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ABSTRACT

We classify all non-collapsing Curtis-Tits and Phan amalgams with 3-
spherical diagram over all fields. In particular, we show that amalgams
with spherical diagram are unique, a result required by the classification
of finite simple groups. We give a simple condition on the amalgam which
is necessary and sufficient for it to arise from a group of Kac-Moody type.
This also yields a definition of a large class of groups of Kac-Moody type
in terms of a finite presentation.
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1. Introduction

Local recognition results play an important role in various parts of mathemat-
ics. A key example comes from the monumental classification of finite simple
groups. Local analysis of the unknown finite simple group G yields a local
datum consisting of a small collection of subgroups fitting together in a partic-
ular way, called an amalgam. The Curtis-Tits theorem [7], [16] [I7, [I8] 19] and
the Phan (-type) theorems [25], 26| 27] describe amalgams appearing in known
groups of Lie type. Once the amalgam in G is identified as one of the amalgams
given by these theorems, G is known.

The present paper was partly motivated by a question posed by R. Solomon
and R. Lyons about this identification step, arising from their work on the
classification [9, 0], 11 [12] 13} 14]: Are Curtis-Tits and Phan type amalgams
uniquely determined by their subgroups? More precisely is there a way of fitting
these subgroups together so that the amalgam gives rise to a different group? In
many cases it is known that, indeed, depending on how one fits the subgroups
together, either the resulting amalgam arises from these theorems, or it does
not occur in any non-trivial group. This is due to various results of Bennett
and Shpectorov [I], Gramlich [I5], Dunlap [8], and R. Gramlich, M. Horn, and
W. Nickel [23]. However, all of these results use, in essence, a crucial observation
by Bennett and Shpectorov about tori in rank-3 groups of Lie type, which fails
to hold for small fields. In the present paper we replace the condition on tori
by a more effective condition on root subgroups, which holds for all fields. This
condition is obtained by a careful analysis of maximal subgroups of groups of
Lie type. Thus the identification step can now be made for all possible fields.
A useful consequence of the identification of the group G, together with the
Curtis-Tits and Phan type theorems, is that it yields a simplified version of the
Steinberg presentation for G.

Note that this solves the - generally much harder - existence problem: “how
can we tell if a given amalgam appears in any non-trivial group?”

The unified approach in the present paper not only extends the various results
on Curtis-Tits and Phan amalgams occurring in groups of Lie type to arbitrary
fields, but in fact also applies to a much larger class of Curtis-Tits and Phan type
amalgams, similar to those occurring in groups of Kac-Moody type. Here, both
the uniqueness and the existence problem become significantly more involved.
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Groups of Kac-Moody type were introduced by J. Tits as automorphism
groups of certain geometric objects called twin-buildings [29]. In the same
paper J. Tits conjectured that these groups are uniquely determined by the
fact that the group acts on some twin-building, together with local geometric
data called Moufang foundations. As an example he sketched an approach
towards classifying such foundations in the case of simply-laced diagrams. This
conjecture was subsequently proved for Moufang foundations built from locally
split and locally finite rank-2 residues by B. Miihlherr in [24] and refined by
P. E. Caprace in [6]. All these results produce a classification of groups of Kac-
Moody type using local data in the form of an amalgam, together with a global
geometric assumption stipulating the existence of a twin-building on which the
group acts.

Ideally, one would use the generalizations of the Curtis-Tits and Phan type
theorems to describe the groups of Kac-Moody type in terms of a simplified
Steinberg type presentation. However, the geometric assumption is unsatisfac-
tory for this purpose as it is impossible to verify directly from the presentation
itself.

In our unified approach we consider all possible amalgams whose local struc-
ture is any one of those appearing in the above problems. There is no condition
on the field. Then, we classify those amalgams that satisfy our condition on
root groups and show that in the spherical case they are unique. This explains
why groups of Lie type can uniquely be recognized by their amalgam. By con-
trast, in the non-spherical case the amalgams are not necessarily unique and,
indeed, not all such amalgams give rise to groups of Kac-Moody type. This is a
consequence of the fact that we impose no global geometric condition. Never-
theless, we give a simple condition on the amalgam itself which decides whether
it comes from a group of Kac-Moody type or not. As a result, we obtain a
purely group theoretic definition of a large class of groups of Kac-Moody type
just in terms of a finite presentation.

Finally, we note that an amalgam must satisfy the root subgroup condition to
occur in a non-trivial group. A subsequent study generalizing [3, [5] shows that
in fact all amalgams satisfying the root group condition do occur in non-trivial
groups. Thus, in this much wider context the existence problem is also solved.

We shall now give an overview of the results in the present paper. Recall
that a Dynkin diagram I' is an oriented edge-labelled graph. We say that I' is
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connected if the underlying (unlabelled) graph is connected in the usual sense.
Moreover, we use topological notions such as spanning tree and homotopy rank
of I' referring to the underlying graph.

For Phan amalgams we prove the following (for the precise statement see

Theorem [5.21)).

THEOREM A: Let g be any prime power and let I' be a connected 3-spherical
diagram with homotopy rank r. Then, there is a bijection between the ele-
ments of [[,_, Aut(F,2) and the type preserving isomorphism classes of Phan
amalgams with diagram I' over F,.

For Curtis-Tits amalgams the situation is slightly more complicated (for the
precise statement see Theorem |4.24]).

THEOREM B: Let q be a prime power and let I' be a connected 3-spherical
diagram with homotopy rank r. Then there exists a set of positive integers
{e1,..., e} so that there is a bijection between the elements of [,_; Aut(Fge. ) x
7./2Z and the type preserving isomorphism classes of Curtis-Tits amalgams with
diagram I" over IF,.

COROLLARY C: Let q be a prime power and let I be a 3-spherical tree. Then,
up to type preserving isomorphism, there is a unique Curtis-Tits and a unique
Phan amalgam over I, with diagram I'.

Note that Corollary [C] includes all spherical diagrams of rank > 3. Several
special cases of the above results were proved elsewhere. Indeed, Theorem [B]
was proved for simply-laced diagrams and ¢ > 4 in [4]. Corollary [C| was proved
for Phan amalgams with T' = A,, in [I], for general simply-laced tree diagram
in [8], and for I = C,, for ¢ > 3 in [20] 22].

The classification of Curtis-Tits amalgams will be done along the following
lines. Note if (G, G;, G;) is a Curtis-Tits standard of type different from A; x
A1, and X is any Sylow p-subgroup in one of the vertex groups, say G;, then
generically it generates G together with éj. In Subsection we show that
there is a unique pair (X:F,X; ) of Sylow p-subgroups in G; whose members
do not have this property. Moreover, each member commutes with a unique
member in the other vertex group.

In Subsection [4.2| we show that in a non-collapsing Curtis-Tits amalgam ¥ =
{G,G;j,gi; | i,j € I} for each i there exists a pair (X;7,X;) of Sylow
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subgroups in G; such that for any edge {i,j} (gi;(X;,X;) is the pair for
(Gi,j,Gi, G;) as above. The collection X = {X;,X; : i € I} is called a weak
system of fundamental root groups. Without loss of generality one can assume
that any amalgam with the same diagram has the exact same weak system
X. As a consequence all amalgams with the same diagram can be determined
up to isomorphism by studying the coefficient system associated to X', that is,
the graph of groups consisting of automorphisms of the vertex and edge groups
preserving X'. In Subsection we determine the coefficient system associated
to X. In Subsection we pick a spanning tree X for I' and use precise
information about the coefficient system to create a standard form of a Curtis-
Tits amalgam in which all vertex-edge inclusion maps are trivial except for the
edges in X. In particular this shows that if T" is a tree, then the amalgam is
unique up to isomorphism. Finally in Subsection [£.5| we show that for a suitable
choice of ¥, the remaining non-trivial inclusion maps uniquely determine the
amalgam.

The classification of Phan amalgams in Section [5] follows the same pattern.
However in this case the role of the weak system of fundamental root groups
is replaced by a system of tori in the vertex groups, whose images in the edge
groups must form a torus there.

As shown here, the existence of a weak system of fundamental root groups is
a necessary condition for the existence of a non-trivial completion. A natural
question of course is whether it is also sufficient. In the spherical cases, the
amalgams are unique and the Curtis-Tits and Phan theorems identify universal
completions of these amalgams. In [5] it is shown that any Curtis-Tits amalgam
with 3-spherical simply-laced diagram over a field with at least four elements
having property (D) has a non-trivial universal completion, which is identified
up to a rather precisely described central extension. In the present paper we will
not study completions of the Curtis-Tits and Phan amalgams classified here,
but merely note that similar arguments yield non-trivial completions for all
amalgams. In particular, the conditions mentioned above are indeed sufficient
for the existence of these completions. In general we don’t know of a direct
way of giving conditions on an amalgam ensuring the existence of a non-trivial
completion.
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2. Curtis-Tits and Phan amalgams and their diagrams
2.1. Diagrams

In order to fix some notation, we start with some definitions.

Definition 2.1: A Coxeter matriz over the set I = {1,2,...,n} of finite cardi-
nality n is a symmetric matrix M = (m;;); jer with entries in N> U {oo} such
that, for all 4, j € I distinct we have my; = 1 and m;; > 2.

A Cozxeter diagram with Cozxeter matriz M is an edge-labelled graph A =
(I, E) with vertex set I = Va and edge-set E = Ex without loops such that
for any distinct 4, j € I, there is an edge labelled m;; between ¢ and j whenever
mg; > 2; if m; ; = 2, there is no such edge. Thus, M and A determine each
other uniquely. For any subset J C I, we let A; denote the diagram induced on
vertex set J. We say that A is connected if the underlying (unlabelled) graph
is connected in the usual sense. Moreover, we use topological notions such as
spanning tree and homotopy rank of A referring to the underlying graph.

A Cozeter system with Cozxeter matriz M is a pair (W, S), where W is a group
generated by the set S = {s;: i € I} subject to the relations (s;s;)™4 =1 for
all 4,j € I. For each subset J C I, we let W; = (s;: j € J)w. We call M
and (W, S) m-spherical if every subgroup W; with |J| = m is finite (m € N>9).
Call (W, S) spherical if it is n-spherical.

In order to describe Curtis-Tits and Phan amalgams more precisely, we also
introduce a Lie diagram.

Definition 2.2: Let A = (I, FE) be a Coxeter diagram. A Lie diagram of Cozeter
type A is an untwisted or twisted Dynkin diagram I'" whose edge labels I;; do
not specify the orientation. In this paper we shall only be concerned with Lie
diagrams of Coxeter type A,, By, Dy, Fg, Fr, Fs, and Fy. For these, we have
the following correspondence

A An | B, | D, | Eu(n=6,7,8) | Fy

F H An ‘ Bnacnyan+172A2n—172A2n Dn ‘ En ‘ F47F;72E672Eg
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Here Fy and ?Eg (resp. Fj and 2E}) denote the diagrams where node 1 corre-
sponds to the long (resp. short) root (Bourbaki labeling).

Let us introduce some more notation. We shall denote the Frobenius auto-
morphism of order 2 of Fg2 by 0. Below we will consider sesquilinear forms h
on an [F2-vector space V. By convention, all these forms are linear in the first
coordinate, that is h(Au, pv) = Ah(u,v)pu” for u,v € V and A\, u € Fp2. Recall
that h is hermitian if h(v,u) = h(u,v)? for all u,v € V.

2.2. Standard pairs of Curtis-Tits type

Let T be a Lie diagram of type Aa, Ba/Cy, 2D3/?A3 and g = p® for some prime
p € Z and e € Z>1. Then a Curtis-Tits standard pair of type I'(¢) is a triple
(G, G, Gs) of groups such that one of the following occurs (each case is marked
by an underlined header in boldface):

F:Al X A1 Now G:Gl X G’Q and G1 EGQ ESLQ(Q).

I' = A; Now G = SL3(q) = SL(V) for some Fy-vector space with basis {e1, ez, es}
and G1 (resp. G2) is the stabilizer of the subspace (e1,e2) (resp. (e2,es)) and the
vector ez (resp. e1).

Explicitly we have

a b
G = c d ta,b,c,d € Fg withad—bc=1 ),
1
1
G = a bl :a,bcdeF, withad—bc=1

I' = Cz; Now G = Sp,(q) = Sp(V, 3), where V is an Fg-vector space with basis
{e1,e2,€3,es} and B is the symplectic form with Gram matrix
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G1 = SL2(q) is the derived subgroup of Stabg ({e1,e2)) N Stabg({es3,e4)) and G2 =
Stabg (e1) N Stabg(e3) = Spy(q) =2 SLa(g). Explicitly we have

a b
c d .
G, = ta,bc,d € Fy withad —bc=1 5,
d —c
—-b a
1
a b .
Gy = 1 ta,bc,d e Fy with ad —bc=1
c d

Remark 2.3: We are only interested in Curtis-Tits standard pairs of type Bs for ¢
odd. However, in that case we have Spin;(q) 2 Sp,(¢) is the unique central extension
of the simple group Q5(q) = PSp,(¢). Therefore, we can also describe the Curtis-
Tits standard pair for B2 as a Curtis-Tits standard pair for Cy with G; and G
interchanged.

I'=2A3 Now G = SU4(q) = SU(V) for some F,2-vector space V with basis
{e1,e2,€3,es} equipped with a non-degenerate hermitian form h for which this ba-

sis is hyperbolic with Gram matrix

Now G is the derived subgroup of the simultaneous stabilizer of the subspaces (e1, e2)
and (es,es) and Gg is the stabilizer of the vectors e; and e3 and the hyperbolic line
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(€2, e4). We have G2 = SUz(q) = SL2(q) and G1 = SL2(¢?). Explicitly we have

a b
d .
Gl: d° o :a,b,c,deIqu with ad —bc =1
—c
—b° a’
1
a bn )
G2 = ) :a,b,c,d € Fy with ad — be = 1
cnfl d

where n € F 2 has n+n? = 0.

Remark 2.4: For completeness we also define a standard Curtis-Tits pair (H, H1, H2)
of type 2D3(q). Take H = Q5 (¢) = Q7 (V, Q), where V is an F,-vector space with
basis {e1, ez, es, ea, €5, es} and Q(Z?Zl xi€;) = 123 + T2x4 + f(x5,x6), for some
quadratic polynomial f(z,1) that is irreducible over F,. Here, H; 2 SL3(q) is the
derived subgroup of Stabg ({e1, e2)) N Stabu((e3, e4)) if SLa(q) is perfect that is g > 2,
and it is the subgroup Stabwu ({e1, e2))NStabu ({e3, e4))NStab(v) for some non-singular
vector v € (es, eq) if ¢ = 2, and Ha = Stabgr(e1) N Stabr(e3) = Q5 (q) = PSLa(q?).

Now note that in all standard pairs of type A2, B2/C2 and 2A5 the vertex/rank-1
groups are isomorphic to SLz(g) or SLz(¢?), whereas this is not the case for type Ds.
However, there exists a unique standard Curtis-Tits pair (G, G1, G2) of type 243(q)
and a surjective homomorphism 7: G — H with kerm = {1} = Z(G:1) < Z(G).
It induces 7: G1 = SLa(q?) — Q5 (¢) = Hi = PSLa(¢?) and 7: G2 = SUa(q) —
SL2(q) = Hz. In other words, the standard Curtis-Tits pair of type 2D3(q) is a central
quotient of a standard Curtis-Tits pair of type 243(q).

Definition 2.5: For Curtis-Tits amalgams, the standard identification map will be the
isomorphism g: SL2(¢°) — G; sending

(£ 3)

to the corresponding matrix of G; as described above. Here e = 1 unless I'(q) = 243(q)
and i = 1 or I'(¢) = ?D3 and i = 2, in which case e = 2.

2.3. Standard pairs of Phan type

Let T' be as above. Then a Phan standard pair of type I'(q) is a triple (G, G1, G2)
such that one of the following occurs (each case is marked by an underlined header in
boldface):

I

)
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I'=A; xA; Now G = G1 x Gz and G = Gz = SUz(q) = SU(V) for some F2-
vector space V with basis {e1, e2} equipped with a non-degenerate hermitian form h
for which this basis is orthonormal.

I'=A; Now G = SUs(q) = SU(V) for some F 2-vector space V with basis
{e1, e2, es} equipped with a non-degenerate hermitian form h for which this basis is or-
thonormal. As in the Curtis-Tits case, G1 (resp. G2) is the stabilizer of the subspace
(e1,e2) (resp. (e2,es)) and the vector ez (resp. e1). We have G1 = G2 =2 SUs(q).

Explicitly we have

a b
G, = b7 a° ta,beF,2 with aa” + 007 =1,
1
1
G; = a b |:abelF, with aa” + 07 =1
b7 a°

I' =C3 Let V be an [ 2-vector space with basis {e1, e, €3, es} and let B be the
symplectic form with Gram matrix

Moreover, let h be the (non-degenerate) hermitian form for which this basis is or-
thonormal.

Now G = Sp(V,8) N SU(V,h) = Sp,(q), G1 = SUz(q) is the derived subgroup of
Staba ({e1, e2))NStaba ({(es3, e4)) and G2 = Staba (e1)NStaba (e3) = Spy(g) = SU2(q).
Note that Z(G) = Z(G1) and Z(G) N G2 = {1}.

Explicitly we have

G, = ta,beF,2 with aa” +bb7 =1

G2 = b :a,b € Fp2 with aa” + b7 =1
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Definition 2.6: For Phan amalgams, the standard identification map will be the iso-

a b
-7 a’

to the corresponding matrix of G; as described above.

morphism g: SUz(q) — G; sending

2.4. Amalgams of Curtis-Tits and Phan type

Definition 2.7: An amalgam over a poset (P, <) is a collection & = {A, | z € P}
of groups, together with a collection as = {a¥ | * < y,z,y € P} of monomorphisms
a¥: A, — Ay, called inclusion maps such that whenever z < y < z, we have a; =
aj o ay; we shall write A, =a¥%A,) <A, A completion of & is a group A together
with a collection ae = {a | * € P} of homomorphisms «;: Az — A, whose images -
often denoted A, = a,(A;) - generate A, such that for any x,y € P with z < y we
have ayoal = a;. The amalgam o7 is non-collapsing if it has a non-trivial completion.
As a convention, for any subgroup H < A, let H = a(H) < A.

A completion (A, a,) is called wniversal if for any completion (A, ) there is a
unique surjective group homomorphism 7: A — A such that ce = 70 &,. A universal
completion always exists.

Definition 2.8: Let I' = (I, E) be a Lie diagram. A Curtis-Tits (resp. Phan) amalgam
with Lie diagram T" over Fy is an amalgam ¥ = {G, G, j,8:; | 4,j € I} over P =
{J |0 # J C Iwith |J] < 2} ordered by inclusion such that for every i,j € I,
(Gi,, Gy, Gy) is a Curtis-Tits/Phan standard pair of type I'; j(¢°), for some e > 1 as
defined in Subsection [2:2] and [2:3] Moreover e = 1 is realized for some i,j € I. Note
that in fact e is always a power of 2. This follows immediately from connectedness of
the diagram and the definition of the standard pairs of type Az, Ca, and 243. For any
subset K C I , we let

Y ={Gi,Gij,8i5 | 1,j € K}

Definition 2.9: Suppose 4 = {G;, G, i, | i,j € [} and 9" = {G], GIj,gifj |i,7 €
I} are two Curtis-Tits (or Phan) amalgams over F,; with the same diagram I". Then
a type preserving isomorphism ¢: ¥ — 4" is a collection ¢ = {¢s, ¢s;: 1,5 € I} of
group isomorphisms such that, for all 4, j € I, we have

+

$i,j 0 8ij =8i;0bi
+

$i,j ©8ji =8j ;0 ¢;

It is also possible to consider type permuting isomorphisms, defined in a similar way

via a permutation of the diagram. More precisely if o is a permutation of the diagram,

+

the corresponding maps ¢; : G; — GU(Z.)

respectively ¢; ; : Gij — Go)0(s)- However,
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henceforth all isomorphisms that we consider shall be type-preserving, except when
clearly stated otherwise.

Remark 2.10: Suppose that one considers an amalgam 5 = {H;, H; ;, h;; | i,j € [}
over F, with diagram T, such that for any i, € I, the triple (H; ;, H;, H;) is not a
standard pair, but there is a standard pair (G, ;, G;, G;) such that the respective H’s
are central quotients of the corresponding G’s. Note that the standard Curtis-Tits
amalgams of type A1 X A1, Az, Cs, and 243 are universal. Therefore the G’s are unique
given the H’s. Note that vertex groups are either SLa(¢q) or PSL2(g) for some ¢q. By
examining the cases we see that the vertex groups G; are independent of the standard
pair considered. Thus, . is the quotient of a unique Curtis-Tits amalgam over F,
with diagram I". Hence for classification purposes it suffices to consider standard
Curtis-Tits amalgams. In particular, in view of Remark [2:4] we can restrict ourselves
to Curtis-Tits amalgams in which the only rank-2 subdiagrams are of type A; x A,
Ag, CQ, and 2A3.

3. Background on groups of Lie type

3.1. Automorphisms of groups of Lie type of small rank

Automorphisms of groups of Lie type are all known. In this subsection we collect some
facts that we will need later on. We shall use the notation from [30].
Automorphisms of SL,(g). Define automorphisms of SL,(¢) as follows (where z =
(zij)ij=1 € SLa(q)):

cgrxa? =g lag (9 € PGLx(q)),
a: x> a® = (25)i =1 (o € Aut(Fy)),
Tz ="'z (transpose-inverse).

-1
We note that for n = 2, 7 coincides with the map z — z*, where p = (? 0 > We
let PI'L,(¢) = PGLx(q) x Aut(Fg).
Automorphisms of Sp,,,(¢). Outer automorphisms of Sp,,,(¢) are of the form Aut(F,)
as for SL2y(q), defined with respect to a symplectic basis, or come from the group of
linear similarities of the symplectic form GSp,,(q) = Sp,, (q).(F:/(F:)?), where F;

acts as conjugation by

5(\) = <A0] ‘}) (A eF))

This only provides a true outer automorphism if A is not a square and we find that
PGSp,,(q) & PSp,,(q).2 if ¢ is odd and PGSp,, (q) = PSp,,(q) if ¢ is even. We
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define

I'Sp,,(¢) = GSp,, (q) x Aut(Fq)
PI'Sp,,, (q) = PGSp,,, (q) x Aut(F,).

Note that, as in SLs(q), the map 7: A — *A™" is the inner automorphism given by

M= On I".
—I, O,

Automorphisms of SU,(g). All linear outer automorphisms of SU,(q) are induced
by GU,(q) the group of linear isometries of the hermitian form, or are induced by
Aut(F2) as for SL,, (¢*) with respect to an orthonormal basis. The group Aut(F,2) has
order 2e, where ¢ = p°, p prime. We let I'U,.(q) = GU, x Aut(F2) and let PT'U,(q)
denote its quotient over the center (consisting of the scalar matrices). In this case,
the transpose-inverse map 7 with respect to a hyperbolic basis is the composition of

M= On In )
I, 0,

and the field automorphism z — Z = z? (with respect to the hyperbolic basis).

the inner automorphism given by

The group Q(qu) of field automorphisms of SU,(g) on a hyperbolic basis. For
I'U2,(q) note that Aut(F,2) = (a) acts with respect to an orthonormal basis U =

{u1,...,u2,} for the F 2-vector space V with o-hermitian form h preserved by the
group (see [30]). . We now identify a complement Aut(F,2) of semilinear automor-

phisms of GU2,(q) in T'Us,(g) with respect to a hyperbolic basis. Fix the standard
hyperbolic basis H = {e;, fi: ¢ = 1,2,...,n} so that the elements in GU(V,h) are
represented by a matrix in GUz,(q) with respect to H. Let a € Aut(FF,2) act on V
via U. Then, H* = {ef, f{*: i = 1,2...,n} is also a hyperbolic basis for V, so for
some A € GUan(q), we have AH = H®. Now the composition @ = A™! o a is an
a-semilinear map that fixes H. The corresponding automorphism of GU2,(g) acts by
applying «a to the matrix entries.

Remark 3.1: The following special case will be of particular interest when considering
a Curtis-Tits standard pairs of type 2A3(q). In this case the action of @ as above on
SU4(q) translates via the standard identification maps (see Definition [2.5) to actions
on SLz(q) and SLa(g?) as follows. The action on SLz2(q?) is the natural entry-wise
field automorphism action. The action on SL2(g) will be a product of the natural
entrywise action of @ and a diagonal automorphism diag(f, 1), where f € Fq is such
that a(n) = fn. Note that Ng_sr,(f) = —1, so in particular o = @ translates to (left)
conjugation by diag(—1,1) only.
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Definition 3.2: Since the norm is surjective, there exists { € [ 2 such that N]FQQ /7, (O) =
f~'. We then have that diag(¢,¢,¢79,¢(™7) € GUy(q) acts trivially on SLa(¢®) and
acts as left conjugation by diag(f~*,1) on SLz2(q). Tt follows that the composition &
of @ and this diagonal automorphism acts entrywise as o on both SLz(g) and SLa(g?).
We now define
Aut(F,2) = (@) < Aut(SU4(q)).
LEMMA 3.3: (See |28 30].)
(1) As Spy(q) = SL2(q) = SUz(q), we have

Aut(Sp,(g)) = Aut(SLz(q)) = PT'Lz(g) = PT'Uz2(q) = Aut(SUz2(q)).
(2) In higher rank we have

Aut(SL,(q)) = PI'Lyn(q) x (1)

Aut(Sp,,(q)) = PI'Sp,, (q)
Aut(SUn(q)) = PI'Un(q)

3.1.1. Some normalizers and centralizers.

1
COROLLARY 3.4: Let G = SLs3(q). Let ¢: SLa(q) — G given by A (0 Sl) and

let L = im . Then,
Chaut(c)(L) = (diag(a, b, b): a,b € Fy) x ().

1
where § = Toc,: X% ' ' Xv) "t and v = 0 -1

Proof This follows by an easy computation from the fact that Aut(G) = PI'Ls(q).
Let 7° o a0 ¢, where ¢y denotes conjugation by g € GL3(q) and « € Aut(F,). Using
transvection matrices from L over the fixed field Fy one sees that if i = 0, then g must
be of the form diag(a,b,b), and if i = 1, then it must be of the form diag(a, b, b)v, for
some a,b € Fy. Then, if a # id, picking transvections from L with a few entries in
F, — Fg one verifies that oo must be the identity. d

4. Classification of Curtis-Tits amalgams

4.1. Fundamental root groups in Curtis-Tits standard pairs

LEMMA 4.1: Let g be a power of the prime p. Suppose that (G, G1, Gz2) is a Curtis-
Tits standard pair of type I'(q) as in Subsection For {i,j} = {1,2}, let S; =
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(1) There exist two groups X;’E € S; (e = +,—) such that for any X € S; we
have

(Gi,X) < P§ if and only if X = X}°

where Pj‘ and P, are the two parabolic subgroups of G containing G;. If
X # XU*, then

(Gi x GT) x (z) if(q) = Ca(2),

G else.

where in the C2(2) case X = (x).

(2) We can select the signs € so that Xg’s commutes with Xé’_s, but not with
X;’E and, in fact (X7, X;’E) is contained in the unipotent radical Uj ; of a
unique Borel subgroup of G; ;, namely B; ; = P; N P5.

Proof We first prove part 1. by considering all cases (each case is marked by an
underlined header in boldface).

Az(q),q >3 View G = SL3(q) = SL(V) for some F4-vector space with basis
{e1,e2,e3}. By symmetry we may assume that ¢ = 1 and 5 = 2. Let Gi (resp.
G.) stabilize (e1,ez2) and fix e3 (resp. stabilize (e2,es)) and fix e1). A root group
in Gy is of the form X, = Stabg, (v) for some v € (e2,e3). We let X = X., and
X5 = Xe,. It clear that for e = 4 (resp. € = —) (G1,X5) = P is contained in (but
not equal to) the parabolic subgroup stabilizing (e1,ez2) (resp. (es)). Now suppose
that X € Sy is different from X5 (¢ = +,—) and X = Xje,4e; for some X € Fy.
Consider the action of a torus element d = diag(p, p~*,1) € G1 by conjugation on
G3. Then X% = X,5cy1e5. Since [Fy| > 3, X¢ # X for some d and so we have

(4.1) (Gi,X) > (G, X, X") = (Gy,G;) = G.

A>(2) In this case S; = {XI,X = (r), X5 }, where r is the Coxeter element fixing
e1 and interchanging es and es. It follows that G7 is the stabilizer of the subspace
decomposition (e2) @ (e1, e3) and hence (G1,X) = G.

C2(q),q > 3,X short root We use the notation of Subsection First, let i = 2,
Jj =1, let G2 2 Spy(q) = SL2(gq) be the stabilizer of e; and es and let G1 2 SLa(q)
be the derived subgroup of the stabilizer of the isotropic 2-spaces (e1, e2) and (es, e4).

Root groups in G are of the form X, , = Stabg, (u) N Stabg, (v), where u € (e1, e2)
and v € <63,€4> are orthogonal. Let Xi*' = Xej,eq and X7 = Xe,,e5. It is easy
to verify that for ¢ = + (resp. € = —) (G2,X]) = P° is contained in the parabolic
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subgroup stabilizing (e1) (resp. (e3)). Now let X = X, 1., cs—r—1, for some A € Fy.
Consider the action of a torus element d = diag(1, ', 1, 4) € G2 by conjugation on
Gi. Then X¢ = X (e14+Apes),ea—A—1u—le,- Since g > 3, X? #£ X for some d and so, for

1 =1, and these G2, X and d, we have (4.1) again.

C2(q),q > 4,X long root Now, we let ¢ = 1 and j = 2. Root groups in G2 are
of the form X, = Stabg, (u) where u € {(e2,e4). Let XJ = X, and X; = X,,. It
is easy to verify that for ¢ = + (resp. ¢ = —) (G1,X5) = P¢ is contained in the

parabolic subgroup stabilizing (e1, e2) (resp. (e1,e4)). Now let X = Xe,4re, for some
A ey

Consider the action of a torus element d = diag(u, u~", u™*, 1) € G1 by conjugation
on Ga. Then X% = X eatu—1res- Now if ¢ > 4, then X% £ X for some d and so so,
for these G1, X and d, we have again.

C2(q),q = 3,X long root The proof for the case ¢ > 4 does not yield the result

since, for ¢ = 3, the element d centralizes G2. A direct computation in GAP shows
that the conclusion still holds, though. Let z € X = X, 1¢, send ez to e4. Then Gy
and G contains two short root groups fixing e; and es. Their commutators generate
a long root group fixing e1, ez, and e4, while being transitive on the points {es + Ae1).
Further conjugation with an element in G; interchanging the points (e1) and (e2)
yields a long root group in G different from X and we obtain an equation like (4.1))

again.

C2(2) First note that G = Sp,(2) = O5(2) is self point-line dual, so we only need
to consider the case where G = Stabg(e1) N Stabg(e3) and Gi = Stabg ((e1,e2)) N
Stabg({es,ed)). Now S1 = {X, X[, (x)}, where z is the permutation matrix of

(1,2)(3,4). The conclusion follows easily.

2A3(q) We use the notation of Subsection First, let 1 = 2, 7 = 1, let Go
SU2(q) = SL2(q) be the stabilizer of e; and es and let G SLg(qQ) be the derived
subgroup of the simultaneous stabilizer in G = SU4(q) of the isotropic 2-spaces (e1, e2)
and (es, e4). Root groups in G; are of the form X,,, = Stabg, (u) NStabg, (v), where
u € (e1,e2) and v € (e3,eq) are orthogonal. Let X = Xeiey and X7 = Xy s It
is easy to verify that for ¢ = + (resp. ¢ = —) (Gg,Xf) = P° is contained in the
parabolic subgroup stabilizing (e1) (resp. (es)). Now let X = X, ¢, cqn—ve, fOr
some A € Fy». Consider the action of a torus element d = diag(1, 4" 1, 1) € Go

(with p € ) by conjugation on Gi. Then X4 =X There are

e1+Apen,e3— A" u"ley "
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q — 1 choices for p, so if ¢ > 3, then X% # X for some d. Hence, for i = 1, and these
G2, X and d, we have again. In the case ¢ = 2, is verified by a simple
calculation in GAP.

Now, we let « = 1 and j = 2. Root groups in G2 are of the form X, = Stabg, (u)
where u € (es,es) is isotropic. Let X§ = X., and X; = X,,. It is easy to verify
that for € = + (resp. ¢ = —) (G1,X5) = P° is contained in the parabolic subgroup
stabilizing (e1,e2) (resp. (e1,es)). Now let X = Xc,1ae, for some A € Fy» where
Tr(\) = A% = 0. Consider the action of a torus element d = diag(p, u~*, %, u°) €
peatpT 7 Aey: The q2 -1
choices for p result in g — 1 different conjugates. Thus, if ¢ — 1 > 2, then X% # X
for some d and so so, for these Gi, X and d, we have again. In the case where
q=2, is verified using a simple calculation in GAP. Namely, in this case, X = (z),
where z is the only element of order 2 in G = S5 that does not belong to X1 UX[; it

G (for some p € F») by conjugation on G2. Then X=X

is the Coxeter element that fixes e; and es and interchanges ez and es. Now (G1, GT)
contains the long root group generated by the commutators of the short root group
fixing e; in G1 and G7Y, and likewise for ez, e3, and e4. In particular, we have

(4.2) (G1,X) > (G1,G]) > (G1,Ga) = G

We now address part 2. Note that the positive and negative fundamental root
i
by the uniqueness statement in 1. they must be equal. Now the claims in part 2. are

groups with respect to the torus Bzfj N B, . satisfy the properties of X{’E and X;.’E SO

the consequences of the Chevalley commutator relations. (]
Remark 4.2:

Explicitly, the groups {X;, X} (i = 1,2), possibly up to a switch of signs, for the
Curtis-Tits standard pairs are as follows (each case is marked by an underlined header
in boldface).

I' = A In this case, we have

1 1
Xf=<{[0 1 :beF, p, and X; = ¢ ic€Fyp,
1 1
1 1
X3 = 1 :bEF, p, and X5 = 1 iceF,
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I' = Cs In this case, we have
1 b 0
0 1 _ 1
X = Lo :beF, b, and X| = L. ceF,p,
-b 1 0 1

1

1 b 1 0
X3 = . :beFy p, and X5 = . ceF,
0 1 c 1
I = A3 In this case, we have (with ) € F,2 of trace 0),
1 b 1
0 1 _ c 1
X = Lo tb€F,e p, and X7 = L. ce€Fpe ¢,
-b 1 1

1 1

1 b 1
X; = X "l bel,}, and X; = ) O . cer,
0 1 en~? 1
4.2. Weak systems of fundamental groups

In this subsection we show that a Curtis-Tits amalgam with 3-spherical diagram de-
termines a collection of subgroups of the vertex groups, called a weak system of fun-
damental root groups. We then use this to determine the coefficient system of the
amalgam in the sense of [2], which, in turn is applied to classify these amalgams up

to isomorphism.

Definition 4.3: Suppose that 4 = {Gi, G ;,8i,; | i,j € I} is a CT amalgam. For each
i€ llet XT, X; < G; be a pair of opposite root groups. We say that {X;", X, |iel}
is a weak system of fundamental root groups if, for any edge {i,j} € E there are
opposite Borel groups B:fj and Bj; in Gy,;, each of which contains exactly one of
(X7 X7}

We call 4 orientable if we can select X3, Bf; (¢ = +, —) for all 4,j € V such that
Xf,ij < Bj;. If this is not possible, we call ¢ non-orientable.

The relation between root groups and Borel groups is given by the following well-

known fact.
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LEMMA 4.4: Let q be a power of the prime p. Let G be a universal group of Lie type
I'(¢) and let X be a Sylow p-subgroup. Then, Ng(X) is the unique Borel group B of
G containing X.

PROPOSITION 4.5: Suppose that ¢ = {G;, G j,8i,; | 9,7 € I} is a CT amalgam with
connected 3-spherical diagram . If 4 has a non-trivial completion (G,~), then it has
a unique weak system of fundamental root groups.

Proof We first show that there is some weak system of fundamental root groups.
For every edge {i,j}, let X;ﬁg be the groups of Lemma Suppose that there is
some subdiagram I'; with J = {4,4,k} in which j is connected to both i and k,
such that {Xé’ﬁX;’f} # {X?’JF,X?’*} as sets. Without loss of generality assume
that I'; ; = A2 (by 3-sphericity) and moreover, that X§’+ ¢ {X;’Jr,X;-‘*}. For any
subgroup H of a group in ¢, write H = y(H). Now note that X'~ commutes with
Xf"" and since I' contains no triangles it also commutes with G;. But then X,z’_
commutes with (X Jk "+ G;) which, by Lemma equals G ; (this is where we use
that I'; ; = As), contradicting that X7~ does not commute with Xf’_ < Gi,5. Thus,
if there is a completion, then by connectedness of I', for each ¢ € I we can pick a
j € I so that {i,j} € FE and set Xli = Xg‘i and drop the superscript. We claim that
{XF | i € I} is a weak system of fundamental root groups. But this follows from part
2 of Lemma [£1]

The uniqueness derives immediately from the fact that by Lemma gi,j(X;’Jr)
and g]’,i(X;’i) are the only two Sylow p-subgroups in g;;(G;) which do not generate
Gi’j with Si.j (GZ) O

An immediate consequence of the results above is the following observation.

COROLLARY 4.6: Suppose that ¥ = {Gi, G; 5,85 | 4,5 € I} is a CT amalgam with
connected 3-spherical diagram I'. Then, an element of N, Aut(Givj)(éi,éj) either fixes
each of the pairs (ij,i:), (Xj7fj_), and (B}, B; ;) or it reverses each of them. In
particular,

. — = o
Naua; ;) (Gi, Gj) = Nauwa, ) ({Xi s Xi }) N Nawe, ;) (X5, X5 H)-
4.3. The coefficient system of a Curtis-Tits amalgam

The automorphisms of a Curtis-Tits standard pair will be crucial in the classification
of Curtis-Tits amalgams and we will need some detailed description of them.

We now fix a Curtis-Tits amalgam ¥ = {Gi,Gi,j,gm | i,7 € I} of type I'(q),
where for every i,5 € I, 8, is the standard identification map of Definition
Then, & has a weak system of fundamental root groups X = {{X;,X;}:i € I} as
in Subsection A1l
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Remark 4.7: Let 9 = {Gy, G j,8:,; | 4,5 € I} be a Curtis-Tits amalgam over F,
with given diagram T". Next suppose that I" is connected 3-spherical, and that ¢ and
¢ are non-collapsing. Then, by Proposition ¥ and ¢ each have a weak system
of fundamental root groups. Now note that for each i € I, Aut(G;) is 2-transitive
on the set of Sylow p-subgroups. Thus, for each ¢ € I and all j € T — {i}, we can
replace g;,; by g:,j 04, to form a new amalgam isomorphic to ¢, whose weak system of
fundamental root groups is exactly X. Thus, in order to classify non-collapsing Curtis-
Tits amalgams over F, with diagram I" up to isomorphism, it suffices to classify those
whose weak system of fundamental root groups is exactly X

Definition 4.8: Suppose that ¢ = {G;, Gi j,8i; | i,j € I} is a Curtis-Tits amalgam
over F, with connected 3-spherical diagram T. Let X = {{X],X;}:4 € I} be the
associated weak system of fundamental root groups. The coefficient system associated
to ¢ is the collection & = {A;, A, j,a;; | i,j € I} where, for any i,j € I we set
Ai = NAUt(Gi)({X:rv X;})7
Aij = Nawa, ) ({Xiie=+,-}) N Nawe, )({Xj: e = +,-}),

a;;: A;; — Aj is given by restriction: ¢ +— g;ll o pi;i(p) o gji-
where p; () is the restriction of p to G; < Gy ;.

From now on we let &7 be the coefficient system associated to &. The significance
for the classification of Curtis-Tits amalgams with weak system of fundamental root
groups is as follows:

PROPOSITION 4.9: Suppose that ¢ and 4" are Curtis-Tits amalgams with diagram
I" over F, with weak system of fundamental root groups X.
(1) For all i,j € I, we have gi; = g, o0, and gl = g, ° 6, for some

24
(5»;,]',5,*‘ S Ai,

i,
(2) For any isomorphism ¢: 4 — %" and i,j € I, we have ¢; € A, b1y € Aig,

and a; j (¢ 51) = 6;;. o ;o 5;].1.
Proof Part 1. follows since, for any i,j € I we have g;jl °g, € Aut(G1) and
{gi.i(X{), (X))} = {gi,j(Xj)7§i,j(Xf)}~
Part 2. follows from Corollary since, for any i,j € I,
(Gij,81,(Gi),8i(Gy)) = (Gij.g, (Gi).g, (G))) = (Gij, & ;(Gi) g]:(Gy)).

O
We now determine the groups appearing in the coefficient system .o# associated to

g.
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LEMMA 4.10: Fix i € I and let g be such that G; = SLa(q). Then,
Ai = Tz‘ A Ci,
where T; is the subgroup of diagonal automorphisms in PGL2(q) and C; = (7, Aut(F,)).

Proof This follows from the fact that via the standard embedding map g, the

groups X;" and X of the weak system of fundamental root groups are the subgroups
of unipotent upper and lower triangular matrices in SL2(q). O

LEMMA 4.11: Let & be the coefficient system associated to the standard Curtis-Tits
amalgam & of type I'(q) and the weak system of fundamental root groups X.
IfT' = Ay x Ay, we have G, ; = G; x Gj, 8, i and gj , are identity maps, and

(4.3) A, =A; xA; 2T;,; xCy;.
where T; ; = T; x T; and C; ; = C; x C;. Otherwise,

Aij=Ti;xCij,
where

Aut(IFq) X <T> forT' = A27 CQ

(4.4) Cij=9 —
Aut(Fp2) x (1) for ' = *As

and T; ; denotes the image of the standard torus T in Aut(G; ;). Note that

(diag(a,b,c): a,b,c € Fy) < GL3(q) ifT'= A,
T = { (diag(ab,a 'b,a",a): a,b € F}) < GSpy(q) ifI' =Cy
(diag(a,b,a”?,b7%): a,b € IF;) < GU4(q) if T = 245,

Remark 4.12: Consider Lemma 111

(1) We view Sp,,, (q) and SUz,(g) as a matrix group with respect to a symplectic
(resp. hyperbolic) basis for the 2n-dimensional vector space V and Aut(F,)
(resp. mc(]l?qz)) acts entrywise on the matrices.

(2) The map 7 is the transpose-inverse map of Subsection

(3) Recall that in the %43 case, Remark and Definition|3.2|describe the actions
of M(qu) < C;,; on G; and G; via the standard identification maps.

Proof We first consider the A; x A; case of . When I' = A; x Ai, then
G,; = G; x G; and since the standard root groups Xzi generate G; (i = 1,2),
their simultaneous normalizer must also normalize G; and Ej. Thus the claim follows
from Lemma

We now deal with all remaining cases simultaneously. In the 243 case we note that
from Remark and Deﬁnition@we see that /@E(quz) < Ty K\ut(IFq2) is simply
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a different complement to T ;, so it suffices to prove the claim with m(]qu) replaced
by Aut(F,2).

Consider the descriptions of the set {X;", X} in all cases from Subsection We
see that since 7 acts by transpose-inverse, it interchanges X?’ and X; fori=1,2inall
cases, hence it also interchanges positive and negative Borel groups (see Corollary.
Thus it suffices to consider those automorphisms that normalize the positive and
negative fundamental root groups. Since all field automorphisms (of Aut(F,) and
m(]qu)) act entrywise, these automorphisms do so. Clearly so does T. Thus we
have established D.

We now turn to the reverse inclusion. By Lemma [3.3] and the description of the
automorphism groups in Subsection [3.1] any automorphism of G; ; is a product of the
form gatt where g is linear, « is a field automorphism (from Xu\t(]FqQ) in the %43 case)
and i = 0,1. As we saw above 7 and « preserve the root groups, so it suffices to
describe g in case it preserves the sets of opposite root groups. A direct computation
shows that g must be in T. O

Next we describe the connecting maps a; ; of <.

LEMMA 4.13: Let < be the coefficient system of the standard Curtis-Tits amalgam &
over F, with diagram I and weak system of fundamental root groups X. Fixi,j € I
and let (G j, Gy, G;) be a Curtis-Tits standard pair in & with diagram T'; ;. Denote
a=(aji,a;;): Aij = A; x Aj. Then, we have the following:

(1) IfT's; = A1 x Aq, then a is an isomorphism inducing T;; = T; x T; and
C;; 2C; xCj.

(2) IfT;,; = Aa, or A3, then a: T, ; — T; x T, is bijective.

(3) IfT,;; = Cs, then a: T;; — T? x T; has index 1 or 2 in T; x T; depending
on whether g is even or odd.

(4) IfT;; = Az or Cy, then a: C; ; — C; x Cj is given by 7°a — (7°a, 7°t) (for
s € {0,1} and o € Aut(F,)) which is a diagonal embedding.

(5) IfT' = 243, then a: C;; — C; x C;, is given by 7°&" + (%", 7°a") (for
s€{0,1}, 7 €N, and a: z +— 2P for x € F 2. Here ¢ — (o,id).

Remark 4.14: (1) In 4. 7 acts as transpose-inverse and « acts entry-wise on G, ;,
G; and G;.

Proof (1) This is immediate from Lemma
1

For the remaining cases, recall that for any ¢ € A;;, we have a; ;: ¢ — gj_i o
pi,i(@) o g where p; j(p) is the restriction of ¢ to G; < G ; (Definition l and
g, is the standard identification map of Deﬁnition@ Note that for I'; j = Aa, C the

standard identification map transforms the automorphism p; ;(¢) of G; essentially to
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the “same” automorphism ¢ of G;, whereas for I'; ; = 2A3, we must take Remark
into account.

(2) Let I';; = A2. Every element of T;; (T, and T; respectively) is given by a
unique matrix of the form diag(a, 1, c¢) (diag(a,1), and diag(1,c)), and we have

(aj,i,4,5): diag(a,1,c) — (diag(a,1),diag(l,c)) (a,c € Fy),

which is clearly bijective. In the 24j case, every element of T;; (T;, and T; re-
spectively) is given by a unique matrix of the form diag(abil,1,a7qb71,b7(‘”1))
(diag(1,b~@*Y) and diag(ab~!,1)), and we have

a: diag(ab~',1,a 90", b~ ) (diag(1, b~ Y), diag(ab*, 1)).

This map is onto since N , /5, : b+ b2 is onto. Its kernel is trivial, as it is given
q
by pairs (a,b) € F,2, with a = b and b3+t =1 so that also a %! = 1.
(3) In the Ca-case, every element of T ; is given by a unique matrix diag(a’b, b, 1, a?)
(a,b € Fq). Every element of T; (resp. T;) is given by a unique diag(c,1) (resp.
diag(d,1)). Now we have

a: diag(aQb, b, 1, a2) — (diag(aQ, 1), diag(baiQ, 1)).

It follows that a is injective and has image T? x T;. The rest of the claim follows.

(4) The field automorphism « € Aut(F,) acts entrywise on the matrices in G;; =
SLs(g), or Sp,(q), and G; = G; = SLa(q). In the case G = Sp,(¢), we saw in
Subsection [3.I] that 7 is inner and coincides with conjugation by M. This clearly
restricts to conjugation by u on both G2 = Spy(q) and G = SL2(g), which is again
7. Clearly these actions correspond to each other via the standard identification maps
g andg. .

24,5 2jyi

(5) The action of m(Fq2) < C;,j on G; and G via a was explained in Remark
and Definition In case G;,; = SU4(q), 7 is given by conjugation by M composed
with the field automorphism @, where o: x + 27 for x € Fp2. The same holds
for G; = SUz(q) and 7 restricts to G; = SL2(¢?) as transpose-inverse. In view of
Remarkwe see that via the standard identification map each restricts to transpose
inverse on G; and G;. O

4.4. A standard form for Curtis-Tits amalgams

Suppose that ¥ = {G;, Gi,j,g” | i,5 € I}t is a Curtis-Tits amalgam over F, with
3-spherical diagram I". Without loss of generality we will assume that all inclusion
maps g, _ are the standard identification maps of Definition

By Pfoposition [£7] it possesses a weak system of fundamental root groups

X ={X5X7}iely,
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which via the standard embeddings 8, ; can be identified with those given in Sub-
section (note that orienting X may involve changing some signs). Let & =
{Ai,A;j,a;; | 1,7 € I} be the coefficient system associated to ¢ and X.

We wish to classify all Curtis-Tits amalgams ¢ = {G;, G ;j,8:,; | i,J € I} over Fy
with the same diagram as & with weak system of fundamental root groups X up to
isomorphism of Curtis-Tits amalgams. By Proposition [£:9] we may restrict to those
amalgams whose connecting maps are of the form g; ; = gm, 0d;,5 for 0;,; € A; for all
i€ 1.

Definition 4.15: The trivial support of & (with respect to &) is the set {(z j)eIxI]|
gij =8, } (that is, d;,; = ide, in the notation of Proposition The word
“trivial” derlves from the assumption that the g, ’s are the standard 1dent1ﬁcat10n
maps of Definition [2:5]

Fix some spanning tree ¥ C I" and suppose that E — Ex = {{is,js}: s =1,2,...,7}
so that Hi(I',Z) =2 Z".

PROPOSITION 4.16: There is a Curtis-Tits amalgam ¥4 (3) over F, with the same dia-
gram as ¢ and the same X, which is isomorphic to ¥ and has the following properties:

(1) ¢ has trivial support S = {(i,5) € I x I | {3,5} € Es} U {(is,js): s =
2...,r}

(2) for each s=1,2,...,r, we have g;_;, = g .

© Vjsvis, Where vj i, € Cj, .
Before proving [4.16} we will state and prove a useful Lemma and Corollary.

LEMMA 4.17: There is a Curtis-Tits amalgam 9™ over F, with the same diagram as
¢ and the same X, which is isomorphic to ¢4 and has the following properties: For
any u,v € I, if gy, = g, , ° Yuw © du,v, for some vy, € Cy and dy,, € Ty, then
gj;,v = gu,v O Yu,v-

Proof Note that we have |I| > 2 and that I" is connected. Fix w € I. Since I is
3-spherical, there is at most one w € I such that (Guﬂméu,éw) is a Curtis-Tits
standard pair of type By or Ca. If there is no such w, let w be an arbitrary vertex
such that {u,v} € Er. We define 4™ by setting g , = 8, ©Yuu for all v £ u.

Next we define ¢: 4 — 4 setting ¢y, = du,w and ¢, = idg, for all v # u. Now
note that setting ¢u . = ida,,.,, {Gu.w, Pu, Pw} is an isomorphism of the subamalgams
of Gt wy and ‘4"’ . As for ¢u,» for v # w, note that in order for {¢u v, Ppu, P} to

be an lsomorphlsm of the subamalgams of ¥, .} and g w}> We must have

gf[,véu = Gu,v © Bu,v
g’:—,u(ﬁv = ¢“1’U o g’Ua“
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which translates as

Eu,v O Yu,v © du,w - d)u,'u Ogu,v O Yu,v © du,v
08y u = o 0
gv,u v,u (z)u,v gv,u v,u

or in other words

—1 —1
Yu,v © du,w o du,v O Yu,v = QAu,u (Qbu,v)

idGU = au,v(¢u,v)-

Note that vu,o 0 dy,w o Od;b o'y;j, € T, <A,. Now by Lemma as (Gu,v, Gu, Gy)
is not of type Bz or C3 the map (a;,;,a;,;): Ti; — T; x T; is onto. In particular, the
required ¢q,» € Tu,» can be found. This completes the proof. O

By Lemma@ in order to prove Propositioan_Elwe may now assume that g, ., =
g, , 0 Yuw for some vy, € Cy for all u,v € I.

Let 4 = {Gi,G;,Gij,8:,; = 8, ;0% | i,j € I} be a Curtis-Tits amalgam over
F, with |I| = 2 and ~;; € C; and ~;,; € C;. We will describe all possible amalgams
gt — {Gi,Gj,Gi,j,gL =80 ,_y;v,'j | 4,5 € I} with 'y;fj € C; and ’yjz e Cy,
isomorphic to ¢ via an isomorphism ¢ with ¢; € C;, ¢; € C; and ¢4,; € C; ;.

GZ,]
%'m;s é‘h].z'

G G,
@i bij J%‘
G G,

X .
& A
G’L,]

Figure 1. The commuting hexagon of Corollary [1.1§|

COROLLARY 4.18: With the notation introduced above, fix the maps 7;,;, ’y;'j? ¢ € Cy
as well as «yj,; € C;. Then for any one of 'y;fi, ¢; € Cj, there exists a choice v € C;
for the remaining map in C; so that there exists ¢; ; making the diagram in F igureEl
commute. Moreover, if I'; ; is one of Az, Ba, Ca, 2A3, then ~ is unique, whereas if
;= 2D3, then there are exactly two choices for .



26 BLOK, HOFFMAN AND SHPECTOROV Isr. J. Math.

Proof The first claim follows immediately from the fact that the maps a;;: C;; —
C; and a;;: Ci; — C; in part 4. and 5. of Lemma [.13] are both surjective. The
second claim follows from the fact that a;;: C;; — C; is injective except if I'; ; = ’Ds
in which case it has a kernel of order 2. O

Proof (of Proposition | By Lemma we may assume that g; ; = 8, ;0%
for some ~;,; € C; for all ¢,5 € I.

For any (possibly empty) subset T C V let S(T) be the set of pairs (i,j) € S such
that ¢ € T. Clearly the trivial support of ¢ contains S(0).

We now show that if T is the vertex set of a (possibly empty) proper subtree of 3,
and u is a vertex such that T'U {u} is also the vertex set of a subtree of ¥, then for
any Curtis-Tits amalgam ¢ whose trivial support contains S(T"), there is a Curtis-Tits
amalgam ¢ isomorphic to ¢, whose trivial support contains S(T' U {u}).

Once this is proved, Claim 1. follows since we can start with T'= () and end with a
Curtis-Tits amalgam, still isomorphic to ¢, whose trivial support contains S.

Now let T' and u be as above. We first deal with the case where T' # ). Let t be the
unique neighbor of u in the subtree of ¥ with vertex set 7'U {u}. We shall define an
amalgam ¥ = {Gi,Gi,j,g;’j =8, oy;fj | 4,7 € I} and an isomorphism ¢: ¥ — ¢+,
where 'y;fj, ¢: € C; and ¢y, ;3 € C; 5 for all 4,5 € I. First note that it suffices to define
gi‘ﬁ ¢i and ¢y; ;3 for {3,7} € E: given this data, by the A; x A; case in Lemma
and Lemma for any non-edge {k,[} there is a unique ¢y,;3 € Cg, such that
(P, bk, P1) is an isomorphism between ¥, ;3 and g{z,zy

Before defining inclusion maps on edges, note that since I' is 3-spherical, no two
neighbors of uw in I' are connected by an edge. Therefore we can unambiguously set

g;'j:gi’j foru ¢ {i,j} € Er.

Note that both maps g?: . and g:t are forced upon us, but at this point for any other
neighbor v of u, only one of gfj’v and gf;u is forced upon us. We set

81w = gtu, and

g/ = guu for v € I with (u,v) ¢ S and (v,u) € S.
To extend the trivial support as required, we set
gl = 8., for v € I with (u,v) € S.
We can already specify part of ¢: Set

¢; =idg, forie I —{u},
(ﬁ{i,j} = idGiﬁj for u € {Z,j} c Er.
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Thus, what is left to specify is the following: ¢ and ¢y, and, for all neighbors v # ¢
of u we must specify ¢y, .} as well as

gim if (u,v) € S,

gl if (u,v) € S.
Figures [2| and |3 describe the amalgam ¢ (top half) and ¢¥* (bottom half) at the

vertex u, where t € Vs, v € Vr, and {u,t}, {u,v} € Er. Inclusion maps from ¢+
forced upon us are indicated in bold, the dotted arrows are those we must define so
as to make the diagram commute.

Gt,u Gu,u
G, G G,

¢t = lthJ ¢u,t ¢u,v J{Qs'u = idG’u

G/ G (ehs
(% - %’ {N v o »
G/,

Pu

X
+ %\J:\y
Gt,u

Figure 2. The case (u,v) € S and (v,u) € S.

Gt,u Gu,v
G, G, G,
¢t = ithJ/ ¢u,t

¢u,v J(bv = ide
G Gt

Figure 3. The case (u,v) ¢ S and (v,u) € S.
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In these figures all non-dotted maps are of the form gm, 07,5 for some v, ; € C;
hence we can find the desired maps using Corollary [£18]

In case T' = 0, the situation is as described in Figures [2] and [3| after removing the
{u, t}-hexagon and any conditions it may impose on ¢,, and letting v run over all
neighbors of u. That is, we must now define ¢,, and for any neighbor v of u, we must
find ¢y, as well as

uo if (u,v) &S,
gzu if (u,v) € S.

To do so we let ¢, = idg, € C,. Finally, for each neighbor v of u we simply let
g, = Buw (so that ¢u,. = idg, ; € Ci;) if (u,v) € S, and we obtain gl and
@du,w € Cu,» using Corollary if (u,v) € S. O

4.5. Classification of Curtis-Tits amalgams with 3-spherical diagram

In the case where ¢ is a Curtis-Tits amalgam over F, whose diagram is a 3-spherical
tree, Proposition says that ¥ =~ &.

THEOREM 4.19: Suppose that ¢ is a Curtis-Tits amalgam with a diagram that is a
3-spherical tree. Then, ¢ is unique up to isomorphism. In particular any Curtis-Tits
amalgam with spherical diagram is unique.

LEMMA 4.20: Given a Curtis-Tits amalgam over F, with connected 3-spherical dia-
gram " there is a spanning tree ¥ such that the set of edges in Er — Ex = {{is,Js}: s =
1,2,...,r} has the property that

(1) (Giicjor» 8isie (Gis): 8i..s. (Gj.)) has type Ax(q®), where es is some power
of 2.

(2) There is a loop Ag containing {is, js} such that any vertex group of A, is
isomorphic to SL2(qu2’) for some | > 0.

Proof Induction on the rank r of H'(I',Z). If » = 0, then there is no loop at all and
we are done.

Consider the collection of all edges {i,7} of ' such that I'y; ;; has type A and
HY(T' — {i,5},7) has rank r — 1, and choose one such that G; = SL2(¢!) where e;
is minimal among all these edges. Next replace I' by I — {4, j} and use induction.
Suppose {is,7s} | s = 1,2,...,r} is the resulting selection of edges so that ¥ =
' —{is,js} | s =1,2,...,r} is a spanning tree and condition is satisfied. Note
that by choice of these edges, also condition is satisfied by at least one of the loops
of ' — {{ét,je}: t =1,2,...,s — 1} that contains {is, js}. Note that this uses the fact
that by 3-sphericity every vertex belongs to at least one subdiagram of type A2. [
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Definition 4.21: Fix a connected 3-spherical diagram I" and a prime power q. Let
3 be a spanning tree and let the set of edges Er — Ex, = {{is,js}: s = 1,2,...,7}
together with the integers {es: s = 1,2,...,r} satisfy the conclusions of Lemmam
Let CT(T, q) be the collection of isomorphism classes of Curtis-Tits amalgams of type
I'(¢) and let 4 = {Gi, G, g i | i,7 € I} be the standard Curtis-Tits amalgam over
F, with diagram T" as in Subsection [£.4}

Consider the following map:

K: ﬁ Aut(Fges ) x (1) — CT(D).

where s((s)7—1) is the isomorphism class of the amalgam ¥ 1 = %((as)’—,) given by

setting gj;’is =8, ;. 00 forall s=1,2,... 7.

‘We now have
COROLLARY 4.22: The map k is onto.

Proof Note that, for each s = 1,2,...,r, the Curtis-Tits standard pair (G, j,},
8i..i. (Gi.), 8i..5. (Gj.)) has type A2(¢°*) and so C;, = Aut(Fges ). Thus the claim is
an immediate consequence of Proposition [£.16] O

We note that if we select X differently, the map s will still be onto. However, the
“minimal” choice made in Lemma [£:20] ensures that r is injective as well, as we will
see.

LEMMA 4.23: Suppose I'(q) is a 3-spherical diagram I" that is a simple loop. Then, k

is injective.

Proof Suppose there is an isomorphism k(o) = 4 2y gt = k(B), for some «, 8 €
Aut(Fq) x (7). Write I = {0,1,...,n — 1} so that {i¢,i + 1} € Erp for all ¢ € [
(subscripts modulo n). Without loss of generality assume that (i1, j1) = (1,0) so that
by Proposition we may assume that g; ; = g, = =g’ '~ for all (4,5) # (1,0). This
means that a: C, i+1 — Ci x Ciy1 sends ¢ i+1 to (d)l, ¢i+1) for any edge {i,i+ 1} #
{0,1}. Now note that by minimality of ¢, C; (and C;;+1) has a quotient C; (and
C; ;+1) isomorphic to (Aut(F,)) x (r) for every i € I, by considering the action of C;
on the subgroup of G; isomorphic to SL2(g). By Part 4 and 5 of Lemma the

maps a and a; ;41 induce isomorphisms C, — émﬂ and 6@”1 — 6¢+17 which

-1
i+1,7
compose to an isomorphism

pigl og ogiog ' og

Bit1,i 2+l Sii4+1 241,45’
sending the image of 7 and a in C; to the image of 7 (and « respectively) in Cit1,
where a: ¢ — 2P for z in the appropriate extension of F, defining G; ;+1. Concate-

nating these maps along the path {1,2,...,n — 1,0} and considering the edge {0,1}
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we see that the images of 571%0{ and ¢1 in C; = C; coincide. Since C; is abelian
this means that § = «. O

THEOREM 4.24: Let I be a connected 3-spherical diagram with spanning tree 3 and
set of edges Er —Ex = {{is,js}: s = 1,2,...,7} together with the integers {es: s =
1,2,...,r} satisfying the conclusions of Lemma Then k is a bijection between
the elements of []_, Aut(Fges ) x (1) and the type preserving isomorphism classes of
Curtis-Tits amalgams with diagram I" over F,.

Proof Again, it suffices to show that s is injective. This in turn follows from
Lemma, for if two amalgams are isomorphic (via a type preserving isomor-
phism), then the amalgams induced on subgraphs of I" must be isomorphic and
Lemma [£:23] shows that « is injective on the subamalgams supported by the loops
As (s=1,2,...,7). |

5. Classification of Phan amalgams
5.1. Introduction

The classification problem is formulated as follows: Determine, up to isomorphism
of amalgams, all Phan amalgams ¢ with given diagram I' possessing a non-trivial
(universal) completion.

5.2. Classification of Phan amalgams with 3-spherical diagram

5.2.1. Tori in Phan standard pairs. Let 9 = {G ;, Gi, gi,; | i,j € I} be a Phan amal-
gam over F, with 3-spherical diagram I' = (I, E). This means that the subdiagram
of I" induced on any set of three vertices is spherical. This is equivalent to I' not
containing triangles of any kind and such that no vertex is on more than one Cz-edge.

Definition 5.1: For any i,j € I with {i,5} € Er, let

D! = Ng, , (g;.:1(G;)) N gi;(Gi)

LEMMA 5.2: Suppose that (G, G1,Gz) is a Phan standard pair of type I'(q) as in
Subsection [2.3

(1) IfT'(¢) = Az(q), then (D? D3) is the standard torus stabilizing the orthonor-
mal basis {e1, e2,e3}. Here D} (resp. D3}) is the stabilizer in this torus of e
(resp. e3).

(2) If T'(q) = C2(q), then (D?,D3) is the standard torus stabilizing the basis
{e1,e2,e3 = fi,es = fo} which is hyperbolic for the symplectic form of
Sp4(¢?) and orthonormal for the unitary form of SU4(q); Here D} (resp.
D?) is the stabilizer of (e2) and (f2) (resp. the pointwise stabilizer of both
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(e1, f1) and {es, f2)). Thus,

D! = (diag(1,a,1,a”): a € F2 with aa” = = 1),
D? = (diag(a,a”,a’,a): a € F 2 with aa’ = a®tt = 1).
3) In either case, for {i,j} = {1,2}, D} = Cq, ,(D%) N G; and D® is the unique
J i i, J J
torus of G; normalized by DZ .

Proof Parts 1 and 2 as well as the first claim of Part 3 are straightforward matrix
calculations. As for the last claim note that in both cases, DZ acts diagonally on G;
viewed as SU2(q) in it natural representation V' via the standard identification map;
in fact (in the case C2, in fact D} acts as a group of inner automorphisms on G1).
If Dg normalizes a torus D’ in G; then it will have to stabilize its eigenspaces. Since
q + 1 > 3, the eigenspaces of DZ in its action on V have dimension 1, so Dz and D’

must share these eigenspaces. This means that D’ = D; O

5.2.2. Property (D) for Phan amalgams. We state Property (D) for 3-spherical Phan
amalgams, extending the definition from [4] which was given for Curtis-Tits amalgams
under the assumption that ¢ > 4.

Definition 5.3: (property (D)) We say that & has property (D) if there is a system of
tori D = {D;: i € I} such that for all edges {i,j} € Er we have g; ;(D;) = D7.

LEMMA 5.4: Suppose that & has a completion (G,~) so that ~y; is non-trivial for all
i € I. Then, for any i, j,k € I such that {i,j},{j,k} € Er, there is a torus D; < G;
such that g;;(D;) = D’ and g; 1(D;) = D¥. In particular, 4 has property (D).

Proof First note that in case ¢ = 2, the conclusion of the lemma is trivially true as,
for all i € I, G; = S3 has a unique Phan torus.

We now consider the general case. For I'(q) = As(q), this was proved by Bennett
and Shpectorov in [I] (see also [4]). For completeness we recall the argument, which
applies in this more general case as well. We shall prove that

7(Dj) = ~(D})

and then let D; < G; be such that v(D;) = y(Dj}) = (D). Note that since ~; is
non-trivial, it now follows that g; ;(D;) = D’ and g;,x(D;,) = D*.

Recall that for any subgroup H of a group in ¢ we’ll write H = «(H). We show
that D; is normalized by Di and use Lemma to conclude that D; = D;“ . To
that end we let h € Di and prove that hD;h‘1 = D; To achieve this we show that
hD;-if1 is normalized by Df and again use Lemma So now let g € Df and note
that since I' is 3-spherical, {i,k} ¢ Er so that g and h commute. In addition note
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that by Lemma gD;- g 1= D; Therefore we have

ghDjh™'g™" = hgDjg~'h™" = hDjh™,
as required. O
5.2.3. The coefficient system of a Phan amalgam.

Definition 5.5: We now fix a standard Phan amalgam ¥ = {G, Gi’j’gi,j | 4,5 € I}
over Fy with diagram I'(g), where for every i,j € I, 8, is the standard identification
map of Definition [2.6] Then, ¢ has property (D) with system of tori D = {D;: i € I}
as in Lemma [5.2]

If ¢ is any other non-collapsing Phan amalgam over F, with diagram I', then since
all tori of G; are conjugate under Aut(G;), by adjusting the inclusion maps g; ; we
can replace ¢ by an isomorphic amalgam whose system of tori is exactly D.

From now on we assume that ¢, D = {D;: i € I} and ¢ are as in Definition

Definition 5.6: Suppose that ¥ = {Gi, G ;,8i; | 4,7 € I} is a Phan amalgam with
connected 3-spherical diagram I' having property (D). Let D = {D;: i € I} be the
associated system of tori. The coefficient system associated to ¢ is the collection
o ={A;,A;j,a;; |1,j € I} where, for any i,j € I we set
A = Naut(a,;) (D),

Aij = Nauwa, ;) (8i,i(Gi)) N Naua, ;) (85,i(G;)),

a;j: A;; — Aj is given by restriction: ¢ — g]_l1 0 pi,;(p) 0 gji-
where p; () is the restriction of ¢ to G; < Gy ;.

From now on we let o/ be the coefficient system associated to & with respect to

the system of tori D. The fact that the a; ; are well-defined follows from the following
simple observation.

LEMMA 5.7: For any i,5 € I with {i,j} € Er, we have
Aij < Naua, ;) (8i,(Di)) N Naua, ;) (85,:(D;)).
Proof The inclusion < is immediate from the definitions. O

The significance for the classification of Phan amalgams with the same system of
tori is as follows:

PROPOSITION 5.8: Suppose that 4 and 4+ are Phan amalgams of type & with the
same system of tori D = {D;: i € I}.
(1) For all i,j € I, we have g;; = g, ° 0i,; and gij; = g, ° (5;?]. for some
i3, 61, € Ay,

7
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(2) For any isomorphism ¢: ¢ — 4" andi,j € I, we have ¢; € A, b5y € Aig,
and a; (¢ 5y) = 5:;. 00 5;].1.
Proof Part 1. follows since, for any i,j € I we have gij].l °g, € Aut(G;) and
gij(Di) =g, (Di).
Part 2. follows from Lemma since, for any ¢,j € I,
(Gij,81,(Gi),8i1(G))) = (Gij.g, (Gi).g, (Gy)) = (Gij,&:;(Gi) g]:(Gy)).
O
We now determine the groups appearing in a coefficient system by looking at stan-
dard pairs.
LEMMA 5.9: Fix i € I and let q be such that G; 2 SUz(q). Then,
A»; = Ti X Ci,
where T; is the subgroup of diagonal automorphisms in PGUz(q) and C; = Aut(F2).
Proof This follows from the fact that via the standard embedding map g, the
groups D; of the system of tori are the subgroups of standard diagonal matrices in
SU2(q).
To see this note that G; = SUz(g) and that Aut(G:) = PGUa(q) x Aut(F2). Also,
D; = (d) for some d = diag({,¢?) and ¢ a primitive g + 1-th root of 1 in F 2. A quick

calculation now shows that 7 and o are the same in their action, which is inner and
one verifies that Ngu,(g)(D:) = (7, diag(a,b): a,b € Fa). O

LEMMA 5.10: Let o7 be the coefficient system associated to the standard Phan amal-
gam ¥ of type I'(q) and the system of tori D.
IfT' = A1 x A1, we have G, ; = G; x Gj, g, and g, , are identity maps, and

(51) AZ'J = AZ X A]' = Ti7j X C@j.
where Ti’j = Tz X Tj and Ciyj = CZ X C]'. Otherwise,
Aij=Ti;xCij,

where C;; = Aut(F,2) and T;; denotes the image of the standard torus T in
Aut(Gi,;). Note that T is as follows

(diag(a,b,c): a,b,c € F2 with aa” =bb” =cc” =1

(diag(c”b, ab, c,a”): a,b,c € Fp2 with aa” = bb” = cc” = 1) if ' = Ch.

Before proving Lemma [5.10] make the following observations regarding the precise
action of 7.:

Remark 5.11:
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(1) In case T' = Ca, G = Sp,(q) is realized as Sp,(¢*) N SU4(g) with respect to
a basis that is hyperbolic for the symplectic form and orthonormal for the
unitary form, and Aut(F,2) acts entry-wise on these matrices. Moreover, 7
acts as transpose-inverse on these matrices.

(2) In all cases T coincides with o.

Proof The A; x Ap case is self evident. Now consider the case I' = As. As in the
proof of Lemma Aut(Fg2) < Naur(a, ;)(Gi) N Naura, ;)(Gj), A7 = tA=l _ A°
and Aut(Gi ;) = PGUsz(q) x Aut(F,2), so it suffices to consider linear automorphisms.
As before this is an uncomplicated calculation.

Now consider the case I' = Ca. Writing I'L(V) 2 GL4(¢*) x Aut(F,2) with respect
to the basis &€ = {e1,e2,e3 = fi,ea = f2}, which is hyperbolic for the symplectic
form of Sp,(g®) and orthonormal for the unitary form of SU4(q), we have G;; =
Sp4(g*) N SU4(g).

There is an isomorphism ®: G;; — Sp,(¢) as in [2I]. Abstractly Aut(Sp,(¢q)) =
GSp,(q) x Aut(F,) (with respect to a suitable basis E for V). Since the embedding of
Sp4(q) into Sp,(¢?) is non-standard, we are reconstructing the automorphism group
here.

We first note that changing bases just replaces Aut(F,2) with a different complement
to the linear automorphism group. As for linear automorphisms we claim that

GSp,(¢°) N GU4(q) = GSp,(q)

(viewing the latter as a matrix group with respect to E). Clearly, up to a center,
we have G, ; < GSp,(¢*) N GUa(q) < GSp,(q) and we note that GSp,(q)/Sp,(q) =
(F3)?/(F;). Thus for g even, the claim follows. For ¢ odd, let Fy2 = (¢) and define 3 =
diag(¢9",¢771 1,1). Then 8 € GSp,(¢?) N GU4(q) acts on G ; as diag(¢?,¢?, ¢, ),
which scales the symplectic form of Sp,(¢?) by ¢¢T'. By [21] the form of Sp,(q) is
proportional and since ¢ is a non-square in F,, § is a linear outer automorphism
of Sp,(q). Thus, GSp,(¢q) = (Sp,(q), 8) and the claim follows.

We now determine A; ;. First we note that 3, as well as the group Aut(F ) with
respect to the basis £, clearly normalize G; and G; hence by Lemma [5.7, Aut(F2) <
A, ;. So it suffices to determine inner automorphisms of Sp,(¢) normalizing Dg and
Dj.

Any inner automorphism in Sp,(q) is induced by an inner automorphism of Sp,(¢?).
So now the claim reduces to a matrix calculation in the group Sp,(g?). d

Next we describe the restriction maps a; ; for Phan amalgams made up of a single
standard pair with trivial inclusion maps.

LEMMA 5.12: Let &7 be the coefficient system of the standard Phan amalgam & over
F, with diagram T' and system of tori D. Fix i,j € I and let (G; j, G, G;) be a Phan
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standard pair in & with diagram T'; ;. Denote a = (a;,;,a;,;): Ai; — A; X Aj. Then,
we have the following:
(1) If I's,; = A1 x Ax, then a is an isomorphism inducing T;; = T; x T; and
Ci,j ~C; X Cj.
(2) If Ty ; = Az or Cy, then a induces an isomorphism T;; — T; x T;.
(3) IfT'(q) = A2(q) or I'(q) = Cz(q), then a: C;; — C; x Cj is given by a
(a, @) (for oo € Aut(F2)) which is a diagonal embedding.

Proof 1. This is immediate from Lemma [5.101
For the remaining cases, recall that for any ¢ € A;;, we have a;;: ¢ — 53_11 )
pi,i(@) o g where p; ;(p) is the restriction of ¢ to G; < G, ; (Definition l and

g, is the standard identification map of Definition @ Note that the standard

idéntiﬁcation map transforms the automorphism p;,; () of G; essentially to the “same”
automorphism ¢ of G;.

First let I'(¢) = A2(q). The map a is well-defined. On T, it is induced by the
homomorphism

diag(ac, ¢, ec) — (diag(1, e), diag(a, 1)),

where a,c,e € F 2 are such that aa” = cc” = ee” = 1. Note that the kernel is Z(T)
so that a is injective. The map is obviously surjective, so we are done. Thus if we
factor a by T;,; and T; x T;, we get

(5.2) Ci’j %Cz X C]'

which is a diagonal embedding given by a” — (a”,a"), where r € N and a: z — zP
for x € Fpe.

Next let I'(¢) = Ca(q). We can rewrite the elements of T as diag(zyz, zz, 2y~ ", 2),
by taking z = a°, y = (ac)™*, £ = a®b. On T the map a is induced by the homomor-
phism

diag(eyz, 22,y 'z,2) = (diag(y, 1), diag(z, 1))

with kernel {diag(z,z, 2, 2): z € F2 with 227 = 1} = Z(GU4(g)). Clearly a: T;; —
T; xT; is an isomorphism. Taking the quotient over these groups, a induces a diagonal
embedding as in (5.2]), where we now interpret it in the C2(q) setting. |

5.2.4. A standard form for Phan amalgams. Suppose that ¥ = {G, Gi,j,gi’j | 4,7 €
I} is a Phan amalgam over F, with 3-spherical diagram I". Without loss of generality
we will assume that all inclusion maps g, ; are the standard identification maps of
Definition By Lemma % has Property (D) and possesses a system D =
{D;: i € I} of tori, which, as noted in Deﬁnitionvia the standard embeddings g,
can be identified with those given in Lemma [5.2
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We wish to classify all Phan amalgams ¢ = {G;, G, ;,8:,; | i,j € I} over Fy with
the same diagram as ¢. As noted in Definition we may assume that all such
amalgams share D. Let & = {A;,A;; ,a;; | i,7 € I} be the coefficient system of
& associated to D. By Proposition [5.8] we may restrict to those amalgams whose
connecting maps are of the form g; ; = g, ° 0;,5 for 6;; € A; for all i € 1.

Definition 5.13: The trivial support of & (with respect to &) is the set {(¢,j) € I x I |
gij = 8, } (that is, d;,; = ide, in the notation of Proposition . The word
“trivial” derives from the assumption that the g, ’s are the standar identification
maps of Definition [2:6]

Fix some spanning tree ¥ C I' and suppose that E — Esx; = {{is,js}: s =1,2,...,7}
so that H1(I',Z) = Z". We now have

PROPOSITION 5.14: There is a Phan amalgam ¢ (X) with the same diagram as ¢ and
the same D, which is isomorphic to ¢ and has the following properties:

(1) ¢ has trivial support S = {(4,5) € I x I | {i,j} € EX} U {(is,Js): s =

2...,r}

(2) foreach s=1,2,...,7, we have g;_;, =8&. . ©%j.,i., where ~v;_ ;. € Cj,.

—Js>ts

LEMMA 5.15: There is a Phan amalgam 9 over F, with the same diagram as &
and the same D, which is isomorphic to ¥ and has the following properties: For
any u,v € I, if gy = 8, ,°Yuwo© dy,v, for some vy, € C, and dy,, € Ty, then

+
gu,u_g ,Uofyu,v-

U,

Proof The proof follows the same steps as that of Lemma using Lemma [5.12
Part 2 instead of Lemma [.13] Part 2. O

By Lemma/[5.15|in order to prove Proposition we may now assume that g, , =
g, , © Yuw for some vy, € Cy for all u,v € 1.

We now prove a Corollary for Phan amalgams analogous to, but stronger than
Corollary To this end consider the situation of Figure [1|interpreted in the Phan

setting.

COROLLARY 5.16: With the notation introduced in Figure fix the maps v;,j, fyifj, i €
C; as well as v;,; € C;. Then for any one of ’yj"ﬂ ¢; € Cj, there exists a unique choice
~v € C; for the remaining map in C; so that there exists ¢;,; making the diagram in
Figure[I] commute.

Proof This follows immediately from the fact that the maps a;;: C;; — C; and
a;j: C;; — C; in part 3. of Lemma [5.12] are isomorphisms. O
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Proof (of Proposition [5.14)) The proof follows the same steps as that of Proposi-

tion 16} replacing Lemmal[:17]and Corollary .18 by Lemmal5.15|and Corollary [5.16]
O

5.2.5. Classification of Phan amalgams with 3-spherical diagram. In the case where ¢
is a Phan amalgam over F,; whose diagram is a 3-spherical tree, Proposition [5.14] says
that ¥ 2 ¢.

THEOREM 5.17: Suppose that ¢ is a Curtis-Tits amalgam with a diagram that is
a 3-spherical tree. Then, ¢ is unique up to isomorphism. In particular any Phan
amalgam with spherical diagram is unique.

Definition 5.18: Fix a connected 3-spherical diagram I' and a prime power q. Let 3 be
a spanning tree and let the set of edges Er — Ex = {{is,7s}: s =1,2,...,r} together
with the integers {es: s = 1,2,...,r} satisfy the conclusions of Lemma Note
that since in the Phan case we do not have subdiagrams of type 243(q), we have e, = 1
for all s ={1,2,...,7}.

Let Ph(T, ¢) be the collection of isomorphism classes of Phan amalgams of type I'(q)
and let 4 = {G,, G’i’j,gi,j | i,j € I} be a Phan amalgam over F, with diagram T".

Consider the following map:

ki [ Aut(F,2) — Ph(I).
s=1
where s ((as)7—1) is the isomorphism class of the amalgam 41 = % ((as)i—1) given by
setting gjt,is =gj. i, 005 foralls=1,2,...,7.

As for Curtis-Tits amalgams, one shows the following.
COROLLARY 5.19: The map k is onto.

LEMMA 5.20: Suppose I'(q) is a 3-spherical diagram I" that is a simple loop. Then, k
is injective.

Proof The proof is identical to that of Lemma replacing Proposition by
Proposition [5.14] and Lemma[4£.13] by Lemma [5.12] and noting that in the Phan case,
we can consider the group C; and C; ; themselves rather than some suitably chosen
quotient. O

THEOREM 5.21: Let I' be a connected 3-spherical diagram with spanning tree ¥ and
set of edges Er —Es = {{is,js}: s =1,2,...,7}. Then k is a bijection between the
elements of []"_, Aut(F,2) and the isomorphism classes of Curtis-Tits amalgams with
diagram I' over IF,.
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Proof This follows from Lemma [5.20] as Theorem [£.24] follows from Lemma .23 O
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