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Abstract

In certain vertebrate species, the developing embryo breaks left-right symmetry in a transient organising structure:
the “Left-Right Organiser” (LRO) known as the “node” in mice, and “Kupffer’s vesicle” in fish. Directional cilia-
driven flow is integral to this symmetry-breaking process, however the mechanism by which this flow is translated
into an asymmetric signal remains contested; the principal theories are either flow transport of vesicles containing
morphogens, or flow mechanosensing by cilia. Whilst some recent work favours the morphogen theory, other findings
seem to support mechanosensing. In this study, we consider a hypothesis whereby the cilia themselves drive the release
of morphogen-carrying extracellular vesicles (EVs) into the LRO; namely, that fluid stresses on the cell membrane
induce/enhance exocytosis of EVs. Using a mathematical model, we calculate significant wall normal and shear
stresses for a range of typical cilium parameter values comparable to levels capable of enhancing exocytosis. This
mechanism may be able to reconcile the apparently conflicting experimental evidence.

Keywords: Cilia-Driven Flow; Left-Right Symmetry-Breaking

1. Introduction

The organised left-right asymmetry of the vertebrate
body plan (situs solitus) – the heart on the left and liver
on the right in humans, for example – is a familiar fea-
ture of physiology. However, it has only relatively re-
cently been discovered that a crucial part of this embry-
onic developmental process is a cilia-driven fluid flow
occurring in the Left-Right Organiser (LRO), a transient
structure also referred to as the “primitive node” in hu-
mans, “ventral node” in mice, “Kupffer’s vesicle” (KV)
in fish. The physical picture is that rotating “nodal”
cilia, tilted towards an already-established body direc-
tion e.g. the posterior (Nonaka et al., 2005; Okada
et al., 2005), drive a left-right asymmetric flow, which
is necessary (Nonaka et al., 1998) and sufficient (Non-
aka et al., 2002) to break symmetry. In particular, dis-
ruption of normal cilia motility can result in inversion
of the body plan (situs inversus) or disorganised devel-
opment (heterotaxia). In mouse, the LRO essentially
comprises a ‘carpet’ of cilia on the ventral side of the
embryo, tilted in the posterior direction, enclosed by an
overlying membrane. In zebrafish, the LRO is an ap-
proximately spherical cavity with inward-pointing cilia

on all sides, with a high density of cilia at the anterior
end of the dorsal roof. These distinct morphologies pro-
duce qualitatively different flows (Fig. 1), though fulfil
a similar developmental function - for a recent review of
the fluid mechanics of the LRO, see Smith et al. (2019).

The conversion of this flow to asymmetric gene ex-
pression, and the subsequent body plan, is yet to be un-
derstood. Several key theories have been proposed and
investigated:

1. Chemosensing: morphogens are distributed asym-
metrically by flow, which then influence asymmet-
ric signalling, gene expression and development.
Two principal versions of this theory have been
discussed:

(i) Dissolved morphogen released from the
nodal floor (Nonaka et al., 1998)

(ii) Vesicle-enclosed morphogen transport
(Tanaka et al., 2005; Cartwright et al., 2007)

2. Mechanosensing: cilia-driven flow exerts mechan-
ical forces which are sensed asymmetrically. Most
of the work on this theory has focused on calcium
signalling by immotile cilia at the periphery of the
node (McGrath et al., 2003).

Preprint submitted to Elsevier October 12, 2018
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Figure 1: The arrangement of cilia, LRO geometry, and thus the re-
sultant flow vary across species. (a) A schematic of the ventral node
in mouse, showing cilia on the ventral surface, tilted towards the pos-
terior, driving an average leftward flow above them. The standard
experimental view of the node is from the ventral side, and hence Left
and Right are transposed. (b) A schematic of the coronal midplane of
the approximately spherical zebrafish KV (right). Cilia protrude from
all sides, but are clustered in the anterior-dorsal region. For zebrafish
KV, the standard experimental view is from the dorsal, rather than
ventral side. Cilia drive an anticlockwise vortical flow that is stronger
anterior corner, when the fluid is moving to the left.

these theories. For example, ? assessed the e↵ect of
advection-di↵usion of dissolved morphogen in the en-
closed cavity of the node, and suggested that a time-
dependent inactivation process would be necessary to
create an asymmetric gradient. Cartwright et al. also
observed that very low Reynolds number flow is sym-
metric with regard to the magnitude of flow velocity and
stress, and so mechanosensing would require a vectorial
sensing capability.

? made the remarkable finding that mutant mouse
embryos expressing as few as two motile cilia were ca-
pable of consistent left-right symmetry-breaking. Their
interpretation was that this lends more weight to a me-
chanical sensing mechanism in mouse. The flow pro-
duced by one or two motile cilia decays very rapidly in
space; while mechanical forces are transmitted almost
instantly, the timescale for morphogen or vesicle trans-
port “from one side of the node to the other side” are ex-
tended greatly by the reduced flow field. To paraphrase:
if vesicles are released over an extended area of a “two
cilia node”, relatively few will undergo significant left-
ward transport and hence the leftward-biasing e↵ect will
be minimal. Indeed whole-organ particle transport sim-
ulation (?) suggests that particle transport past the ar-
ray of motile cilia is minimal. ? found that KV of
zebrafish is much less robust to perturbations in cilia
number. Associations between strong anterior flow ve-
locity with normal development were found. It was sug-
gested that these observations are more consistent with

a mechanosensing theory.
However, a recent finding by ? cast major doubt on

mechanosensing by presenting data that primary cilia in
the node are in fact not capable of producing calcium
signals in response to fluid flow; for further discussion
of this issue, see ?. ? used a combined experimental and
theoretical approach in zebrafish embryos to explore
several proposed flow sensing mechanisms; they argued
that the number of immotile cilia in zebrafish KV is too
small to achieve robust mechanosensing, due to the spa-
tial variability of the flow field (although their observa-
tions of immotile cilia number are somewhat lower than
the 20% reported by ?). Instead, based on hydrodynam-
ics and Brownian simulation, Ferreira et al. argued for
chemosensing by cilia of membrane-bound extracellu-
lar vesicles (EVs) released preferentially in the anterior
region, which was also suggested by ?. The process that
might enable anterior release of vesicles would form an
important part of this theoretical picture.

In this work, we will examine such a process, initially
discussed by ?,

“Furthermore, cilia sweep just above the api-
cal surface of the ciliated cell during their re-
covery stroke. This sweep might also facil-
itate the release of the putative morphogen
bound to the lipid membrane or extracellular
matrix.”

In other words, the mechanical e↵ect of cilia may be
necessary to release extracellular vesicles carrying mor-
phogens which are subsequently transported by the cil-
ium beat – both mechanical and chemical cues are there-
fore necessary. While this idea appears to have received
relatively little attention from theoreticians, recent evi-
dence regarding the e↵ect of shear stress on exocytosis
(??) motivates revisiting it. As we will see, the concept
of localised stress-induced exocytosis may help to illu-
minate the feasibility of the anterior release theory in
KV, and additionally explain the ‘two cilium node’ re-
sults of ?. However, our main focus will be to estimate
the fluid mechanical stresses exerted by tilted rotating
cilia on the epithelial surface.

2. Mathematical model

We consider the time-dependent flow driven by a sin-
gle beating cilium. Nodal cilia are around 5 µm in
length, and beat in a conical envelope. The frequency
of this beating ranges between 10-40 Hz, and the semi-
cone angle of the beat ranges between 30-60�, depend-
ing on the species. Thus, the Reynolds number for nodal
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Figure 1: The arrangement of cilia, LRO geometry, and thus the re-
sultant flow vary across species. (a) A schematic of the ventral node
in mouse, showing cilia on the ventral surface, tilted towards the pos-
terior, driving an average leftward flow above them. The standard
experimental view of the node is from the ventral side, and hence Left
and Right are transposed. (b) A schematic of the coronal midplane of
the approximately spherical zebrafish KV (right). Cilia protrude from
all sides, but are clustered in the anterior-dorsal region. For zebrafish
KV, the standard experimental view is from the dorsal, rather than
ventral side. Cilia drive an anticlockwise vortical flow that is stronger
anterior corner, when the fluid is moving to the left.

Experimental and theoretical studies have provided sig-
nificant information about the feasibility of each of
these theories. For example, Cartwright et al. (2004)
assessed the effect of advection-diffusion of dissolved
morphogen in the enclosed cavity of the node, and
suggested that a time-dependent inactivation process
would be necessary to create an asymmetric gradient.
Cartwright et al. also observed that very low Reynolds
number flow is symmetric with regard to the magni-
tude of flow velocity and stress, and so mechanosensing
would require a vectorial sensing capability.

Shinohara et al. (2012) made the remarkable find-
ing that mutant mouse embryos expressing as few as
two motile cilia were capable of consistent left-right
symmetry-breaking. Their interpretation was that this
lends more weight to a mechanical sensing mechanism
in mouse. The flow produced by one or two motile cilia
decays very rapidly in space; while mechanical forces
are transmitted almost instantly, the timescale for mor-
phogen or vesicle transport “from one side of the node
to the other side” are extended greatly by the reduced
flow field. To paraphrase: if vesicles are released over
an extended area of a “two cilia node”, relatively few
will undergo significant leftward transport and hence the
leftward-biasing effect will be minimal. Indeed whole-
organ particle transport simulation (Smith et al., 2011)
suggests that particle transport past the array of motile
cilia is minimal. Sampaio et al. (2014) found that KV
of zebrafish is much less robust to perturbations in cilia

number. Associations between strong anterior flow ve-
locity with normal development were found. It was sug-
gested that these observations are more consistent with
a mechanosensing theory.

However, a recent finding by Delling et al. (2016)
cast major doubt on mechanosensing by presenting data
that primary cilia in the node are in fact not capable of
producing calcium signals in response to fluid flow; for
further discussion of this issue, see Norris and Jackson
(2016). Ferreira et al. (2017) used a combined exper-
imental and theoretical approach in zebrafish embryos
to explore several proposed flow sensing mechanisms;
they argued that the number of immotile cilia in ze-
brafish KV is too small to achieve robust mechanosens-
ing, due to the spatial variability of the flow field (al-
though their observations of immotile cilia number are
somewhat lower than the 20% reported by Tavares et al.
(2017)). Instead, based on hydrodynamics and Brow-
nian simulation, Ferreira et al. argued for chemosens-
ing by cilia of membrane-bound extracellular vesicles
(EVs) released preferentially in the anterior region,
which was also suggested by Montenegro-Johnson et al.
(2016). The process that might enable anterior release
of vesicles would form an important part of this theoret-
ical picture.

In this work, we will examine such a process, initially
discussed by Okada et al. (2005),

“Furthermore, cilia sweep just above the api-
cal surface of the ciliated cell during their re-
covery stroke. This sweep might also facil-
itate the release of the putative morphogen
bound to the lipid membrane or extracellular
matrix.”

In other words, the mechanical effect of cilia may be
necessary to release extracellular vesicles carrying mor-
phogens which are subsequently transported by the cil-
ium beat – both mechanical and chemical cues are there-
fore necessary. While this idea appears to have received
relatively little attention from theoreticians, recent evi-
dence regarding the effect of shear stress on exocytosis
(Jaé et al., 2015; Baratchi et al., 2016) motivates revis-
iting it. As we will see, the concept of localised stress-
induced exocytosis may help to illuminate the feasibil-
ity of the anterior release theory in KV, and additionally
explain the ‘two cilium node’ results of Shinohara et al.
(2012). However, our main focus will be to estimate the
fluid mechanical stresses exerted by tilted rotating cilia
on the epithelial surface.

2



✓  

s

clockwise rotation

�X2

X3

�X1
�X2

X3

Figure 2: Schematic of the nodal cilium model. The cilium is mod-
elled by a rigid rod beating in a conical envelope in a clockwise man-
ner when viewed from tip to base; in order to best view this motion,
the beat pattern is shown with negative X1 and X2 axes. The tilt angle
✓, semi-cone and  and arclength s defining the beat are shown in the
right panel.

flow is of the order O(10�3) ⌧ 1, and the dynamics of
nodal flow are well-modelled by the Stokes flow equa-
tions,

µr2u � rp + F = 0, r · u = 0, (1)

for u the flow velocity, p the pressure in the fluid, µ the
fluid viscosity, and F body forces acting on the flow.

Following the methodology of ?, we will approxi-
mate the kinematics of the cilium by a rigid rod, of fixed
length L, rotating about an axis so as to trace out the
envelope of a cone tilted in the negative X2-direction,
yielding the centreline X(s, t),

X1(s, t) = s sin cos!t, (2a)
X2(s, t) = �s sin sin!t cos ✓ � s cos sin ✓, (2b)
X3(s, t) = �s sin sin!t sin ✓ + s cos cos ✓, (2c)

with velocity

Ẋ1(s, t) = �s! sin sin!t, (3a)
Ẋ2(s, t) = �s! sin cos!t cos ✓ (3b)
Ẋ3(s, t) = �s! sin cos!t sin ✓ (3c)

for s 2 [0, L] the arclength along the rod,  the semi-
cone angle and ✓ the tilt angle, as shown in figure 1. As
in ?, we approximate the force per unit length that the
cilium exerts upon the fluid via the local drag approx-
imation of resistive force theory (??). Noting that, for
this simplified model, the motion of the cilium through
the fluid is always perpendicular to its centreline, the
force that the cilium exerts on the fluid may be approxi-
mated

F(s, t) = C?Ẋ(s, t), C? =
8⇡µ

1 + 2 log(2q/a)
, (4)

for q an intermediate length scale of the order O(
p

aL),
so that a ⌧ q ⌧ L for a the cilium radius (?). Follow-
ing ? we use the values q = 0.6 µm and a = 0.1 µm,
noting that the precise value of these parameters only
has a small e↵ect on C?, which is given by C? = 1.34⇡µ
in what follows.

The flow driven by the cilium at any instant may
then be coarsely approximated by a line distribution
of point forces representing the cilium, over an infinite
no-slip plane boundary at x3 = 0. The flow velocity
at a point x in the fluid arising from a point force of
strength f located at y over a plane boundary is given by
ui(x) = Bi j(x, y) f j, for Blakelet tensor (?)

Bi j =
1

8⇡µ

  �i j

r
+

rir j

r3

!
�

 
�i j

R
+

RiRj

R3

!
(5)

+ 2y3

⇣
� j↵�↵l � � j3�3l

⌘ @

@Rl

✓y3Ri

R3 �
✓
�i3

R
+

RiR3

R3

◆◆ �
,

with �i j the Kronecker delta, ri = xi � yi, r = |r|, and
R1,2 = x1,2�y1,2, R3 = x3+y3, with R = |R|. The indices
i, j = 1, 2, 3, whereas ↵ = 1, 2, with summation conven-
tion applied when indices are repeated. Thus, the flow
generated by a whirling cilium may be approximated by
a simple integral of known quantities

ui(x, t) =
Z L

0
Bi j(x,X(s, t))C?Ẋ j(s, t) ds. (6)

To calculate wall stresses, we require the partial deriva-
tives of the flow generated by the cilium, which may be
found by taking the derivative of equation (??) with re-
spect to the evaluation point x. Bringing the derivative
into the integral

@ (ui(x))
@xk

=

Z L

0

@

@xk

⇣
Bi j(x,X(s, t))

⌘
C?Ẋ j(s, t) ds, (7)

where we find the derivative of the Blakelet to be,

@Bi j

@xk
=

1
8⇡µ

  
� rk�i j

r3 +
r j�ik

r3 +
ri� jk

r3 �
3rir jrk

r5

!

�
 
�Rk�i j

R3 +
Rj�ik

R3 +
Ri� jk

R3 �
3RiRjRk

R5

!

+ 2y3(� j↵�↵l � � j3�3l)
@

@Rl

✓y3�ik

R3 �
3RiRky3

R5

+
Rk�i3

R3 �
R3�ik

R3 �
Ri�k3

R3 +
3RiRkR3

R5

◆�
.

(8)

A fully-expanded version of this derivative for simpler
calculation is given in the appendix.

Since the WSS will depend upon flow derivatives
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Figure 2: Schematic of the nodal cilium model. The cilium is mod-
elled by a rigid rod beating in a conical envelope in a clockwise man-
ner when viewed from tip to base; in order to best view this motion,
the beat pattern is shown with negative X1 and X2 axes. The tilt angle
θ, semi-cone and ψ and arclength s defining the beat are shown in the
right panel.

2. Mathematical model

We consider the time-dependent flow driven by a sin-
gle beating cilium. Nodal cilia are around 5 µm in
length, and beat in a conical envelope. The frequency
of this beating ranges between 10-40 Hz, and the semi-
cone angle of the beat ranges between 30-60◦, depend-
ing on the species. Thus, the Reynolds number for nodal
flow is of the order O(10−3) � 1, and the dynamics of
nodal flow are well-modelled by the Stokes flow equa-
tions,

µ∇2u − ∇p + F = 0, ∇ · u = 0, (1)

for u the flow velocity, p the pressure in the fluid, µ the
fluid viscosity, and F body forces acting on the flow.

Following the methodology of Smith et al. (2008), we
will approximate the kinematics of the cilium by a rigid
rod, of fixed length L, rotating about an axis so as to
trace out the envelope of a cone tilted in the negative
X2-direction, yielding the centreline X(s, t),

X1(s, t) = s sinψ cosωt, (2a)
X2(s, t) = −s sinψ sinωt cos θ − s cosψ sin θ, (2b)
X3(s, t) = −s sinψ sinωt sin θ + s cosψ cos θ, (2c)

with velocity

Ẋ1(s, t) = −sω sinψ sinωt, (3a)
Ẋ2(s, t) = −sω sinψ cosωt cos θ (3b)
Ẋ3(s, t) = −sω sinψ cosωt sin θ (3c)

for s ∈ [0, L] the arclength along the rod, ψ the semi-
cone angle and θ the tilt angle, as shown in figure 2. As
in Smith et al. (2008), we approximate the force per unit
length that the cilium exerts upon the fluid via the local
drag approximation of resistive force theory (Gray and

Hancock, 1955; Lighthill, 1976). Noting that, for this
simplified model, the motion of the cilium through the
fluid is always perpendicular to its centreline, the force
that the cilium exerts on the fluid may be approximated

F(s, t) = C⊥Ẋ(s, t), C⊥ =
8πµ

1 + 2 log(2q/a)
, (4)

for q an intermediate length scale of the order O(
√

aL),
so that a � q � L for a the cilium radius (Gueron
and Liron, 1992). Following Smith et al. (2008) we use
the values q = 0.6 µm and a = 0.1 µm, noting that the
precise value of these parameters only has a small effect
on C⊥, which is given by C⊥ = 1.34πµ in what follows.

The flow driven by the cilium at any instant may
then be coarsely approximated by a line distribution
of point forces representing the cilium, over an infinite
no-slip plane boundary at x3 = 0. The flow velocity
at a point x in the fluid arising from a point force of
strength f located at y over a plane boundary is given by
ui(x) = Bi j(x, y) f j, for Blakelet tensor (Blake, 1971)

Bi j =
1

8πµ

[ (δi j

r
+

rir j

r3

)
−

(
δi j

R
+

RiR j

R3

)
(5)

+ 2y3

(
δ jαδαl − δ j3δ3l

) ∂

∂Rl

(y3Ri

R3 −
(
δi3

R
+

RiR3

R3

)) ]
,

with δi j the Kronecker delta, ri = xi − yi, r = |r|, and
R1,2 = x1,2−y1,2, R3 = x3 +y3, with R = |R|. The indices
i, j = 1, 2, 3, whereas α = 1, 2, with summation conven-
tion applied when indices are repeated. Thus, the flow
generated by a whirling cilium may be approximated by
a simple integral of known quantities

ui(x, t) =

∫ L

0
Bi j(x,X(s, t))C⊥Ẋ j(s, t) ds. (6)

To calculate wall stresses, we require the partial deriva-
tives of the flow generated by the cilium, which may be
found by taking the derivative of equation (6) with re-
spect to the evaluation point x. Bringing the derivative
into the integral

∂ (ui(x))
∂xk

=

∫ L

0

∂

∂xk

(
Bi j(x,X(s, t))

)
C⊥Ẋ j(s, t) ds, (7)
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Figure 3: Plots of the flow WSS and WNS induced by a point force of 1 pN located at (0, 0, 1) µm above the plane boundary, when the force is
directed both parallel and perpendicular to the wall. (a) WSS for F = (1, 0, 0) pN, and (b) WSS for F = (0, 0, 1) pN. (c) WNS for F = (1, 0, 0) pN,
and (d) WNS for F = (0, 0, 1) pN. Note that, when the magnitude of the force is specified, this result is independent of the fluid viscosity.

evaluated on the no-slip wall, we note @ui/@xk = 0 for
i = 1, 2, 3, k = 1, 2. Furthermore, when i = 3 = k,
on the plane x3 = 0, r = R, r1 = R1, r2 = R2 and
r3 = y3 = �R3, and substituting into the Blakelet deriva-
tive it is possible to show that @B3 j/@x3 = 0, and hence
@u3/@x3 = 0. As such, only the terms @u1/@x3 and
@u2/@x3 will contribute to the WSS.

To evaluate the WSS, we note that the stress tensor is
given by,

�i j = �p�i j + µ

 
@ui

@x j
+
@u j

@xi

!
, (9)

so that the traction on the plane boundary x3 = 0 is
�i jn j, with n = [0, 0, 1]T . The WNS is then the normal
component of the traction,

⌧n = ni�i jn j = �33 = �p, (10)

so that the WSS is the traction, minus the WNS vector,

⌧i = �i jn j � nk�k jn jni. (11)

Using the above simplifications, this vector reduces to

⌧i = µ[@u1/@x3, @u2/@x3, 0]T , (12)

so that finally, the magnitude of the WSS on the bound-
ary from a collection of point forces is given by

⌧ = µ

s 
@u1

@x3

!2

+

 
@u2

@x3

!2

. (13)

Whilst there is experimental evidence for a possible role
of WSS in enhancing exocytosis, perhaps by stretch-
ing the cell membrane, WNS may also play a role by

“pulling out” EVs from the membrane. The pressure
(ie WNS) relative to hydrostatic pressure is given by the
pressure-Blakelet (?),

pi =
1

4⇡

 ri

r3 �
Ri

R3 �2y3(�i↵�↵l��i3�3l)
@

@Rl

✓R3

R3

◆ �
. (14)

Thus, the additional WNS jump across the membrane
due to the cilium-driven flow is given by,

�p(x, t) = �
Z L

0
pi(x,X(s, t))C?Ẋi(s, t) ds, (15)

for x3 = 0. We now proceed to calculate these stresses
for our model cilium.

3. Results

We begin our analysis by considering the stresses on
the plane boundary x3 = 0 induced by a point force of
1 pN at y = (0, 0, h), where h = 1 µm. For a force par-
allel to the wall, the WSS is shown in Fig. ??, with the
perpendicular force WSS shown in Fig. ??. The WNS
for parallel (Fig. ??) and perpendicular (Fig. ??) forces
is also shown, and we note that a positive WNS corre-
sponds to a region of low pressure above the boundary,
yielding an “upwards” force.

The plots of WSS reveal two perhaps unexpected fea-
tures; it is reasonable to expect, at least for the parallel
point force, that the maximum WSS induced would be
directly under the force i.e., the shortest distance be-
tween the wall and the force driving the flow. In fact,
the WSS is zero directly under both parallel and per-
pendicular forces and thus, by linearity, under a force
of any direction. The second, more complex, feature is
that for a parallel force, the wall shear stress is zero on a

4

Figure 3: Plots of the flow WSS and WNS induced by a point force of 1 pN located at (0, 0, 1) µm above the plane boundary, when the force is
directed both parallel and perpendicular to the wall. (a) WSS for F = (1, 0, 0) pN, and (b) WSS for F = (0, 0, 1) pN. (c) WNS for F = (1, 0, 0) pN,
and (d) WNS for F = (0, 0, 1) pN. Note that, when the magnitude of the force is specified, this result is independent of the fluid viscosity.

where we find the derivative of the Blakelet to be,

∂Bi j

∂xk
=

1
8πµ

[ (
− rkδi j

r3 +
r jδik

r3 +
riδ jk

r3 −
3rir jrk

r5

)

−
(
−Rkδi j

R3 +
R jδik

R3 +
Riδ jk

R3 −
3RiR jRk

R5

)

+ 2y3(δ jαδαl − δ j3δ3l)
∂

∂Rl

(y3δik

R3 −
3RiRky3

R5

+
Rkδi3

R3 − R3δik

R3 − Riδk3

R3 +
3RiRkR3

R5

)]
.

(8)

A fully-expanded version of this derivative for simpler
calculation is given in the appendix.

Since the WSS will depend upon flow derivatives
evaluated on the no-slip wall, we note ∂ui/∂xk = 0 for
i = 1, 2, 3, k = 1, 2. Furthermore, when i = 3 = k,
on the plane x3 = 0, r = R, r1 = R1, r2 = R2 and
r3 = y3 = −R3, and substituting into the Blakelet deriva-
tive it is possible to show that ∂B3 j/∂x3 = 0, and hence
∂u3/∂x3 = 0. As such, only the terms ∂u1/∂x3 and
∂u2/∂x3 will contribute to the WSS.

To evaluate the WSS, we note that the stress tensor is
given by,

σi j = −pδi j + µ

(
∂ui

∂x j
+
∂u j

∂xi

)
, (9)

so that the traction on the plane boundary x3 = 0 is
σi jn j, with n = [0, 0, 1]T . The WNS is then the normal
component of the traction,

τn = niσi jn j = σ33 = −p, (10)

so that the WSS is the traction, minus the WNS vector,

τi = σi jn j − nkσk jn jni. (11)

Using the above simplifications, this vector reduces to

τi = µ[∂u1/∂x3, ∂u2/∂x3, 0]T , (12)

so that finally, the magnitude of the WSS on the bound-
ary from a collection of point forces is given by

τ = µ

√(
∂u1

∂x3

)2

+

(
∂u2

∂x3

)2

. (13)

Whilst there is experimental evidence for a possible role
of WSS in enhancing exocytosis, perhaps by stretch-
ing the cell membrane, WNS may also play a role by
“pulling out” EVs from the membrane. The pressure
(ie WNS) relative to hydrostatic pressure is given by the
pressure-Blakelet (Blake, 1971),

pi =
1

4π

[ ri

r3 −
Ri

R3 −2y3(δiαδαl−δi3δ3l)
∂

∂Rl

(R3

R3

) ]
. (14)

Thus, the additional WNS jump across the membrane
due to the cilium-driven flow is given by,

−p(x, t) = −
∫ L

0
pi(x,X(s, t))C⊥Ẋi(s, t) ds, (15)

for x3 = 0. We now proceed to calculate these stresses
for our model cilium.

3. Results

We begin our analysis by considering the stresses on
the plane boundary x3 = 0 induced by a point force of
1 pN at y = (0, 0, h), where h = 1 µm. For a force par-
allel to the wall, the WSS is shown in Fig. 4a, with the
perpendicular force WSS shown in Fig. 4b. The WNS
for parallel (Fig. 4c) and perpendicular (Fig. 4d) forces

4



(a) Bottom of stroke (t = 1/160s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

(b) Top of stroke (t = 3/160s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

(c) Maximum WSS (t = 0.0045s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

0

0.1

0.2

WSS Pa

(d) Bottom of stroke (t = 1/160s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

(e) Top of stroke (t = 3/160s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

(f) Maximum WNS (t = 0.0102s)

�10 �5 0 5 10
�10

�5

0

5

10

X1 µm

X
2
µ

m

�0.2

0

0.2

WNS Pa

Figure 4: WSS and WNS on the cell membrane during the cilium stroke, with parameters: cilium length 5 µm, ! = 80⇡ rad/s corresponding to a
frequency of 40 Hz, ✓ = 30�,  = 30� and µ = 10�3 Pa·s. (a) WSS at the bottom of the stroke, showing zero WSS directly under the cilium. The
WNS at the same instant (d) shows negative WNS (pushing on the membrane) ahead of the cilium, and positive WNS following (pulling-out from
the membrane). At the top of the stroke, WSS (b) and WNS (e) are considerably lower. The maximum WSS stress (c) occurs just before the bottom
of the stroke, in the same region of the cell membrane as the maximum positive WNS (f) moments later, motivating the theory of a combined role.

line passing directly under the force in a perpendicular
direction. We now explain this behaviour.

Without loss of generality we consider a single point
force oriented parallel to the boundary, f = [1, 0, 0]T .
Then

@u1

@x3
=
@B11

@x3
f1,

@u2

@x3
=
@B21

@x3
f1. (16)

Substitution of the line x = (0, b, 0) for b 2 R into the
Blakelet derivative gives

@B11

@x3
=

h�11

r3 +
h�11

R3 + 2h
✓
��33�11

R3

◆
= 0, (17)

since r =
p

b2 + h2 = R. All components of @B21/@x3
are zero, giving the zero WSS result. Note that, along
this line, it is the contribution from the higher-order im-
age singularities that cancels the contribution from the
two stokeslets.

It is possible to gain further physical insight by eval-
uating the flow a small distance ✏z above the boundary.
Then we have

x1 = 0, x2 = b, x3 = ✏z, (18a)
X1 = 0, X2 = 0, X3 = h, (18b)

and thus

r1 = 0, r2 = b, r3 = ✏z � h, (19a)
R1 = 0, R2 = b, R3 = ✏z + h (19b)

and u1 is given by u1 = B11 f1. After some work, we find
that

u1(z) =
6✏2z2h2

8⇡µ(b2 + h2)5/2 + O(✏3). (20)

We thus see that close to the boundary, the flow along
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is also shown, and we note that a positive WNS corre-
sponds to a region of low pressure above the boundary,
yielding an “upwards” force.

The plots of WSS reveal two perhaps unexpected fea-
tures; it is reasonable to expect, at least for the parallel
point force, that the maximum WSS induced would be
directly under the force i.e., the shortest distance be-
tween the wall and the force driving the flow. In fact,
the WSS is zero directly under both parallel and per-
pendicular forces and thus, by linearity, under a force
of any direction. The second, more complex, feature is
that for a parallel force, the wall shear stress is zero on a
line passing directly under the force in a perpendicular
direction. We now explain this behaviour.

Without loss of generality we consider a single point
force oriented parallel to the boundary, f = [1, 0, 0]T .

Then
∂u1

∂x3
=
∂B11

∂x3
f1,

∂u2

∂x3
=
∂B21

∂x3
f1. (16)

Substitution of the line x = (0, b, 0) for b ∈ R into the
Blakelet derivative gives

∂B11

∂x3
=

hδ11

r3 +
hδ11

R3 + 2h
(
−δ33δ11

R3

)
= 0, (17)

since r =
√

b2 + h2 = R. All components of ∂B21/∂x3
are zero, giving the zero WSS result. Note that, along
this line, it is the contribution from the higher-order im-
age singularities that cancels the contribution from the
two stokeslets.

It is possible to gain further physical insight by eval-
uating the flow a small distance εz above the boundary.
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Figure 5: The effects of varying tilt and semi-cone angles on important quantities of nodal flow, for cilium length 5 µm, beat frequency 40 Hz,
and fluid viscosity µ = 10−3 Pa·s. (a) The maximum WSS during a beat, and (b) the maximum WSS during a beat, both showing maxima at
θ = 0◦, ψ = 85◦. (c) A scaled, dimensionless, proxy for the directional volume flow rate arising from a beating nodal cilium, with maximum at
θ = 31◦, ψ = 54◦.

Then we have

x1 = 0, x2 = b, x3 = εz, (18a)
X1 = 0, X2 = 0, X3 = h, (18b)

and thus

r1 = 0, r2 = b, r3 = εz − h, (19a)
R1 = 0, R2 = b, R3 = εz + h (19b)

and u1 is given by u1 = B11 f1. After some work, we find
that

u1(z) =
6ε2z2h2

8πµ(b2 + h2)5/2 + O(ε3). (20)

We thus see that close to the boundary, the flow along
this line depends quadratically on z, rather than as a sim-
ple shear flow, and as such the derivative evaluated at the
boundary is equal to zero.

As a consequence of this behaviour, when the cilium
is at the lowest point of its stroke, the WSS directly un-
der the cilium is zero, not at its maximum as one might
intuitively expect. This result depends on two assump-
tions, that the cilium is a rigid, straight rod, and that
the force per unit length it exerts on the fluid is paral-
lel to its direction of motion. In practice, nodal cilia
more than 5 microns in length begin to develop helic-
ity to their beat (Pintado et al., 2017), likely due to an
increase in the ratio of viscous to elastic forces (Qian
et al., 2008), known as the “Machin” (Machin, 1958)
or equivalently “Sperm” number (Lowe, 2003) of the
fluid-structure interaction, and non-local hydrodynamic
interactions may result in some non-perpendicular force
components. However it is likely that for the majority
of nodal cilia, these effects will be small, and so we still
expect maxima of WSS in front and behind of the beat-

ing cilium.

For a “typical” cilium, 5 µm in length, with θ = ψ =

30◦, beating at 40 Hz in a fluid with viscosity µ ≈ 10−3

Pa·s, the maximum WSS occurs when the cilium is just
either side of the lowest part of the beat, and is 0.21
Pa. The distribution of WSS and WNS is shown at 3 in-
stances of the beat in figure 4. Additionally, we note that
the maximal magnitude of WNS is somewhat higher, at
0.37 Pa. The WNS is negative in front of the cilium, rep-
resenting fluid pushing against the boundary, and posi-
tive behind. In particular, we note that the maximum
in WSS occurs in a similar location to the maximum in
WNS, only slightly earlier in the beat (Fig. 4c,f), so that
the negative pressure following the cilium might serve
to further enhance exocytosis by “pulling out” EVs from
the cell membrane: a potentially complementary mech-
anism to the membrane stretching induced by WSS.

By increasing the tilt or semi-cone angles, it is pos-
sible to increase the maximum wall stresses. Fig-
ure 5a,b shows the maximum WSS and WNS respec-
tively achieved during the beat (at 40 Hz) of a 5 µm
cilium in a fluid with viscosity µ ≈ 10−3 Pa as a func-
tion of tilt θ and semi-cone angle ψ. The data have been
calculated in the region such that θ + ψ ≤ 85◦, so that
the cilium does not contact the plane boundary. We note
that very high values of WSS and WNS may be obtained
for large semi-cone angle; increasing the semi-cone an-
gle both increases the speed of the cilium tip, and brings
the cilium closer to the plane boundary, both of which
enhance wall stresses. However, we note that a) cilia
with larger semi-cone angles may beat at a lower fre-
quency due to power limitations, reducing these values,
and b) 40 Hz is appropriate for some zebrafish nodal
cilia, but the beat frequency may be somewhat lower
(10-20 Hz) in mouse - by linearity of Stokes flow, the
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wall stress is is proportional to the frequency, so that
the precise values will vary between species. Finally,
it is important to note that nodal cilia do not simply
maximise wall stress; they must also drive a leftward
flow. Figure 5c shows Q = sin2 ψ sin θ, a dimensionless
proxy for the volume flow rate arising from a nodal cil-
ium (Smith et al., 2008), as a function of θ and ψ. The
optimal volume flow rate occurs approximately when
θ = 31◦ and ψ = 54◦, for which the maximum WSS is
1.6 Pa and WNS is 2 Pa.

This places an “optimum” WSS and WNS slightly
in excess of the 1 Pa (reported as 10 dyn/cm2) found
by Baratchi et al. (2016) to enhance exocytosis in hu-
man vascular endothelial cells. This value is likely an
upper-bound on the value in the mouse node; a high
beat frequency was used, we have chosen a beat pattern
that approaches close to the surface, and nodal cilia beat
slightly more slowly in the portion of their beat close to
the wall. However, even after taking this into account
cilia still produce significant wall stresses. Furthermore,
there are unknown differences in nodal cell mechanical
properties vs human vascular endothelial cells, such as
stiffness, and furthermore that the viscosity of the nodal
fluid is likely slightly higher than that of pure water,
which would increase the value of WSS. We thus be-
lieve that the range of our calculated values of WSS,
together with the potential complementary mechanism
from WNS, are close enough to the significant 1 Pa re-
sult of Baratchi et al. (2016) to motivate experimental
investigation.

4. Discussion

In this study, we carried out a quantitative investiga-
tion inspired by Okada et al.’s idea (Okada et al., 2005)
that cilia-induced viscous stresses may assist with re-
leasing morphogen via EVs, calculating the WSS and
WNS induced by a beating nodal cilium as it passes
across the cell surface. We estimated a range of values
for WSS and WNS comparable to 1 Pa, based on a 40
Hz beat frequency and 5 µm cilium, and theorised that
this may be sufficient to enhance exocytosis of EVs. In
view of the observation that a WSS of 1 Pa significantly
enhances exocytosis of TRPV4 channels in human vas-
cular endothelial cells (Baratchi et al., 2016), the values
we have calculated suggest that cilia-induced exocyto-
sis is not an unreasonable hypothesis and therefore war-
rants further investigation.

Whilst it is known that left-right directional flow in
the LRO is critical for breaking the symmetry of the
left-right body axis of some vertebrates, the process by

after taking this into account cilia still produce signif-
icant wall stresses. Furthermore, there are unknown
di↵erences in nodal cell mechanical properties vs hu-
man vascular endothelial cells, such as sti↵ness, and
furthermore that the viscosity of the nodal fluid is likely
slightly higher than that of pure water, which would in-
crease the value of WSS. We thus believe that the range
of our calculated values of WSS, together with the po-
tential complementary mechanism from WNS, are close
enough to the significant 1 Pa result of ? to motivate ex-
perimental investigation.

4. Discussion

In this study, we carried out a quantitative investiga-
tion inspired by Okada et al.’s idea (?) that cilia-induced
viscous stresses may assist with releasing morphogen
via EVs, calculating the WSS and WNS induced by a
beating nodal cilium as it passes across the cell surface.
We estimated a range of values for WSS and WNS com-
parable to 1 Pa, based on a 40 Hz beat frequency and
5 µm cilium, and theorised that this may be su�cient
to enhance exocytosis of EVs. In view of the observa-
tion that a WSS of 1 Pa significantly enhances exocy-
tosis of TRPV4 channels in human vascular endothe-
lial cells (?), the values we have calculated suggest that
cilia-induced exocytosis is not an unreasonable hypoth-
esis and therefore warrants further investigation.

Whilst it is known that left-right directional flow in
the LRO is critical for breaking the symmetry of the
left-right body axis of some vertebrates, the process by
which this flow is coupled to left-right asymmetric de-
velopment has remained contested for over 10 years. As
outlined in the introduction, the mechanical sensing role
of cilia is disputed, however there are aspects of the
chemosensory/extracellular vesicle theory that require
further explanation.

• In mouse, specifically mutants with few (2–6) cilia,
how is a significantly biased morphogen distribu-
tion produced from a spatially-restricted flow (?)?

• In KV, how are morphogen parcels released to en-
sure they reach the left before the right (??)? Fur-
ther, why is strong anterior flow apparently neces-
sary for left-right symmetry breaking (?)?

The concept of cilia-induced EV release provides a po-
tential answer (Fig. ??). In respect of mouse mutants
with very few cilia, if EVs are only released in the
vicinity of motile cilia, their distribution will be consis-
tently biased to the left – even if their transport is limited
(Fig. ??a). In respect of zebrafish Kup↵er’s vesicle, the

(a) Two-cilium mouse node

* LeftRight

Anterior

Posterior

(b) Zebrafish KV

RightLeft
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Figure 6: A cilia-induced EV release explanation for conflicting ex-
perimental data. (a) A schematic of EV transport in two-cilium mouse
mutants, with EVs released by cilia-driven fluid stresses entering the
node in the perfect location to travel leftwards. In contrast, particles
released away from the cilia would be dominated by Brownian mo-
tion, as with the particle marked *. (b) A mechanistic schematic of
cilium-induced EV release in zebrafish. Each particle is shown start-
ing at a random position above its corresponding cilium tip. It is then
advected anticlockwise by a vortical flow that is faster in the anterior
half. After some time, EVs are reabsorbed, resulting in a left-right
asymmetric signal. The hatched areas approximate (top) the area of
increased particle release, and (left) the area of increased absorption.

strong anterior flow produced by dense anterior ciliation
will induce greater exocytosis in the anterior region. As
discussed by ? and ?, EVs released at the anterior are
initially transported to the left, and hence the left side
receives a stronger EV signal (Fig. ??b).

Moving forward, it may be important to consider de-
tailed mechanical descriptions of the cilium and cell in
models of left-right symmetry-breaking. Nodal cilia
are connected via a basal body to the apical actin cy-
toskeleton (?), which is known to sense and respond
to tension from beating cilia in multiciliated ependy-
mal cells in brain cavities (?). In addition to stresses
in the cytoskeleton, cilium beating may also produce
further stresses in the membrane, or even cause the sur-
face of the membrane to deform. Such modelling would
require both detailed modelling of the doublet micro-
tubule internal structure of the cilia, as well as exper-
imental characterisation of material properties of the
basal connection, cell membrane, and apical actin cy-
toskeleton. Future modelling will also need to couple
time-dependent flow models of the LRO (??), which
incorporate advection-di↵usion of particles, with time-
dependent influx conditions dependent on membrane
stresses.

However whilst the current work is theoretical in na-
ture, we hope that the manner in which the theory of
cilia-induced local vesicle release reconciles diverse re-
cent data will provide a catalyst for further experimental
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which this flow is coupled to left-right asymmetric de-
velopment has remained contested for over 10 years. As
outlined in the introduction, the mechanical sensing role
of cilia is disputed, however there are aspects of the
chemosensory/extracellular vesicle theory that require
further explanation.

• In mouse, specifically mutants with few (2–6) cilia,
how is a significantly biased morphogen distribu-
tion produced from a spatially-restricted flow (Shi-
nohara et al., 2012)?

• In KV, how are morphogen parcels released
to ensure they reach the left before the right
(Montenegro-Johnson et al., 2016; Ferreira et al.,
2017)? Further, why is strong anterior flow ap-
parently necessary for left-right symmetry break-
ing (Sampaio et al., 2014)?

The concept of cilia-induced EV release provides a po-
tential answer (Fig. 6). In respect of mouse mutants with
very few cilia, if EVs are only released in the vicinity of
motile cilia, their distribution will be consistently biased
to the left – even if their transport is limited (Fig. 6a).
In respect of zebrafish Kupffer’s vesicle, the strong an-
terior flow produced by dense anterior ciliation will in-
duce greater exocytosis in the anterior region. As dis-
cussed by Montenegro-Johnson et al. (2016) and Fer-
reira et al. (2017), EVs released at the anterior are ini-
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tially transported to the left, and hence the left side re-
ceives a stronger EV signal (Fig. 6b).

Moving forward, it may be important to consider de-
tailed mechanical descriptions of the cilium and cell in
models of left-right symmetry-breaking. Nodal cilia are
connected via a basal body to the apical actin cytoskele-
ton (Kim and Dynlacht, 2013), which is known to sense
and respond to tension from beating cilia in multicili-
ated ependymal cells in brain cavities (Mahuzier et al.,
2018). In addition to stresses in the cytoskeleton, cilium
beating may also produce further stresses in the mem-
brane, or even cause the surface of the membrane to
deform. Such modelling would require both detailed
modelling of the doublet microtubule internal structure
of the cilia, as well as experimental characterisation of
material properties of the basal connection, cell mem-
brane, and apical actin cytoskeleton. Future modelling
will also need to couple time-dependent flow models
of the LRO (Smith et al., 2008; Sampaio et al., 2014),
which incorporate advection-diffusion of particles, with
time-dependent influx conditions dependent on mem-
brane stresses.

However whilst the current work is theoretical in na-
ture, we hope that the manner in which the theory of
cilia-induced local vesicle release reconciles diverse re-
cent data will provide a catalyst for further experimental
study of the system, leading to an integrative mechano-
chemical understanding of left-right symmetry break-
ing.
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Appendix A. The Blakelet Derivative

To differentiate the Blakelet, we split it into three
terms: the Stokeslet, and its image,

(
δi j

r
+

rir j

r3

)
,

(
δi j

R
+

RiR j

R3

)
, (A.1)

and a third combined term comprising the ‘stokes dou-
blet’ and a ‘source-doublet’ images, given by

2y3

(
δ jαδαl − δ j3δ3l

) ∂

∂Rl

(y3Ri

R3 −
(
δi3

R
+

RiR3

R3

))
,

(A.2)
where the tensor δ jαδαl − δ j3δ3l is +1 when j = l = 1, 2
and −1 when j = l = 3. To differentiate the stokeslet,
note ∂r/∂xk = rk/r, and ∂ri/∂xk = δik, so that the first
term in (A.1) gives,

(
− rkδi j

r3 +
r jδik

r3 +
riδ jk

r3 −
3rir jrk

r5

)
, (A.3)

and we can differentiate the second term in (A.1) in a
similar manner. Equation (A.2) gives

∂
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Rkδi3
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3RiRkR3

R5

)
.

(A.4)
In this way, equation (8) can be obtained. To give the
derivative explicitly, in a form suitable for calculation,
we also need to expand the partial derivative with re-
spect to Rl. Expanding the derivative in (A.4), and not-
ing that δ jαδαl − δ j3δ3l = δ j1δ1l + δ j2δ2l − δ j3δ3l, we sum
over the repeated index l, and using R3 − y3 = x3 we
obtain,
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r3 −
3rir jrk

r5

)

−
(
−Rkδi j

R3 +
R jδik

R3 +
Riδ jk

R3 −
3RiR jRk

R5

)

+ 2y3

(
δ j1

(
− δk3δi1

R3 +
3Rk x3δi1

R5 +
δk1δi3

R3 − 3RkR1δi3

R5

+
3

R5 (Rix3δk1 + R1x3δik + R1Riδk3) − 15R1RiRk x3

R7

)

+ δ j2

(
− δk3δi2

R3 +
3Rk x3δi2

R5 +
δk2δi3

R3 − 3RkR2δi3

R5

+
3

R5 (Rix3δk2 + R2x3δik + R2Riδk3) − 15R2RiRk x3

R7

)

+ δ j3

(3Rky3δi3

R5 +
δik

R3 −
3RkRi

R5

− 3
R5 (Rix3δk1 + R3x3δik + R3Riδk3) +

15R3RiRk x3

R7

))]
,

(A.5)

8



in a form ready for evaluation. This form of the Blakelet
derivative was verified via central finite differences of
the Blakelet tensor.
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