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ON THE STABILITY OF SELF-SIMILAR SOLUTIONS OF 1D
CUBIC SCHRODINGER EQUATIONS

S. GUTIERREZ! AND L. VEGA?

ABSTRACT. In this paper we will study the stability properties of self-similar solu-
tions of 1-d cubic NLS equations with time-dependent coefficients of the form
A

iut+umw+g(|u|2—?) =0, A€cR. (0.1)

The study of the stability of these self-similar solutions is related, through the
Hasimoto transformation, to the stability of some singular vortex dynamics in the
setting of the Localized Induction Equation (LIE), an equation modeling the self-
induced motion of vortex filaments in ideal fluids and superfluids. We follow the
approach used by Banica and Vega that is based on the so-called pseudo-conformal
transformation, which reduces the problem to the construction of modified wave

operators for solutions of the equation
. v
i + Vg + %(|U|2 —A)=0.

As a by-product of our results we prove that equation (O] is well-posed in ap-
propriate function spaces when the initial datum is given by u(0,2) = zop.v < for
some values of zp € C\ {0}, and A is adequately chosen. This is in deep contrast

with the case when the initial datum is the Dirac-delta distribution.

1. INTRODUCTION

In this paper, we study the stability properties of self-similar solutions of the

form
iz
u(tx)—“f(i) rER, >0 (1.1)
NG - \/g \/g ) ) .
to the cubic nonlinear Schrodinger equations (NLS) in one dimension:
A
Uy + Ugy + g (|u|2 — ?) =0, AeR, (1.2)

that is solutions uy of the form (1)) with f a solution of the equation

f”+i%f’+g(|f|2—A):0, AeR. (1.3)
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Our main motivation for the study of solutions of (I.2]) of the form (I.I]) comes
from their connection to the singular vortex dynamics of what we refer to as “self-
similar” solutions to the so-called Localized Induction Approzimation, a geometric

flow in R3 modeling the dynamics of a vortex filament in ideal fluids and superfluids.

The Localized Induction Approzimation, often abbreviated LIA or LIE, is des-

cribed by the following system of nonlinear equations:
X; = X X X, (1.4)

where X = X(¢, z) represents a curve in R? with ¢ and x denoting time and arclength,

respectively. Using the Frenet equations we can also write
Xt =cb (15)

with ¢ and b denoting the curvature and the binormal vector respectively. For this

reason the geometric PDE (L4)) is also referred to as binormal flow.

Equation (L4 was first proposed by Da Rios in 1906, and rediscovered indepen-
dently by Arms-Hamma and Betchov in the early 1960s (see [DaR], [AH] and [Be]),
as an approximation model for the self-induced motion of a vortex filament in a 3D-
incompressible inviscid fluid. The use of the localized induction equation to model
the dynamical behaviour of a vortex in superfluids such as *He started with the work
by Schwarz in 1985 ([Sch]). In both, the classical and the superfluid settings, the
term localized induction approximation is used to highlight the fact that this approx-
imation only retains the local effects of the Biot-Savart integral. We refer the reader
to [Bl, [S], [AKQ] and [MB] for a detailed analysis of the model and its limitations,
and to the two papers by T. Lipniacki in [Lipl] and [Lip2] for further background

and references about the use of LIA in the setting of superfluid helium.

Cubic NLS equations of the type (L.2) are related to LIA through the so-called
Hasimoto transformation (see [Has]). This connection is establised as follows: Let
X = X(t, ) be a regular solution of LIA with associated curvature ¢(¢, ), and torsion
7(t,x). Assuming that the curvature is strictly positive at all points x, define the

filament function
u(t,z) = c(t, z)exp <z /Or 7(t,2") dx') : (1.6)
Then u solves the nonlinear Schrodinger equation
it s + 5 ([l = A1) =0 (L7)

where A(t) is a time-dependent function which depends on the values of ¢(t,z) and

7(t,x) at x = 0. Precisely,

72 +02) (¢,0). (1.8)
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Our analytical study of solutions of LIA started in |[GRV], and [GV], where the exis-
tence of solutions of LIA which develop a singularity in finite time was establishedﬂ.
The study of the stability properties of the singular dynamics leading to the formation
of a corner singularity in finite time found in [GRV] was carried out by V. Banica and
L. Vega in the papers [BV1], [BV2], and [BV3].

Here, we are concerned with the singular dynamics found in [GV]. In particular,
in [GV], solutions of LIA of the form

X(t,x) = e? B VIG(x/VE),  t>0 (1.9)
with A a real antisymmetric 3 x 3 matrix of the form

—a

A= a€R (1.10)

o & O
o o O

0
0
are found to converge to a singular initial data X (0, z). The precise statement of the

result is the following:

Proposition 1.1. (See [GV] Proposition 1 and 2|) For any given a € R, and G

solution of
1

G =S(T+A)Gx G (1.11)

associated to an initial data (G(0), G'(0)) satisfying

IG(0)|=1  and (Z+.A)G(0)-G'(0) =0, (1.12)
define
0 —a O
X, (t ) = e2 5" \iG(z/VE), t>0, with A=|a 0 0 |. (113
0

Then, X, (t,x) is an analytic solution of LIA for all t > 0, and there exist non-zero
vectors AT and A~ € R? such tha

lim Xo(t, ) = 2 (AT X0 4o0)(2) + A7X(—000)(7)) 1= Xa(0, 2)

t—07t
with
X, (t, x) — ze Bl AE| < 2/2 (sup |c(x)|) :

z€R

Here, c¢(x) is the curvature of the curve G(z) = X(1,x), which is always bounded.

1See also [Bul, [Lipl], and [Lip2].

2% g(x) denotes the characteristic function of a Lebesgue measurable set E.
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Solutions of the form (L9) have also been considered by T. Lipniacki (see [Lip]]
and [Lip2]) in the setting of the flow defined by

X(t,z) = X, x Xgp + Xy, a#0

modeling the motion of a quantum vortex in superfluid helium.

Proposition [[T] asserts that the evolution of the solution G(z) of (LII)-(TI2)
under the relation (LI3]) leads to a solution of LIA which converges as t — 01 to an

initial curve X, (0, z) given by
Xa(0,2) = 2e B (AT X0 100y (2) + A7 X (o001 (2)).

The initial curve X,(0,z) is the sum of two 3d-logarithmic spirals with a common
origin. The rotation axis of these spirals is the OZ-axis under the condition that the
matrix A is of the form (LI0). In the case when the parameter a # 0, the singularity
of the initial curve X, (0, z) comes from the non-existence of the limit as x — 0 of its

tangent vector T, (0, x).
The properties of the “self-similar” solutions of LIA given by Proposition [[.T]rely,

through the Hasimoto transformation, on the properties of their associated filament
function defined by (IL6]). This connection plays a fundamental role in the study of the
properties of these solutions (see [GV]). In particular, and following the philosophy in
[BV2], a first step to understand the stability properties of these solutions is to study
the stability of their related filament function in the setting of the cubic Schrodinger

equations (7). This will be our main interest here.

In order to find the filament function associated to the “self-similar” solutions of
LIA given by Proposition [[LT], first notice that it is straightforward to verify that the
curvature and torsion associated to solutions of LIA X,(t,z) of the form (L.I3) are
of the self-similar for

1
%c
so their filament function is given by (see (L))

1 x
t,x) =—u|— d At) = — 1.14
)= () wmdAw) (111
with A = A(1) defined by (L8). Since X,(t,z) is a solution of LIA, through the

Hasimoto transform, we know that its filament function (LI4]) solves the NLS

iut+um+g(|u|2— é) =0 with A= A(1). (1.15)

Thus the function u(s) in (I.14) is a solution of the complex ODE

c(t.1) = —c(@/VD)  and T(t,x)zitf(x/\/i),

<

u’ — %(u+xu')+g(\u\2—fl) = 0. (1.16)

3This is the reason why we refer to solutions of LIA of the form (I9) as “self-similar” solutions.
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Notice that, by introducing a new variable f defined by

22

u(z) = f(x)e'T, (1.17)
equation (L.I6) becomes
f/'+i§f/+£(|f\2—z4) =0. (1.18)

Previous lines show that the filament function associated to a solution of LIA X, (t, x)

given by Proposition [[T]is of the form

=21 ()

with f a solution of the second order ODE (L18]), and solves the nonlinear Schrédinger
equation (L.IH).

Furthermore, in [GV] it was proved that the constant A in the above equation

is given in terms of the initial conditions (G(0),G'(0)) and the parameter a by the

identity

(Z + A)G0)]”
1 ;

and a solution X, (¢, x) and its associated function f are related through the following

identities (see |GV pp. 2114])

A= CLTg(O) +

(1.19)

FP() = ~aTy@) + A and|FP(e) = AT X TP()

where T = (17,75, T3) is the tangent unitary vector associated to G(z) = X(1, ).
Among all the possible solutions of LIA X,(t,z) of the form ([.I3]) given by

Proposition [T, and in order to motivate further our main result in this paper, it is

= Z(l —1T3), (1.20)

important to mention two special cases. In what follows, we will define what we refer

to as odd-solutions and mized-symmetry solutions of LIA.

The following cases come from the symmetry properties of the equation

0 —a O
1
G’ = §(I+A)G x G, A= a 0 0 |. (1.21)
0 0 O

Odd solutions: For fixed a € R and —1 < A <1, let G, the solution of (LZI]) with
the initial condition
G, (0) = (0,0,0) and (Gan)'(0) = (0, V1 — A2 N). (1.22)
Then,
Goa(z) = =Gy (—2) (1.23)
(notice that if G(x) is a solution of (I.2I])) with the initial condition (L.22]), then the

function G(z) = —G(—z) is also a solution).
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We refer the solutions of LIA of the form (LI3) with G, x(x) the solution of
(L2I)-(L22) as odd solutions.

In Figure 1 and Figure 2, we display the graphics of different solutions G, x of
(L21)) associated to an initial data of the form (L22). The right-handside pictures

represent the solution near the point x = 0. The curvature of the curves G, ) at the

point x = 0 is zero.

20
10

- 10

FIGURE 1. Odd solutions. The vortex line G, corresponding to the
solution of the system (L2I)-(L22)) with a = 10 and A = 0.956.

- 20109 1050
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FIGURE 2. Odd solutions. The vortex line G, corresponding to the
solution of the system ([.2I)-(L22) with a = 10 and A = —0.1.

Y Yrea A A /U

Mized-symmetry solutions: For fixed a € R and ¢ > 0, let G, ., the solution of (L.2T))
with the initial condition

2
Gy (0) = (—mn

) 07
V1+a?
Then, G, ., = (G1, G2, G3) satisfies

0)  and  (Gau)(0) = (0,0,=1). (1.24)

Gi(z) = Gi(—2)
Gs(z) = —G3(—x).
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This is a consequence of the fact that the equation (L2I) and the initial condition
in (L24]) remain unchanged by the transformation G(z) = (G1(z), Ga(x), G3(x)) ~
(G1(=1), Go(—x), =G3(—x)).

We refer the solutions of LIA of the form (LI3) with G, (z) the solution of
(L2T)-(T24) as mized-symmetry solutions.

Two examples of solutions of ((L2I]) with initial data of the form (.24]) are plotted
in Figures 3 and Figure 4. As before, the r.h.s figure represents the curve G, ., near

the point x = 0.

FIGURE 3. Mixed-symmetry solutions. The vortex line G, ., corres-
ponding to the solution of the system ([2I)-(L24) with a = 3 and
Co = 1.8.

FIGURE 4. Mixed-symmetry solutions. The vortex line G, ., corres-
ponding to the solution of the system ([2I)-(L24) with a = 3 and
Co = 0.4.

Finally, observe that if G(z) = (G1(z), Ga(x), G3(x)) is a solution of (L.2I]), then the
function G(z) = (G1(—z), —Ga(—2), Gs(—2)) is a solution of

0 a O

1 5 5
G" = 5(1—{— A)G x G with A= —a 0 0
0 0 O

As a consequence, in what follows we will assume w.l.o.g that a > 0.

Using the formulae (LI9) and (L20), from the initial conditions (L.22) it follows
that the function f associated to an odd solution of LIA is, through the Hasimoto
transformation (L.€) and the change of variables (L.I7)), a (odd) solution of

peitr Lo n=o  a-a
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with initial conditions (f(0), f'(0)) satisfying

4
Analogously, from (L.19), (L20), and (I.24]) it follows that the function f associated

to a mixed-symmetry solution of LIA is a (even) solution of

FOP=0 and |FOP=201-X), a>d < -1<ir<1

freis P - =0, A=atd
with initial conditions (f(0), f'(0)) satisfying
1f(O)P=c2 and  [f(0))*=0.

From (LI4), (LI5), and the above argument it follows that the filament function
u(t, ) associated to an odd solution of LIA (respectively mixed-symmetry solution)

is of the form

u(tx)—eiif(i) reR t>0 (1.26)
AN \/Z \/E ) ) .
" Ly f 2 _

Jr s+ S(SP - A) =0, (127
with A = a) (resp. A = 4a + ¢2), and solves the one dimensional cubic Schrédinger
equation

: u , A

with A = a) (resp. A= +a+ c3).

As we have already mentioned, this paper is devoted to the study the stability
properties of certain self-similar solutions u; in (I.26]) of the 1D cubic Shrédinger
equation (L.28).

In order to give a precise statement of our results, we consider the so-called
pseudo-conformal transformation of (I.28)). Briefly, given any solution u of (L28]), we
define a new unknown v as follows

ult, ) = To(t,z) = %v G %) | (1.29)

Here, and elsewhere, an overbar denotes complex conjugation. Then v has to be a

solution of

v
2t
In particular, solutions uy of (L28) correspond to solutions vy of (I30) of the form

vi(t, ) = f(%) . (1.31)

Thus, we are reduced to prove the existence of appropriate perturbations (modified

s + Vg + — (V] — A) = 0. (1.30)

wave operator) around the solutions vy,

“Notice that if a = 0, then | f(0)| = |f'(0)| = 0, so that f = 0.
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The study of the stability properties of solutions of (IL30) of the form (L31)) (and,
consequently, of solutions of (L.28)) of the form (I.26])) started in [BV1], and carried
on in [BV2] and [BV3]. Precisely, in [BV2], the authors studied the stability of the
solution of (L30) with A = ¢Z given by

Vo (t, ) = €.

In [BV2, Theorem 1.2]), under the smallness assumption of the parameter ¢y > 0, the
authors prove that for any ¢, > 0, and any given asymptotic state u small in L' N L?
(w.r.t to and ¢p) the equation (L.30) has a unique solution v (¢, x) in the interval [¢y, 00)
which behaves like

2 .
vi(t, z) = co + et 2 8! (e”a%qu) ()

as t goes to infinity, in the sense that
o) — v (8], = OFT), as ¢t —> oc. (1.32)

Here ¢/% denotes the free propagator (see notation below). In other words, they con-
struct the so-called (modified) wave operators. In [BV3] this result is extended to first
remove the smallness assumption on ¢y and moreover to consider also the asymptotic
completeness of the scattering operators. One of the fundamental ingredients in this
paper is the study of the linearized equation of (.30 around the constant solution
Vo (t,2) = ¢o (A = cy?) given by

. c _

12 + 2gp + 2—t(z +2z)=0. (1.33)
Notice that the coefficients in the above equation only depend on ¢, and as a conse-
quence this linearized equation can be analyzed by computing the Fourier transform

in space. Unfortunately, in our case the linearized equation of (L30) around solutions
vy of the form (L3T]) is given by (see (2.I)) below)

1 _
Q—t[(z\vfﬁ — A)z+07z] =0, (1.34)

with coefficients that are also space dependentH. This makes the analysis of the

12 + Zpw +

linearized equation (L34 to be much more delicate. Therefore, we put ourselves
in the most simple situation. Firstly, and as in [BV2], we will just consider the
construction of the wave operators. Secondly, we reduce our analysis to those self-

similar solutions v(t, x) = f(x/+/t) that have the extra property tha‘@
[fltoe = [fl-oe  (that is [f[(+00) = [f[(—00)),

and in particular those that the function f is an odd or even function. Even under
this assumption the equation (L34)) is not so easy to handle. In fact, as we will see in

the statement of the main theorem below, we can not consider the asymptotic state

®See Proposition 2] below for the properties of vs(t,z) = f(x/V/1).
5The existence of | |4 was established in [GV], see Proposition 2] below.
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uy to be in L' N L? as in [BV2] and some weighted L*-spaces are necessary. This
implies some loss in the rate of decay given in (I.32)). The main difficulty comes from
the appearance in the Duhamel term (2.13)) of UJ%, which depends on both the spatial

and time variable. This differs from the situation in [BV2] where vi(t,z) = .

Before stating our results, we introduce some conventions and function spaces.
We denote by L?(|z|?) and L?({x)") the L?-spaces with Lebesgue measure replaced
by |z|” dz, and (z)” dz = (1 + |z|?)/? dz, respectively, i.e.,

1/2
Lz ={¢:R—C : (¢l 2(ar) = (/RW(x)Iz\xl"’dx) < oo},

and

1/2
L((2)) = {6 R — C : 6]l s = ( / (@) (1 + |22 dx) < oo},
For s € N*, the Sobolev space H® is defined by
H*={fcSMR) : V'fecL*R), VO<k<s}

The Fourier transform of v, 0, is defined by

1 .
06 = o= / o (z) da,

"%y denotes the solution to the initial value problem for the free 1D Schrodinger

equation with initial data ug, defined by

(%) (2) = /R ¢S iy (€) de, (1.35)

or, equivalently,

) 1 (@—y)?
itd; = S dy. 1.36
(%) ()= —= [ walw)e“F (1.30)

For any u., and f solution of (L3]) such that |f| s = |f|-c0, We define 05 by
bp(t,x) = vp(t, x) 4 e'2 108! <eitagu+> (x), (1.37)

with

ot z) = F <%) and o= 2|f2 — All

Our main result is the following

Theorem 1.2. Let tg > 0, and 0 < v < 1. There ezists a (small) positive constant
By, such that for any A and any f solution of

preisy e - ay=o

TIf [fl400 = 1fl=00 (|f' 400 = |f/|=c0), then we will denote |f|1oo by |f|oo (respectively, |f'|+oo
by |fl|<>0)
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such that | f|—oo = | fl4eo with || f]| e < Bo, and uy small in L* N L*((x)7) with respect
to By, to, and f, the equation

v
2t
has a unique solution v(t,x) in the time interval [ty,00) such that

iy + Vg + —([U]* — A) = 0 (1.38)

v — By € C ([ty, 00), LA(R)) N L* ([to, 00), L®(R)) .

Moreover, the solution v satisfies
- - 1
o= 8l + 10 = olsgumnsmen = O 57 ) (139
as t goes to infinity.

In addition, if Oyuy € L' N L2({x)7), with 0 <~ < 1, then v — 0y € H' and
1
v —0fll;p =0 <T) : t — oo. (1.40)
4

The above result asserts the existence of the modified wave operator in the time
interval [ty, 00) with ¢y > 0, for any given final data u, in L'NL*((z)?) with 0 < v < 1,
and any f solution of (IL3]) such that |f|ie = |f|-00, under smallness conditions on
| fll ;- and the data u..

Remark 1.3. As we said before, the new difficulties in the proof of this result with re-
spect to those in [BV2] come from the space dependence of the coefficients of linearized
equation (1-3]]). There is a particular case where this equation is as simple as (1.33).
This happens when the phase function ¢o(x) = (|f|2 — A)log |z| in Proposition[2.1] is

identically zero, that is when |f|i, = A.

It turns out that in this particular case the corresponding curve X(t,x) is asymp-
totically flat at infinity, that is T3(£oo) = 0 with T3(x) being the third component
of the tangent vector to the curve X(t,z) (see (1.20)). In this situation, one could
expect that the stronger results proved in [BV3|] could also be extended to this case.

This will be studied elsewhere.

Once v has been constructed, we recover u through the pseudo-conformal trans-

formation (L29). Precisely, defining @y as

2
P
€

ug(t,x) = \/4% f (%) +Vmielslost i (—g) . a=2lfA -4, (141)

as a consequence of Theorem we obtain the following:

Theorem 1.4. Let ty > 0, and 0 < v < 1. There exist a (small) positive constant
By, such that for any A and any f solution of

freins+ s - 4y =0
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such that | f|ieo = | floco with || f]| e < Bo, and uy small in L* N L*((x)7) with respect
to By, ty and f, the equation

A
z‘ut+um+g(|u|2— =) =0. (1.42)

has a unique solution u(t, ) in the interval (0,to] such that
u—1ty € C((0,t0], L*(R)) N L* ((0,2o], L*(R)) .
Moreover, as t goes to zero, the solution u satisfies,
o= il gy + 10 = gl 1y = O, (1.43)

In particular, ast goes to zero

= O(1), and (1.44)

_ ‘ﬁﬁ <_§)‘2 — O(t1), (1.45)

LY(R)

-
etar

Vit

but the limit of u(t, x) —
a=2|f]2,—A=0.
Finally, if in addition O,uy € L' N L*({x)7), then

o)l < % ‘f (%)

for allz € R and 0 < t < 1, and if © # 0 there exists t*(x) > 0 such that for

e X 'f (%)' < Jult, )] (1.47)

Remark 1.5. The case when the solution f satisfies the condition 2| f|>.—A = 0 (that
is, when o = 0) deserves a special attention. First of all, from (1.71) and (1.73), we

observe that Us(t,-), and then u(t,-), will have a limit as long as such a limit exists

for

f <%) does not exist in L*(R) as t goes to zero unless

: (1.46)

We will see in Section [ that precisely under the same condition 2|f[*> — A = 0,
1

uy(t,-) converges in the distribution sense to zy p.v . As a consequence, the initial

value problem (IVP for short) given by (1.43) and
1 e xXr
w(0,2) = zo p.v . + Vit (—§>

is well-posed in appropriate function spaces. See Theorem [3.2 in Section [3 for the

precise statement.
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Remark 1.6. Recall that, for the 1d-cubic NLS equations associated to solutions of
LIA of the form (I9)-(110), the coefficient A is linked to the initial conditions and
the parameter a through the identity (1.19).

From the identity (1.19) and the conservation law for f stated in Proposition[2.1],
we conclude that the smallness assumption for ||f||;~ can be achieved by considering
initial data (G(0),G'(0),a) sufficiently small.

Notice that the solutions u given by Theorem [I.4] do not have a trace at t = 0
(see comment after (L45])). Nevertheless, associated to these solutions we are able to
construct a family of curves X(t, x) solutions of LIA which do have a limit at ¢ = 0.

The precise statement of the result is the following;:

Corollary 1.7. Let 0 < v < 1 and uy, O,uy € L' N L*((z)?). Then, under the
smallness assumptions of Theorem [1.4), for 0 <t < t, there exists a unique solution
X(t,xz) of LIA such that the filament function of X(t,x) is the function u(t,z) given
by Theorem[1.4, X(ty,0) = (0,0,0) and X,(ty,0) = (1,0,0).

Moreover,

i) the curvature of the curve X(t,x),

e(t,
et z)| <

x), satisfies
o
\/7
forallz € R and 0 <t < 1, and if x # 0, there exists t*(x) > 0 such that for

all0 < t < t*(x)
= < eft, ).

N

it) In addition, there exists a unique Xo(z) such that
|X(ta ZE') - X0($)| < 03\/1_57

uniformly on the interval (—oo, 00), with Xo(x) a Lipschitz continuous func-

tion.

Here, ¢y, co, and c3 are non-negative constants.

The proofs of all these results are given in Section 2. In Section 3 we state and
prove Theorem B2 about the well-posedness of the IVP given by (L2) and u(0,z) =
zp.v < for some values of zp € C\ {0}. The question of well-posedness of the 1d
cubic NLS for spaces that include L? was started in [VV], and then extended in
[Gru] to all the range of subcritical scales. In fact it was proved in [KPV] that when
the initial datum is given by Dirac-delta function, the IVP is ill-posed due to the
appearance of a logarithmic correction in the phase. This phase can be canceled out
by modifying the equation with an extra factor A(t) = ¢o/t for some constant ¢y as
in equation (L2)). As we said before this modification naturally appears when the

1d cubic NLS is obtained from LIA through the Hasimoto transformation. However,
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even with this modification it was proved in [BV2] and [BV3] that the problem is still
ill-posed for the Dirac-delta. The reason is the same that the one pointed out in the
statement of Theorem [l In [KPV] the ill-posedness was obtained as a consequence
of the invariance of NLS by galilean transformations. The same ideas imply that,
if the notion of well-posedness includes the uniform continuity of the map datum-
solution, then the class of Sobolev spaces of negative index has to be excluded, see
also [KPV]. However the existence of a priori upper bounds for the Sobolev norm of
the solution, in terms of the Sobolev norm of the datum, for arbitrarily large data,
and for sufficiently short time can be proved, see [CCT] and [KT].

2. MODIFIED WAVE OPERATORS IN MIXED NORM SPACES.

In order to find the “appropriate” modified wave operators for v—uv; in the setting
of the equation (L30), we follow the arguments given in [BV2]. Briefly, write

v =0+ w,
with v and vy solutions of the Schrodinger equation

(Y

Wy + Vg + 5

(Jo]* = A) = 0.
Then, w has to be a solution of

1
Wy + Weg + 5 [(Jvs]? = Dw + (vpw + 0w + |w]*) (vy +w)] =0,

or,

1
i+ Way + o [(2Jvf]* = A)w + viw + 2vf|w|? + vpw* + |w|*w] = 0. (2.1)

The linear term (2[vs|?> — A)w/2t (in the above equation) is resonant and, as we will

continue to show, it is the responsible for a logarithmic correction of the phase.

In order to deal with the resonant structure of this term, here and in what follows,
we assume that f is such that |f|iw = |f|-w, and we write the above equation

equivalently as
1
0y + W + o [21f12 = Aw + 2(|vs ] = | fI2e)w + v+
2v¢|w|?® + 0w + |w|*w] = 0.
Observe that |f|2,, is nothing but the limit of |vs(¢, z)|? as @ — Fo0, i.e.

. = A
=t |7 ()

Then, if we define a new function u as

2

_ : 2
= lim_os(t, )

ut,w) = w(t,x)e” 28" >0, with a=2|f]% - A4,
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the function u has to be a solution of
. 1 v: B
iy + Uy + ;(|vf|2 —f)u+ 2—;6 iorlogty; |
1

5 (20772108 0 |? + Dpes BT + |ul?u] =0

Although the first linear term in (2.6]), that is
u
(jogl? 1712

is still resonant, the structure of |vs(t,z)|* — |f|% allows us to treat this term as a
perturbative term in the Duhamel formula for the solution and, to consider as initial

guess
u(t, z) ~ <e“8§u+> (1), as  t— 4oo.

Summing up, for any given asymptotic state u, we consider the following guess for

the perturbation
eBlE (R ) (1), a=2If1% - A

and define v to be

Oy (t, 1) = vs(t, ) + €5 18t (ata%m) (z), with a=2|f]% — A.

2.1. Preliminaries. Using the notation introduced previously, given u, and f solu-
tion of (L3 such that |f|ie = |f|-00, We define

Oy (t, 1) = vy(t, ) + €3 o8t (eit8%u+) (x), (2.2)
where
vi(t,x) = f (%) : and a=2|f% - A (2.3)

(recall that if |f|ie = |f|-00, then we write |f|s for |f|ieo)-

In order to prove the existence of a solution v of

ivt—l—vva%(\vP—A) =0, (2.4)

“close” to vy, as t goes to 0o, following the steps in the previous lines, we write

=2

U:Uf—i—e?bgt

u, (2.5)

so that the function u has to be a solution of is

2

1 ve o
WUt + Uge + ;(|’Uf|2 —f12)u+ 2—’26_Zalogtﬂ+
1 o o
% [2Uf€—z510gt|u|2 +@fez§logtu2 + |u|2u} —0. (2.6)
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Now, notice that under the change of variables (2.5)) and the definition of 0 in (2.2)),

we have that

v—10p = (vp+ 61%10@“) — (vr + 6i%10gt(€ita%u+))

_ ei%logt(u . eitagqu).

Therefore, we are reduced to prove the existence of a solution of ([2:6) “close” to

¢y, . To this end, it is convenient to perform a further change of variables. Pre-

cisely, we write
u(t,z) = z(t,2) + 24 (t,x),  with 2z (t,2) = e"u,. (2.7)
Under the change of variable given by (2.7)), equation (2.6]) becomes
12+ Zpp = 2% {Fo(zy) — Fi(2) = NLT (2 4 2z1)} (2.8)

where Fy, Fi and NLT are defined by

Fo(zy) = 2(Jvg|? = | f12) 24 + vie @8z, (2.9)
Fi(2) = 2(|os* = | f1%)2 + veT @8tz (2.10)

and
NLT(u) = 2vpe™"2 "8 |y |2 + 5’2 8Ty 2 4 |ul?u. (2.11)

Hence, it suffices to prove the existence of a fixed point of the operator

— R J
Bx(t) = % / el(t_T)agFo(er)dT—% / et=T% [ ()
t t T
e ¥
. / OTENLT(2 + 2.) (2.12)
2 ), T

in an appropriate space.

The Duhamel terms which determine the behaviour of the operator B are the
ones related to Fy(z4 ), the source term. Notice that in our case we are left to estimate

two linear source terms (see (2.9)). Namely, we need to estimate in an appropriate

space
o i(t—T1 2 dT
| e (o - 120) £
' T
and
> i(t—7)02 (. 2 —ialogt = dr . itd2
e *(vge z+)7, with 2y = e"%u,. (2.13)
t

The structure of |vs(t, )| — | f|% allows us to treat the first term as an “error” term.
The second linear term has the extra difficulty of being dependent of the spatial vari-
able z through the function v;(t,z) = f(z/+/t). In order to estimate the linear term

involving v]%, we will use some known properties of the function v; (more precisely,
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in our arguments we will make use of the asymptotic behaviour as x — oo of vy).
Recall that the function vy is defined by

—( x
Uf(t,!lf) = f (%) )
where f is any given solution of the equation
f”+z§f’+§(\f|2—A):O, AeR. (2.14)

Equation (2.I4)) was previously considered in [GV]. The following result summarizes

some of the properties of the solutions f of (2I4)) obtained in the latter paper.

Proposition 2.1. Let f be a solution of the equation (2.14). Then

i) f(x), and f'(x) are bounded globally defined functions. Moreover, there exists
E(0) > 0 such that the identity

, 1
17+ Z(Ifl2 — A)? = E(0)
holds true for all x € R.

i) The limits lim, 400 |fI?(2) = |f|3s and lim, oo | f/|?(2) = |f/|2y do emist

and
1

|z]

@) — e = 0(
ii1) If | flioo # 0 o |f|-0o # 0, then

. . idt . 1
F(2) = | f] oo €°F €92@) 4+ 27 | f'| 100 € cits@) 4 <W) ’
x x

), as T — +o0.

as x — too.

Here, |flioos | ['|400 =0, and ¢y and dy are arbitrary constants in [0, 27),
$a(2) = (|1 — Aloglal,  and  ¢s5(x) = —(2%/4) — (2| f[1 — A)log |].

We continue to recall the one-dimensional dispersive and Strichartz estimates
which will used throughout this section (see [Cazl]). In what follows, we call a pair

(p, q) of exponents admissible if

i) 1d-Strichartz estimates. Let I be a time interval, then

i 2
1% fll s izony < C I fll 22wy (2.15)

/ =% P (s) ds
sel;s<t

for any admissible exponents (p;, ¢;), i € {1,2}.

and

<C|F| (2.16)

172 (11%2)

LPL(I;L7)
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it) Dispersion estimate.

ito2 -
HetaszLoo(R) <Ct 1/2Hf||L1(IR)

i11) L*-Conservation law.

i 2
e tafoLZ(R) = ||f||L2(R)

(2.17)

(2.18)

The constant C' in the above inequalities depend on the exponents involved in the

estimates.

The lemmas below will be also used in the construction of the modified wave

operators. It is immediate to prove the following:

Lemma 2.2. Let 0 < 3 <4, f € L*(|z|?), and t > 0. Then

o C
1FC)e™ 7 = Dl e < 571l z2gapey.

for some positive constant C' independent of f and t.

Lemma 2.3. Given § # 0, and t > 0, define
> iTE? dT > it€2 —idlo TdT
At(g):[ o2 §m:/t o2imE" p—idlogT 71

T

for & # 0. Then, there exists a constant C' > 0 such that

C
|A4:(&)] < T VE#D.

Proof. For fixed £ # 0, and t > 0 such that £2t > 1, write
1 d e dT
A — 2iTE :

t(g) 27152 /t dr (6 ) T1+15’

and for ¢ and t such that 2t < 1, write

e oo\ . d
At(g) — (/ +/ ) 6217-52 e—zélogT’ _7-
t 1/¢2 T

. 1/¢2 00
[ - 20 log T 1T d - - iTE
5/t FCTE A g | e

Inequality (2.19) now follows by integrating by parts in the above identities.

Lemma 2.4 (Pitt’s inequality. See [Pitt]). For f € S(R?), and 0 < 8 < d,

/ P f O de < C / 2l (@) de,
R4 Rd

co=e [0 (45%) /e (5)]

We will continue to prove Theorem [I.2

where

1446

(2.19)
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2.2. Proof of Theorem Let 0 <y <1, and uy € L' N L?({x)7).

For ty > 1 and v € R. We denote Y} the space of functions v(t, z) such that the

norm

sup (20l 2+ 12 ey oy

ya =
1=y, S

is finite. In order to prove Theorem [[.2] as we have already mentioned, we shall do a

fixed point for the operator B defined in (2.12)) in the closed ball
Br=A{z : |z|ly» <R}, R>0
to

with v > 0 and R > 0 to be chosen later on.

For any given z such thatH Iz]ly < R, we want to estimate (see (2.9)), (2.10),

(Z11) and 2:12)))

i > i(t—7)02 —ialogt = dT
(B®) = 5 [ R (oo~ 7Rz + ez} T
t
i [ - dr
. 5/ ez(t—ﬂ-)a% {2(‘7)]”‘2_|f‘io)z+7)]2€6_zalog72}7
t

— —/ CCENLT (2 + 2,) !
t

2 T

in Y. Here, the non-linear term is given by (see (ZI1))
NLT(u) = 2vpe™ "2 18 |y |2 + 5pe'2 %81y 2 4 |ul?u.
Recall that (see (23) and (7))

_( x 02
vf<t,x>=f(%), o lha) = Py a—2lf— A

and wu, is a given function in L' N L?({x)7), with 0 < v < 1.

(2.20)

(2.21)

(2.22)

In what follows the constant C' may be different from an inequality to another in

a chain of inequalities.

We begin by estimating the Y-norm of the source term in (2.20). To this end, observe
that Strichartz estimates (2.10) with exponents (4, c0) and (00, 2), and the dispersion

8In order to simplify notation, in what follows we will write simply Y to denote the space Y;".
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estimate (2.17) lead to

R dr
| e (o = 1102) T
¢ T lly
Y 2 2 dr
< Csupt [(vsl® = [ fl5) 2+l 2 —
t>to t T
Y 2 2 dr
< C'supt el = [ flaoll 2 llz4ll oo —
t>to t T
2 2 , [T dr
< COllugl[paHFCO = [f15ll 2 supt e
t>to t T T4
1
= Cllugc a1 FOP = 1F12 N 2 psn (2.23)
0

for all v such that v < 1/4.

In order to control the second source term in (2.20]), we use the fact that f is a
solution of (2.I4]) satisfying |f|ic = |f|-o (and as a consequence |f'|i0o = |f/]|-oo,
see part i) in Proposition [Z1]). Then, from the asymptotics of f in Proposition 2]
it follows that

(F)i(z) = ‘f|goe—2i0j:€—2i(|f\§o—A)loglrl

| o (5 -+ 1% 1082 1
— i floo f']oce 5T +0 (—) . (2.24)
i

as r — +00, so that

2 (2 ﬂ) , (2.25)

vi(t,z) = (f)? (%) = v} o (t,2) + O (—

|z

for |z| > V/t, where we denote by v3 (¢, z) the function defined for positive time by

2 (tx) = [fe 2 (), m(z) = €2 0 (&) + €75 X ooy (2)
(2.26)
with cy € [0,27), and 6 = |f]2, — A.

Next notice that, from the representation of the solution of the free Schrodinger

. _irH2 . e .
equation, e ”aruo, as a convolution, it is easy to see that

i f _i(l‘*y)2
() (0) = == [uale T ay
C1 6_22_2(,\)< I)

= E— T\U _——
VT 0 27

+ %e—iﬁ (uo(.)(e—(ff _1)) (o). (2.27)

with ¢; = /7.
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Define the auxiliary function wy by

ialogt

wy =e Us. (2.28)

Then, from ([222), 228), [220) and [227), it is straightforward to see that the

second linear term in (2.20) can be rewritten as

o . dr o - dr
/ ez(t—'r)é)% (,U]%e—za logt2+) el / ez(t—T)afc (U?e—zrﬁgw+) “r
t

T ¢ T

o . dr
_ / ez(t—T)@% |:(UJ2‘ . UJ2:7OO)€_ZT83%E+:| i
t

T

oo I —i—T /-\ d
v [T | 2@ ()| £ 220
t
To control the first term on the r.h.s. in ([2.29), we first observe that

IWF(7,7) = Vf oo (7, ) gy = THI* () = (N2 Ol 2wy
where
(NZ(x) = [fRe % m(z), =% - A,

and [|(£)2(-) = ()% ()]l ;2 < oo (recall that f is a bounded function and the asymp-

totics of (f)%(z) given in (Z.24)). Then, arguing similarly to the control of the first
linear term (see (2.23)), we obtain that

o , dr
‘ / ez(t—ﬂ-)ag <(UJ2” _ U?,oo)e_”a%er) 7
t

< Cllutll () - (f)io(-)llmt%, (2.30)

01"

Y

for v < 1/4.
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The second term in the r.h.s. in (2.29)) is an error term. Strichartz estimates with
exponents (4, 00) and (0o, 2), (2.26]), Plancherel’s identity, and lemma [2.2 lead to

/t " et [v;,oo«,ﬂ%(m(-)(e-"%f — 1)) (—%)] -

2
o e~lir ()2 x dr
< (C su t”/ v} (T <w . e‘%—l) <——> —
<Comt [ | @) (@20 ) (5| 5
Y e oL Tz dr
~clitespe [T (@0 -0) (-2)| 5
t>to t T T2
L2
o N2 d
—Clffspt” [ o (e —p)|
t>to t 2 T
1
<C Hf”%oo HU+HL2(|m|w) P (2.31)
0

for 0 < v <4 and v < /4, (recall that w, = e@ely  see ([2285)).
In order to control the third term on the r.h.s. in ([2.29)), recall the definition of

v} oo (t, o) in (220)),
U olt,2) = | (o), () = e (1) + € X o)
or, equivalently,
Vi (tx) = |f‘ioe—2i510g2t—i5€—2i6log|%|m (%) 7 t>0.

Then, using once again the expression for the free Shrodinger solution in (2Z27), the

latter term rewrites

2

T iw-na 2 €T = <_£) dr
Cl/t e <vf7oo 7 (wy) 5 -

2

e —2islog2 [ i(t—r)? e gislog| 2 TN = (TN AT
= le ) /t ‘ (Cl VT ¢ “1# <27‘ (@) 27 Tt
P Y Y Y AR
= J o ) 1 NG oW+ 27 F1+i6

oo
—92 i(t— 2
— |f|go€ 21610g2[ ez(t 27)0% (T5W+) e

o
_Cl|f‘goe—2i510g2/ ei(t—T)ag
t
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Here Ty is the operator defined (in the Fourier transform side) by
Tyu(€) = ** = Klm(€)a(¢). (2.33)

I, is an “error” term. The same argument as the one given in obtaining (2.37]) (that
is using Strichartz estimates with exponents (4, 00) and (00, 2), Plancherel’s identity,

and Lemma [2.2)) leads to the following chain of inequalities

DY S — oL ~ x dr
Il < Clifospt [ @ Oe s ~0) (<52)1
t

1
t>to 27 i3

Y O dr
< Clffswpt’ [T =Dl T
t

t>to

Y dr
< Clffsupt’ [ [Tl gy s (2.34)
t>to t T T4

for any 0 < v < 4.

Now, since Ty = T} o Ty, where T} and T, are defined by
Tif(€) ==l f(e)  and
o R 2ic 2ic_ R
T (6) = m(©) () = (S04 senl©) + -1 —seal)) f©

2

with T} and Ty Calderén-Zygmund operators (see [Duol pp. 97-98] and notice that T5
is just a linear combination of the identity operator and the Hilbert transform), and
|z|7 is an As-weight in the one-dimensional case, in particular, for any 0 < v < 1,
from the known L2-weighted inequalities for Calderén-Zygmund operators (see [Duo)
pp. 144], or [Stein, pp. 204-205]), we have that

I T5ull 2oy < Cllull L2 oy (2.35)

for any 0 < v < 1.
From the inequalities (234]) and (2.35]), we conclude that

C
2]l < t%—_y||f!|ioo!|wl|m(|m|w>a (2.36)

0
forany 0 <~y < 1, and v < /4.

Only I; remains to be estimated. First, recall (I35]), and the definition of Ty in
(233). Then, I; in (232) rewrites equivalently as

o0
L A
t

—2i6 lo - ixé  —i(t—21 2 dr
= |f|<2>o‘3 2ol gz/t (/Re Lemiltm2nt T5w+(§)d§> 71416

| es? / e 2R €l (VT (€) A(€) e, (2.37)
R
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where
= gire2 AT
Ay(§) = e =
: T
On the one hand, from Plancherel’s identity and Lemmma 2.3] it is easy to see that
il = 1fElm(=)@4 () Al 2
< 207 (155 Adll ey + 155 Adlzgens)

_— 1/2
fI% @)
= C /4 ( P dg)

T

/4 ’|w+HL2(\x\’Y)7

for any 0 < v < 1. Here, we have used Pitt’s inequality (see Lemma [2Z4]) to obtain
the last inequality. Thus,

v C 2
sup || 11| 2 < == [[f |00 Wl 12 (2.38)
t>to tél

for any 0 <~y <1 and v < ~/4.

In order to estimate the L*((t,00), L°(R))-norm of I;, consider § a cut-off function
with 6(x) = 0 if |x| < 1/2, and O(x) = 1, if || > 1. We decompose [; in ([2.37) as

follows
o= |fPe e ( Ja-ocen+ | e(t@))

<€ix56_it§26_2iélog\E\m(_g)a(g) At(&)) dga
i (2.39)

Using Lemma 2.3 and Cauchy-Schwarz inequality, we find that

hal < 2 [ @@naele<ol= [ o
- C%/t§2>1/2 |w|g|(§)| |f§|f “
and
il < 12 [, @l s Qi [, Bl

C ( o) dg)”’

T it [3K
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for any 0 < v < 3. Plugging the above inequalities into (239) and using Pitt’s
inequality (see Lemma [2.4]) give

- 1/2
B ([P HE
hl <025 e %) = OaF el

for 0 < v < 1. Therefore,

60 s i) < CLf o i e (2.40)
0
for 0 <y <1, v<~/4
From (2.38) and (2.40), we get that
ity < M (2.41)

0

for 0 < v <1, and v < /4. Thus, from (2.32), (2.36]), and (2.41]), we conclude the
following control for the last term on the r.h.s. in ([2.29)

xz
= i—r)o2 e~ dr
/t c ( Vo0 VT 7@ )< 27’)) T

for any v < ¥, and 0 < v < 1. Recall that w; = e™!*8y, (see [Z28)).

Finally, the identity (2:29), and the inequalities (2.30), (Z31)) and ([2:42) give the
following control of the second source term in (2.20])

C 2
< t%_,,”fHLoo ||u+||L2(|m|’Y)’ (2.42)
0

Y

> elt=" —ialogt = dr C _ _
/ (0% (vFeielslz ) — || < Tl 1) = (H2 ()l
t T Y tél
C
+t%—_,,||f||ioo [t 2y (2.43)

0
for any 0 <~y < 1, and v < /4.

We continue to analize the non-source terms in (220). To this end, notice that

for any z € Y the following inequalities hold true

2]l [
tl/Y and ||Z||L4((t,oo),L°°(]R)) S t—l/Y \V/t 2 to. (244)

2012 <

Also, recall that z, (t,z) = ¢"u, (see [Z22)), so that from the well-known inequal-
ities for the solution of the free Schrodinger equation in (2.17) and (2.18), we have
that

[
\J}%L U+||L2 = ||u+||L2 (2.45)

First, using (2.16) with exponents (4, 00) and (00, 2), (2.44) and the fact that v (¢, x)
is a bounded function (notice that vs(¢,z) = f(x//t), and f is bounded by Proposi-

tion [21]), we obtain the following control for the second integral term on the r.h.s in

ito2

152
2+l e = lle™ = ur]l o < C and  [|z¢[|p. = [le
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0 . d
\ [ e R oy = 11z +ofe i O <
¢ T |y
v OO 2 2 2 _—ialogT < dr
C supt 12(Jvg|” — | flo)z +vie 2, — <
t>to t T
Y dr
Cllesupt [ ol T <
t>to t T
* dr
2 v 2
CllfIz<llzlly supt / = = Cllflz=ll=ly, (2.46)
t>to t T

for any v > 0.
Only the Duhamel term in (2.20) related to the non-linear terms N LT (z + zy),
where

NLT (24 2;) = 2ue 2198 2 4 2, |2 + 05’2 18 (2 + 2, )% + |2 + 2, (2 + 24).

(see (2.2I))) remains to be estimated.

To control the terms associated to quadratic powers of z + z,, we use as before
the inequalities (2.I6) with exponents (4,00) and (00,2), the fact that [jvy||,.. =
| fll ;oo < 00, and estimates (2.44]) and (2.45]) to obtain that

o o o d
/ e“(t_T)ag{Qvfe_zf 8Tz + 2, P+ vpe'2 (2 + 24)} 77_
t

Y

o
ey e d
< C sup t"/ 120,67 2 18T 2 4 2, |2 + Dpe’2 (2 + 24 )2 1o 77—
t

t>tg

Y dr
< C||fll e supt / {2l 22l o + 24l o) + 2l oo ll24 ][ 2} —
t>to t T

HU+HL1 d1 )
< CIfIl; sl sup t” 2l o0 + +
— || HL || HY <t>t1;) /t (H HL \/_ ) 1_;’_,/

o L [ dr
HfHLOOHu-‘rHLlHu-FHL??;ltlst =7

lally , lewelly 1
< C||f||Lm||z||y( L+ ) 4 Ol (2:47)
t t
0 0 0

for all 0 < v < 1/2. Here, we have also used Hélder’s inequality in the 7-variable to

obtain the last inequality.

Next, notice that a straightforward computation gives
|2+ 24 P(2 4 23) = |22 + 2224 + 2224 + 2220 + 222 + 224 )* + 24|20 |2

Then, similar arguments to the ones given to control the quadratic terms in z +

zy (that is, using (2I0G), pulling out of the L*-norm ||z||;e or ||z4||;, and using



STABILITY OF SELF-SIMILAR SOLUTIONS OF 1D CUBIC SCHRODINGER EQUATIONS 27

the estimates (2.44) and (2.45)) give the following control of Y-norm of the term

associated to the cubic term |z + 24 |*(z + z4)

/ eit=7) (\z—i—z I*(z + 24)) — T
. T

Y
b dr

< Csupt” / e+ 2P 2o

t>to ¢ T

v > 2

SCsupt/ (12 21l 2 + 3l poe |21 oo 121 2+

t>to t
dr

2 2
2z e 2l pe + 2ol N 2) —

Y 2| 700 oo u
< Clelly supt” [ (“ Bl gy, 02 s ;"gw) dr +
210 t

dr
2

Clluclfs el supt” [~ 5
t>to T

t

[EIR 2 1 2 1
<Cro Tt HU+||L1||ZHYF + Cllusliall=ly 3+
0 0
1

C||u+||2Ll||u+||L2tl—_y (2.48)
0
forall0 <v <1.

Therefore, in view of the identity (Z20), and the inequalities (2.23), (243 and
(2:46)- (248), we have that

1Bzl < S8 (FOR = £l + 1GP0) — (20 e)

£
+ = e+ = 1l + =
0 0
||f|| o0 c(uy)
+ C||Z||y{||f||io L2 zlly + ==l
to te
Izl13 | elu c(u
T T (§++V)||Z||y+ (t+> (2.49)
2 1 0
to t§

for any 0 < v < /4. Here c(uy) denotes a positive constant which depends on the
norm of u, in L' N L*({x)7).

For any fixed ¢ty > 0, and 0 < v < 1, by choosing v = ~/4, from (2.49), we
conclude that there exists a (small) positive consatnt By, and a constant R > 0 small

with respect to By and tg, such that for all f solution of

ff+i f+ (Ifl2 A4) =0
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satisfying | f|1oo = | f|-oo and such that || ||, < By, and all u; small in L'NL?((z)7)
w.r.t. to, Bo, [1f ()1 = [ flZrz: 1(F)*() = (F)5()ll2 and R, the operator B maps Bg
into Bg. On the other hand, by bearing in mind that

|z + 24|l oo < Hz||Lo<,+CM, forall zeY,

Vit
similar arguments to the ones given in obtaining the estimates (2.46))- (2.48]) shows that
the operator B defined by (2.20)) is a contraction on (Bg, | - |ly). As a consequence,
the application of the contraction mapping principle yields the existence of a unique
solution z of the equation (2.8]) such that

2 € C([to, 00), L*(R)) N L*([to, 00), L*(R))

satisfying

1
1) oy + 12 1 e ) = © (_)

t4
ast — oo, for 0 <y < 1.

Performing the change of variables (27 and (2Z3]), that is the changes defined by
v(t,x) = vp(t,z) +e'2 %8ty with vi(t,x) = f (%) : a=2|f]A — A,
and

62

u(t,x) = z(t,x) + 24 (t, x), with 2 (t,x) = "%

gives the existence of a unique solution of (.38]) such that
v =15 € C([to, 0), L*(R)) N L*([to, 00), L*(R)),
and satisfying (L39). To this end, since oy is defined by (2.2)), suffices to notice that

vty = (o + e R) — (o Ry ) ()

o

e ., 02 -a
— el2 logt(u _ eztazu+) — e'2 logtz
so that

[0 =0l e + 1o = Ofll pagr 00 22y = 112022 + 121 Lo (.00, L2 @)

Finally, we have to prove that under if the asymptotic state u, satisfies that both

uy and Qyuy are in L' N L?((z)7), then the solution v is such that v — oy € H' and
(L40) holds.

Recall that solutions of (24]) are in correspondence with solutions z of (28]
through the changes of variables (2.5) and (2Z7) (see subsection 2.1]). Define the
auxiliary functions y = d,u and y, = 0,2, , where as before z, = ¢ito: uy. Then, if z
is a solution of (Z8), we have that y has to be a solution of

- ]' - 2\ ,—talo
Wet Yoo = o (Fo(ys) = Fi(y) + 20u(|[vs[*) (21 = 2) + 0, (v]) (27 = 2)e 8!

—0,NLT (2 + z4)) .
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Now, notice that from the fact that vs(¢,z) = f(z/+/t), the properties of f and f’

given in Proposition 2] and those of z already proved, we conclude that the term
Qaz(|vf|2)(z+ — Z) -+ am(fuj%)(m)e—ialogt

is an integrable in time forcing term. As a consequence we can follow the same
argument as the one used to solve the equation for z, and concude that (L40) holds.
This finishes the proof.

2.3. Proof of Theorem [[.4. Let {, > 0 and 0 < v < 1. Define ¢, = %, and denote
by v the associated solution of the equation (L38)) verifying

1

lv— 2~’f||L2(R) + (v = 2~’f||L4((t,<>o),Lo<>(R)) =0 (g) ’ as 1 — 00, (2.50)

given by Theorem [L.2

Define u to be the pseudo-conformal transformation of the solution v, i.e.
u="T(v).
Then, u satisfies equation (I.42). Next, notice that (recall the definition of @y and 7T

in (A1) and (L29), respectively)

.2
Ug 1=T<vf+(27r)eigl°gtiﬁ+(I)) ,a=2/fZ - A

Vamit T \2t
so that
22
a etat T
u—dp=T |v— v+ (2m)e'2'8 — 10 <—>
f ( (f ( ) it + ot
where

2
_ or)eisloat 1 5 (ﬁ) -
v <'Uf + (2m)e \/mmr 5

22
o ) eta x
v —f) + etz 108! (e”agu ) x) — (2w U (—) ,
recall the definition of 0, in (L37).

Due to the invariance of L?(R) and L* ((0,t), L>(R)) under the pseudo-conformal
transformation 7, and the decay estimates (2.50), in order to prove (L43)) it suffices
to study the behaviour of

2

<eit6’%u+> (x) — (2m) \/e% Uy (%)

in L?(R) and L* ((t,00), L>°(R)), as t goes to infinity.
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. . i+2 .
On the one hand, using the expression of ¢ u, as a convolution (see (L3G))

and Plancherel’s indentity, we have

2
oy ) x) — (27 ¢t U <£>
H( o) @) = em) i (5
()2 ()2

R - i~ c
CllCus ()™ = 1)) Iz = Cllur ()™ = D2 < = [l ll 2 gaps-

L2

Here, we have used Lemma in obtaining the last inequality.
On the other hand, from the decay estimate (2.17))

192
ey ||L4((t,oo),L°°(]R)) < Pl [P

from which it follows that

L2
itH?2 ew (¥
(%) (@) - m)——= i (5 <
\/ 2t
‘ dmit LA((t,00), L (R))
C c .. 1
sl + L gl = 0 (—) Cas too
t1 t1 ta

From the above inequalities, we get

for any 0 < v < 1, and uy € L' N L*({x)7).

Now, (LZ4)) is an immediate consequence of the triangle inequality, (L43]) and

Plancherel’s identity. Also, inequality (I.45]) follows from (.43) and (.44), by using
the general inequality

17 = 19l z2 < (fll2 + Ngllz2) 11F = gl e,

for any functions f and g in L.

Finally, assume by contradiction that there exists g(-,¢) € L*(R) defined in a
time interval (0,7 > 0] such that

u(t, z) — e\/f f (%) —g(t,z)

—0 as t— 0. (2.51)

L2
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Then, using the definition of @, in (.41 and the triangular inequality, we obtain
that

e — €T
e () ot
2 L2

G () s,
— @ - w)t,2) + <u<t,x> Ny (i) —g(t,x>)

= 'af(t>I) -

vi ' \Vi

L2

2
iz
(&

1t €
t,xr) — — | —g(t,x
)~ <27 () - |
Thus, from ([43) and (2.51]) and the above identity we conclude that

g(t,z) = Vrmie'z sty <—g> a.e x,
which does not have limit in L? as ¢ — 0, unless a = 2|f|?, — A= 0.

It remains to prove (L46) and (L47). Using (L40) and the inequality |g|* <
9]l z2llgll ;2 in one dimension, we get that

- 1
v — by, = O (t—) . tooo,  (0<y<1) (2.52)

From the definition of u in terms of v, given by the pseudo-conformal transformation

(T29), we write

IA

2y = ull - +

wt,z) = Tolt,z) = o Gf)
_ dE e (la) —(lx
- A\ \ey) T \v ) )
where (see (22) or (L37))

vp(t,z) = f (%) + ¢'2 logt <eitaﬂ2”u+> (z), a=2|f|A — A

Then (L40)-(L4T) follow from the above identities, (Z52)), and the decay estimate
for ey given in ([2.I7). This finishes the proof of Theorem L4l

2.4. Proof of Corollary [I.7l Theorem [[.4 gives the existence of a filament function
u(t, z) which is regular and bounded for 0 < ¢t < #;. From the filament function u

given by Theorem [I.4], one can construct a corresponding curve X solution of LIE.

First, notice that at least in the case of odd solutions the curve X(¢,x) has a
point of curvature 0 (the curvature of an odd solution vanishes at least at the point
x = 0), and as a consequence here we need to consider a different parallel frame

(other that the Serret-Frenet frame) to avoid the restriction that the curvature of the
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curvature should not vanish. Precisely, one can consider the parallel frame of vectors

{T, e, ez} given by the system of equations

T, = ae; + [Beg
e, = —aT (2.53)
€2, = _ﬁT>

where the quantities o and 8 are defined through the function u by
u=a-+1if,

to construct the tangent vector T solution of T; = T xT,,. Then, using the regularity

of u, and after integration with the initial conditions
X(t9,0) = (0,0,0) and  X,(%,0) = (1,0,0),

we get a curve X(¢, z) solution of LIEH The details can be found for example in [BV3]
and [BV4], see also [NSVZ].

Once X(t,z) has been constructed for 0 < t < ty, part i) is an immediate
consequence of ([L46])-(C4T), the boundedness property of f, and the fact that u is the
filament function associated to X(t,z) (thus |u(t, z)|=|c(t, )|, with ¢ the curvature
of X).

The existence of Xy(x), the trace of X(¢,x) at time ¢ = 0, follows from the
integrability of X; at ¢ = 0 thanks to the uniform bound of the curvature in part ).
Indeed, since X(¢,z) is a solution of LIA, from the system of equations (2.53]), and

the fact that the vectors e; and e, are unitary, it follows that
X (t,z)] = |Xp XX =|T x Ty =T X (aey + fes)|
= |aes — fBes| = a2+ 3% = |u(t,z)| = [e(t, )| <

(&1
%7
uniformly on the interval z € (—o0, 00), since u = a + if5.

Therefore, for any fixed positive times t1, and t5 with ¢; < t5, we have that

to
/ X,(#, ) dt’
t

1

X (t1,7) — X(t,7)| =

to
< / X, (¢, )| dt’
t1

to dt/

C [
1 " \/1?’

9 Conversely, using the parallel frame defined by the system [2353), it can be also proved that if

<

X(t,x) is a regular solution of LIE, and define the function u = a + i, then u solves the 1d-cubic

Schrodinger equation

iy + U + g(|u|2 —A(t)) =0

with A(t) = —|ul?(0,t)/2— < Oreq,e2 > (0,1).
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from which the existence of the limit lim; .o X (¢, x) = Xg(x) follows by taking t, =

t > 0 and letting t; go to zero in the above inequality. Moreover, we have
1X(t, ) — Xo(z)] < 21Vt

Finally, the regularity property of Xj easily follows from the above inequality, and
the identity

Xo(z) = Xo(y) = [Xo(z) = X(t, 2)] = [Xo(y) = X(t,y)] + [X(t, 2) — X(t, y)].

To this end, if suffices to observe that
Yy
/ T(t,z)dz

since the tangent vector to the curve, T, is unitary. As a consequence,

Xo(z) — Xo(y)] < 2Vt + |z — y| < cslz — y]

1X(t,2) = X(t,y)| = < [z -yl

for some non-negative constant c3, whenever ¢ is sufficiently small. Therefore, we

conclude that Xg(z) is a Lipschitz continuous function.

3. THE INITIAL VALUE PROBLEM FOR THE PRINCIPAL VALUE DISTRIBUTION

We begin this section proving the existence of non-trivial solutions

2
iz
(&

e

A
ity + gy + g(|u|2 -2)=0

of

such that u(¢,-) converges as a distribution to
1
ur(0,2) =29 p.v—,
(0, ) 0P T
for some zy € C\ {0}, and appropriate values of A. Moreover, these solutions are
characterized by the property that 2|f|2 — A = 0, so that the solution u constructed

in Theorem [I.4] has a trace at ¢ = 0. We have the following lemma:

Lemma 3.1. For any a # 0, there exist A, and a non-trivial odd solution f of
" X / -f 2 Aa
hd L L 1
freis s SIS =S8 =0, (31)
such that
x

etr 1
lim —f|—| = V=, 0
t_1>o+\/{gf<\/g) 2PV — 2 #
in the distributional sense. Moreover,

. V3
120l = 2| oo with 7\a| < |z0] < |al.

In addition, [ satisfies || f];~ < 2|al.
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Proof. First, assume f is an odd solution of (3.1]) such that
2lfl% —A=0.

Then, from the asymptotic behaviour for odd solutions of (3.I]) established in Propo-
sition 2] it easily follows that

f(x) — |f‘ooezc+ezd>2(z) Sgn(x) + 2i|f/|ooeld+6 Lo (ﬂ)
T z

as |z| — oo, with

$a(w) = (Ifl — A)logla]  and  ¢s(z) = —(a?/4) — (2If[5, — A) log ||,

and d; € [0, 2m).
Recall that f is regular and odd, then, by using the dominated convergence

theorem, we have that

1

6\2—: f (%) Xzl < vi(@); M >>1

02
goes to zero in S’(R) ast — 0F. On the other hand, the function g(x) = €T +%2(®) sgn(x)

is a bounded, odd and has a continuous Fourier transform that is zero at zero. Hence,

by Parseval theorem % g(x/\/t) also tends to zero as t | 0. Finally, the error term is
integrable and odd, therefore arguing as we did before the convergence of the error

term to zero follows by using the dominated convergence theorem.

The convergence of

wie=751(%)

as t | 0 to zop.v(1l/x), with 2y such that |zy| = 2|f’| easily follows from previous
remarks and the hypothesis that 2|f|2, — A = 0.

Now, we continue to prove that, for any given a # 0, there exists A, € R, and an
odd solution f of (B.I)) satisfying the condition 2|f|% — A, = 0.

Indeed, for fixed a # 0, and —1 < X < 1, let X, a(¢,z) be an odd solution of
LIA, that is a solution of LIA the form X, (¢, z) = e2 gt /tG, 2 (zVt) with G, ) the
solution of (L2T]) with the initial conditions

G, (0) = (0,0,0) and (Gan)'(0) = (0, V1 = A2 N). (3.2)
Define the function F, as follows

Fa()\) = 2T3,a,)\(oo> - T3,a,)\(0)7
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Where as before T3, » denotes the third component of the tangent vector to the curve
X, ,\ Notice that, for A = 1, Gal( ) = (0,0,x), and therefore F,(1) =2 —1 > 0.
Also, for A = —1, G, _1(z) = (0,0, —z), and therefore F,(—1) = =2 — (—1) < 0.
Since the map (G(0), G'(0),a) — Tg( ) is continuous (see [GV| Proposition 2,
pp. 2101]), we conclude that there exists A\, € (—1,1) such that F,(\,) = 0, that is
2T500, — 1300, = 0.

Notice that the associated function f (through the Hasimoto transfom and the
change of variables (ILIT)) is an odd solution of

fr+i f+ (Ifl2 Aa) =0

with A, = a)\, (recall that A, is given in terms of the initial conditions (3.2 by the
identity (I.I9)), and from (L20) we have that

2[fl2 —Aa = 2(—aTs4p,(00) + Ag) — Ay = —2aT545, + As
= —CL(QTg’a)\a (OO) T3 a,\q (0 ) = 0
since T34, (0) = A, (see (B:2).

Finally, for odd solutions of LIA, notice that the conservation law in Proposi-

tion 2.1l becomes
/"2 Loveiy a2 @
172G+ (1) — A =&

(the value of the constant on the r.h.s of the above identity follows from the identities
(L20) and the initial conditions ([3.2])). From which we get that

[f(@)] < lal+[Ad| = lal(1+|Xa]), V2 eR

2 2 2 2 2
e _ @ Loe 0 ot 1 [A el A
= Ay = 4(2 Aa)_4(1 :

by using the condition 2|f|2, — A, = 0, and that A, = a)\,. From the above formulae

we conclude that

and

LR amd e <2
16 = 4 L= =
since A\, € (—1,1). This concludes the proof of the lemma. O

As a consequence of Theorem [[L4l and Lemma B.I], we obtain the following result:

10Recall that for odd solutions of LIA, the third component of the associated tangent vector, T3,

is an even function. Thus, in particular T5(400) = T5(—00)
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Theorem 3.2. Let a # 0 sufficiently small, and consider A,, f, and zy as in
Lemmal3 . Then, there existse > 0 such that for any given uy with |[us]| 12y <
€ and 0 <~ < 1, the initial value problem:

A,

) U
Tx = ——)=0
iy 4 u —|—2(|u| t)

u(0,2) = z p. V% + \/Hﬁ (—%)
has a unique solution u(t,z) such that
u— 1y € C((0,1], L*(R)) N L*((0, 1], L>(R))
where L

o) = S (L) + Vais-af)

Theorem represents a well-posedness result for the initial value problem

A
ity + e + = (> — =) =0
2 t (3.3)

u(0,z) = zop.v%,

for some values of 2, and adequate constants A in (3.3): If we denote by uy(t, )
the solution of the IVP (B3), we have proved that there exist appropriate (small)

perturbations u of the solution uy such that
lim u(t, z) = L Vi ( x)
limu(t, z) = zop.v — miuy (-3 )

In particular, u — u; has a trace in L?, i.e. there exists the limit in L? of u — u; as
t — 0%. This is in contrast with the situation in which one considers as initial datum
the delta distribution. In the latter case, it was shown in [BV2] (see also [BV1]) that
when considering the IVP
2
, u g
iy + Ugy + = ([uf* — 2) =0
2 t (3.4)

U(O, .CL’) =V 4 Co (Sm:(), Co % 0

.1-2
there exist (small) perturbations u of the solution u.,(t,z) = ¢ 62}3 of the IVP (34)
such that the limit of u — u,, as t — 07 does not exist in L% As a consequence the

IVP for the Dirac-delta (3.4)) is ill-posed.
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