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Abstract

In this paper, we consider a L functional derivative estimate for the first spatial derivatives of bounded
classical solutions u : RN x [0, T] — R to the Cauchy problem for scalar second order semi-linear parabolic
partial differential equations with a continuous nonlinearity f : R — R and initial data ug : RY — R, of
the form,

max (SUP qui(x,t)|>§f,(f,uo,u) vtel[0,T].

xeRN

Here F; : Ay — R is a functional as defined in §1 and x = (x1,x2,...,x,) € RV . We establish that the
functional derivative estimate is non-trivially sharp, by constructing a sequence ( f3;, 0, u™), where for each
neN, u™ RN x [0,T] — R is a solution to the Cauchy problem with zero initial data and nonlinearity
fn : R — R, and for which there exists o > 0 such that

xeRN

(n)
max sup |uy. (x, T >,
pax ( p luy; ( )|>
whilst
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fim | inf | max [ sup WP, 0] = F(fn,0,u™)] ) =0.

n—00 (te[O,T] (z‘:l ..... N (xdé)[vl xi ()] tUn )
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1. Introduction

In this paper we introduce and consider the sharpness of a functional derivative estimate (see
Proposition 1.1) for solutions u : D7 — R to the Cauchy problem for the scalar second order
semi-linear parabolic partial differential equation (7" > 0) given by,

ur — Au= f(u) on D7, (1)

u=ugondD, )

with Dy = RN x (0,T], 8D = R" x {0}, nonlinearity f € C(R) and initial data ug €
BPC!'(RY), where BPC!(R") is the set of bounded, continuous real-valued functions defined
on RV which have piecewise continuous bounded gradient. We consider bounded solutions to

the Cauchy problem (1)-(2) (henceforth referred to as [CP]), which are classical, in the sense
that

ueC(Dr)NC>Y(Dy) N L®(Dr). (3)

Related to [CP], for any given T > 0 we introduce the sets Ay and Zr given by

Ar={(f,v,u): f €C®R), veBPC'(RY), ue C(Dr)NL®(Dr)},

and

Ir ={(fiuo,u) : (f,uo,u) € Ar and
u: Dy — R is a solution to [CP] with f and ug}. 4)

For any T > 0, we observe trivially that Zy C Ar, and Z7 is non-empty (( f, ug, u) € Iy, with
each of f, up and u being the zero function). In addition, when f € H, (functions which are
Holder continuous of degree 0 < o < 1 on every closed bounded interval £ C R) and ug €
BPC! (RN), with the corresponding [CP] being a priori bounded on Dr, then [CP] has a solution
u:Dr >R (see, for example, [1], [2], [3]), and (f, uo,u) € Zr. For any T > 0, we also note
that when f = f, : R — R (for any 0 < p < 1) is given by

fr@) =ululP™" VueR (5)
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and ug : RY - R is given by up(x) =0 for all x € RY, it has been established in [4] that
there exists non-trivial u = u : D7 — R such that (fp,0,up) € Ir. We will examine [CP]
with f = f, in detail, in §2 and §4 to establish our main result, Theorem 1.3, namely that the
derivative estimate in Proposition 1.1 is non-trivially sharp.

Optimal Schauder estimates for solutions to Cauchy problems for second order semi-linear
parabolic partial differential equations, such as (1)-(3), but also with more general linear terms
in (1), have been developed in [5], [6], [7] and [8]. A review of these developments is contained
in [9]. In these works, the nonlinear terms in the partial differential equations (as well as the
coefficients of the linear terms) are locally Holder continuous and optimality is meant in the
sense of the best possible regularity of solutions, i.e. the most refined Holder space of functions
in which solutions are contained. Specifically these Holder spaces consist of functions where
the first time derivative and first and second spatial derivatives exist and are Holder continuous
to a degree dependent on the Holder degree of the nonlinear terms and linear coefficients in
the partial differential equation. Notably, optimality in this paper is not meant in the sense of
optimal generic derivative bounds when, say, the Holder degree of the nonlinearity is specified.
Consequently, for [CP], the optimal derivative estimates for first spatial derivatives of solutions
to [CP] contained in [5], [6], [7], [8] and [9] (corresponding to the estimate in Corollary 1.2) are
curiously larger than those which the functional derivative estimate in Proposition 1.1 yields; this
has motivated our introduction of the notion of a derivative estimate being non-trivially sharp.

The paper is structured as follows. In the remainder of § 1, we establish a Schauder-type deriva-
tive estimate and a functional derivative estimate for the first spatial derivatives of solutions to
[CP]. In addition, we motivate and define the notion of the functional derivative estimate being
non-trivially sharp and state the main result of the paper in Theorem 1.3. In §2, for fixed T > 0
and each 0 < p < 1, we introduce (f,, 0, u'”) € Iy with u'” : Dy — R a specific non-trivial
anti-symmetric self similar solution to [CP], which corresponds to the front solution in [4]. In §3,
we consider the formal limit as p — 0 of a boundary value problem for the ordinary differential
equation associated with «P). This is used in §4 to establish Theorem 1.3. Finally in §5 we dis-
cuss alternative approaches to establishing Theorem 1.3, as well as related concluding remarks.

Before we state our main result, we introduce notation and establish preliminary results as a
necessity, but also as motivation. To begin, for u € LOO(DT) and A € (0, T'], we denote ||u| |éo =
] 5, loo- Also, for A > 0, we introduce the functional F) : A; — [0, co) given by

A
Ffv= max fogllo+ —— [ LUCD 0 pyie e dr. 6)

i=1,..,N JT (A —1)1/2
0
It follows immediately from (6) that for each A > 0, the functional F), : A, — [0, co) is well-
defined, and, for each (f, v, u) € A,, the following inequality holds
172
[ ‘3

We now consider a functional derivative estimate for [CP], which is a straightforward exten-
sion of those given in [10, Lemma 5.12] and [11, Lemma 3.9].

11 f @)% (7

Proposition 1.1 (Functional derivative estimate). Let ( f, ug, u) € Zr. Then, for each O <t < T,
it follows that (f,uo,ulp) € Iy, uy, (-,1) € CRN) N L®RN) (i =1,..., N) and
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max [ ¢ Ol < Fi(f, uo. ulp,)-
1

.....

Proof. Since u: Dy — R is a solution to [CP] with f and uo, it follows by definition that u| D,
is a solution to [CP] with f and ug on D, for any 0 <t < T, and hence, (f, uo, u|[)t) el;.
For convenience we drop the restriction notation from here onward (with (f, ug, u) € Ar, then
(f,uo,u) € A; for each 0 <t < T). Now, let (f,ug,u) € Zr. Then, since f(u) € C(Dr) N
L>®(Dr), it follows from a standard application of the finite Laplace transform to (1) and (2),
via (3) (see, for example [10, Theorem 4.9] with N = 1), or from the variation-of-constants
formula, that u : Dy — R satisfies the following integral equation,

1
u(x, 1) :m / up(x + Zﬁw)eilw‘zdw

RN

t
+—n/\1,/2//f(u(x+2\/t—rw,t))e‘lwlzdwdt Y(x,t) € Dr. (8)

0 RV

Again, since f(u) € C(D7y) N L®(Dy) and ug € BPCI(RN), we observe that both terms on
the right hand side of (8) have continuous partial derivatives with respect to x; on Dr for
j=1,...,N (see, for example, [10, Lemma 5.9] with N = 1) and it follows that for each
j=1,...,N,

1
Uy (x,1) = T/z/uox,(X+2xftw)e_‘“"2dw
T
RN

+ wje e "Pdwde Vx,neDr. (9

1 fux+2/t—1tw, 1))
nN/zf (t—10)1/2
0 RN

Therefore, foreach j=1,..., N,

i, G, )] = a0 oo + N/zf/‘f(”(x”vf‘fw D e dude

12
0 RN
I (u( | o
< I, oo + f f I e (10)
LI @G ol
u(-, )loo
< — [ R ey
_]rg{éy{f ||u0x,||oo+ﬁ0 (— T

= Fi(f,uo,u) V(x,t) € Dr. arn
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Since the right hand side of (11) is independent of x € RY and (f, uo,u) € Ir,itis an immediate
consequence that for each 0 <t < T, uy(-,t) € CRM NL®MRN) (i =1,...,N), and the
required inequality follows trivially. O

A derivative estimate can now be obtained as follows,

Corollary 1.2. Let (f, ug, u) € Zy. Then,

172
t
_I}laXNllux,-(',l)lloo = maXNllbtox,-lloo + —=IIfwlly, Yre(0,T].

I

Proof. This follows directly from Proposition 1.1 and (7). O

i =

,,,,,

For each (f, ug, u) € Zr, we now have, via Proposition 1.1 and (7), that

1/2
—(i:T§§N||uoxi||oo+ 7 ||f<u)||;>
< max [l (0l = Fi(fuo, ) <0 Ve € (0, T]. (12)
i=1,...,

Therefore, given (f, ug, u) € Zr, then (max;=1,... v |lux, (-, t)|loc — F: (f, uo, u)) is bounded uni-
formly above and below for ¢ € [0, T']. Moreover, via (12), it follows that for any (f, ug, u) € Zr,

2T1/2 )
- < max uox; [loo + N ||f(u)||§o) < tel(gjfT] (i_r{laXN e G5 Dlloo — Fi (f, uo, M))

=1,..., =1,...,

< sup ( max ||”xi('vt)||oo_}—t(fv’40’”))
10,71 \i=L....N
<0. (13)

Now, motivated by (13), we refer to the derivative estimate in Proposition 1.1 as sharp on DT,
when

=1,...,

sup < inf (.r}laleluxi(~,t)||oo—]7t(f, uo,u)>) =0.

(fugu)eZy \1€0.T]

However, we observe that this definition is not immediately satisfactory; consider the case when
freCR),uje BPC!(RV) and u* € C(Dr) N L® (D7) are given by

f*w)=0 VYuceR, (14)
uf(x) =0 Vx eRY, (15)
u*(x,1)=0 V(x,t) € Dr. (16)

Then, trivially, (f*, u(*;, u*) € Ir, with, foreachi=1,..., N,

luf, . Ollc =0 V2 € (0, T1, a7
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whilst

Fi(f* ug,u*)=0 Vre(0,T]. (18)

Thus, it follows from (17) and (18) that

inf <max ||u:-('s[)||oo_Ft(f*aus’”*))=0» (19)
10,71 \i=1,..,N = i

=1,...,

and then from (19) and (13) that

sup ( inf ( maxN||uxi(~,t)||oo—ft(f, uo,u)>> =0,

(fouo.uyeZr \1€O.T]

.....

and hence, the derivative estimate in Proposition 1.1, according to the definition introduced
above, is sharp. To exclude such triviality associated with spatially homogeneous solutions
to [CP], we introduce the following refinement to the above definition; namely, we refer to the
functional derivative estimate in Proposition 1.1 as non-trivially sharp with index o on D7 when
there exists o > 0 such that

sup (inf < r?axN||ux,.<~,z)||oo—ft(f,uo,u)»=o,

(foug,weZy \1€O.TT\i=

.....

where now

.....

We can now state the main result in this paper, as

Theorem 1.3. For any T > 0 and o > 0, there exists a sequence {( fy, 0, u,) € L7 }yen, such that

lim < inf ( max ”ul’lxl‘('at)HOO_E(ﬁ‘lsovun)>>:0'
n—>00 \te(0,7] \i=1,....N

It then follows immediately from Theorem 1.3 that

Corollary 1.4. For any T > 0 and « > 0, the derivative estimate in Proposition 1.1 is non-
trivially sharp with index o on Dr.

2. The problem (Pp)

For any fixed N e N and p € (0, 1), consider [CP] with nonlinearity f}, : R — R given by (5)
and initial data ug : RY — R such that ug = 0. Henceforth we will refer to this as (P p)- In
[4, Theorem 3.14] it is demonstrated that, for any 7 > 0, there exists a self-similar solution
u'P : Dr — R to (P) of the form
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w,(n(x, NtYI=P) | (x,1) € Dr

u(p)(x,t)z
0, (x,t)€dD

(20)

with n(x, #) = x1¢~V/2 for all (x, ) € Dr, whilst w, : R — R is such that w,, € C*(R), and

)+ %nw; + fpwp) = (li—p)wp =0 VneR, @h
wy(—n) =—w,(n) VneR, (22)

lw,()] < (1= p)/I=P vneR, (23)

w, () = £(1 = p)/1 7P as y — oo, (24)
0<w,) < 3:p|w L] =w),(0) VneR\{0}, (295)
A R il i (26)

1+ p)1/2
The function w, : R — R, for p € (0, 1), will be used extensively throughout the rest of the
paper. Now, for any T > 0, since u‘P) : D7 — R given by (20) is a solution to (P ), we have that

(f, 0,u'P) €T, Vte(0,T]. 27)

In addition, it follows from (5), (20), (23) and (24), that,

(1= pyP/O=PP(1/(1 -

P) (14p)/2(1=p) Ve O.T .
FG-ppd-p) 1e(0,T], (28)

Fi(fp, 0,uP) =

whilst from (20) and (25),

_max 11 ¢ D)oo = 1 (. Do = w), () 1+P20=P) 1 € (0, T]. (29)

i=

Therefore, via (28), (29) and Proposition 1.1,
_max 14 ¢ Do — Fi(fp. 0,uP) = (W) (0) — p(p)e1HP/20-P) <0 ¥t € (0, T
(30)

where ¢ : (0, 1) — R is given by

(1= p)?/d=P1r1/(1 - p))
= v 0,1). 31
=TG-, PEOD Gh

Furthermore, by substitution into (10)

L@ P e, )] < 1 fp@P (1)l V(x,1) € Dr,
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which follows from (20), (23) and (24), and proceeding with the proof of Proposition 1.1 we may
conclude that the inequality in (30) is, in fact, strict. We also observe that,

¢(p)>0 Vpe(0,1), (32)
2
d(p) — ﬁasp—)0+. (33)

In addition, it follows from (7), (5), (20) and (23), that,
2
]:t(fpa 0, M(P)) < 7(1 _ p)P/(lfp)l(lﬂv)/Z(l*P) vt € (0, T]. (34)
T
Thus, via (28) and (34), we have,
2 p/=p) _ 2
¢(P)§ﬁ(1—19) <ﬁ Vpe (0, 1). (35)
Now, we conclude from the discussion following (30) that

. (p) PN Y — )/ 7 (+p)/2(1=p)
f (e —F = —¢(p .
tel(I(;,T] (L—T?fN “"‘Xl s Dlloo t(fP’ 0,u )> (wp(o) 2)) <0

(36)
We also observe from (20) and (26) that
1 — p)l/d=p)
max_|[u (. T)lloo = w), @ TH+P20-P) =P P rasppa-n, (37

i=1,...N (1+p)i2

A proof of Theorem 1.3 will now follow, up to minor detail, if we are able to construct a sequence
{Pu}nen, such that p, — 0 as n — oo, and

2
w’ (0) > — asn — 0.
= =
It is the construction of such a sequence which we now address. However, before proceeding to
this, it is worth noting from (36), (35) and (26), that at this stage, we have

(1 — p)l/a=r

2
R w),(0) <¢(p) < —= ¥pe(0,1). (38)

N

We now proceed by examining the solution wq : RT — R to a boundary value problem in which
the ordinary differential equation is the formal limiting differential equation of that in (21), as
p — 07. We then show that there exists a sequence {p,}.en, such that p, — 0 as n — oo,
whilst, for any X > 0,

wp, — wo and w;,n — w6 uniformly on [0, X] as n — oo. 39)

The result then follows on observing that w(,(0) =2//7.
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3. The problem (Sp)

In this section, we consider the boundary value problem obtained by taking the formal limit
as p — 0 in the associated problem for the ordinary differential equation studied in [4] when
p € (0, 1). We seek a function w : [0, o) — R such that w € C'([0, 00)) N C?((0, o0)) and

1

u)”—i—znw’—w:—l Vi > 0, (40)
w(0)=0, w(n) —1asn— oo, 41)
w(n) >0 Vn=>D0. 42)

We refer to this linear inhomogeneous boundary value problem as (Sg). We observe that the
coefficients in (40) are continuous functions of n € [0, co). Thus, the homogeneous part of (40)
has two real-valued basis functions wy, wy € C ([0, 00)) N C%((0, 00)) and a particular integral
we C(0,00)NC 2((0, 00)) after which it is straightforward to establish that (Sp) has a unique
solution given by wy : [0, 0c0) — R with

4 2
wo(n) =1 ﬁ(2+” )L (n) V¥ne€l0,00), (43)
where
T g4
I(n) = mds Vn € [0, 0o) (44)

1
and we note that /(1) is monotone decreasing in 1 € [0, o) with 1(0) = /7 /8 (see [12, pp. 302,
7.4.11]) and I (n) decays exponentially as n — oo. Finally, we observe from (43) and (44) that

w;(0) = (45)

2
VT
In the following section, we proceed to construct the sequence of functions w,, : R — R for
which (39) holds.

4. Proof of Theorem 1.3

In this section, we construct a sequence {p,},en such that p, € (0,1) foralln e N, p, — 0
as n — oo and, for any X > 0, wp, : R — R satisfies

/

Wp, = Wo, W,

. — w uniformly on [0, X] (46)

as n — oo, where wy : [0, 00) — R is the unique solution to (Sg), given by (43)—(44). We note
that via (46) and (45), we have

2
w), (0) = —=asn — oo,

N

which is crucial to the proof of Theorem 1.3.
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Throughout this section we consider w), : R — R restricted to the domain [0, 00), so that
wp = w) : [0, 00) — R. To begin, we obtain uniform bounds on w, w and w” for p € (0, 1).
We have first,

Proposition 4.1. Consider w), : [0, 00) — R with p € (0, 1). Then,
O0<w,(m <1 V=0,

0<w),(n) < vn >0,

2
JT
and

lwp (1) —wp(2)| < \/_Im—nzl Vn1,m2 > 0.

Proof. It follows from (23), (25) and (38) that for p € (0, 1)
0<w,(n <(—pI=P <1 vy>o0,
and

2
0 <w,(m <w,(0) < N vn > 0. 47)

Therefore, via the mean value theorem with (47), we have

2
lwp (1) —wp(m2)l < sup wi,(O)m —m2l < —=In —mal Yni,m >0,
0€[0,00) VT

as required. O

Additionally, we have

Proposition 4.2. Consider w), : [0, 00) — R with p € (0, 1). Then, for any X > 0,

X
lw), (1) — w, ()| < <— + 2) I —mal VYni,m2 €0, X1.

I

Proof. Via the mean value theorem,

[w),(m) —w), ()| < sup |wy(O)|Im —mn2l VYni,m2 €0, X]. (48)
0€l0,X]

Now, from (21), (23) and Proposition 4.1,

Wi (6)] <

o "G (@I ! 0
3|+ lwpO + | w0, ©)

X X
< — 42(1 - [7/(1_[7)<_+2
=< I-p ==

(1 JT

(49)

for all 6 € [0, X]. The result then follows from (48) and (49). O
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Before we can obtain a result for a); corresponding to Proposition 4.1 and Proposition 4.2,

we need the following,

Proposition 4.3. Consider w), : [0, 00) — R with p € (0, 1/2]. Then,

where

1
=7 1+ —1)<1.
L f( 4/2 )

Proof. It follows from (21) that

=p)

7 n
/w;(s)ds=f(—%sw;,(s)+;wp(s)—(wp(s))p) ds Vnel0,00).
0 0

For p € (0, 1/2] we next observe that H,, : [0, (1 — p)!/1=P] — R given by

Hy(x) =

d=p

satisfies

x —xP Vxe[0,(1— p)/I=r

Hp(x) = —(1— p)?/1=P > 1 vxe[0, (1 - p/1=].

Thus, it follows from Proposition 4.2, (23), (51), (52) and (53) that

n
1 1
w;(n)—w;(O)Z/(—\/—Es—1>dsz—ﬁn2—n Vn € [0, 00).
0

Now, from (26) we also have

(1—p)/a=p - 1
1+p2 " 42

for all p € (0, 1/2]. Therefore, it follows from (54) and (55) that

w}, 0) >

L, 1
PN AW, W, A W)

with i’ given by (50). Now, it follows from (22) and (56) that

wy, () = w,(0) —

Vne[0,n']

(50)

61y

(52)

(53)

(54)

(55)

(56)
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n

n
/ 1 1 !
wp(n)=0/wp(S)dsz0/8—ﬁds=8—ﬁn v el0,n].

Finally, via (25), we have

/

wy () = wy () = 825 Vi e (', 00),

as required. O
We now have,

Remark 4.4.For each X > 0, it follows from Proposition 4.1 and Proposition 4.2 that
{wp}pe,1) and {w;,} pe(0,1) are uniformly bounded and equicontinuous on [0, X].

We next define the sequence {p,},en such that p, = 1/(2r) and the sequence of functions
{v, }nen such that

vy = wp, : [0, 00) — R. 57
It now follows immediately from the Ascoli—Arzela Theorem (for details, see [ 13, Theorems 7.17
and 7.25]) that there exists a function wy : [0, 00) — R such that w, € C!([0, 00)) and for any

X > 0, the sequence of functions {v,},en given by (57) has a subsequence {vy, }ieny (1 <1y <
ny < ... and n; — oo as [ — oo) that satisfies

Up, — Wy as [ — oo uniformly on [0, X], (58)

v,, = W, as [ — oo uniformly on [0, X]. (59)
Remark 4.5. Through Proposition 4.1, Proposition 4.2, (24), (57), (58) and (59), it follows that
, 2
O<wi(m) =<1, 0=<w,(n) =< 7= vn >0,

and
w4 (0) =0,

whilst via Proposition 4.3,

1 /
—=n, 0<n=<n
82

Wy (1) = 7 =
Sﬁ’ n n

‘We now have,
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Proposition 4.6. Let X, > X1 > 0. Then wy € C>([X1, X»]) and,

1
wl+ S, +1-w, =0 Vi €[X1. Xa].

Proof. Set X» > X > 0. It then follows from (58) and (59) that there is a subsequence {vy, };eN
of {v, }nen such that

Vp;, — Wy as [ — oo uniformly on [X, X5], (60)
vy, = w, as [ — oo uniformly on [X1, X>]. (61)
Also, via (57) and (21),
1 v
"= — Py M Vpe[Xy, Xa]. 62
vnl 2’7”", (vm) + (] _ pn]) 77 [ 1, 2] ( )

We now observe that w, is bounded above zero on [ X1, X»], via Remark 4.5, and so it follows
from (60)—(62), that

1
v;/zl, — _Enw; — 14+ w, as I — oo uniformly on [X1, X»]. (63)

Finally, via (63) and [13, Theorem 7.17], we conclude that w, € Cz([Xl, X>]) and
vy, = wj as [ — oo uniformly on [X1, X2]. (64)
The proof is completed via (63), (64) and the uniqueness of limits. O
We now investigate the behavior of w : [0, 00) — R as n — oo. To begin, we have,

Lemma 4.7. Consider w), : [0, 00) — R with p € (0, 1/2]. Then,
0<w(n) < ——e="/ Wy>0 (65)
< wp n) < ﬁ@ n=u,
and
1
—2erfc (E") <w,(n) — 1 —pI=P <0 vy=>o0.

Proof. Via (21), (23), (25) and (26), we have

1
(—p) 7

— fp(w,) <0 Vi e (0,00). (66)

Therefore,

wl, () < w0 ¥y =0. (67)
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The inequality in (65) then follows from (67) and Proposition 4.2. An integration of (65) then

gives

m
2
0<wp(m) —wp(n) < ﬁ/e—)@/ﬁld)»
1

for any n; > n > 0. Allowing n; — oo in (68), using (24), then results in

1
—2erfe (5:7) <wp(m) — (1 =p)" "7 <0 Vn=0,
as required. O

‘We now have

Corollary 4.8. Consider w), : [0, 00) — R with p € (0, 1/2]. Then,

wy(m) — (1= p)YI=P) a5y — oo uniformly for p € (0,1/2].

Proof. This follows immediately from Lemma 4.7. O
As a consequence of Corollary 4.8, we now have
Lemma 4.9. The function w, : [0, 0c0) — R satisfies,
wy(n) —> 1 asn— oo.
Proof. It follows from Remark 4.5 that

limsupwy(n) < 1.
n— 00

(68)

(69)

Now, from Corollary 4.8, for any € > 0, there exists n* > 0 (dependent only upon €) such that

for all p € (0, 1/2], then
wy(n) = (1= p) /=P —e wp=q.
Thus, via (70), (57) and (58),
wi(n) =1—e€ Vn=n",
and so,
l%ggfw*(n) >1—e€.

Since (71) holds for any € > 0, then

(70)

(71)
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liminfw,(n) > 1. (72)
n— 00

It follows immediately from (69) and (72) that the limit of w.(n) as n — oo exists and

lim wy(n) =1,

7]—)00

asrequired. O

‘We now have,

Proposition 4.10. The function wy : [0, 0c0) — R is given by

il )_1_4(2+n2)1(n)
#«1) = T

Proof. It follows from (57)—(59) and Proposition 4.6 that w, € ([0, 00)) N C2((0, 0)).
Additionally, it follows from Proposition 4.6 that w = w, satisfies (40). Moreover, from Re-
mark 4.5 and Lemma 4.9, it follows that w = w, satisfies (41) and (42). We thus conclude, that
wy : [0, 00) — R satisfies the boundary value problem (Sp). It has been established in §3 that
(So) has a unique solution given by (43)—(44), as required. O

Vn > 0.

We immediately have,

Corollary 4.11. There exists a subsequence {py,}1eN 0f {Pn}neN such that

2
/
wpnl(O)—> \/_E as | — oo.

Proof. It follows directly from (57), (58) and Remark 4.5 that there exists a subsequence
{pn; }ien of {py}nen such that,

/ /
W, (0) = w,(0) as I — oo.

However, from Proposition 4.10, (43) and (45),

2
w,(0) = wy(0) = ﬁ

and the proof is complete. O
We are now able to give the proof of our main result,

Proof of Theorem 1.3. First fix « > 0, 7 > 0 and N € N. Next consider the subsequence
{Pn; }1en of {pn}nen corresponding to that in Corollary 4.11. Let the constant

cla, T) = T@(a +1). (73)
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We now introduce the sequence of functions {u(l ): Dy — R} as

W, (x—j;) (cla, TYNA=P)  (x,1) €0, 00) x RV=1 x (0, T]
u(l)(X,t)z _w[?n, <%> (C(O[, T)t)l/(lfpnl)’ (X,[)e(—O0,0) XRN—I % (0’ T] (74)
0, (x,t) € dD.

It is straightforward to verify directly, via (73), (74), (57), (20) and (27), that for each [ € N,

(c(@. T)fp,.0.uP)eT, Vre(,T]. (75)

In addition, via (74), (20) and (25), we have

max _{[u ¢ 0lloo =1l ¢, Dlloo = w),, O)c(e, T)VIPeHEP 2000 Ve € 0, T,

.....

(76)
and so, in particular
max D¢ Tllso = (@ + 1) as I — oo, (77)
via (76) and (73) with Corollary 4.11. Therefore, there exists L € N such that
max ) ¢ Dllo 2 V= L. (78)
Therefore, for each [ > L,
(c(@. T) fp, . 0.u?) e T3. (79)

Finally, it follows as in (36) that for each / > L,

inf ( max ||u§{.><-,t>||oo—ft(c(a,nf,,n,,o,u(”))
te(0,7] \i=1,....N

= c(a’ T)]/(]—Pnl)T(l"rpn[)/z(l—pnl) (w; (O) _ ¢(pn])>

ny

and so, via Corollary 4.11 and (33),

ﬁm( inf ( max [ (. )lloo = Fi(c(et, T)fp,,,,o,u<l>>))
1

[—o00 \1€(0,T]

.....

=c(a, T)T'? (i — i) =0,
NZIRVE 3

and the proof of Theorem 1.3 is complete. O
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5. Discussion

We note here that it is not possible to establish a proof of Theorem 1.3 with a sequence of
the form {(gn,0,u™) € Ir},en with g, : R — R anti-symmetric, Lipschitz continuous, and
such that g, (#) — 1 as n — oo for each u > 0. This follows since u™ : Dy — R is the unique
solution to

" — Au™ — g, ™) =0o0n Dr,

u™ =0onaD,

and so u™ =0 on Dy for each n € N, via the uniqueness of solutions (see, for example, [14,
Theorem 4.5]). However, we anticipate that a proof of Theorem 1.3 may be established, some-
what more generically, by considering a sequence of the form {(g,, ©o, u(")) € I1}nen, with g,
and u™ defined as above, but now, with non-zero initial data ug : RY — R given by

i N-1
wo(m)ko, x €[0,00) x R

up(x) =
—wo (;—%) Ao, x€(—00,0) x RN-1,

for some fixed A9 > 0, with wq : [0, 00) — R given by (43)—(44).

Alternatively, since [CP] is often stated (when considered in applications) with an additional
decay condition as |x| — oo, for example,

u(x,t) — 0 as |x| — oo uniformly for ¢ € [0, T], (80)

one can inquire if the functional derivative estimate in Proposition 1.1 is non-trivially sharp when
now, a solution to [CP] satisfies (1)—(3) and (80). Since w, satisfying (21)—(26) can be contin-
uously deformed into functions w, (for details, see [4]) which satisfy (21)—(23), and (25)—(26)
for w, = w, and

lim w,(n) =0,

n—=+oo

it follows that the associated analogue of Theorem 1.3 holds when N = 1, however, is open for
N e N\{1}. Additionally, we note that it is likely that results of similar type to Theorem 1.3
can be established for functional derivative estimates of the Dirichlet and Neumann problems
associated with (1)-(3).
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