct proof), see also [26]. Since for a € (375,1), we have generalized
inhomogeneous Strichartz estimate given by Lemma 2.1, the proof is with slight change and we
omit the details,

THEOREM 2.3 (Stability). Assume N > 2, a € (
L < 400, and let @ be defined on I x RN such that

,1), 2 < N < 6a. Let I = [0,L),

(2.6) Il Lo pro(rxmny < A Nalls,y <M, [D%allw, 1) < o0
for some constants A and M, and @ verifies in the sense of integral equation
iy + D20+ pla| Ve = e

for some function e. Let ug € H® be such that |[u(0) — @(0)| 7o < A’. Then Jeo = eo(M, A, A')
st if 0 <e <eg and

. N .
(2.7) €77 (u(0) = @(0) sy <&, D ell , s 6

BN
then, there exists a unique solution u on I x RN to (1.1) with initial data ug satisfying
[ulls. ) < C(A, A", M), Sup lu(t) = a(t)]| o < C(A, A", M).
2.2. Some variational estimates in the focusing case. In the focusing case, the ground
state plays an important role. Consider the fractional elliptic equation
(2.8) D2W — |W| 5= W = 0.
By the work of Lieb [24], it was known that: if 0 < o < N/2, then (2.8) has a solution in H®

N—2«

1
W(z) = C1(N,

(’JJ) 1( OZ)<1+02(N7a)m|2>
for some C1,Cy > 0. It arises in the study of the best constant for Hardy-Littlewood-Sobolev
inequalities. The classification of positive regular solutions for (2.8) was studied in [3]. We also
have the following characterization of W (see [24], [11]): W attains the best constant Cy in the
Sobolev embedding inequality:

(2.9) ||u||L onv - < CN||D%ul| 2.

N-—-2

Moreover, if 0 # u € H® verifies Hu||L = Cn||D“ul| 12, then u = W, 20,00 := ewo)\éme)/QW()\o(x—

2N
N—2

7)) for some 6y € [—m, 7], \g > 0, 79 € RY.
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W is a stationary solution to (1.1) when = —1. By the equation (2.8), we have [ |DW|? =

x «\ (N—2a)/N
[ W2, Also, (2.9) yields C2 [ |DeW|? = (f|W|2 ) ,so that C2 [ |DeW]? = <f|D“W|2)
Hence,

N—2«
N

o | (1 1 a2
N
which is %ﬁ in the focusing case. For simplicity, we write Ei(u) = Eiq(u).

N
With the variational properties, we can follow Kenig-Merle’s argument with slight change to
prove the following lemma. We omit the proof.

LEMMA 2.10. (1) Assume a € (55,1), [|[D%ul| 2 < [|D*W |12, and E_(u) < (1—8)E_ (W)

for some 6y > 0. Then, there exists § = §(dg, N) > 0 such that
(2.11) /|D“u|2 <(1 73)/\D“W|2
and

(2.12) /|Dau|2— juf? 23/|Dau|2.

(2) Assume o € (55,1). Let u be a solution of (1.1) with mazimal interval I, || D%uq||z2 <

| DW |12, and E_(ug) < (1 — 60)E_(W) for some 69 > 0. Then, there exists 6 = 6(5p, N) > 0
such that fort e I

(2.13) /|D”‘u(t)\2 < (14)/|DO¢W|2
(2.14) [10mu = o 23 [ 1pato)

(2.15) B_(u(t) g/|Do‘u(t)|2 z/|D°‘uo|2
with comparability constants which depend only on dg.

3. Profile decomposition and concentration-compactness alternative

A profile decomposition has been developped in [4] for the L2-critical nonlocal Schrédinger
equation. However, in our case, this is not enough. As in [21] and [19], one has the following
theorem.

THEOREM 3.1. Let {vo,} € H® such that [|D%vg,|> < A with a € (5,1). Assume
furthermore that
Heiiwmvo,n||L2<N+2a>/N—2a > 4(N)
Then there exists a sequence {V j} € H®, a subsequence of {vy.n} € H® and a triple (\jn, Tjn,tjn) €
RT x RY x R with the orthogonality condition as n — oo for j # j'

R N L 7 R B o R
oo T \2 T
3’n YR Gn VED

— 0

such that
Vo, 1]l e = c0(A) > 0.

If Vi(z,t) = g—itD* Voj then, given eg > 0, there exists J = J(eo) and a sequence {w,} € H® so

that
J

1 T—2in —t;
Von = Vﬁ( 2t j’") +w
and for large enough n
—itD?* <
[le Wy, S (R) = €0
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J
(3.1) /|D"‘V0’n|2 = Z/|Da1/b’j|2 —|—/|D‘)‘wn|2 +o0(1), as n =
=0

<

(3.2) E:t(V(),n) = ZE:‘:(V}E(—tj7n/>\?7n)) + Ei(wn) + 0(1), as n — oo
=0

PRrROOF. The original proof can be found in the work of Keraani [21]. Here we follow the
approach of Visan [27]. For o € (3,1) and N > 2, we have that

. 2a
(3:3) 1P Il 2gvs2a S 11 e vy
L N—2a (RXRN) x

t,x

holds for all radial f € H*.

LEMMA 3.4 (Refined Strichartz estimate). Let a € (57=,1), N > 2, and f € H*(RY), we

2N—1°
have
20 L oa _da__ N—2a
(3.5) 1€P* £ 2xvszo) Sswp e il e I
L * (RxRN)  je€Z L, N72¢ (RxRN)

t,x t,x

where f; = P f and P; is a Littlewood-Paley projection around the frequency annulus {£ : || ~ 27}.

PRroOOF. First we consider the case when N > 6. We have % < 1. We have

N+2a
. 2a 2(N+2a) 2a N—-2a
||@ZtD f| g(?\?—fm) // N<§ |€ZtD f]2> dxdt
RxR

L, Y7 (RxRN) jez
(N (N+2 )
2a N— 2 20 N2«
e’LtD 2 Z eltD 2 d.’I;dt
//RW<Z' i 0% gy
keZ
(e N+2a . @ N+2a
(36) <Z// ZtDz f |N 2a |eltD2 fk|N—2(v dxdt,

i<k RxRN
N+2a

where we used the fact that S(N=20) < 1in the last step. By applying Holder inequality, Bernstein
inequality, and Strichartz estimate (3.3), we obtain

2a 2« 2c - 2a
S llet? fj|| 2<N+2o<>|\€”D fJ||N2(N+2a> le*? kaNz(]zvv+2za> le’? Fill 2ovizer

i<k L, . Ly . tz
. . 2
< sup 1P £ szz’wzm 1€ 2% £l avizmn €™ fioll 204200
LY i<k L.~ Lo ™
< Sup”eZtD f]||N2(§\7+2a) 22a]|| D2 fJH 2(N+2a) M ”6 e fk” 2(N4-2a)
JEL L, N=2a i<k LN Lo

: 2
S SUIZ>||€“D i Nzﬁéim ZQQ‘”IIf]IIm 1f3llz2
je

2a
tz

< Suplle”D fJIINzﬁvHa) 22““ N £ill o fill e

tr

(37) < Slelg ||€ltD f]” Nz(?\wrza) ||fHH$7
j z

fa‘

which complete the proof for the case N > 6.

Now we turn to the case 2 < N < 6. We have Q(Jyvté'z) > 1 in this case. Set

[N—l—?a} —

N — 2«
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for some integer m > 3. Proceeding as before, we have

5 2(N+2a)
itD "f‘ N—2a
2(N+2a)
L, J72* (RxRV)

/ fowe () ™

JEZL

itD2 9 TnéVN 2a)
. H > 1P dadt
X

Ji €L

< tDQa
~ Z //DQXRN H |€Z

J1<j2<<jm

(38) s > /. H|e“D2“fﬁ

J1<G2 < Zgm

ji m.(N 20) dxdt

2c
itD fis Ny~ Y dzdt,

where we use the fact % < 1. By applying Holder inequality, Bernstein inequality, and

Strichartz estimate (3.3), we obtain

2(N+2a)

. 2a . 2 2 -1
B8 D NP Ll flll e H €2 ] 2<N+za>HHe”D i S,
J1<<jm e L,y
2(N+2a)
20 m=2+m(, N _oqy 1) . o\ ™M 2a 2
Soup e i1 s ™ S (=) e ] e
jez Lt iH‘* 1<Gm Lis

. . m—2 ) 2 ) 2
S e S o 3 (= 1) NP Sl aguazen €7 fi, | sz
L, N2« L, L,, VN

t,x jlgjm t,x
m—2
itD%e 5 . . 2j1 || it D itD?e
N sup He f]| 2(N+2a) E Im — ]1) 21 ||6 fj1 || 2(N+20) 2N(N+20) ||6 fjm 2(Nt20)
ez LY 2% j1<im L, Nt p, NEsal L,,

it D2 Py . .
g sup Helt fJ| Nz(?\wza) Z IJm — 1
JEZ N—-2

Liz "% j1<jm

_8a_
< sup HenD fil Nz_(j?;rm) Z
2

)
, )m—2

26159 £ ol Fin

JEeL Liz ™% j1<im
(3.9)
< sup HeltD il Nz(?wzoc) ||f||Ha7
JEZ =

fJ

which complete the proof for the case 2 < N < 6. Thus we complete the proof of the lemma. [

Once the refined Strichartz is established, the profile decomposition follows from standard

techniques. See for instance [27].
O

4. Minimal energy non-scattering solution
We now assume 2a < N < 6. Denote A, =00, A_ = E_(W). For each 0 < a < Ay, let
K~(a) :={f € Hwa: E-(f) <a, [[D*flla < [[D*W]|2}
K*(a) :={f € H\q: E+(f) < a},
S§*(a) :=sup{||ulls. () | w(0) € K*(a), u sol. to (1.1) with £},
Let
(4.1) E% :=sup{a > 0] S*(a) < c0}.
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The small data scattering implies that £} > 0. We will prove Ef = Ay by contradiction, and
thus finish the proof of Theorem 1.1.

Assume E} < Ay, then we show the existence of a critical element which is compact modulo
invariant groups. We have

LEMMA 4.1 (Existence of critical element). Suppose E < Ay, then there is a radial solution
ug to (1.1)% with mazimal interval Iy satisfying

E(us) = EL,  [[D%u_la <[[D*Wll2,  |lutlls, 1) = oo

LEMMA 4.2. Assume us is as in Lemma 4.1 and say that ||us|[s(r,n0,00)) = 00. Then there
exists A\(t) € RY, fort € I N (0,00), such that

K ={v(@t): vl t) = —xaux (5,0}

has the property that K is compact in H*. A corresponding conclusion is reached if lutlls, (ron(—o0,0)) =
00.

The two lemmas above follow in the same way as in Kenig-Merle [19], by using stability
Theorem and the profile decomposition given in Theorem 3.1.

5. Rigidity Theorem

The main purpose of this section is to disprove the existence of critical element that was
constructed in the previous section under the assumption £ < Ay by using the structure of the
equation (1.1). We will rely on the virial identity.

LEMMA 5.1 (virial identity). Assume u is a smooth solution to (1.1). Then
d N
f%/iuw-vﬁdx = 2a/|D“ul2dx+ ﬂ/lu\p“dx.
dt p+2

The previous lemma is just a formal computation based on properties of the Fourier transform
(recall that the symbol of D?* is |¢|2«.

Since the virial does not make sense in the energy space, we will use the localization of virial
estimates. In this sequel, we fix v € C§°(RY), v radial, ¢ = 1 for |z| < 1, ¢ = 0 for |z| > 2. For

RZ1, let ¢r(x) = (x/R), Yr(z) = & - Vi)(%). We have

LEMMA 5.2. Assume u is solution to (1.1). Then
N
i%/iuwa-Vﬂdx :2a/|D°‘u\21/JRdx+ &/‘UVJ—"_Q’(/)RdJ?
dt p+2
+§R2/DQU[DO‘,¢R](x~Vﬁ)d:c+%/|u|p+21/~11{dx
p
+%N/Dau[DO‘,@bR]ﬂdx—i—%/Dau[Do‘,@ZR}ﬂdx7

where [D*, flg = D*(fg) — fD%g.

PRrROOF. Using the equation (1.1), we get from direct computation that
d
%%/iumpR - Vudx
=" / (D**u + plulu)(2xr - Vi + NYgt + Prt)dz
:?R/DQQUQMQR -Vaudzr + %/u\u|pu2wa -Vaudz

+§R/D2au(dwRﬁ+1ﬁRQ)dm+3‘E/u|u|pu(Nz/)Rﬂ—|—1;Ra)da:
=1+ 1T+ 1114 1V.
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Obviously,
IV = Np/ |u|P T2 pdx + u/1/~JR|u|p+2dx.
Using integration by part, we get

IIT =R / D**u(dyrt + Yri)dx
:N/|D0‘u\21/)Rdx+§Rd/Dau[Do‘,wR]ﬂdz

/|D°‘u| ¢RdI+§R/Da @ glude.
Similarly,

1T :%/u|u|pu2xw3 -Vaudr = /,u|u|pxz/)R -V (|Jul*)dz

2uN 2 .
= pﬁ_2/|u|P+2wRd.ﬁ—ZT/Jé/|u|p+2wRdm

Now we compute I. By Fourier transform, it is easy to check [D®,z - V] = aD®. Then we
have

I=R2 / DYuwpp(x - VD4 + aDa)dx + R2 / Du[D%, yg|(x - Va)dx
zza/ | Du|*pda — N/ | Du|?2p pdx

- / |D°‘u\21ﬁRdx+§R2/Dau[D°‘,¢R}(x -Viu)dz.
Summing over the four terms, we complete the proof. O

Due to the nonlocal properties of the fractional Schrédinger equation, the localization of virial
estimates is not very clean. There are many remainder terms. However, all of them can be handled
in the energy space. We have

LEMMA 5.3. Assume 0 < a<1,0<e < a and RZ1. Then

(51) D7 vl fllee Shall, g, o+ B0 Fle
(5.2) 1D, rlz - VL2 SIDfllL2,

o —ea/2 feY
(53) 10 ¥l VS laqorgr-ey SR Fllza + gl 2n, oo

where g = ]-'_1(|f|).

The proof of the lemma will be given in the end of this section. Now we use it to prove the
main result of this section:

THEOREM 5.4. Assume that u(jf € H® is such that
Ei(uy) < A, D%l < [DW .

Let uy be the solution of (1.1)% with uy(0) = ui, with mazimal interval of existence Iy. Assume
that there exists X\(t) > 0, for t € I N[0, 00), with the property that

K ={v(z,t) : v(z,t) = @ui(—,t)}

is precompact in H*. Then we must have T (ug) = 00, ug = 0.

PrOOF OF THEOREM 5.4. We only prove the focusing case, since the defocusing case follows
in a similar way. Assume I_ = (=T_,T,). It suffices to prove this theorem under the assumption
that A(t) > Ap for some Ag > 0 for all ¢, since the general case follows similarly as in [19]. The
proof splits in two cases.
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Case 1. T4 (up) < +00
With the same proof as in [19], we have A\(t) — oo as t 1T Ty (up). We define

/|um D 2yp()de, te[0,T).
Then we have
() =~ 21 [ D (u) - w()do
=— QIm/Dau - [D*¥(uyr) — u - D*Yg|dx — 2Im/Dau -u - D%prdx.
By the commutator estimates ||D*(fg) — fD%|l2 S |1D%gll2]|g|loos @ € (0,1), we get

[yR(®)] SIIDull2| D* (W) — - D*Prll2 + [ D ull2llull_24_[|ID*Yr] 2
SIDull3.

Next, we show: for all R > 0,
(5.4) / lu(z,t)|?de — 0, ast— Ty (ug).
|z|<R

In fact, u(y,t) = )\(t)wv()\(t)y,t) so that

/ lu(z, ) [2da

|z|<R

07 [ Py
[y| <RX(t)

(1) 2 / oy, 1) 2dy + A(t)~> / lo(y, 1)[2dy
ly|<eRA(t) eRA(t)<|y|<RA(t)

=1+ 1II.
By Holder and Sobolev, we have
I's /\(?f)*zo‘l\vllzngv2 (ERX($)** S (eR)* | DWW 3,

while

TSN MO a0, ast o T o).

Thus (5.4) follows.
Therefore, we have

[y (0) = yr(T4 (u0))| < T (uo)[|IDW3,
which implies
yr(0) < Ty (uo) [ D*W 3.
Then letting R — oo, we obtain that ug € L?(R™). Arguing as before,
lyr(t) = yr(T4(uo))| < (T4-(uo) — 1) D*WIJ3.

So

lyr(t)| < (T4 (uo) — 1) D*W 3.
Letting R — o0, we see that

lu()ll3 < (T4 (uo) — O)[IDWIJ3

and so by the conservation of the L? norm |lug|l2 = ||u(t)|l2 = 0,t — Ty (ug). But that u = 0
contradicting Ty (ug) < +o0.
Case 2. T (up) = +00
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In this case we use the localized virial identity. Let u(y,t) = A(¢) e v(A(t)y,t), then
[ pruoPdy = [ 0N DTGRP
ly[>R(e) ly|>R(e)

:/ |D%v(z,t)|>dx
|z|>A(t) R(e)

g/ |D%v(z, t)|2dz
212 A0 R (<)

< e. (by the precompactness of K)
By similar arguments, we have for any € > 0, there exists R(¢) such that
£)12
(5.5) / (|D°‘u(x,t)|2 + |u(x,t)] Nre 4 M)dz <e
lz|>R(e)

|x|2a

Let @ = F, '|Fu(£,t)|. By Plancherel theorem we know % has the same compactness as u. Thus
we have: for each € > 0, there exists R(e) > 0 such that, for all ¢ € [0, 00), we have

iz, t
(5.6) / (|Daa(x,t)|2 + |z, t)| 7 + m(xi’za))d:c <e.
||>R(e) ||

Next, we consider
Ig(t) = Re/iua:wR - Vudz.
By Cauchy-Schwarz inequality and integration by parts for fractional derivatives, we have
[Ir(t)] SID'™(uzypr)ll2 - [ D~ Va2
SIDulla - |D' 272 (xpp) 2 - | Dull2 £ R** - || Duol3.

On the other hand, by Lemma 5.2 and Lemma 5.3, we have

(5.7) In(t) =2a/|Do‘u|2dx—2a/|u|N2}£adx

a. 12 2N 2c0 2N~
(5.8) +2a [ (|D%|* — |u|¥=2=) (g — 1)dx — N |u| ¥=2= ¢ rdx
(5.9) +2Re / DD, gl (z - Vi) da
(5.10) + dRe / Du[D®, ¢p|udz + Re / Du[D®, ¢gludz.

By the variational estimates, we have
(5.7) > Cs|D*uo 3.
If up # 0, then fix 0 < ¢ < ||[D%up]|3. For (5.8), by (5.5) we get that
(5.8) <e
for R sufficiently large. The term of (5.9) can be estimated as follows
(5.9)]
g|/| o, DDl Vi + | Du[D, g)(x - V) da]
2| SR1-=

lz| 2R ==
SIDYul[2I[DY, Yr](x - V)| 1221 <r1 <) + 1Dl p2(j0|> r1-) I[P, ¥R] (2 - V) |2

_ea ~
SR 2 HDaqu + HUHLNQ_A;Q (2|2 R1=*) + ||DauHL2(\z\2R1*E)“Dau||L2

where the last inequality follows from Lemma 3.5. Therefore, (5.9) < ¢ if R is sufficiently large.
The smallness of (5.10) can be obtained similarly. Thus

TADIE / D% o2,
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Integrating in ¢, we get Ig(t)—Ig(0) 2 ¢ [ |D¥uo|?, but we also have |Ig(t)—Ir(0)] < R? [ |DYuo|?,
which is a contradiction for ¢ large. Thus ug = 0 and the theorem is proved. 0

In the end, we give the proof of Lemma 5.3.

PrOOF OF LEMMA 5.3. First we show (5.1). Using Fourier transform, we have

~

FDwaN@I Sl [ 6 el el i) fiE)

~

s [ lalwREl - fel
£=€1+&2
Then we get
1D, ] fll2 SUF (&R - gll2
SIFH @D 9l 2% s ey

FIF I PREDDN 2 gy 191, 2y

N2«
< —EQ «
SNl 5 oy + RN A

where in the last inequality we used the fact that | F~1(|&1]*|¥r(&1)])]|= < C, [F 1 (& [dr(E))] S
R~ and the Sobolev embedding.
Next, we prove (5.2). Direct computations show that

F(D* bl - V()
- / IE1* — 62V D€ — &)V, - (EaF(€2))de

_/5 e —a|§2|a121\%(§1)f(52) +i(|& + &Y — |§2|°‘):p/z/;\3(§1) .52]?(52)'
=&1+&2

Thus we get

IF(D* wrle - V()] S / €21 (1Dr(€)] + |2dr(€)] - [Ea]) - 1F ()]
§=61+82
and then by Plancherel’s equality
I[D%, ¥Rz - VL2 SIDfl L2
Finally, we prove (5.3). We have

F(ID*, ¢l - VF)(E)
—al€a|“Pr(E1) () + (|61 + E2|® — |&2]*)aPr(&1) - 21 (&)

/E—§1+§27|§1|<<|§2

+ / & T F(En) + (16 + &1 — &) avr(r) - EF (&)
E=&1+8&2,|61]2 €2

—FIM(f)] + FIR())

As before, we have
[FIR(NHIE)] 5/ €11 (¥R ()] + [20r(E)] - 1€1]) - F(&2)]
§=81+82
and then as (5.1) we get

IR fll2 < llgll + R7ED ]| 2

2n
Lw=5a (jo|2R1-2)

To estimate M(f), we need to exploit a cancelation. Since |£1]| < |£2], by fundamental theorem
of calculus we have
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1 d 1
(5.11) €1+ & — & = /0 £|t§1 + &|dt = /0 aftés + §2|a1|§21§2|

Recall that
FIM(f) = / ol Tr(e) Fl&) + / i€+ &1 — [&")TR(E) - £27(6)
[€1]<] 2] [&1]<€2]

dt-&.

Thus we get, using (5.11) for the second integral

FIM() = / ol D) F(E)
[1]<]€2]
(512) o / oltes + " Gt i€mn (&) - (€

Denote &5 = (§5,1, -+ ,€s,nv), s = 1,2, then the second term equals to
N

/€1<<52 Z

J,k=1

& + &2k

e svR(E) &uf(6)

1
/ altéy + &[0!
0

a—1 61 +§2 ~
/1<<£2 / altés + &| té, + & |dt E0r(6) (&)

/ . /a|t§1+€2|a 1|t?+§2|dt‘xmzz(£1)-fzf(§2)~
1] (€2

Thus, we get
' 1 t& + & o~ N
FIM(f)] = ol > Oty — o
M= [ el el G & —alel)in(E) fie)

) ' tEl +§2 _
a—1 d - DOc
+/§1<<§2|z/0 altt +&| [t&1 + & t-1&| €2¢R(§1) f(fz)

=F[I] + F[I1).

For I, by mean value formula, we have

1< / 2l Ve | - 1) - ()]
1] (€2 ]

and then
[1]l2 S B[ fll2-

For 11, we see
1= / Kz — 1,7 — y2)0r(51)D* f (y2)dyrdy

where K is the kernel for the bilinear multiplier

K(z,y) :/ei(zéﬁy&)m(flafz)dfld&
with the symbol

t& + &

1
m(&,fa):/o O‘|tfl+§2|a_1‘t€1+£ |dt &2l 76 Ligy < el -

It is easy to see from direct computations that m satisfy the Coifman-Meyer condition (see [10]),

and then the kernel K is Calderén-Zygmund (see [10]) and

(K (z —y1,2—y2)| S (Jo — | + |2 — o) 72N
If ly1| ~ R, |z| £ R*¢, then
|K(ZIJ — Y1, T — y2)| S R72N-



14 Z. GUO, Y. SIRE, Y. WANG, AND L. ZHAO

Hence we estimate by Cauchy-Schwarz inequality,

o 1 7 c «
1P < 10 g [10100P s < o 1D
Hence
CRN(l—E)
2

||IIHL2(|;U\§R1—E) < R3N

Thus we get since R is large
T\ r2(jej< i<y S B™/2|Df 2.

Therefore, the lemma is proved. 0
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