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HAMILTON CYCLES IN HYPERGRAPHS BELOW THE DIRAC
THRESHOLD

FREDERIK GARBE AND RICHARD MYCROFT

ABSTRACT. We establish a precise characterisation of 4-uniform hypergraphs with minimum
codegree close to n/2 which contain a Hamilton 2-cycle. As an immediate corollary we iden-
tify the exact Dirac threshold for Hamilton 2-cycles in 4-uniform hypergraphs. Moreover, by
derandomising the proof of our characterisation we provide a polynomial-time algorithm which,
given a 4-uniform hypergraph H with minimum codegree close to n/2, either finds a Hamilton
2-cycle in H or provides a certificate that no such cycle exists. This surprising result stands in
contrast to the graph setting, in which below the Dirac threshold it is NP-hard to determine if
a graph is Hamiltonian. We also consider tight Hamilton cycles in k-uniform hypergraphs H for
k > 3, giving a series of reductions to show that it is NP-hard to determine whether a k-uniform
hypergraph H with minimum degree 6(H) > 3|V (H)| — O(1) contains a tight Hamilton cycle.
It is therefore unlikely that a similar characterisation can be obtained for tight Hamilton cycles.

1. INTRODUCTION

The existence of Hamilton cycles in graphs is a fundamental problem of graph theory which has
been an active area of research for many years. The decision problem — given a graph G, determine
if it contains a Hamilton cycle — was one of Karp’s famous 21 NP-complete problems [19]. This
means we are unlikely to find a ‘nice’ characterisation of Hamiltonian graphs analogous to Hall’s
Marriage Theorem and Edmonds’s algorithm for the existence of a perfect matching in graphs.
Consequently, much research has focussed on sufficient conditions which ensure the existence of
a Hamilton cycle in a graph G, such as the classic theorem of Dirac [6] that every graph on n > 3
vertices with minimum degree at least n/2 contains a Hamilton cycle.

In recent years a great deal of attention has been devoted towards establishing analogous
results for Hamilton cycles in hypergraphs. To discuss this work we make the following standard
definitions.

A Ek-uniform hypergraph, or k-graph H consists of a set of vertices V(H) and a set of edges
E(H), where each edge consists of k vertices. This generalises the notion of a (simple) graph,
which coincides with the case £ = 2. Given any integer 1 < ¢ < k, we say that a k-graph C
is an £-cycle if C has no isolated vertices and the vertices of C' may be cyclically ordered in
such a way that every edge of C consists of k& consecutive vertices and each edge intersects the
subsequent edge (in the natural ordering of the edges) in precisely ¢ vertices. It follows from
the latter condition that the number of vertices of an ¢-cycle k-graph C is divisible by k& — ¢,
as each edge of C' contains exactly k — ¢ vertices which are not contained in the previous edge.
We say that a k-graph H on n vertices contains a Hamilton £-cycle if it contains an n-vertex
f-cycle as a subgraph; as above, a necessary condition for this is that £ — ¢ divides n, and we
assume this implicitly throughout the following discussion. It is common to refer to (k—1)-cycles
as tight cycles and to speak of tight Hamilton cycles accordingly. This is the most prevalently
used definition of a cycle in a uniform hypergraph, but more general definitions, such as a Berge
cycle [2], have also been considered. Given a k-graph H and a set S C V(H), the degree of S,
denoted dg(S) (or d(S) when H is clear from the context), is the number of edges of H which
contain S as a subset. The minimum codegree of H, denoted §(H ), is the minimum of d(S)
taken over all sets of k — 1 vertices of H, and the mazimum codegree of H, denoted A(H ), is the
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maximum of d(.5) taken over all sets of kK — 1 vertices of H. Note that for graphs the maximum
and minimum codegree are simply the maximum and minimum degree respectively.

1.1. Previous work. The study of Hamilton cycles in hypergraphs has been a thriving area
of research in recent years. We briefly summarise some of this work here; for a more exposi-
tory presentation we refer the reader to the recent surveys of Kiithn and Osthus [27], R6d]l and
Ruciniski [29] and Zhao [37]. A major focus has been to find hypergraph analogues of Dirac’s
theorem. Specifically, the aim is to find, for each each k and ¢, the Dirac threshold, that is,
the best-possible minimum codegree condition which guarantees that a k-graph on n vertices
contains a Hamilton ¢-cycle. The first results in this direction were by Katona and Kierstead [21]
who established the first non-trivial bounds on the Dirac threshold for a tight Hamilton cycle
in a k-graph for & > 3. Rodl, Rucinski and Szemerédi [32, 33] then improved this bound by
determining asymptotically the Dirac threshold for a tight Hamilton cycle, first for k = 3 and
then for any & > 3. The asymptotic Dirac threshold for any 1 < ¢ < k such that ¢ divides
k follows as a consequence of this. This left those values of £ for which k& — ¢ does not divide
k, in which cases the Dirac threshold was determined asymptotically through a series of works
by Kiithn and Osthus [25], Keevash, Kithn, Mycroft and Osthus [23], Han and Schacht [14] and
Kiithn, Mycroft and Osthus [24]. These results can all be collectively described by the following
theorem, whose statement gives the asymptotic Dirac threshold for any £ and /.

Theorem 1.1 ([14, 23, 24, 25, 32, 33]). For any k > 3, 1 < ¢ < k and n > 0, there exists ng
such that if n > ng is divisible by k — { and H is a k-graph on n vertices with

(% + 77) n if k — £ divides k,
oH) 2 L therwi
gy n|n otherwise,

then H contains a Hamilton £-cycle.

More recently the exact Dirac threshold has been identified in some cases, namely for k =
3,0 = 2 by Ro6dl, Rucinski and Szemerédi [35], for kK = 3,¢ = 1 by Czygrinow and Molla [4], and
for any k > 3 and ¢ < k/2 by Han and Zhao [16].

The stated motivation for many of the above works is to establish sufficient minimum-degree
conditions which render the Hamilton ¢-cycle decision problem tractable, since the problem of
determining whether a k-graph admits a Hamilton f-cycle is NP-hard (this can be shown by an
elementary reduction from the graph case). Indeed, it is trivial to determine whether there is
a Hamilton /-cycle in a k-graph H with minimum degree above the Dirac threshold identified
asymptotically in Theorem 1.1 (as by the theorem the answer must be affirmative). Moreover,
for tight cycles Karpiniski, Ruciriski and Szymanska [20] derandomised the proof of Theorem 1.1
to describe a polynomial-time algorithm which actually finds a tight Hamilton cycle in such a
k-graph. This raises the question whether the threshold for tractability could lie substantially
below the Dirac threshold. Dahlhaus, Hajnal and Karpiniski [5] essentially answered this question
for graphs by showing that the minimum degree needed to render the problem tractable is
asymptotically equal to the Dirac threshold. That is, they showed that for any fixed ¢ > 0 it is
NP-hard to determine whether a graph G with §(G) > (3 — ¢)|V(G)| admits a Hamilton cycle.
More recently, Karpiniski, Rucinski and Szymanska [20] gave an analogous result for hypergraphs
with minimum codegree below the lower threshold of Theorem 1.1 (actually, their statement
pertained only to tight cycles, but the same construction gives the result for ¢-cycles for any
< k).

Theorem 1.2 (Karpinski, Ruciniski and Szymanska [20]). For any 1 < ¢ < k and any € > 0 the
1

following problem is NP-hard: given a k-graph H with §(H) > (m —¢)|V(H)|, determine
k—¢

whether H contains a Hamilton £-cycle.

The same authors observed that for tight cycles this left a ‘hardness gap’ of (%, %] for the
problem of determining whether, for a fixed ¢ in this range, a k-graph H with §(H) > ¢|V(H)]
admits a tight Hamilton cycle. More generally, there is a ‘hardness gap’ between the results of
Theorem 1.1 and Theorem 1.2 for any ¢ such that k — ¢ divides k.
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The reader should also note that the Dirac threshold has also been investigated for other types
of degree conditions for uniform hypergraphs. Specifically, for a k-graph H and 1 < s < k we say
the minimum s-degree of H is the minimum of d(S) taken over all sets of s vertices of H. Recent
results include the determination of the exact 1-degree Dirac threshold for a Hamilton 1-cycle in
a 3-graph by Han and Zhao [17] (the asymptotic threshold had previously been given by Buf,
Han and Schacht [3]), and the asymptotic (k—2)-degree Dirac threshold for a Hamilton ¢-cycle in
a k-graph for 1 < ¢ < k/2 by Bastos, Mota, Schacht, Schnitzer and Schulenburg [1]. A significant
open problem is to determine the asymptotic 1-degree Dirac threshold for a tight Hamilton cycle
in a k-graph. For k& = 3 this problem was solved very recently by Reiher, R6dl, Rucinski, Schacht
and Szemerédi [28] (partial results were previously given by Rddl and Ruciniski [30] and Rodl,
Rucinski, Schacht and Szemerédi [31]). For general k& > 4 the problem remains open; upper
bounds were established by Glebov, Person and Weps [12].

1.2. New results. Our central result considers Hamilton 2-cycles in 4-graphs (that is, the case
k = 4 and ¢ = 2), in which case the asymptotic bound of Theorem 1.1 is the best previously
known result. For this case we provide a more detailed result than the various exact results
described above: rather than merely identifying the Dirac threshold for such a cycle, we give
a precise characterisation of all 4-graphs with minimum codegree close to the Dirac threshold
according to whether or not they contain a Hamilton 2-cycle. This is the following theorem. Note
for this that a bipartition of a set V simply means a partition of V into two sets. The precise
definitions of the terms ‘even-good’ and ‘odd-good’ are somewhat technical, so we defer them to
Section 2.2; for now the reader should be aware that each refers to the existence of certain small
structures in H with respect to the bipartition of V(H). Recall also that a 4-graph can only
contain a Hamilton 2-cycle if it has even order.

Theorem 1.3. There exist ,ng > 0 such that the following statement holds for any even n > ny.
Let H be a 4-graph on n vertices with 6(H) > n/2 —en. Then H admits a Hamilton 2-cycle if
and only if every bipartition of V(H) is both even-good and odd-good.

In particular, having established this characterisation, the exact Dirac threshold for Hamilton
2-cycles in 4-graphs follows by a straightforward deduction (which is given in Section 2.3).

Corollary 1.4. There exists ny such that if n > ny is even and H is a 4-graph on n vertices
with
S(H) > % — ifn is.divisz'ble by 8,
5 — 1 otherwise,

then H contains a Hamilton 2-cycle. Moreover, this minimum codegree condition is best-possible
in each case.

It is not immediately apparent that the criterion of Theorem 1.3 can be tested in polynomial
time, but in Section 2.2 we explain why, due to the minimum codegree of H, this is in fact the
case. Consequently, we can determine in polynomial time whether or not a 4-graph H whose
codegree is close to the Dirac threshold admits a Hamilton 2-cycle. Moreover, by derandomising
the proof of Theorem 1.3 we can actually find such a cycle, should one exist, giving the following
theorem.

Theorem 1.5. There exist a constant € > 0 and an algorithm which, given a 4-graph H on n
vertices with §(H) > n/2 — en, runs in time O(n3%) and returns either a Hamilton 2-cycle in
H or a certificate that no such cycle exists (that is, a bipartition of V(H) which is either not
even-good or not odd-good).

This theorem demonstrates the existence of a linear-size gap between the minimum codegree
threshold which renders the Hamilton 2-cycle problem tractable and the Dirac threshold. This
provides a surprising contrast to the graph setting, for which the result of Dahlhaus, Hajnal and
Karpinski noted above shows that there is no such gap.

We also consider the tractability of finding a tight Hamilton cycle in a k-graph for k£ > 3.
For such cycles we close the aforementioned ‘hardness gap’ identified by Karpinski, Rucinski and
Szymanska [20] by proving the following theorem.
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Theorem 1.6. For any k > 3 there exists C such that it is NP-hard to determine whether a
k-graph H with §(H) > 3|V (H)| — C admits a tight Hamilton cycle.

This shows that, in stark contrast to the situation just described for 2-cycles in 4-graphs, the
minimum codegree threshold which renders the problem tractable is asymptotically equal to the
Dirac threshold (at which a tight Hamilton cycle is guaranteed to exist). It would be interesting
to know, for other values of k and ¢, whether the minimum codegree which renders the problem
of finding a Hamilton f-cycle in a k-graph tractable is essentially equal to the Dirac threshold
(as Theorem 1.6 shows is the case for tight cycles), or whether it is significantly different (as
Theorem 1.5 shows is the case for 2-cycles in 4-graphs).

1.3. Organisation of the paper. This paper is organised as follows. In Section 2 we establish
the definitions and notation we need, including the definition of even-good and odd-good bipar-
titions needed for our characterisation (Theorem 1.3), before giving the brief deduction of the
exact Dirac threshold for Hamilton 2-cycles in 4-graphs (Corollary 1.4) and discussing the com-
plexity aspects of Theorem 1.3. Next, in Section 3 we give the proof of Theorem 1.3, postponing
a number of key lemmas to future sections. Specifically we distinguish a non-extremal case, an
even-extremal case and an odd-extremal case, the necessary lemmas for which are postponed to
Sections 4, 5 and 6 respectively. In parallel with the proofs of these lemmas we establish analogous
algorithmic results, and in Section 7 we combine these results to formulate a polynomial-time
algorithm as claimed in Theorem 1.5. We then consider tight Hamilton cycles in Section 8,
proving Theorem 1.6 via a sequence of polynomial-time reductions, before finally giving some
concluding remarks in Section 9.

A previous extended abstract of this paper [9] described many of the results of this paper but
omitted all of the proofs except for those of Proposition 3.1 and the deduction of Corollary 1.4
from Theorem 1.3; for completeness we also include these proofs here. Moreover, the extended
abstract only described an algorithm to determine the existence of a Hamilton 2-cycle in a 4-
graph with minimum codegree close to the Dirac threshold; in this paper we go significantly
further by derandomising the proof of Theorem 1.3 to give an algorithm which explicitly finds
such a cycle, should it exist (Theorem 1.5).

2. A CHARACTERISATION OF DENSE 4-GRAPHS WITH NO HAMILTON 2-CYCLE

2.1. Notation. Let H be a k-graph. We write e(H) for the number of edges of H. Also, for any
set S C V(H) we define the neighbourhood of S to be Ni(S) :={S' CV(H)\S: SUS’ € E(H)}.
That is, Ng(S) is the collection of all sets which together with S form an edge of H. So Ng(S)
is a collection of (k — |S])-sets and |Ng(S)| = dg(S). In particular, if |S| = k — 1 then Ng(S)
is a set of singleton sets of vertices, in which case we identify Ny (S) with the corresponding set
of vertices for notational simplicity, for example writing v € Ny (S) instead of {v} € Ng(95).
Furthermore, when H is clear from the context we write simply N(S) and to avoid clutter we
frequently omit braces around sets, for example writing N(z,vy, z) instead of N({z,y, z}). Given
aset X C V(H), we write H[X] to denote the subgraph of H induced by X, that is, the k-graph
with vertex set X and whose edges are all edges e € E(H) with e C X.

We define ¢-paths in k-graphs in a similar way to /-cycles. Indeed, a k-graph P is an ¢-path if
P has no isolated vertices and, moreover, the vertices of P can be linearly ordered in such a way
that every edge of P consists of k£ consecutive vertices and each edge intersects the subsequent
edge in precisely £ vertices. So the number of vertices in an /-path must be congruent to k£ module
k — (. As for cycles we refer to (k — 1)-paths as tight paths. The length of an ¢-path or ¢-cycle is
the number of edges it contains. A segment of an ¢-path P or ¢-cycle C' is an ¢-path P’ which is
a subgraph of P or C respectively.

Now suppose that H is a 4-graph. Given a bipartition {A, B} of V(H), we say that an edge
e € E(H) is odd if |e N A| is odd (or equivalently, if |e N B| is odd) and even otherwise. We
denote the subgraph of H consisting only of the even edges of H by Heven and the subgraph of
H consisting only of the odd edges of H by H,qq. Also, we say that a pair p of distinct vertices
of H is a split pair if [pN A| = 1, and a connate pair otherwise. These terms are all dependent
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on the bipartition {A, B} and 4-graph H in question, but these will always be clear from the
context.

We use various ways of describing a 2-path or 2-cycle in a 4-graph. One is is to list a sequence
of vertices, that is, (v1,...,vy) for some even m > 4; the edges of C are then {v;, viy1, Vit2, Viys}
for each even i. Another is to give a sequence of pairs of vertices, that is, p1paps . . . pm for some
integer m > 2; the edges of C are then p; U p;11 for each i. The ends of a 2-path in a 4-graph
are the initial pair and final pair, that is {vy,v2} and {v;,—1, v} in the first style of notation,
and p; and p,, in the second style of notation. We concatenate 2-paths in the natural way, for
example, if P is a 2-path with ends p and p’, and Q is a 2-path with ends p’ and ¢, and P and Q
have no vertices in common outside p’, then PQ is a 2-path with ends p and g. We sometimes
say that P is a path from p to ¢ to mean that P has ends p and ¢, however, note that a path
from p to ¢ has the same meaning as a path from ¢ to p.

Given a 4-graph H, the total 2-pathlength of H is the maximum sum of lengths of vertex-
disjoint 2-paths in H. For example, H having total 2-pathlength 3 indicates the presence in
H of three disjoint edges (i.e. three 2-paths of length 1), or of a 2-path of length 3, or of two
vertex-disjoint 2-paths, one of length 1 and one of length 2.

For an integer k we write [k] for the set of integers from 1 to k and, given a set V, we write
(Z) for the set of subsets of V of size k. Also, we write © < y (“x is sufficiently smaller than y”)
to mean that for any y > 0 there exists xg > 0 such that for any x < z(y the subsequent
statement holds. Similar statements with more variables are defined accordingly. We omit floors
and ceilings throughout this paper where they do not affect the argument.

2.2. Odd-good and even-good bipartitions of 4-graphs. Using the definitions introduced
in the previous subsection, we can now give the central definition of our characterisation.

Definition 2.1. Let H be a 4-graph on n vertices, where n is even, and let { A, B} be a bipartition
of V(H). We say that {A, B} is even-good if at least one of the following statements holds.

(i) |A| is even or |A| = |B|.

(11) Hoqq contains edges e and €' such that either eNe' =0 or eNe’ is a split pair.

(i17) |A| = |B| + 2 and Hyyq contains edges e and ' with e Ne' € (’24)

(iv) |B| = |A| +2 and Hoqq contains edges e and ¢’ with e Ne' € (5).
Now let m € {0,2,4,6} and d € {0,2} be such that m = n mod 8 and d = |A| — |B| mod 4.
Then we say that {A, B} is odd-good if at least one of the following statements holds.

(v) (m,d) € {(0,0),(4,2)}.
(vi) (m,d) € {(2,2),(6,0)} and Heyen, contains an edge.
(vii) (m,d) € {(4,0),(0,2)} and Heyen has total 2-pathlength at least two.
(viii) (m,d) € {(6,2),(2,0)} and either there is an edge e € E(H ¢yen) with [eNA| =leNB| =2
or Heyen, has total 2-pathlength at least three.

Note in particular that, if n is odd, then any bipartition of V(H) is neither even-good nor
odd-good. We have now introduced all notation and definitions needed to understand and make
use of Theorem 1.3.

Remark 2.2. Suppose that H has even order. If {A, B} is a bipartition of V(H) which is not
even-good, then, since H,qq must not contain two disjoint edges, there exists a set X of at most
four vertices of H such that each edge of H,qq meets X. Similarly, if {A, B} is a bipartition of
V(H) which is not odd-good, then there exists a set X of at most eight vertices of H such that
every edge of Heyen, meets X.

Using Remark 2.2 we can test the criterion of Theorem 1.3 in polynomial time in graphs of high
minimum codegree. A special case of a result of Keevash, Knox and Mycroft [22, Lemma 2.2]
states that, given a k-graph H on n vertices with minimum codegree §(H) > n/3, we can list
in time O(n®) all bipartitions {A, B} of V(H) with no odd edge and all bipartitions {A, B} of
V(H) with no even edge, and that there are at most a constant number of such bipartitions.
Hence we can first check whether the order of H is even and, if so, we can establish all candidates
for a bipartition {A, B} which is not even-good or not odd-good in the following way: for each
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set X of eight vertices of H, delete the vertices of X from H to form H’, and list all bipartitions
{A’, B’} of V(H') with no even edge or no odd edge, then for each such {A’, B’} list each of
the 2% possible extensions to a bipartition of V(H). Clearly we can check in polynomial time
whether a given bipartition of V(H) is even-good and odd-good, so we can test the criterion of
Theorem 1.3 by checking this for all listed bipartitions. Together with Theorem 1.3 this proves
that we can determine in polynomial time whether a 4-graph H satisfying the minimum degree
condition of Theorem 1.3 contains a Hamilton 2-cycle. More precisely, we have the following
corollary (see [9] for a more detailed description of this algorithm and proof of its correctness
under the assumption that Theorem 1.3 holds).

Corollary 2.3. There exist a constant € > 0 and an algorithm which, given a 4-graph H on
n vertices with 6(H) > n/2 — en, determines in time O(n?®) whether H contains a Hamilton
2-cycle. Furthermore, if H does not contain a Hamilton 2-cycle, then the algorithm returns a
bipartition {A, B} of V(H) which is not even-good or odd-good.

Theorem 1.5 supersedes Corollary 2.3 by showing that we can actually find a Hamilton 2-
cycle in such a 4-graph in polynomial time (if such a cycle exists). This does not follow from
Theorem 1.3 directly, but instead follows by giving algorithms for each step involved in the proof
of Theorem 1.3. We do this in parallel with the results needed for the proof of Theorem 1.3 in
Sections 4, 5 and 6, before presenting the algorithm claimed in Theorem 1.5 in Section 7.

2.3. The exact Dirac threshold for Hamilton 2-cycles in 4-graphs. We now make use
of our characterisation to deduce Corollary 1.4. First, we give a construction to show that the
degree bound of Corollary 1.4 is best-possible. So fix an even integer n > 6 and let A and B be
disjoint sets with |[A U B| = n such that |A| = § — 1 if 8 divides n and |A| = § otherwise. We
define H* to be the 4-graph with vertex set A U B whose edges are all 4-sets ¢ C A U B such
that |eN A| is odd. Then it is easy to see that 6(H*) = § — 3 if 8 divides n and § — 2 otherwise.
Furthermore, the size of A implies that the bipartition {A, B} of V(H*) is not odd-good, as H*

has no even edges. Hence by Theorem 1.3 there is no Hamilton 2-cycle in H*.

Proof of Corollary 1.4. Choose €,ng as in Theorem 1.3, and set n; := max{no,%, 100}. Let
n > ny be even and let H be a 4-graph on n vertices which satisfies the minimum codegree
condition of Corollary 1.4. Also let {4, B} be a bipartition of V(H), and assume without loss
of generality that |A| < §. By Theorem 1.3 it suffices to prove that {A, B} is even-good and
odd-good. This follows immediately from Definition 2.1 if |A] < 18, so we may assume that
18 < |A| < |B| (this ensures that we may choose distinct vertices as required in what follows).
Note that if 8 divides n and |A| = 5, then {A, B} is even-good by Definition 2.1(i) and odd-good
by Definition 2.1(v). So we may assume that if 8 divides n, then [A| < § —1 and §(H) > § — 2,
whilst otherwise we have |A| < § and §(H) > 5§ — 1. Either way, we must have §(H) > |A| — 1.
To see that {A, B} must be even-good, arbitrarily choose vertices x1,x2,y1, 2, 21,22 € A.
Then |N(z1,y1,21) N B|,|N(x2,y2,22) N B| > 6(H) — (|A] — 3) > 2, so we may choose distinct
wi,wy € B with wy € N(z1,y1,21) N B and wy € N(z2,y2,22) N B. The sets {z1,y1, 21, w1 } and
{z2, Y2, 22, w2} are then disjoint odd edges of H, so {A, B} is even-good by Definition 2.1(ii).
We next show that {A, B} is also odd-good. For this, arbitrarily choose distinct vertices
ai,as,...,a9,ay,...,aq € Aand by,...,bg € B. For any 1 < 4,5 <9 we have |[N(a;,a},b;)NB| >
0(H) — (JA| — 2) > 1, so there must be b;- € B such that {ai,aé,bj,bé} is an (even) edge of H. If
for each 1 < j < 9 the vertices b; for 1 <i <9 are all distinct, then Hgyen contains a set of nine
disjoint edges, so there is no set X C V(H) with |X| < 8 which intersects every even edge of H.
However, by Remark 2.2 such a set X must exist if {A, B} is not odd-good. So we may assume
that bé-/ = b; for some 1 <14,7,j <9 with i # 4. It follows that {a;,a}, b;, b;} is an even edge of
H with exactly two vertices in A, whilst (a;, al, bj, b;, ay,a)) is a 2-path of length 2 in Heyen. So
{4, B} is odd-good by Definition 2.1(v), (vi), (vii) or (viii), according to the value of n. O

3. PROOF OF THEOREM 1.3

In this section we prove Theorem 1.3, our characterisation of 4-graphs with minimum codegree
close to the Dirac threshold which contain a Hamilton 2-cycle, although the proofs of several
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lemmas are deferred to subsequent sections. We begin with the following proposition, which
establishes the forward implication of Theorem 1.3; note that the minimum codegree assumption
is not needed for this direction.

Proposition 3.1. Let H be a 4-graph. If H contains a Hamilton 2-cycle, then every bipartition
of V(H) is both even-good and odd-good.

Proof. Let n be the order of H, let C' = (v1,v2,...,v,) be a Hamilton 2-cycle in H and let
{A, B} be a bipartition of V(H). Write P; = {v2;_1, v} for each 1 <4 < 3, so the edges of C
are e¢; 1= P; U Py for 1 < i < % (with addition taken modulo %). The key observation is that
e; is even if P; and P;41 are both split pairs or both connate pairs, and odd otherwise.

We first show that {A, B} is even-good. This holds by Definition 2.1(ii) if H contains two
disjoint odd edges, so we may assume without loss of generality that all edges of H other than
e1 and e,y are even. It follows that the pairs P, Ps,..., P, /5 are either all split pairs or all
connate pairs. In the former case, if P; is a split pair then |A| = |B|, so Definition 2.1(i) holds,
whilst if P; C A then Definition 2.1(iii) holds, and if P; C B then Definition 2.1(iv) holds. In
the latter case, if P; is a connate pair then |A| is even, so Definition 2.1(i) holds, whilst if P; is
a split pair then Definition 2.1(ii) holds. So in all cases we find that {A, B} is even-good.

To show that {A, B} is odd-good, suppose first that 4 does not divide n, and note that by our
key observation the number of even edges in C' must then be odd. If C' contains three or more even
edges or an edge with precisely two vertices in A, then {A, B} is odd-good by Definition 2.1(vi)
and (viii), so we may assume without loss of generality that e,, /, is the unique even edge in C' and
that e, o C A or e,/o C B. It follows that Py, P3, ..., P, /; are connate pairs (of which there are
[%4] in total) and the remaining pairs are split, so |A| — |B| = 2[4 ] mod 4. We must therefore
have (m,d) € {(2,2),(6,0)}, and {A, B} is odd-good by Definition 2.1(vi). On the other hand,
if 4 divides n, then by our key observation the number of even edges in C' is even. If this number
is at least two then {A, B} is odd-good by Definition 2.1(v) and (vii). If instead every edge of
C is odd, then exactly % of the pairs P; are connate pairs, so |[A| — |B| =2-% mod 4, and C is
odd-good by Definition 2.1 (v). O

The main difficulty in proving Theorem 1.3 is therefore to establish the backwards implication.
For this note that if H is a 4-graph and {A, B} is a bipartition of V' (H) which is not odd-good,
then H has very few even edges, as it does not contain three disjoint even edges. Similarly, if
{A, B} is not even-good, then H has very few odd edges. This motivates the following definition.

Definition 3.2. Fiz ¢ > 0, a 4-graph H on n vertices, and a bipartition {A, B} of V(H).
(a) We say that {A, B} is c-even-extremal if § —cn < |A| < § +cn and H contains at most
c(’}) odd edges.
(b) We say that {A, B} is c-odd-extremal if § —cn < |A| < 5 +cn and H contains at most
c(’}) even edges.
(c) We say that H is c-even-extremal if V(H) admits a c-even-extremal bipartition, and
likewise that H is c-odd-extremal if V(H) admits a c-odd-extremal bipartition.

In our proof of Theorem 1.3 we distinguish between the non-extremal case, in which H is
neither even-extremal nor odd-extremal, and the two extremal cases.

3.1. Non-extremal 4-graphs. Suppose first that H is neither even-extremal nor odd-extremal.
In this case we proceed by the so-called ‘absorbing’ method, introduced by Rédl, Rucinski and
Szemerédi [35], to construct a Hamilton 2-cycle in H. More specifically, we adapt the approach
used by Karpinski, Rucinski and Szymariska [20], proving an ‘absorbing lemma’ and a ‘long cycle
lemma’. Loosely speaking, our ‘absorbing lemma’ allows us to find a short 2-path in H which
can ‘absorb’ most small collections of pairs of H.

Lemma 3.3 (Absorbing lemma). Suppose that 1/n < ¢ < v < XA < ¢,pu. If H is a 4-graph of
order n with §(H) > n/2 — en which is neither c-even-extremal nor c-odd-extremal, then there is
a 2-path P in H and a 2-graph G on V (H) with the following properties.

(i) P has at most un vertices.
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(ii) Every vertex of V(H) \ V(P) is contained in at least (1 — X\)n edges of G.
(i1i) For any s < yn and any s disjoint edges ey, ...,es of G which do not intersect P. there
is a 2-path P* in H with the same ends as P such that V(P*) = V(P)UJi_, ¢;.

Next, our ‘long cycle lemma’ states that, having found an absorbing-path Py in H, we can
cover almost all vertices of H by a long 2-cycle C' of which Py is a segment such that the vertices
not covered by C' form a collection of pairs which can be absorbed by Fp.

Lemma 3.4 (Long cycle lemma). Suppose that 1/n < e < v < A < u < ¢ and that n is even.
Let H = (V, E) be a 4-graph of order n with 6(H) > n/2 —en which is not c-even-extremal. Also
let Py be a 2-path in H on at most un vertices, and let G be a 2-graph on 'V such that each vertex
ve V\V(PR) has dg(v) > (1 — XN)n. Then H contains a 2-cycle C on at least (1 —v)n vertices
such that Py is a segment of C and G|V \ V(C)] contains a perfect matching.

By combining these two lemmas we obtain the following lemma, which shows that if H is a
non-extremal 4-graph whose minimum codegree is close to the Dirac threshold, then H contains
a Hamilton 2-cycle, thereby establishing the backwards implication of Theorem 1.3 for non-
extremal 4-graphs.

Lemma 3.5. Suppose that 1/n < & < ¢ and that n is even, and let H be a 4-graph of order n
with 6(H) > n/2 —en. If H is neither c-odd-extremal nor c-even-extremal, then H contains a
Hamilton 2-cycle.

Proof. We introduce constants v, A, u > 0 such that
lcesysispxe.

By Lemma 3.3 there is a 2-path P in H and a graph G on V (H ) such that the properties (i)-(iii)
of Lemma 3.3 hold. Then by Lemma 3.4 there is a 2-cycle C' on at least (1 — v)n vertices which
contains Py as a segment and such that G[V \ V(C)| contains a perfect matching ej,--- , €.
Denote the 2-path C[V(C) \ V(Fy)] by P’. Since s < n, there is a 2-path P* with the same
ends as I such that V/(P*) = V(FPy) UU}_; ej, and P*P' is then a Hamilton 2-cycle in H. [

3.2. Extremal 4-graphs. It remains to prove the backwards implication of Theorem 1.3 in the
case where H is either even-extremal or odd-extremal. In each case we have significant structural
information about H. Indeed, if V(H) admits an even-extremal bipartition {A, B} (respectively
odd-extremal), then we know that almost all edges of H are even (respectively odd). However,
the assumption that the bipartition of H is even-good (respectively odd-good) yields certain small
structures in Hoqq (respectively Heven). By a careful analysis we are able to use this information
to find a Hamilton 2-cycle in H in each case. We consider the even-extremal case in Section 5
and the odd-extremal case in Section 6, culminating in the following two lemmas, which establish
the backwards implication of Theorem 1.3 in each extremal case.

Lemma 3.6. Suppose that 1/n < €,¢ < 1 and that n is even, and let H be a 4-graph of order n
with 6(H) > n/2—en. If H is c-even-extremal and every bipartition {A, B} of V(H) is even-good,
then H contains a Hamilton 2-cycle.

Lemma 3.7. Suppose that 1/n < e,¢ < 1 and that n is even, and let H be a 4-graph of order n
with 6(H) > n/2—en. If H is c-odd-extremal and every bipartition {A, B} of V(H) is odd-good,
then H contains a Hamilton 2-cycle.

Combining Lemmas 3.5, 3.6 and 3.7 completes the proof of Theorem 1.3 by establishing the
backwards implication.

Proof of Theorem 1.3. Fix a constant ¢ small enough for Lemmas 3.6 and 3.7. Having done so,
choose ¢ sufficiently small for us to apply Lemma 3.5 with this choice of ¢, and ng sufficiently large
that we may apply Lemmas 3.5, 3.6 and 3.7 with these choices of ¢ and ¢ and any even n > ny.
Let n > ng be even, and let H be a 4-graph on n vertices with 6(H) > (4 —¢)n, and suppose that
every bipartition {A, B} of V(H) is both even-good and odd-good. If H is either c-even-extremal
or c-odd-extremal then H contains a Hamilton 2-cycle by Lemma 3.6 or 3.7 respectively. On

the other hand, if H is neither c-odd-extremal nor c-even-extremal then H contains a Hamilton
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2-cycle by Lemma 3.5. This completes the proof of the backwards implication of Theorem 1.3;
the proof of the forwards implication was Proposition 3.1. (]

4. HAMILTON 2-CYCLES IN 4-GRAPHS: NON-EXTREMAL CASE

In this section we give the proofs of Lemma 3.3 (the absorbing lemma) and Lemma 3.4 (the
long cycle lemma). Throughout this section we only consider 2-paths and 2-cycles, so we suppress
the 2 and speak simply of paths, cycles and Hamilton cycles.

4.1. A connecting lemma. We begin with a ‘connecting lemma’. This states that if H is a
4-graph whose minimum codegree is close to the Dirac threshold, then either H is even-extremal,
or H is well-connected in the sense that any two disjoint pairs of vertices of H are connected by
many short paths. This property is encapsulated in the following definition.

Definition 4.1. For k > 0, we say that a 4-graph H of order n is k-connecting if for every two
disjoint pairs p1,p2 € (V(QH)) there are either at least kn? paths of length 2 or at least kn* paths
of length 3 whose ends are p1 and po.

In the proof of our connecting lemma we will make use of the following result of Goodman [13],
that any two-colouring of a complete graph has many monochromatic triangles.

Theorem 4.2 ([13]). Suppose that 1/n < . If G is a graph on n vertices, then
1{S e (V') : @S] = K3 or G[S] 2 K3 }| > 12n .

Lemma 4.3 (Connecting lemma). Suppose that 1/n < ¢ < k < ¢ and that H = (V,E) is a
4-graph on n vertices with §(H) > n/2—en. If H is not k-connecting, then H is c-even-extremal.
Moreover, there ezists an algorithm Procedure EvenPartition(H ) which returns a c-even-extremal

bipartition {A, B} of V in time O(n®).
Proof. Introduce further constants 3,7n,é > 0 such that
lce<srspgngiéi<e.

Suppose that H is not k-connecting. Then we may fix two disjoint pairs {a;,as} and {b1, b2} of
vertices of H such that there are fewer than kn? paths of length 2 whose ends are {aj,as} and
{b1, b2}, and fewer than xn* paths of length 3 whose ends are {aj,az} and {b1,by}. Observe that
there are then at most Sn vertices v € V with |N(ay,a2,v) N N(by,ba,v)| > Pn, as otherwise
there are at least §3?n? > kn? paths of length 2 connecting {a1,as} and {b1,b2}. Now we colour
the edges of the complete graph G on V' as follows. For distinct vertices v, w € V we say that

red, if {a1, as,v,w} € E and {b1,bs,v,w} ¢ E,
{v,w} is ¢ blue, if {a1,a2,v,w} ¢ E and {by,b2,v,w} € E,
uncoloured, otherwise.

Because of our first observation we have for at least (1 — 8)n—4 > (1 —28)n vertices v € V that
(1) dred(”)v dblue(v) > 5(H) — Bn > (% - 2/8)77/ .

Furthermore, for at least £(n—2)5(H) > (3 —2¢)(}) pairs {v,w} C V we have {a1,as,v,w} € E,
and likewise for at least (3 — 2¢)(}) pairs {v,w} C V we have {b1,bs,v,w} € E. Since by

assumption at most kn? pairs {x,y} C V fulfil both {ay,as,z,y} € E and {by, b, z,y} € E, it
follows that there are at most

2) 2kn? + de (Z) < bk <Z>

uncoloured edges. Therefore the number of red edges and the number of blue edges are each at
least

() a-2(5) -5n(5) 2 G -on(3)

Now we show that G either contains at least n3 /50 red triangles or at least n®/50 blue triangles.
To do this, suppose that there are fewer than n3/50 red triangles. Then by Theorem 4.2 there
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3 3 3
are at least (1—¢)5; — 55 > €5

Since by (2) there are at most 5x(

+3kn3 triangles which consist only of blue and uncoloured edges.
n
2

there are then at least n®/50 blue triangles in G. So we may assume without loss of generality
that G contains at least n3 /50 red triangles. At least n3/50—28n3 > n3/100 of these red triangles
contain only vertices which fulfil (1); we denote the set of such triangles by 7. Furthermore for a
triangle T' € T with vertex set {v1,va,v3} we denote by Nyeq(T') (respectively Npjue(T')) the set
of vertices x € V such that the edges {vi, 2}, {va, 2} and {vs, z} are each red (respectively blue).
We call an edge {x,y, z,w} of H colourful if it contains disjoint red and blue edges of G, say
{z,y} and {z,w} respectively. Observe that each colourful edge of H disjoint from {a1, as, b1, ba}
creates at least one path (a1, as,x,y, z,w, by, be) of length 3 in H with ends {aj,as} and {b1, b }.
Since there are at most xkn* such paths, but no two distinct colourful edges of H can create the
same path, there must be at most

(4) wnt 4+ 4n® < 2kn?

) -n < 3kn? triangles in G which contain an uncoloured edge,

colourful edges of H. This observation will prove the following claim.

Claim 4.4. There exist vertices vi,va,v3 € V such that T* = {vy,va,v3} is a triangle with
T* € T and such that the following properties hold.
(i) |Niea(T)| = (5 —m)n,
(ii) there are at most nn vertices x € Nyeq(T™) with |Ng(v1,v2, ) N Nppue(T*)| > nn,
(i1i) there are at most qn vertices © € Npjue(T™) with |Ng(vi,ve,2) N Nyea(T*)| > nn,
(iv) there are at most nn vertices x € V' with |[Ng(vi,ve, ) N Npe(x)| > nn.

Proof of Claim 4.4. Arbitrarily fix, for each T' € T, a labelling of the vertices of T" as v1,v2 and
vs. For this labelling we refer to the pair {vi,vs} as the specified pair of T. Now let 77 consist
of those triangles T' € T which do not satisfy (i). Likewise, let 72,73 and 7; consist of those
triangles 7" € T which do not satisfy (ii), (iii) and (iv) respectively (for our choice of specified
pair). Let T € Ti, so by definition we have |Nyeq(T)| < (3 — n)n. Since T € T, each vertex
of T satisfies (1) and so is incident to at most 4/5n uncoloured edges of G, so there are at least
INg(V(T))| = |[Nyea(T)| = 3-48n > (n — e — 128)n > inn colourful edges of H containing V(7).
So in total H has at least 1 - |Ti| - nn colourful edges; by (4) we find that |T7| < 167"‘713 < Bn3.

Next observe that at least 1|73| pairs {vi,v2} € (‘2/) are the specified pair for some triangle

T € T,. For each such pair there are at least %'nQnZ pairs {z,y} € (g) with € Nyeq(T) and
y € Npg(vi,v2,2) N Npe(T'), and each 4-tuple {v1,ve,z,y} formed in this way is a colourful
edge of H. Overall this gives at least % - 1T3] - 1n?n? colourful edges in total, so 73| < Bn3.
Essentially the same argument shows that |T3| < n®. Finally, at least +|74| pairs {vy, v} € (‘2/)
are the specified pair for some triangle T' € T4. For each such pair there are at least %172?12 pairs

{z,y} € (‘2/) with y € Ny (v1,v2, ) N Npe(z), and each 4-tuple {v1,ve, x,y} formed in this way

is a colourful edge of H. In total this gives at least § - L|T4|- 1n?n® colourful edges, so [T4| < Bn?.
So at least |T| — S5, |7l > |T] — 48n® > 0 triangles T € T satisfy (i)-(iv). O

Fix a triangle T* € T with vertex set {v1,v2,v3} as in Claim 4.4, and define dp, := (% —2pB)n,
N := Nyea(T*) and N := Npjue(T™). Since T* € T each v; fulfills (1) and so is incident to at
least dpin blue edges, none of which has an endvertex in N, so we have

(5) INg I > [V AN =31V A\ Ny | = dunin) = 3dmin — 2|V \ NJ| > (5 = 3n)n
where the final inequality is by Claim 4.4(i). Also by (1) we derive the upper bounds
(6) N7 < (5 +28)n and [Ny| < (5 +28)n.

Together, (5) and Claim 4.4(i) tell us that at most 4nn vertices of V' are neither in N} or Ny, so
by Claim 4.4(ii), all but at most nn vertices x € N} satisfy

(7) [N (vi,v2,2) N Nf| > 8(H) — [Ng(v1,v2,2) N Nii| — dnn > (3 — 6n)n .
By the same argument using Claim 4.4(iii), all but at most nn vertices x € Ny have

(8) |Np(vi,v2,2) N NE| > (3 —6n)n.
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Define A := N} and B := V \ A; we conclude the proof by showing that {4, B} is a c-even-
extremal bipartition of V. For this, observe that by (6), (7) and Claim 4.4(iv) at most 2nn
vertices x € N have |Npe(z) N NJ| > 8yn. Similarly, by (6), (8) and Claim 4.4(iv) at most
2nn vertices € N have | Npe(x) N Nji| > 8nn. Since at most 5x(}) edges of G are uncoloured
(see (2)), it follows that at least

] = 20m) (1= 8m) + 4+ (V51 = 2m) - (1 = 8 = 5(5) = (5= 9)(3)

edges of G[A] U G[B] are coloured red. Since by Claim 4.4(i) and (6) we have

() (3) = (F57)(457) <a;).

we conclude that at most 25(’) edges of G[A] U G[B] are not red. Together with (3) this shows
that at least (3 — 6x —26)(5) > (3 —30)(}) of the at most 1—2 < (2 +6)(5) edges of G with one
vertex in A and the other in B are blue, and so at most 40 (g) such edges are not blue. Combining
this and (4), we find that the number of edges of H with an odd number of vertices in A is at

25(2) (349 <Z> +45(Z> (A +9) <Z> +2rnt < C<Z> .

Since (3 — ¢)n < |A| < (3 + ¢)n by Claim 4.4(i) and (6), it follows that the bipartition {A, B}
is c-even-extremal. To complete the proof we note that each step of the proof directly translates
to an algorithm which returns the desired bipartition in the claimed running-time. ([

4.2. A reservoir lemma. Another lemma which we use to prove our ‘long cycle lemma’ is a
‘reservoir lemma’. This states that given a 4-graph H and a graph G on the same vertex set
V', we can choose a ‘reservoir set’, that is, a small subset R C V such that H[R] and G[R] are
representative of H and G. A standard and straightforward probabilistic argument shows that
such a subset must exist, but derandomising this argument to give an algorithm which finds such
a subset is somewhat more technical. For this we adapt the approach of Karpinski, Rucinski
and Szymarniska [20] to our setting. We first describe an algorithm, Procedure SelectSet, which is
similar to Procedure SelectSubset from [20], but chooses a subset which is representative of two
graphs (instead of just one graph) simultaneously. We will use this procedure in this subsection
to find a ‘reservoir set’, and also in the next subsection to find an absorbing path. The conditions
on the two graphs from which we want to choose the subset are described by the following setup.

Setup 4.5. Fiz constants B, A\, 7 > 0 and integers m, M, N and r with 1 <r < N. Let U and
W be disjoint sets of sizes |U| = M and |W| = N. Let Gy be a graph with vertex set UUW such
that G1[U] is empty, G1[W] has precisely m edges, and |Ng,(u)| > BN for every u € U. Also
let G2 be a graph with vertex set W such that |[Ng,(w)| > (1 — A\)N for every w € W. Finally,
define v := 2mr/N2.

Note that specifying the sextuple (G1, G2, 7,5, A\, 7) determines all of the information given
in Setup 4.5. Whilst Procedure SelectSet is entirely deterministic, to analyse it we consider a
set of r vertices chosen uniformly at random and apply the following Chernoff-type bounds for
binomial and hypergeometric distributions.

Theorem 4.6 ([18], Corollary 2.3 and Theorem 2.10). Suppose X has binomial or hypergeometric
distribution and 0 < a < 3/2. Then P(|X — E(X)| > aE(X)) < 2exp(— L E(X)).

Proposition 4.7. Adopt Setup 4.5. Assume additionally that 8 > 7, thatr and N are sufficiently
large, and that M < % -exp(%) as well as N < & - exp(%). Then in time O(N* + MN?3)
Procedure SelectSet(G1,Ga,r, B, \, T) returns a set R C W such that

() 1—v)r <RI <7,

(b) R is an independent set in G,

(¢c) [INe,(u)NR| > (B—T—v)r forallu € U and

(d) |Ng,(w)NR| > (1 =2\ —v)r for allw e W.
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Procedure SelectSet(G1,Ga, 7, 5, A, T)

Data: A sextuple (G1,Ga, 7,3, \,7) as in Setup 4.5.
Result: A ‘reservoir set’ R C W.
Set U :={uy, - ,up}, W:={wq, -+ ,wy} and R := 0.
for k=1 tordo
for j =1 to N do
Set R == R' U {w;}.
Set ej == e(G1[R}]), € == e(G1[R};, W \ R}]) and €] := e(G1[W \ R}]).
fori=1to M do
| Set d;j = |Ng, (u;) N R}| and d} ; := |Ng, (u;) \ Rj].
for i =1 to N do
| Set fij :=|Ng,(wi) N R;| and f] ; := [Ne, (wi) \ 1.
Find jx € [N]\ {j1,-..,Jk—1} such that A+ B+ C < 1, where

P S [l

s r—k—s
G
1=1 SS(ﬁ—T)T—di,jk r—k
17 , r—Fk y (r=k)(r—k-1)
B=7, (eﬂk TN R TN —R(N—k=-1))’

N filyj N_k_v,'/,j
B GO (i)

i=1 s<(1-2A)r—fij, (]X—_lf)

Add wj, to R'.
Remove one vertex from each edge of G1[R’] and call the resulting set R.
return 3.

Proof. For a set S € (Vf), let X(S) denote the number of vertices v € U with |Ng, (u) N S| <
(B—7)r, let Y(S) denote the number of edges in G1[S] and let Z(.S) denote the number of vertices
w € W with |Ng,(w) NS| < (1 — 2X\)r. Now choose uniformly at random a subset S € (VTV),

and let X,Y and Z denote the random variables X (S),Y (S) and Z(S) respectively. For each
u € U the random variable |N¢g, (u) N S| has a hypergeometric distribution with expectation at

least Sr; by Theorem 4.6 and our assumption that M < %exp(%) it follows that the probability

2
of the event |Ng,(u) N S| < (B — 7)r is at most 2exp(—%ﬂr) < 7. So by linearity of
expectation we have E(X) < 1. Likewise, for each w € W the random variable |S \ Ng, (w)| has
a hypergeometric distribution with expectation at most Ar, so a similar calculation using our

assumption that N < %exp( %) shows that E(Z) < %. By linearity of expectation we also have

E(Y)=m- NT(“U < m(%)?, so in particular we have -LE(Y) < 3. Thus we have in total that

(N-1)
(9) E(X)+LEY)+EZ)<1.
Now suppose that for some 1 < k < r we have already chosen vertices wj,,--- ,w;, , € W such
that

E(X|.717 7jk—1) + VLTE(YL]l? 7jk—1) +]E(Z|.717 7jk—1) <1 P

where we identify j; with the event that w;, € S. Note that the base case k = 1 is guaranteed
by (9). Then, by the law of total probability, it is possible to choose wj, € W\ {wj,,...,w;, ,}
such that

E(X’jl) 7jk3) + %E(Y‘jla 7]1(3) +E(Z’jl) 7jk) <lI.

Having chosen wj,, ..., w;, in this way, define R' := {wj,,...,w;, }. Then

1 . . 1 . . ) .
X(R,) + ;Y(R,) + Z(R/) = E(X|]17 cee a]?") =+ ;E(Yblv s 7.77’) +E(Z‘jla cee 7]7‘) <1l
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So X(R') = Z(R') = 0, as X(R') and Z(R') must have non-negative integer values. Also
Y (R') < vr, meaning that G1[R’] has at most vr edges. So if we form R from R’ by removing
one vertex from each of these edges, then R has the properties (a)-(d).

It therefore suffices to show that the choices of j1,...,jr in Procedure SelectSet are identical
to the choices of ji, ..., jx in the above argument, so the resulting sets R’ are identical. That is,
we must show that for each 1 < k < r we have A = E(X|j1,--- ,j%), B = %E(Y!jl, .-+, Jr) and
C =E(Z|j1, -+ ,Jx), where A, B and C are the quantities given in Procedure SelectSet. The
first two of these equalities were established in [20] (and are straightforward to verify). For the
third define f; ; and fl/] as in Procedure SelectSet. Then we have

E(Z|j1,- k) = > P(INgy(w) N S| < (1 =20 | 1.+, jk)
weWw

—Z Yo PNy (w) N (S\{n- D)l = s e k)
s<(1=2M)r—fij,
al () (V5 )
Z Z Njk . = Ca
i=1 s<(1-2)\)r fi,]-k (r—kz)

as required. O

A simple application of Procedure SelectSet gives an algorithm to find a reservoir set.

Lemma 4.8 (Reservoir lemma). Suppose that 1/n < p < \, K, that H = (V, E) is a 4-graph of
order n which is k-connecting, and that G is a 2-graph on the same vertex set V. with §(G) >
n — An. Then there exists a subset R C V' such that
(a) (1—4p)pn < |R| < pn,
(b) for every x € V we have |NG( )N R| > (1 —35)\)|R]| and
(c) for every disjoint p1,p2 € ( ) there are at least £|R| internally disjoint paths of length at
most three in H[R U p; U pa] with ends p1 and pa.

Moreover, there exists an algorithm, Procedure SelectReservoir(H,G, p), which returns such a
subset R C V in time O(n').

Proof. We first define the graphs on which we will use Procedure SelectSet. For this set U :=
Hp, 0’} :p,p € (‘2/) and pNp' =0} and W := (Z) We also set
E1 = {{{p,?'},S}: {p,p'} € U,S € W and H[S U p U] contains a path with ends p, p'},
E:={{S,8}:5,58 €W and SNS" # (0}, and
Ey:={{5,5"}:85,8" € W and {u,v} € E(G) for all u € S,v € §'},
(UUW, Ey U E}) and Gy := (W, E3). We now define M := |U| < 3(}))
=£fn, B:=k, N ;=17\ and 7 := p. We also define m := |E]| and note
% () -4- ("_1) from which it follows that

and define graphs G| :=
and N := |[W|=(}), r:
that we then have m <

3
omr _ 2-2(3)("3) -4
Vi=on (Z)Q =4p.

Observe that G1[U] is empty and G;1[W] has precisely m edges. Furthermore, since H is
k-connecting we have dg, ({p,p'}) > min{xn?,§ - kn?- (";%)} > /@( ) for every {p,p'} € U, or
in other words, |Ng, (u)| > BN for all w € U. Also, since §(G) > (1 — \)n we have dGQ(S) >
() —4(”51) —4-An- ("55) > (1-17X)(}) for every S € W, or in other words, [Ng, (w)| > (1-XN)N
for all w € W. So our chosen graphs and constants satisfy Setup 4.5 with X' in place of ), and the
conditions of Proposition 4. 7 are satisfied (in particular our assumption that % < A\, K, p gives
M <1 3 exp(T 7") and N < 2 exp(%). We may therefore apply Procedure SelectSet to obtain
R .—SelectSet(Gl,Gg,r B, )\ ,7) € W such that

(a) (1—4p)2n < |R| < £,
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FIGURE 1. Absorbing structures of type 1 (left) and type 2 (right) for the pair
p = {z,y}. In each case the edges of the path not containing p are marked by
solid lines, whilst the paths including p use the edges marked by dashed lines
together with some of the edges marked by solid lines.

(b) R’ is an independent set in G1,

(¢) [Na,(u)NR'| > (k= p—4p)in > Ln for all u € U and

(d) |Ngy(w) N R'| > (1 = 34X — 4p)in > (1 — 35X)4n for all w € W.
We now define R := Jgcp/ S; it remains to show that R has the desired properties. Indeed, (b)
implies that the members of R’ are pairwise-disjoint, so |R| = 4|R’|, and so (a) immediately
implies (i). Now consider some = € V, and arbitrarily choose a set S € W with # € S. Then
by (d) there are at least (1 —35\)4n sets S” € R’ such that every y € S’ is a neighbour of x; since
the members of R’ are pairwise-disjoint it follows that |[Ng(z) N R| > (1—35X)pn > (1—35)\)|R|,
establishing (ii). Finally, (¢) implies that for every disjoint py,ps € (g) there are at least
Pn > £|R| sets S € R such that H[S U p; U ps] contains a path of length at most three
with ends p; and ps. Together with the fact that the members of R’ are pairwise-disjoint this
gives (iii). Furthermore, the dominant term of the running time is that of Procedure SelectSet,
which runs in time O(N* + M N3) = O(n'f). O

4.3. Proof of the absorbing lemma (Lemma 3.3). We now turn to the proof of the absorbing
lemma (Lemma 3.3), for which we make the following general definition of an absorbing structure.

Definition 4.9. Let o, > 0 and let H = (V, E) be a 4-graph of order n.

(a) We say that an ordered octuple O = (a1, as,c1,ca,c3,c4,b1,b2) of distinct vertices of H
is an absorbing structure for a pair p € (‘2/) if there are paths P and P’ in H, both with
ends {a1,as} and {b1,ba}, such that V(P) =0 and V(P') =OUp.

(b) We say that a pair p € (‘2/) is B-absorbable if there are at least fn® absorbing structures
forpin H.

(c) We say that H is (o, 3)-absorbing if at most an® pairs p € (‘2/) are not [-absorbable.

More specifically, we will work with the two types of absorbing structures given by the next
definition.

Definition 4.10. Let H = (V, E) be a 4-graph, and let x and y be distinct vertices of H. We say
that an ordered octuple O = (aq,ag, ¢1,ca, 3,4, b1,b2) of vertices of H, is an absorbing structure
of type 1 for the pair {z,y} if

{ah a2, Cy, 62}7 {017 C2,C3, 64}7 {637 C4, bl7 b2}7 {clv C2,T, y}7 {JZ, Y, cs, C4} SO

Similarly, we say that O is an absorbing structure of type 2 for {x,y} if
{ah a2, Cy, 62}7 {Cl7 C2,C3, 64}7 {637 C4, bl? b2}7 {a17 a2, T, y}7 {xa Y, 1, 64}7 {027 C3, bl7 b2} SO

The absorbing structures are depicted in Figure 1. Observe that if O is an absorbing structure
for {z,y} of type 1 or type 2, then the sequence (aj,as,c1,ca,cs,cq,b1,by) forms a path in H
with vertex set O and ends {aj,a2} and {b1,b2}. Moreover, if O is an absorbing structure of
type 1 then (a1, az, c1,c2,x,y, c3,cq, b1, ba) is a path in H with vertex set OU{x, y} and the same
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ends, whilst if O is an absorbing structure of type 2 then (a1, a9, z,y, c1, 4, c2, c3, b1, b2) is a path
in H with vertex set OU{x,y} and the same ends. Therefore absorbing structures of type 1 and
2 are indeed absorbing structures according to Definition 4.9. We now show that most pairs in
non-odd-extremal 4-graphs are contained in many absorbing structures.

Lemma 4.11. Suppose that 1/n € ¢ € f <K a < ¢ and that H = (V, E) is a 4-graph of order
n with 6(H) > n/2 —en. If H is not (o, B)-absorbing, then H is c-odd-extremal. Moreover,
there exists an algorithm Procedure OddPartition(H ) which returns a c-odd-extremal bipartition

{A, B} of V in time O(n®).
Proof. We introduce constants w,w’, ¢, e2,,e1 > 0 such that
lcesBgws gy <a<ec.

Furthermore, for a pair {x,y} € (‘2/) we define
Typy={{e1,e2,e3} CE : egNey={z,y} and (e; Uez) \ {z,y} = e3}.

We then can make the following observation.

Claim 4.12. If |T,,| > Bn?, then {z,y} is B-absorbable. Moreover, there exists an edge
{z,y,2',y'} of H such that |T,,| < fn* and [Ny (z,y) N Nu(2',y')| < £(5).

Proof. Suppose that |1} ,| > Bn? for some {z,y} € (‘2/) Then there are at least 83n* ordered
sextuples S = (c1, 2,2, ¥, c3,¢4) such that {c1,co,x,y}, {z,y,c3,ca} and {c1,co, c3,c4} are each
an edge of H. By the fact that 6(H) > (1 — &)n, for each such sextuple S there are at least
(n—6)((3 —en—4) > % ways to choose an ordered pair (a1, a2) of vertices of V'\ S such that
{a1,a2,¢1,c0} € E(H), and then at least (n — 8)((3 —e)n — 6) > % ways to choose an ordered
pair (b1, b2) of vertices of V'\ (S U{ai,az}) such that {b1,bs,c3,ca} € E(H). Overall this gives
at least 88n* - (%)2 > fAn®-many 10-tuples (ai,as, c1,c2,x, v, c3,cq, by, ba), each of which is an
absorbing structure of type 1 for {z,y}. Hence {x,y} is S-absorbable, proving the first statement
of the claim.

Since by assumption H is not («, 3)-absorbing, we may choose a pair {z,y} € (‘2/) which
is not B-absorbable, so [T,,| < Bnt. Since |Ny(z,y)| > (3 —2¢)(}), there must then exist a
pair {z,y'} € Nu(z,y) such that [Ny (z,y) N Nu(2',y')] < 4(5), as otherwise we would have
Teyl > 2 (3 —22)(5) - 4(5) > Bn*. This gives the desired edge {z,y,2’,y'} of H. O

Fix an edge e := {x,y,2’,y'} of H as in Claim 4.12. We now colour the edges of the complete
2-graph K on V in the following way: for {a,b} € (‘2/) we say that

red if {z,y,a,b} € E(H),{2/,y',a,b} ¢ E(H) and a,b ¢ e,
{a,b} is { blue if {z,y,a,b} ¢ E(H),{2',y',a,b} € E(H) and a,b ¢ e,

uncoloured otherwise.

Note that if {a,b} and {a’,V'} are disjoint red edges of K such that {a,b,d’,b'} € E, then
{{z,y,a,b},{z,y,d',b'},{a,b,d’,b/}} is an element of T,,. In such a case we call the edge
{a,b,a’,b'} of H a red hyperedge. Also, we say that a vertex of V is normal if we have both
drea(v) > (3 — w')n and dpe(v) > (3 — w')n in K. We observe that our colouring of K has the
following properties.

(A) There are at most |1} ;| < Bn* red hyperedges of H,

(B) at least (3 —w)(}) edges of K are coloured red,

(C) at least (3 —w)(5) edges of K are coloured blue,

(D) at most 2w(’) edges of K are uncoloured, and

(E) all but at most w'n vertices are normal.
Indeed, (A) follows immediately from our definition of a red hyperedge and our choice of e.
For (B) note that there are at least §(n—2)0(H) pairs {a, b} for which {z,y,a,b} is an edge of H.
By choice of e at most % (%) of these pairs have {2,y/, a,b} € E(H), whilst at most 4n such pairs
have a € e or b € e, so at least 3(n—2)5(H)—%(5) —4n > (3 —w)(}) edges of K are coloured red.
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Essentially the same argument proves (C), and (D) follows immediately from (B) and (C). Finally,

observe that for any v € V'\ e we have dy ({z,y,v}),dy({2',y/,v}) > (3 —¢)n, so for any v € V we

have dyed(v), dblue(v) < (3 +€)n. So if there are more than %n vertices with dyeq(v) < (3 —w')n,

then the total number of red edges is at most %(%’n (3—w)n+(1- %)n A4+em) <G -w)(b),

contradicting (B). A similar argument shows that there cannot be more than %/n vertices with
doue(v) < (3 — w')n, establishing (E).

For any triangle 7" in K with vertex set {u, v, w}, we write Nyeq(T') (respectively Nyue(T')) for
the set of vertices z € V for which uz, vz and wx are each red (respectively blue) edges of K.

We then have the following claim.

Claim 4.13. If the number of red triangles in K is at least on3, then there exists a red triangle
T in K with vertex set {u,v,w} such that

(a) |Nblue(T)| > (% - So)n and ‘Nred(T)’ > (% - Sp)na

(b) at most pn vertices & € Nyea(T') have |Ng (v, w,x) N Nyea(T)| > ¢n, and

(c) there are at most 9p (%) red edges of K between Nyea(T) and V \ Nyed(T).

Proof. By (E) there are at most w'n - n? < §n3 triangles in K which contain a vertex which is
not normal, and by (A) there are at most %n?’ triangles in K which are contained in more than
w'n red hyperedges, as otherwise there would be at least % . %n?’ -w'n > pn?* red hyperedges
in total. Similarly, by (A) all but at most w'n? edges of K are contained in at most w'n? red
hyperedges, as otherwise there would be at least % -w'n? - w'n? > Bn* red hyperedges in total.
We call these edges of K normal; observe that at most w'n?-n < %n?’ triangles in K contain
an edge which is not normal. So we can choose a red triangle 7' in K with vertex set {u,v,w}
which contains only normal vertices and normal edges and which is contained in at most w'n
red hyperedges. Then |Ng(T) N Nyeq(z)] < W'n for each x € {u,v,w}, as otherwise {u,v,w}
would be contained in more than w'n red hyperedges. Also, since u, v and w are normal,
for each x € {u,v,w} at most 2w'n vertices are in neither Nyeq(z) nor Npe(z). It follows
that for each z € {u,v,w} at most 3w'n of the vertices inside Ny (T') are not in Npje(z), so
|Noue(T)| > [N (T)| — 3+ 3w'n > §(H) — 9w'n > (3 — ¢)n. Similarly, for each z € {u,v,w} we
have |[(V\Ng(T))NNyeq ()| > dpeq(z)—w'n > (%—2w’)n; since |[V\Ny(T)| <n—§(H) < (%—FE)TL
it follows that [Nyea(T)| > (3 +&)n— 3+ (2w +&)n > (5 — ¢)n, proving (a).

Now observe that if (b) does not hold, then there are at least 3(¢n)? > w'n? pairs {z,y}
such that € Nyeq(T) and y € Ny (v, w,x) N Nyeq(T'). Each such pair yields a red hyperedge
{v,w,z,y} containing {v,w}, contradicting the fact that {v,w} is normal. So (b) holds, and
together with (a) and inclusion-exclusion we find that all but at most ¢n vertices € Nyeq(T)
have | Nyea(T) UNg (v, w, )| > (3 —p)n+6(H) — pn > n—3pn. So there are at most 4¢on? pairs
{z,y} with © € Nyeq(T) and y € V' \ (Nyeqa(T) U Ng (v, w, x)). On the other hand, any red edge
{z,y} of K with x € Nyeq(T) and y € Ny (v, w, z) yields a red hyperedge {v,w,z,y} containing
{v,w}, so there are at most w'n? such edges. It follows that K has at most 4pn? + w'n? < 9@(3)
red edges between Nyoq(T') and V' \ Nyeq(T'), proving (c).

Suppose first that there exists a red triangle {u,v,w} in K with the properties given in
Claim 4.13, and define A := N,eq(T) and B := V' \ A. Then by Claim 4.13(a) we have (3 —¢)n <
|A],|B| < (3 +¢)n, so certainly we have (3 —c)n < |A|,|B| < (3 —¢)n. Furthermore, by (B) and
Claim 4.13(c) there are at least (3 —w)(5) — 9¢(5) > (3 — 10¢)(5) red edges in K[A] U K[B].
Together with the fact that there are (‘é') + (‘g‘) < ((1/2;“7)") + ((1/22_‘p)”) < (3+¢)(5) edges
in K[A]U KB, this implies that there are at most 11¢() edges in K[A] U K[B] which are not
red. So if there are more than C(Z) edges e € E such that |e N A is even, then there are at least
c(y) —110(3) - (% +¢)(5) > Bn* red hyperedges, contradicting (A). We may therefore conclude
that there are at most ¢(’}) edges e € E such that [eN Al is even, whereupon {4, B} is the desired
c-odd-extremal bipartition of V.

Now assume that such a red triangle does not exist. We may then by Claim 4.13 assume that
there are at most pn3 red triangles in K. So we may choose a normal vertex v € V which is
contained in at most 4¢n? red triangles, as otherwise K would have at least %(1—w’ yn-dpn? > on?



HAMILTON CYCLES IN HYPERGRAPHS BELOW THE DIRAC THRESHOLD 17

red triangles in total. There are then at most 4on? red edges inside Nyeq(v), so by (E) and the
fact that v is normal there are at least

Z dreq(u) — 2 - 4pn? > (2 -2 )n- (3 —w)n— 8pn? > (3 —179) <T2L>
ueNred(v)

red edges between Nyeq(v) and V \ Nyeq(v), so at most %2 — (% — 17¢) (’;) < 18(;7(;) edges
between Nyeq(v) and V' \ Npeq(v) are not red. It follows that at most e (Z) edges f € E(H)
have |Nyeda(v) N f| = 2, as otherwise there would be at least e5(’y) — 18¢(5) - %2 > fn* red
hyperedges in total, contradicting (A). So if H[Nyeq(v)] and H[V \ Nyeq(v)] each contain at most
e1(}}) edges of H, then the total number of edges f € E(H) for which |f N Nyea(v)] is even is
at most (2e1 + £2)(}) < ¢()}), and then taking A := Nyeq(v) and B := V' \ A gives the desired
c-odd-extremal bipartition {4, B} of V, as (3 — ¢)n < |Nyea(v)| < (3 + ¢)n since v is normal.
This leaves only the cases in which either H|[Nyeq(v)] or H[V \ Nyed(v)] contains more than

€1 (Z) edges of H. If the former holds then we set A := Nyq(v) and B := V' \ Nyeq(v), and

otherwise we set A := V' \ Nyeq(v) and B := Nyeq(v); either way this results in a bipartition
{A, B} of V such that

(F) (3 —«')n <|A],|B| < (3 + w)n (since v is normal),
(G) at least 1 (7}) edges f € E(H) have |f N A| =4, and
(H) at most e5(}}) edges f € E(H) have |f N A| = 2.

In the remaining part of the proof we show that these conditions imply that at most a(g) pairs
of vertices are not 3-absorbable. This contradicts our assumption that H is not («, 3)-absorbing,
and so completes the proof. Recall that a pair is split if it has one vertex in A and one in B,
and connate otherwise. Additionally, we say that a pair p € (‘2/) is good if there are at least
(% — ) (5) pairs p’ € (‘2/) such that pUp’ is an odd edge of H (so a split pair is good if it forms
an edge with most connate pairs, and a connate pair is good if it forms an edge with most split
pairs).

Claim 4.14. At most w(g) pairs in (‘2/) are not good.

Proof. First consider a split pair p € (g) which is not good. Then there are at least %(n —
2)6(H) > (3 —2¢) (%) pairs p/ for which pUp’ is an edge of H. Since p is not good it follows that
p is contained in at least (¢ — 2¢) (g) > %(g) even edges of H, each of which must have precisely
two vertices in A (because p is a split pair). So at most %(g) split pairs in (‘2/) are not good, as
otherwise in total there would be at least é : %(g) . %(g) > £9('}) edges of H with precisely two
vertices in A, contradicting (H).

Next observe that for all but at most %(3) pairs p € (]23 ) there are at most %n vertices w € A
such that |[Ng(pU{w})NA| > %n, as otherwise there would be at least 75 - % (5) %n %n > ()
edges of H with precisely two vertices in A, contradicting (H). For each such p there are at least
(JA| = 4n)(6(H) = ¥n) > (A —w/ = £)(d —e— ©)n? > (3 — ) (1) split pairs p’ such that pUp' is
an edge of H; in other words, each such p is good. The same argument with the roles of A and
B reversed shows that all but at most %(g) pairs p € (‘;1) are good. O

We now show that any good pair is S-absorbable. First consider any good pair {z,y} with
x € Aand y € B. Since {x,y} is good, at most ("3') + (‘g') — (% =) (5) < 2¢(3) pairs p’ € (’3)
are not in Ny ({z,y}), and so at most 2¢(}) - (3) sets S € (‘2) contain such a pair p’. By (G) it
follows that at least 1 (7)) — 1/1(3)2 > Bn* edges {a,b,c,d} € H[A] are such that {z,y,a,b} and
{z,y,¢,d} are both edges of H. Each such edge yields an element of T, so |T,,| > Bn?, and
so by Claim 4.12 {x,y} is B-absorbable.

Now consider any good pair {x,y} with z,y € A or z,y € B. Choose (not necessarily distinct)
vertices ay,ci,c9,c3,b1,b2 € A and as,¢4 € B uniformly at random, and observe that with
probability at least 1 — 12—0 these eight vertices are distinct from each other and from x and y.
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Furthermore, since {z,y} is good and |A||B| < %2 we have that

n

P({x,y,a1,a2} € E(H)) > \A|1|B| ' <; - ¢> (2

and likewise the probability that {z,y, c1,cs4} is an edge of H is at least 1 — 3. Also,

P({a1,az2,c1,c2} € E(H))
>P({c1,ca} is good) - P({a1,a2,c1,c2} € E(H) | {c1,c2} is good)

(1)) i 1) ()21

where we use (F) for the final inequality. Exactly the same calculation shows that the probabilities
that {c1,ca,c3,c4} and {c3,cq,b1,b2} are edges of H are each at least 1 — 8. Finally, by (G)
the probability that {cg,c3,b1,b2} is an edge of H is at least ﬁ -e(H[A]) > €;. Taking a union

bound we find that with probability at least e; —30t¢ — 1%0 > 5 all of these events occur, in which
case (ay,ag,cy, o, C3,¢4,b1,b2) is an absorbing structure of type 2 for {x,y}. So in total there
are at least 5 |A|%|B|? > Bn® such absorbing structures for {z,y}, so {z,y} is S-absorbable.

We conclude by Claim 4.14 that at most w(g) < an? pairs in (‘2/) are not (-absorbable. This
contradicts our assumption that H is not («, 5)-absorbing and so completes the proof.
Finally, note that each step of the proof directly translates to an algorithm which returns the

desired bipartition in the claimed running-time. ([l

>21_3,¢}7

We are now ready to prove our absorbing lemma (Lemma 3.3) which guarantees the existence
of an absorbing path in the non-extremal case. In fact, we actually prove the following stronger
statement, in which the assumption that H is non-extremal is replaced by the assumption that
H is absorbing and connecting, and which concludes that we can find an absorbing path P in
polynomial time (furthermore, the modified condition (iii) allows the absorption of pairs into P
to be done greedily). Since Lemmas 4.3 and 4.11 imply that a non-extremal graph H must be
absorbing and connecting, this is indeed a stronger statement than Lemma 3.3. We could instead
prove Lemma 3.3 directly by a standard random selection argument; we avoid this approach since
we will also use the polynomial-time algorithm given by Lemma 4.15 in the proof of Theorem 1.5.

Lemma 4.15. Suppose that 1/n € e K 7 < f K a < A < Kk,u. Let H be a 4-graph on n
vertices with §(H) > n/2—en which is k-connecting and (o, §)-absorbing. Then there is a path P
in H and a graph G on V(H) with the following properties.

(i) P has at most un vertices.
(i1) Every vertex of V(H) \ V(P) is contained in at least n — An edges of G.
(i1i) For any edge e of G which does not intersect V(P) there are at least 2yn vertez-disjoint
segments of P which are absorbing structures for e.

Furthermore, there exists an algorithm, Procedure AbsorbingPath(H), which returns such a
path P and graph G in time O(n3%).

Proof. Let W := V(H)3, let U be the set of all S-absorbable pairs of vertices of H, and define
the graph G := (V(H),U). Furthermore set Vi := UUW and let E; be the set of all pairs {p, T}
with p € U, T € W for which T is an absorbing structure for p. We then set E} := {{T, 1"} :
T, 7" € Wand T NT" # (0} and define the graph Gy := (V4, Ey U EY). Set M := |U|, so M >
() —an? > (1 —3a)(}) since H is (o, B)-absorbing, and set N := [W| = n®, m := |Ej| < 64n'?,
r = f%nand v = 2;,”{ < 12832. Then, taking G to be the empty graph on vertex set W, the
conditions of Setup 4.5 and Proposition 4.7 are satisfied (with 5 playing the same role here as
there, and with 1 and 32 in place of A and 7 respectively), since each pair p € U is S-absorbable
and so has dg, (p) > Bn®. The call of Procedure SelectSet(G1,0, 3%n, 3,1, 3%) then returns a
family 77 C W of ordered octuples of vertices of H which is an independent set in G; such that
(1-1288%)B%n < |T'| < B%n and |T' N Ng, (p)| > (8 —1298%)|T'| > $83n for each p € U. If we
now delete from 7' every T € T’ which is not an absorbing structure for some (-absorbable pair
{z,y} € (V(ZH )), then we obtain a pairwise-disjoint family 7 satisfying the following properties:
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(A) |T] < B°n,
or any p-absorbable pair 1z,y; € the family 7 contains at least 55°n absorbing
B) f B-absorbable pai VD) the family T ins at least 13%n absorbi
structures for {z,y}, and
. . . V(H
(C) every T € T is an absorbing structure for some S-absorbable pair {z,y} € ( (2 )).

Enumerate the members of 7 as T4, , Ty, so ¢ < 3*n by (A), and for each 1 < i < ¢ let
al, ab, bl and b be the first, second, seventh and eighth elements of T; respectively. Then by (C)
and the definition of an absorbing structure we may choose, for each 7, a path P; in H with
vertex set 7; and with ends {a1,as} and {b1,b2}. Let Q = U, T}, so |Q| = 8¢ < 83?n, and let
X C V' \ Q be the set of vertices not in @) which lie in fewer than (1 — A\)n-many [-absorbable
pairs. We must have | X| < An, as otherwise there would be at least 3 - An- (An—1) > a(}) pairs
in H which are not -absorbable, contradicting the fact that H is («a, 3)-absorbing.

We now greedily construct a path Py containing every vertex of X. For this write X =
{z1,...,2¢}, so t = |X| < An, and greedily choose distinct vertices y1,...,y: € V \ (Q U X)
such that {z;_1,yi—1,2;,y;} is an edge of H for each 2 < ¢ < t. This is possible since y;
can be any vertex of V' \ (Q U X), and when choosing y; for 2 < i < ¢ there are at least
dp(ri—1,yi-1,7) — |Q| — | X| — (i — 1) > 6(H) — 88?n — An — t > 0 suitable choices available.
Having done so, we let Py be the path (z1,y1,...,2¢ ) in H, and set b(l) = x; and b?) = Y.
Note that Py has 2t < 2An vertices and that the paths Py, P, ..., P, are pairwise vertex-disjoint.

To complete the proof we use the fact that H is k-connecting to greedily choose paths @); of
length at most three which join the paths P; together into a single path. Suppose for this that we
have already chosen paths Q1,...,Q;_1 for some 1 < i < ¢, and set A; := (QUV(P@)UU;;I1 Q;)\
{bil_l,bg_l,a'i,aé}. Since H is k-connecting, there are either at least xn? paths of length two
or at least kn' paths of length three in H with ends {b'', 05"} and {a},a}}. In either case,
since |A;| < 88%n 4 2An + 4q < kn, at least one of these paths does not intersect A;. Arbitrarily
choose such a path and call it ();. Having proceeded in this manner to find paths Q1,...,Q, we
define P := PyQ1 P --- Q4FP, and observe that P is a path in H. It remains only to show that P
has the desired properties. Indeed, as just shown P has at most kn < un vertices, so (i) holds.
For (ii), recall that any edge e of G is a [S-absorbable pair in H and that by construction of P
the paths P included every vertex which was in fewer than (1 — A\)n-many S-absorbable pairs.
Finally, by (B) there are at least 133n > 2yn paths P; for which T; = V(F;) is an absorbing
structure for e, and these paths P; are vertex-disjoint segments of P. For the running time note
that the dominant term is the call of the Procedure SelectSet with O(N*+ M N?3) = O(n3?). O

4.4. Proof of the long cycle lemma (Lemma 3.4). Now we can turn to the proof of
Lemma 3.4 for which we need the following result of Erdés [8]. We say that a k-graph H is
k-partite if its vertex set may be partitioned into vertex classes Vi, ..., Vj such that |eNV;| =1
for every e € E(H) and every ¢ € [k]. We say that H is complete k-partite if additionally every
set e C V(H) such that [eNV;| =1 for every i € [k] is an edge of H.

Theorem 4.16 ([8]). Suppose that 1/n < d,1/f,1/k. Let F be a k-partite k-graph on f vertices.
If H is a k-graph on n vertices with e(H) > d(Z), then H contains a copy of F. Moreover, such

a copy can be found in time O(nF).

Actually the original version of this theorem did not consider the running time, but this can
be derived by a straightforward argument. First we restrict to a constant size subgraph H' of H
whose density is similar to that of H, and then we find a copy of F' in H' by exhaustive search.
The existence of such a subgraph can be established by a simple probabilistic argument, and this
argument can be derandomised to give an algorithm which finds a subgraph H’ with density at
least as large as that of H.

We will also make use of the following observation of R6dl, Rucinski and Szemerédi [35] (they
did not mention the running time, but this follows immediately from their proof).

Theorem 4.17 ([35]). Given a >0 and k > 2, every k-graph F' on m vertices and with at least
a(TIZ) edges contains a tight path on at least am/k vertices. Moreover, such a path can be found
in time O(n¥).
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Note that deleting every other edge of a tight path on s vertices in a 4-graph yields a 2-path
on at least s — 1 vertices, so for k = 4 we may replace ‘tight path’ by ‘path’ (i.e. 2-path) and
am/k by am/k — 1 in the statement of Theorem 4.17.

We are now ready to prove our long cycle lemma, Lemma 3.4. Again we actually prove a
stronger statement, Lemma 4.18, which assumes instead that H is connecting and states that
we can find the cycle C' in polynomial time. Since by Lemma 4.3 any 4-graph which is not even-
extremal is connecting, this is indeed a stronger statement. Our proof of Lemma 4.18 is based
on the proof given by Karpiriski, Ruciniski and Szymanska [20, Fact 4] for tight cycles, which
in turn was based on a similar lemma for tight cycles in 3-graphs given by Rodl, Rucinski and
Szemerédi [35, Lemma 2.2]. The principal differences are that our minimum codegree assumption
is weaker, and that our absorbing lemma also requires us to consider the auxiliary graph G, in
which we must find a perfect matching among the vertices not used in C.

Lemma 4.18. Suppose that 1/n < ¢ < v < A < p < Kk and that n is even. Let H = (V, E)
be a 4-graph of order n with 6(H) > n/2 — en which is k-connecting. Also let Py be a 2-path in
H on at most pun vertices, and let G be a 2-graph on V' such that each vertex v € V \ V(Py) has
dg(v) > (1 — X\)n. Then there exists a 2-cycle C in H on at least (1 — ~)n vertices such that
Py is a segment of C and G[V \ V(C)] contains a perfect matching. Moreover, there exists an
algorithm, Procedure LongCycle(H, G, Py), which returns such a cycle C in time O(n'®).

Proof. First, we introduce a constant D > 0 such that
led<e<sy<A<u<s.

Set V! =V\V(PR),H = H[V'|, ¢’ —G[V’] andn’ = |V'|,;son’ > (1—p)n, §(G') > (1-A—p)n >
(1—2u)n’ and 6(H') > (**6 p)n > (5—2p)n’. Also it follows from the definition of x-connecting
that H' is §-connecting. So by Lemma 4.8 (with 2v/3,n’,x/2 and 2u in place of p,n,x and A

respectively) we can choose a set R C V/ with 37n <(1-%)% 2n' <|R| < 27 n' < 27n such that

for any = € V' we have|NG/( )N Rl > (1-— 70/¢)]R| > 47n and for every dlSJOlnt p1,p2 € ( )
there are at least {5|R| > 5n internally disjoint paths in H [RUp1 Upo] of length at most three
whose ends are p; and pg

We first extend Py to a path Pj in H by adding a single edge at each end. The purpose of
this is that the ends of Pj will then be pairs in H' to which we can apply the fact that H' is
k-connecting. So let {uy,us} and {ug,us} be the ends of Py. Then since |V’ \ R| > (1 —2p)n and
§(H) > (3 —¢)n we may choose distinct vertices u}, ub, uy, uj € V'\ R such that u} € N (uq,us, u})
and u) € N(ug,uq,us). This gives the desired path P = (u}, u})Py(uf, uy). Write g := {u}, ub},
so ¢ is an end of F}.

We next proceed by an iterative process to extend P§ to a path on at least (1 —~y)n vertices in
H. At any point in this process we write P for the path we have built so far (so initially we take
P = PF|), and write L := V' \ (V(P)UR) and R := R\ V(P) (so at any point the sets V(P), R’
and L partition V). Moreover, throughout the process P} will be a segment of P which shares
an end in common with P, namely ¢. If at any point in the process we have |L| < 4n then we
terminate; observe that we then have |V (P)| > n—|L|—|R| > (1—+)n, so P is the de51red path.
We may therefore assume throughout the process that |L| > 3n.

The first stage of the process is while P contains at most ( % — p)n vertices, in which case we
have [V(P)UR| < (3 —p)n+ 2771 < §(H) —2. So we may use the minimum degree condition as
before to extend P by one edge That is, let p be the end of P other than ¢, choose any vertex
u € L and any vertex v € N(pU {u}) N L, and extend P by the edge p U {u,v}. We continue to
extend P in this way until P has more than (3 — p)n vertices. Note that no vertices of R are
added to P during this stage of the process.

Once P contains more than (% — p)n vertices, we enter the second stage of the process. In
each step of the process during this stage we will add at most 8 additional vertices from the
reservoir set R to the path P, and this stage of the process will continue for at most 3—" steps.
In consequence we will always have |R/| > |R| — 8- Since 8 - 32 < 5 it follows from our
choice of R that at any point in the process (or 1mmed1ately after the process terminates), given
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disjoint pairs p and p’ in V', we can find a path of length at most three in H[p U p' U R] with
ends p and p’.
L
Suppose first that, at some step of the second stage of the process, we have e(H[L]) > ,u(' 4|).

Then we can use Theorem 4.17 to find a path P’ in H[L] on at least % — 1 vertices. We let

pE (‘2/) be the end of P other than ¢ and let p’ be an end of P’, and choose a path @ of length
at most three in H[R' U pU p'] with ends p and p’. We then replace P by PQP’ and proceed to
the next iteration. Note that in this step we added at most 4 vertices from R’ to P, and that
the total number of vertices added to P is at least % —-1> %n -1> %.

Now suppose instead that, at some step of the second stage of the process, we have e(H[L]) <
u('i'). Then we have the following claim.

Claim 4.19. There exist sets J C I C V(P)\ V(P)) and a 3-graph Hy with vertex set L such
that |I| = D, P[I] is a segment of P, |J| = 2, e(Hp) > 2*D%(|§‘) and for every e € E(Hp) and
every v € J we have e U{v} € E(H).

Proof. Let Ey be the set of edges of H[L|, Eq be the set of edges of H with three vertices in L
and one vertex in V(P)\ V(P;) and E] be the set of edges of H with three vertices in L and one
vertex in R' UV (F]). We then have that

L
d-an('y) < T duts) = aiml + 151+ 1]
Se(s)
Since 4|Ep| < 4/1(‘2‘) < M\L|(|§|) < /m(‘é‘) and |E1| < (2%11 + un +4)(‘§|), this yields

21l (3 3wy

Let P be the family of segments of P with precisely D vertices which do not intersect P}, and
for each @ € P let Ng be the number of edges of E; which intersect V(Q). Since all but at most
2D vertices of V/(P) \ V(F)) appear in precisely £ of the sets V(Q), we have

> voz (1m-20(1)) 22 - a ()0 4

QeP
Since P has at most n vertices we have |P| < 5, so we may fix a segment ) € P with Ng >
(% — 4u)(|§|)D. Write I := V(Q) and let H; be the 3-graph on L whose edges are all sets

S e (%) with [Ng(S) N I| > 2. Then we have Ng < e(H1)D + (5)2, and it follows that

e(Hy) > (% —4p— %)('gl) > %(‘g') Also, since I has at most 2P subsets, by averaging we may fix
aset J' C I with |J'| > £ such that at least 2-Pe(H;) edges S € E(H;) have Ng,(S) = J. Let

Hj be the 3-graph on L with all such sets S as edges, and choose any J C J' with |J| = %. O

Fix such an I, J and Hy. Then Hy contains a complete 3-partite 3-graph K with all vertex
classes of size % by Theorem 4.16. So let K’ be the complete 4-partite subgraph of H whose
vertex classes are J and the three vertex classes of K, and let Q be a Hamilton path in K’ (so in
particular @ is a path in H on % vertices). Since P[I] is a segment of P, removing the vertices
in I from P leaves two vertex-disjoint subpaths of P; of these let P; be the path which has ¢
as an end (so in particular P is a segment of P;) and let P» be the other path. Let p; be the
end of P; other than ¢, let po be an end of P, and let ¢; and g2 be the ends of ), and choose
vertex-disjoint paths @ and Q2 in H[p; Ugy UR'] and H[p2 Uqgo U R'] respectively, each of length
at most three, so that )1 has ends p; and ¢; and Q)2 has ends p2 and ¢g3. We now replace P with
the path PQ1QQ2 P> and proceed to the next iteration. Note that in this step we added at most
eight vertices from R’ to P (at most four in each of @1 and Q2), and that the total number of
vertices in P increased by at least |V (Q)| — |I| = %.

Since each step in the second stage of the process increases the number of vertices of P by at
least %, this stage of the process continues for at most %” steps, as claimed. When the process
terminates the final path P has at least (1 —~)n vertices and has ¢ as an end, and P} is a segment
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of P. Let p be the end of P other than ¢; then we may choose a path @ in H[R'UpUg]| of length
at most three and with ends p and ¢. This gives a cycle C = PQ in H on at least (1 —~)n vertices
such that Py is a segment of C'. It remains only to find a perfect matching in G* := G[V'\ V(C)].

For this note that |[V(G*)| < yn and |R\ V(C)| > |R| — 2% — 4. Therefore our choice of R

implies that §(G*) > 47771 —2n_4>3In> w Since C'is a 2-cycle (so has an even number

of vertices) and n is even, we have that |V \ V(C)] is even, so G* contains a perfect matching.
Following this proof gives a polynomial-time algorithm to find a long cycle as in the statement
in a k-connecting k-graph of high minimum codegree. Indeed, Lemma 4.8 gives a reservoir set R
as required in time O(n'%), and by Theorem 4.16 we may find the complete 3-partite 3-graph K
in time O(n?3), whilst Theorem 4.17 allows the choice of the path P’ in time O(n%), and it is clear
that the remaining steps of the proof can be carried out in polynomial time (e.g. by exhaustive
search to find a path of length at most three). O

5. HAMILTON 2-CYCLES IN 4-GRAPHS: EVEN-EXTREMAL CASE

In this section we give a detailed proof of Lemma 3.6 which states that Theorem 1.3 holds
for even-extremal 4-graphs. As in the previous section, all paths and cycles we consider in this
section are 2-paths and 2-cycles, therefore we will again omit the 2 and speak simply of paths
and cycles. Also, for most of the section we work within the following setup.

Setup 5.1. Fizx constants satisfying 1/n < ,c K 7K L Pa L1 K p <K<Kl Let H be a
4-graph of order n, and let V =V (H).

Recall that if H is an even-extremal 4-graph on n vertices, with a corresponding even-extremal
bipartition { A, B} of V/(H), then H has very few odd edges. If §(H) is close to n/2 then it follows
from this that H[A] and H[B] are both very dense, and also that H has very high density of
edges with precisely two vertices in A. Furthermore recall that we call a pair p € (‘2/) a split pair
if [pN A| =1 and a connate pair otherwise.

One strategy for finding a Hamilton cycle in such an H is as follows. We first find short paths
P and Q in H each joining a connate pair in A to a connate pair in B. That is, the ends p and p’
of P and the ends ¢ and ¢’ of Q have p,q € (’3) and p/,q € (12?) Moreover P and @ are chosen so
that A" := A\ (V(P)uV(Q)) and B’ := B\ (V(P)UV(Q)) each have even size. We then use the
high density of H[A] and H|B] to find a Hamilton path P4 in H[A’UpUq] with ends p and ¢ and
a Hamilton path Pp in H[B'Up’ U¢'] with ends p’ and ¢'. Together P, P4, Q and Pg then form
a Hamilton cycle in H. Another strategy for finding a Hamilton cycle in such an H is to first
find a short path P in H whose ends p and ¢ are both split pairs such that V' := V(H) \ V(P)
satisfies [V/ N A| = |V/ N B|. We then use the high density of edges of H with precisely two
vertices in A to find a Hamilton path P’ in H[V' U p U ¢| with ends p and ¢ which consists of a
sequence of split pairs. Together P’ and P then form a Hamilton cycle. We give the necessary
preliminaries for implementing this strategy in Subsection 5.1, culminating in Lemma 5.5 which
gives sufficient conditions for us to find P’ as desired. We will also use Lemma 5.5 to find the
paths P4 and Pp in the very dense case.

Finally, in Subsection 5.2 we complete the proof of Lemma 3.6 by distinguishing various cases;
in each case we apply one of the two strategies described above to find a Hamilton cycle in H.

5.1. Hamilton paths of split pairs. In this subsection we consider 4-graphs H admitting a
bipartition {A, B} of V(H) such that H has a very high density of edges with two vertices in A
and two vertices in B, motivating the following definitions.

Definition 5.2. Under Setup 5.1, for a fized bipartition {A, B} of V, we say that
(i) a triple S € (‘g) is vy-good if it is contained in at least (% —y)n even edges,

(ii) a pair p € (‘2/) is y-good if it is contained in at least (% — 73)(721) even edges,
(i1i) a vertex v € V is y-good if it is contained in at least (% — 75)(2) even edges,
(v) a pairp € (‘2/) s Po-medium if it is contained in at least Bo (g) even edges,

(v) a pairp € (‘2/) is PBa-bad if it is not fo-medium,
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(vi) a vertex v € V is (B, f2)-medium if it is contained in at least Bin-many [a-medium
pairs, and
(vit) a vertex v € V is (B1, f2)-bad if it is not (81, f2)-medium.

The following elementary proposition shows that good vertices and pairs lie in many good
pairs and triples.

Proposition 5.3. Assume Setup 5.1, and fix a bipartition {A, B} of V' such that n/2 — cn <
|A| <n/2+ cn. Then the following statements hold.

(i) If v € V is y-good, then v is contained in at least (1 — v)n-many y-good pairs.
(ii) If p € (‘2/) is a y-good pair, then p is contained in at least (1 — v)n-many y-good triples.

Proof. First, we make the following observation. Each set S C V of size i € {1, 2,3} is contained
in at least (3 —2c)(,",) and at most (5 +2¢)(,",) even 4-sets. To prove (i) note that since v is
~v-good, there are at most (5 +2¢)(3) — (3 —7°)(3) < (v° 4+ 2¢)(}) even 4-sets which contain v
and which do not form an edge in H. Now assume that there are more than yn vertices w such
that {v, w} is not v-good. Then there are at least 3-yn-((5—2¢)(5) — (3 —=7%)(5)) > (+*+2¢)(3)
even 4-sets which contain v and do not form an edge in H, a contradiction. A similar reasoning
proves (ii). O

Proposition 5.4. Assume Setup 5.1, and fix a bipartition {A, B} of V' such that n/2 — cn <
|A| <n/2+cn. Also let R CV be such that |A\ R| > un and |B\ R| > un. Then

1) for any two disjoint y-good split pairs s1 and sy there exists a split pair s € suc
(i) for any two disjoint v-good split pai d so th ists a split pai (V3" such
that sy Ussz € E(H) and s3 U sy € E(H), and
. L . . - A\R
(ii) for any two disjoint y-good connate pairs p1 and pa there exists a connate pair ps € ( é )
such that py Ups € E(H) and p3Upe € E(H).
Now suppose additionally that at most pn vertices of V' are not v-good. Then

(iii) for any ~y-good split pair sy there exists a y-good split pair so € (V;R) such that s1 U sg €
E(H), and

(iv) for any ~y-good connate pair py there exists a y-good connate pair pa € (A;R) such that
p1Ups € E(H)

Note that by symmetry (ii) and (iv) remain valid with B in place of A.

Proof. For (i), since s; and sy are y-good, there are at most 2("72 — (5 =7 (5)) < 3¥%(5) split
pairs which do not form an edge with both s; and sy. Since there are at least p?n? > 33 (g)
split pairs which do not contain a vertex of R, we may choose s3 as required. Similarly, for (iii),

1 n

there are at most % —(5— 73) (2) < %,uan split pairs which do not form an edge with s;, and

since at most pn vertices are not y-good, by Proposition 5.3(i) the total number of pairs which
are not y-good is at most pn-n+n-yn < %,uQnQ, and so we may choose a split pair sg € (VSR)
as required. The arguments for (ii) and (iv) are very similar, so we omit them.

Note that we can list all y-good pairs in H in time O(n?), and having done so we can find
pairs as in Proposition 5.4(i)-(iv) in time O(n?) by exhaustive search. We now state and prove
our Hamilton path connecting lemma for this setting.

Lemma 5.5. Assume Setup 5.1, and fix a bipartition {A, B} of V' with |A| = |B|. Suppose also
that every verter of V' is y-good. If s1 and ss are disjoint vy-good split pairs, then there exists a
Hamilton path in H with ends s1 and so. Moreover, such a path can be found in time O(n?).

Proof. Set m := [%] Throughout this argument we only use edges e € E such that [eNA| =
le N B| = 2. Consequently, every path we construct contains the same number of vertices from

A and B. The proof consists of the following three steps.

(I) We define a notion of a palatable vertex, and build a grid L C V'\ (s1 Us2) which consists
of 3m + 2 vertices from A and 3m + 2 vertices from B, contains two y-good split pairs
q1,q2 € (S) and which can swallow any set S C V \ L of 2m palatable vertices with
|SNA| =|SN B| = m, meaning that for any such S there is a path in H with vertex set
L U S and with ends ¢; and go.
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(IT) Next, we construct disjoint paths Q1 and Q2 in H[(V'\ L)Ug; Uga] such that )1 has ends s;
and q1, @2 has ends g2 and s, the set R := V'\ (LUQ1UQ2) satisfies |[RNA| = |[RNB| =
and every vertex in R is palatable.

(ITI) Finally, since L can swallow R, there is a path P in H with vertex set R U L and with
ends ¢1 and ¢9, and Q1 PQ- is then a Hamilton path in H with ends s; and ss.

To construct the grid we first greedily choose a set L} = {x1,y1,%2,Y2,* * , Ym, Tm+1} of distinct
vertices of A\ (s1Uss2) such that for each i € [m] both {x;,y;} and {y;, x;+1} are y-good. We then
greedily select distinct vertices zq,- -, zm+1 € B\ (s1 U s2) such that {z1, 21} and {zp+1, 2m+1}
are y-good pairs and such that for any ¢ € [m] both {z;, z;,y;} and {y;, xiy1,2i4+1} are vy-good
triples. Having done this, we set L1 = Lj U{z1,- - , zm+1} and continue to form a ‘mirror image’
L; as follows. We greedily choose a set Ly = {@, ¥1, 25, ¥5, -+ , Y, Tpyyq + of distinct vertices of
B\ (L1 U sy U sg) such that {zp41, 2m+1, 2]} is y-good and for each ¢ € [m] both {z},y;} and
{y}, ;1 } are y-good. Finally, we greedily select distinct vertices 21,---, 2, € A\ (L1Us1Uso)
such that {:pm+1,zm+1,az1,z1} € E(H), the pair {x],,,,2),,1} is 7-good and for any i € [m]
both {zj, z;,vy;} and {y;, x 1, 2;,} are y-good triples. Let Ly := Ly U {2y, -+, 2/, }; our grid
is then L := L1 U Ly, and we take ¢ := {x1,21} and ¢z := {2, m+1} To confirm that it is
possible to make these greedy selections, observe that by the definition of a «-good triple and
Proposition 5.3(i) and (ii) at least |B| — 2yn vertices are suitable for each choice of a vertex from
B and at least |A| — 2yn vertices are suitable for each choice of a vertex from A. Since in total
we choose 3m + 2 vertices from each of A and B, and |s; U s3] = 4, there are always at least
n/2 — (3m+2) —4 — 2yn > 1 suitable vertices which have not previously been chosen.

We now set A’ = A\ L and B’ = B\ L, and define two bipartite auxiliary graphs G4 and Gp.
Indeed, we take G 4 to be the bipartite graph with vertex classes A’ and Y’ := {y},--- ,y,,} whose
edges are those pairs {y}, w} with ¢ € [m] and w € A’ such that {«}, 2/, y, w}, {ysz737z+1= Zi 1} €
E(H). By construction both {, 2, y;} and {y;,z;,, 2} are v-good for each i € [m], and it
follows that dg,(v.) > (|A'] — 2yn) > (1 — 167)|A’|. In particular the graph G4 has at least
m(1 — 16v)|A’| edges. Likewise we take Gp to be the bipartite graph with vertex classes B’
and Y := {y1, - ,ym} whose edges are those pairs {y,,w} with ¢ € [m] and w € B’ such that
{xi, zi, yi, w}, {yi, w, xiz1, zig1} € E(H); by the same argument we have dg, (y)) > (1 — 167)|B’|
for each i € [m], and so in particular the graph Gp has more than m(1 — 16+)|B’| edges. We call
a vertex a € A’ palatable if dg, (a) > 0.9m and a vertex b € B’ palatable if dg,(b) > 0.9m. Let
M, C A’ be the set of non-palatable vertices in A’ and let Mg C B’ be the set of non-palatable
vertices in B’. Then |Ma| < 1f5n, as otherwise the number of edges in G4 would be at most

(1A’ —ﬁn) —I-mn 0.9m < m(1 — 167)|A’|,
contradicting our previous lower bound. For the same reason we have |[Mp| < 1§5n. Observe
that given a set S C A"U B’ of 2m palatable vertices with |S N A’| = |S N B’| = m the subgraphs
"= Gal(ANS)UY'] and G’y := Gg[(B'NS)UY] contain perfect matchings {{y,,a;} | i € [m]}
and {{v;,b;} | i € [m]} respectively, as 6(G'y),0(G'g) > 0.9m. It follows that

/ / / / / /
(xlyzlaylvbla e )yﬂ%bmrrm+17Zm+17$1)21’y17a17 o aymvamvxm-',—lvzm—i-l)

is a path in H with ends ¢; and ¢o. This demonstrates that L can swallow any set S of 2m
palatable vertices with [S N A| = |S N B| = m, and so completes Step (I) of the proof.

We now construct @1 and Q2. We first use Proposition 5.4(i) to find s} € (V\(L2U82)) such that
Q1 := s184q1 is a path. It then remains to construct a path Q2 with ends g2 and s, of length
(=5 —4m — 4, with V(Q2) € V \ (LU Q1), so that Q2 contains all non-palatable vertices
not in @ and such that |V(Q2) N A| = |V(Q2) N B|. We do this in the following Way Let
M be the set of all non-palatable vertices not in Qq or s, so |[M| < [Ma| + |Mp| < %n, and
write M = {g1,...,gx} and V' := V \ (LU V(Q1) U s2). Now greedily choose distinct vertices
hi,--+ ,hg € V'\ M such that {gl, h;} is a y-good split pair for each 1 < ¢ < k. This is possible
as each gi is y-good and k < £n. Write po := s, and for each i € [k] let po; := {gi, hi}. By

repeated application of Prop081t10n 5.4(i) we may then choose split pairs p; € (‘g/) for each odd
i € [2k] such that the pairs p; are all disjoint and p;_1p; € E(H) for each i € [k]. We then use
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Proposition 5.4(iii) repeatedly to obtain y-good split pairs poki1, Pkt2, .- ., Pi—2 € (‘g/) which are
pairwise disjoint and py, . .., par and such that p;_1p; € E(H) for each k+1 < i < ¢ —2. Finally,
we set pp := ¢ and apply Proposition 5.4(i) to choose a split pair p,_1 € (‘;) disjoint from
Uf;g pi so that py_opy—1 € E(H) and py_1p¢ € E(H), and Q2 := pop1 - .. pe is then a path with
the desired properties, completing Step (II). In particular, the set L U Q1 U Q2 contains precisely
UL+ [V(Q1) \ L] +|V(Q2) \ L|) = (3m + 2) + 2+ £ = % — m vertices from each of A and B,
so R:=V\ (LUQUQ2) satisfies [RN A| = |RN B| = m, and therefore can be swallowed by L
for Step (III). This calculation also justifies that it was possible to choose vertices h; and to use
Proposition 5.4 as claimed above.

Finally, for the algorithmic statement observe that for Step (I) we can list the -good vertices,
pairs and triples, greedily construct the grid L, form the auxiliary bipartite graphs G4 and Gp
and list all palatable vertices in time O(n*). Then, for Step (II), we can form the paths Q; and
Q2 in time O(n?) by repeated exhaustive search of which pair to add next. Finally, for Step (III)
we need to find a perfect matching in G’y and G’, and we can do so in time O(n?) by using
Edmonds’s blossom algorithm [7]. O

5.2. Proof of Lemma 3.6. We now turn to the proof of Lemma 3.6, for which we first give two
preliminary results. The first of these states that if { A, B} is an even-extremal bipartition of V,
then almost all vertices and pairs are good, and that pairs which are not bad must form an even
edge with a good pair, even if we forbid a small number of vertices from being used for this.

Proposition 5.6. Assume Setup 5.1, and suppose that 6(H) > n/2 —en and that {A, B} is a

c-even-extremal bipartition of V.. Then

a) there are at most —%5- (%) pairs which are not vy-good,
3 —2e \2
C

v5—2¢

(b) there are at most n wertices which are not y-good,

C
(1-B1)(5—B2—2¢)
(d) if R CV satisfies |R| < %ﬂn, then for every B-medium pair py there exists a y-good pair

(c) there are at most n vertices which are (B1, 52)-bad, and

P2 € (VSR) such that p1 Upy is an even edge.

Proof. For (a) note that by our minimum degree condition every pair forms an edge with at least

(3 — 2¢)(5) other pairs, so if the assertion is not true, then there are more than £ - 737525(3) .
(v* = 2¢)(3) = ¢(}) odd edges. Similarly, for (b) note that every vertex forms an edge with at
1 c

least (% — 26)(2’) triples, so if the assertion is not true, then there are more than ; - e
(175 —2¢)(3) > ¢(}}) odd edges. For (c), if we assume otherwise, then there are more than

i3 mn (L1=Bi)n- (3 —B2—2¢)(3) > ¢(}) odd edges in H. In each case we have a
contradiction to the fact that the bipartition { A, B} is c-even-extremal. Finally, for (d) note that
by (a) there are at most ,Ygf% (g) < g(g) pairs which are not y-good, and at most gng < %(g)
pairs contain a vertex of R, but since p; is S-medium there are at least B(Z) pairs which form
an even edge with py. [l

Recall the proof strategies outlined at the start of this section, both of which begin by choosing
short paths whose ends we can connect by the Hamilton path connecting lemma. We will use
the following lemma to obtain suitable short paths.

Lemma 5.7. Assume Setup 5.1, and suppose that §(H) > n/2—en and that {A, B} is a c-even-
extremal bipartition {A, B} of V. Suppose also that every vertex of H is (p1, B2)-medium. If H
contains an odd edge, then H contains a path of length 3 whose ends are a v-good split pair and
a y-good connate pair.

Proof. 1t suffices to show that H contains an odd edge e which is the union of two fs-medium
pairs. Indeed, we can then write e = p U s where p is a f3-medium connate pair and s is a -
medium split pair, following which two applications of Proposition 5.6(d) yield a v-good connate
pair p’ and a y-good split pair s’ such that p'pss’ is a path.

By assumption we may choose an odd edge e € H. If e is the union of two Bs-medium pairs,
then we are done by our first observation. So we may assume that there are vertices z,y € e
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such that {,y} is fo-bad. This means that {z,y} is contained in at most B2 (}) even edges, and

so (using the minimum degree condition) there are at least (3 2B2)( ) pairs {2z, w} such that

{z,y,z,w} is an odd edge of H. By Proposition 5.6(b) at most 75_2En n < 'y( ) pairs {z,w}

contain a vertex which is not vy-good. Furthermore, since y is (1, f2)-medium, at least S1n pairs
1

containing y are So-medium. Therefore there are at least Sin-((5 —c)n— fin— 1) >4 ( ) pairs

{z,w} for which {y,z} and {y,w} are not both B-bad. Since there are at most (% -+ c)( ) pairs
{z,w} such that {z,y,2,w} is an odd 4-tuple, and (1 +¢) — (3 —282) +7 < 51 , it follows that
there exist vy-good vertices z and w such that e := {z,y, z, w} is an odd edge of H and {y, z} is a
fo-medium pair. If {z,w} is fa-medium, then e is the union of two Sa-medium pairs and we are
done by our first observation, whilst if {x,w} is B2-bad, then we have a fo-bad pair containing
the v-good vertex w. We then proceed as follows.

The minimum degree condition of H, combined with the fact that {w,z} is B2-bad, implies
that there are at least (3 —262)(5) pairs {z/,w'} such that {w,z,z’,w'} is an odd edge of H.
Since w is a y-good vertex, by Proposition 5.3(i) at most yn pairs containing w are not y-good.
So certainly there are at most yn? < 3v(}) pairs {2/, w'} for which {w, 2} is By-bad or {w,w'}
is B2-bad. Moreover, since x is (f1, f2)-medium (since we assumed all vertices are), at least Sin
pairs containing « are -medium. Therefore there are at least Sin-((3 —c)n—Bin—1) > % (5)
pairs {2/, w’} such that {w,z,2’,w'} is an odd 4-tuple and such that {z, 2’} and {az w'} are not
both fBo-bad. Since there are at most (3 + ¢)(5) pairs {2/, w'} such that {w,z, 2’ w’} is an odd
4-tuple, and (% +c)— (f —202)+3y < ’8— , it follows that there exist vertices 2z’ and w’ such that

{w,z,2',w'} is an odd edge of H contalmng fo-medium pairs {w, 2’} and {z,w'}, and we saw
already that this is sufficient. O

Now we have all the tools we need to prove Lemma 3.6. In fact, we actually prove the following
stronger statement, which additionally asserts that given an even-extremal bipartition as input,
we can find a Hamilton 2-cycle in polynomial time.

Lemma 5.8. Suppose that 1/n < e, < 1 and that n is even, and let H be a 4-graph of or-
der n with 6(H) > n/2 —en. If H is -even-extremal and every bipartition {A, B} of V(H)
1s even-good, then H contains a Hamilton 2-cycle. Moreover, there exists an algorithm Proce-
dure HamCycleEven(H,{A, B}) which, given as input a ¢'-even-extremal bipartition {A, B} of
V(H), returns a Hamilton 2-cycle in H in time O(n'?).

Proof. For this proof we introduce further constants such that
60 Kk YK PBL LB KB <.

Since H is c/-even-extremal we may fix a bipartition {A’, B’} of V := V(H) with (3 — )n <
|A’| < (3+¢)n which induces at most ¢/ (}) odd edges. We begin by moving all vertices which are
(B, B4)-bad to the other side. More precisely, we define AP*d := {a € A" : a is (B}, B5)-bad} and
B"d .= {h e B’ :bis (B, Bh)-bad}, and set A := (A"\ APad)U B2 and B := (B'\ BP*) U Abad;
we say that the vertices of AP U B4 are moved. By Proposition 5.6(c) at most 3¢'n vertices
are moved in total.

Claim 5.9. {A, B} is a c-even-extremal bipartition of V' with respect to which every vertex of H
is (51, B2)-medium. Moreover, every vertex of H is contained in at least fn connate pairs which
are -medium with respect to {A, B}.

Proof. Since at most 3c¢n vertices were moved, we have (3 —c)n < (3 — ¢ — 3c)n < |A|(5 +
d +3c)n < (3 + ¢)n, and the number of edges of H which are odd with respect to {4, B} is at
most () +3¢n* < ¢(}}), so {A, B} is c-even-extremal. Now, since o < ) < 81 < 3], every
unmoved vertex which was (37, 8)-medium under {A’, B’} is (1, f2)-medium under {4, B},
whilst every moved vertex was in at least (1 — f3)n pairs which were not Sj-medium under
{A’, B’} and therefore is in at least (1 — 3] — 3¢/)n-many Sz-medium pairs under {4, B}. Thus
every vertex is (31, 82)-medium with respect to {A, B}.

Now suppose that some vertex x € V is contained in fewer than Sn connate pairs which are -

medium. Since x is (51, 52)-medium it follows that x is contained in at least (51 —5)n > B Ln split
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pairs which are fy-medium, so the number N of even edges e € E(H) with [eN A| =|eNB| =2
which contain z satisfies N > 1 - %n - B2(3) = 28n? even edges e with [eNA| = |en B| = 2. But
then there must be at least Sn connate pairs containing x which are contained in at least ﬂ(g)
even edges of H, as otherwise we would have N < fn - (g) +n- B(g’) < 26n3, and each of these
pairs is S-medium, giving a contradiction. (Il

We henceforth exclusively use the terms odd, even, v-good, (51, f2)-medium and so forth with
respect to the bipartition {4, B} of V. Observe that H, V', n and the constants ¢, ¢, ~, 3, 81 and
B2 are as in Setup 5.1.

We distinguish five cases which are related to the cases in the definition of an even-good
bipartition. Case A assumes only that H contains two disjoint odd edges. All other cases assume
that there are no two disjoint odd edges in H, and in addition Case B assumes that |A| and
|B| are even, Case C assumes that |A| and |B| are odd and that there are two odd edges whose
intersection is a split pair, Case D assumes that |A| = |B| is odd and that there are no two odd
edges whose intersection is a split pair and Case E assumes that |A| = |B|+ 2 and that there are
two odd edges whose intersection is a connate pair in A. By symmetry Case E also covers the
case where |B| = |A| + 2 and there are two odd edges whose intersection is a connate pair in B.
Since {A, B} is even-good by assumption, at least one of these cases must hold, so to prove the
lemma it suffices to construct a Hamilton cycle in H in each case.

We begin with Cases A—C, for which we construct a Hamilton cycle as follows.

(I) We build a ‘bridge’ @, which is a path on at most yn vertices whose ends are a y-good
pair g4 € (3) and a 7y-good pair ¢p € (5) such that |[A\ V(Q)| and |B\ V(Q)| are both
even and so that @) contains all vertices of H which are not «-good.

(IT) Next, we choose y-good pairs py € (A\‘Q(Q)) and pp € (B\‘Q(Q)) such that paUpp € E(H),
and take P to be the path consisting of this single edge.

(III) Finally, we apply Lemma 5.5 twice to form a Hamilton path P4 in H[(A\ V(Q)) U q4]
with ends p4 and g4 and a Hamilton path Pg in H[(B\ V(Q)) U ¢g] with ends pp and
qB, and then QPpPP, is a Hamilton cycle in H.

It suffices to prove the existence of the bridge () in each case. Indeed, having constructed the
bridge @ we may choose py and pp as in Step (II) by choosing any ~-good pair py € (A\‘g(Q))
and then using Proposition 5.4(iv) to obtain a v-good pair pg € (B\‘g(Q)) with ps Upp € E(H).
We then just need to explain how to apply Lemma 5.5 in Step (III).

For this define A* := (A\ V(Q)) U qa, Ha := H[A*] and ny := |A*|. Then by choice of
@ we have that n, is even and (3 — 29)n < na < (3 + ¢)n, so we can choose an arbitrary
bipartition A* = S; U Sy of H4 such that |Si| = |S2| and such that p4 and g4 are split pairs in
relation to (S1,S2). Since each vertex v € A* is y-good in H, it follows that there are at most
(3+2¢)(3) — (3 —7°)(3) even 4-tuples S € (Z) which contain v and do not form an edge of H.
Then v is contained in at least na/2- (na/2 —1) — (2c++°)(3) > (1/2 — %) ("{) edges in Hg,
and so v is B-good in H 4. Similar calculations show that, since ps and g4 are each y-good pairs
in H, each is a 8-good pair in H4. Thus we can apply Lemma 5.5 to obtain a Hamilton path in
H 4 with ends ps and g4 as required. The same argument shows that we can find a Hamilton
path in Hp with ends pg and gp also.

We now show how to construct the bridge @ in each of Cases A—C.

Case A: Assume there are two disjoint odd edges ej,ea € E. To construct () we first use
Lemma 5.7 to find a path @} of length three in H[V \ e3] whose ends are a y-good connate
pair p} and a v-good split pair s;. Next, we use Lemma 5.7 again to find a path Q2 of length
three in H[V \ V(Q})] whose ends are a y-good split pair sy and a y-good connate pair ps. By
Proposition 5.4(iv) we may then choose a y-good connate pair p; € (‘3) disjoint from V(@) U
V(@Y%) such that p; Up} € E(H), to give a path Q1 := p1p| Q) s1 of length four which is vertex-
disjoint from Q2. Write V' := V \ (V(Q1) UV (Q2)), and let X = {x1,--- , 2} be the set of all
vertices not in Q1 or Q2 which are not y-good, so k := | X| < 7555:n by Proposition 5.6(b). Since

every vertex is in at least fn-many S-medium connate pairs by Claim 5.9, and fn > 752f2€n—|— 18 >
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2k + |V (Q1)| + |V (Q2)|, we may then greedily choose distinct vertices {y1,--- ,yx} € V/\ X such
that the pair r; := {x;,y;} is a f-medium connate pair for each i € [k].

We next choose v-good connate pairs g;, g, € (‘;) with g;Ur; € E(H) and g, Ur; € E(H) for
each i € [k], and then choose connate pairs h; € (‘g/) with h; Ug; € E(H) and h; Ug;,, € E(H)
for each i € [k — 1]. We additionally require that the pairs g;, g} and h; are disjoint from each
other and from the pairs r;. By Proposition 5.6(d) it is possible to choose the pairs g; and g,
greedily with these properties, whilst Proposition 5.4(ii) ensures that we may choose the pairs h;
greedily also. Similarly, we may also apply Proposition 5.4(iv) to choose a y-good connate pair

hi € (VIQB) such that hyUgy, € E(H) which is disjoint from all previously-chosen pairs. Observe

that, having made these choices,

Q3 = g1r191h1g5r292h2g57393R39) - - - Bie—1 93T kgE Mk

is a path in H. By Proposition 5.4(ii) we may then choose a connate pair p* such that p* Upsy €
E(H) and p* U g} € E(H), so ‘connecting’ the paths Q2 and Q3.

Write V' := V\(V(Q1)UV(Q2)UV(Q3)Up*). If [V"N A| is odd then we use Proposition 5.4(i)
to choose a split pair s* € (‘/2”) such that sy Us* € F(H) and sy U s* € E(H), and define the
path Q = p1Q1515*s2Q2p2p* g Qshi. On the other hand, if |[V” N Al is even then we first
use Proposition 5.4(iii) to choose a y-good split pair s’ € (V;) such that s1 U s’ € E(H) and
then use Proposition 5.4(i) to choose a split pair s* € (VQN) such that s’ Us* € E(H) and
sy U s* € F(H); we then define the path Q := p1Q1515's*s2Qapap* g Qshy. Either way @Q is a
path in H whose ends g4 := p1 € (’3) and g := hy € (g) are y-good pairs such that |4\ V(Q)]
is even; since n and V(Q) are both even it follows that |B \ V(Q)| is even also. Moreover @
contains all non-y-good vertices by choice of (Q3, and the total number of vertices in () is at most

V(Q1)| + [V(Q2)| + |V(Q3)] + 6 < 22 + 8k < yn, so @ has the required properties.

Case B: Assume that there are no two disjoint odd edges, but |A| and | B| are even. Then there
must be at most one non-vy-good vertex, as otherwise we would have two disjoint odd edges. Let
x be such a vertex, if it exists; otherwise choose x € V arbitrarily. Then by Claim 5.9 we may
choose a -medium connate pair p which contains z. We now apply Proposition 5.6(d) twice to
find disjoint y-good connate pairs p; and py such that py Up € E(H) and po Up € E(H). By
symmetry we may assume that ps € (123 ), and by Proposition 5.4(iv) we may choose a vy-good
connate pair pg € (‘;‘) disjoint from p1,p and pe such that po Up; € E(H). We may then take
Q@ := pop1pp2 (in particular @ has an even number of vertices in each of A and B, so |A\ V(Q)|
and |B\ V(Q)| are both even, as required).

Case C: Assume that |A| and |B| are odd and there are no two disjoint odd edges, but there
are two odd edges e; and es whose intersection is a split pair. That is, we may write e; = p1 U s
and es = s U py where s is a split pair and p; and py are connate pairs. Then p; and ps must
be v-good pairs, as otherwise we would have two disjoint odd edges. For the same reason all
vertices in V'\ (sUp; Upg) must be y-good. By Proposition 5.4(iv) we may choose disjoint y-good
connate pairs q; € (’3) and ¢q2 € (g ) which do not intersect s,p; or ps so that p1 Uq € E(H)
and po U ge € E(H), and we may then take Q) := q1p1sp2g2 (in particular @ has an odd number
of vertices in each of A and B, so |A\ Q| and |B\ Q| are even, as required).

We now turn to cases D and FE, for which we use the following, similar strategy to construct
a Hamilton cycle.
(I) We construct a path Py on at most six vertices whose ends s; and sy are both y-good split
pairs such that Py contains all non-y-good vertices of H and |[A\ V(Fy)| = |B\ V(P)].
(IT) Write V' := (V' \ V(P)) U s1 Usa. Then by our choice of Py we have |[ANV’| = |BNV’|,
and H[V'] contains only y-good vertices. So by Lemma 5.5 there is a Hamilton path P
in H[V'] with ends s; and sy, and then PyP; is a Hamilton cycle in H.

Hence it suffices to construct P in each case.

Case D: Assume that |A| = |B| is odd, there are no two disjoint odd edges and there are no
two distinct odd edges whose intersection is a split pair. Then there is at most one non-v-good
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vertex, as otherwise we would have two disjoint odd edges. If there is such a vertex, we denote
it by x and assume without loss of generality that x € A; if not then we choose a vertex r € A
arbitrarily. For every b € B the pair {x,b} must be 7-good, as otherwise there would be two
distinct odd edges whose intersection is the split pair {z,b}. So we may choose b € B such that
s1 := {z, b} is y-good and then use Proposition 5.4(iii) to obtain a 7y-good split pair sy such that
s1 U sy € E(H). We may then take Py to be the single edge s; U so.

Case E: Assume that |A| = |B| 4+ 2 and there are no two disjoint odd edges, but there are odd
edges e; and es whose intersection is a connate pair in A. That is, we may write e; = s; Up and
eo = p U sy where s; and sy are split pairs and p is a connate pair in A. Then s; and s must
both be v-good pairs, as otherwise we would have two disjoint odd edges. For the same reason
all vertices in V'\ (s1 Up U s2) must be vy-good, so we may take Py := sipse (in particular, P
contains two more vertices from A than B, so |[A\ V(Fy)| = |B\ V(F)|, as required).

Finally, for the ‘moreover’ part of the lemma statement, note that if we are given a 4-graph H
as in the lemma, it is not clear that we can find an even-extremal partition {A’, B’} of H in
polynomial time. However, if such a partition is also given, then the remaining steps of the
proof can be carried out efficiently. Indeed, we can identify the sets AP?d and BP2d and form
the partition {4, B} in time O(n*), and then we can identify in time O(n®) which of Cases A-E
holds for {A, B} (since {A, B} is even-good at least one of the cases must hold). In Cases B-E
the path @ or Py (according to the case) has at most 10 vertices, so can be found by exhaustive
search in time O(n!?), whilst the greedy argument given in case A constructs @ in time O(n?).
This completes Step (I) in each case. In Cases A—C we can then find an edge f as in Step (II)
in time O(n*) by exhaustive search, and Lemma 5.5 states that we can then complete Step (III)
in time O(n*) also. Similarly, in Cases D and E we can complete Step (II) in time O(n?). O

6. HAMILTON 2-CYCLES IN 4-GRAPHS: ODD-EXTREMAL CASE

In this section we give a detailed proof of Lemma 3.7 which states that Theorem 1.3 holds for
odd-extremal 4-graphs. As in the previous two sections, all paths and cycles we consider in this
section are 2-paths and 2-cycles, therefore we will again omit the 2 and speak simply of paths
and cycles. Throughout this section we will work within the following setup.

Setup 6.1. Fiz constants satisfying 1/n < e,¢ € 7 <K 1 K P2 <K p1. Let H be a 4-graph on n
vertices with 6(H) > n/2 —en, write V := V(H) and let {A, B} be a c-odd-extremal bipartition
of V.

Our strategy is broadly similar to those outlined in the previous section. Indeed, the minimum
degree condition on H, combined with the fact that H has very few even edges (since the
bipartition {A, B} is odd-extremal), implies that almost all possible odd edges are present in H.
To find a Hamilton cycle in H, we will find a short path P in H whose ends s; and s are split
pairs so that, using the high density of odd edges of H, we can then find a Hamilton path @ in
H[(V\V(P))Us1Usz| with ends s; and sy. Together P and @ then form a Hamilton cycle in H.
To implement this strategy, we begin by establishing some necessary preliminaries, then prove
the Hamilton path connecting lemma (Lemma 6.4) which we use to find @, before proceeding to
give the proof of Lemma 3.7.

Definition 6.2. Under Setup 6.1, we say that
(i) a triple {z,y, z} € (‘g) is y-good if it is contained in at least (% —y)n odd edges,
(ii) a pair {z,y} € (‘2/) is v-good if it is contained in at least (% - 73)(2’) odd edges,
(iii) a vertex v € V is y-good if it is contained in at least (3 —~°) (3) odd edges,
(v) a pair {xz,y} € (‘2/) is [Bo-medium if it is contained in at least By (g) odd edges,
(v) a pair {z,y} € (g) is Pa-bad if it is not fSe-medium,
(vi) a vertex v € V is (p1,B2)-medium if there are at least fin vertices in A which form a
Bo-medium pair with v and also at least Sin vertices in B which form a Bs-medium pair

with v, and
(vii) a vertex v € V is (B1, B2)-bad if it is not (51, f2)-medium.
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Note that definitions (i)-(v) above are identical to those of the previous section (Definition 5.2)
with ‘odd’ in place of ‘even’, but (vi) and (vii) (the definitions of (51, f2)-medium and (81, f2)-bad
vertices) differ significantly.

Proposition 6.3. Adopt Setup 6.1. Then the following statements hold.
(a) If v € V is vy-good, then v is contained in at least (1 — ~)n-many vy-good pairs.
(b) If a pair p € (V) is y-good, then p is contained in at least (1 — ~y)n-many ~y-good triples.
(c) At most = 25( ) pairs are not y-good.
(d) At most —sS5-n vertices are not y-good.
(e) At most 50n vertzces are (1, f2)-bad.

Now suppose also that R C V is such that |[R N A|,|RN B| < n/2 —yn. Then the following
statements hold.

(f) For every two disjoint vy-good connate pairs p1 and py there exists a split pair s € (V\R)

such that p1sps is a path of length 2 in H.

L . . . . A\R

(9) For every two dz‘syomt v-good split pairs 1 and sy there exists a connale pair p € ( ; )
such that s1pso is a path of length 2 in H.

h) For every ~y-good connate pair p there exists a v-good split pair s € (V%) such that

(h) Y V-9 pair p v-good split p 5

pUs € E(H).
(i) For every ~y-good split pair s there exists a ~y-good connate pair p € (A;R) such that
sUpe E(H).

Proof. The proofs of (a) and (b) are identical to those of Proposition 5.3 with the words ‘odd’ and
‘even’ interchanged, the proofs of (c) and (d) are similarly identical to those of Proposition 5.6(a)
and (b). For (e), observe that any vertex which is (81, 82)-bad is contained in at least (3 —c—f1)n-
many [o-bad pairs, each of which is contained in fewer than S (g) odd edges of H. Since any
pair is contained in at least (3 —2¢)(}) edges of H, and H has at most c(}) even edges, as {A, B}
is c-odd-extremal, it follows that the number of (81, B2)-bad vertices is at most

4-3-¢(})
(z—c=Bn-(3—22=5)(3)
For (f), note that since p; is v-good for i € {1,2}, there are at least (3 —~)(}) split pairs

< ben .

which form an edge with p;. Since there are at most ” split pairs in total, it follows that there
are at most 3yn? split pairs s for which p; U s and po U s are not both edges. Furthermore there
are at least (¢ — c)n vertices in each of A\ R and B\ R, so there are at least (¢ — c¢)?n? split
pairs which do not contain a vertex of R. Since 3yn? < (w c)?n?, it follows that there exists a
split pair s € (VéR) such that p; Us and pa U s are both edges, as requ1red. Likewise (h) follows,
since by (c) at most 73225 () < yn? split pairs are not y-good. The proofs of (g) and (i) are
very similar, so we omit them. (I

The following lemma is our Hamilton path connecting lemma which, under the assumption that
every vertex of H is good, allows us to choose a Hamilton path in H with specified ends. From
a broad perspective the proof is similar to that of Lemma 5.5, but the construction of the ‘grid’
is quite different, reflecting the fact that H is odd-extremal rather than even-extremal. Since
many calculations are similar, we will be more concise and primarily emphasise the differences.

Lemma 6.4. Adopt Setup 6.1, and suppose also that every vertex of H is y-good, and that

(i) n =6 mod 8 and |A| — |B| =2 mod 4, or

(i1) n =2 mod 8 and |A| — |B| =0 mod 4.
If s1 and so are disjoint v-good split pairs, then there exists a Hamilton path in H whose ends
are s1 and sa. Moreover, such a path can be found in time O(n*).

Proof. Set m := [ (- w"} We begin by using Proposmon 6.3(a) and our assumption that every
vertex is 7-good to greedily choose sets L] = {z1,y1, * , Zm+1,Ym+1} C A\ (s1 U s2) and
Ly ={2z, 91, i1, Ymg1 ) S B\ (51U 52) such that both {z;,y;} and {z},y.} are y-good for
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every i € [m + 1]. Next we use Proposition 6.3(b) to greedily choose sets Z = {z1,...,2m} C
A\ (LfUsiUsy) and Z/ = {z],...,2,} € B\ (Lj U s; Usy) such that for each i € [m]
the triples {z;,yi, zi}, {20, zit1, vir1}, {25, v;, 2} and {2}, 2} ,9;,,} are all y-good. Finally by
Proposition 6.3(f) we can then choose v € A\ (LjUZ Usy Usg) and v’ € B\ (LU Z' U1 U sa)
such that {Zm+1,Ym+1,v,0'} and {v,v’, 2], y]} are both edges of H. Our ‘grid’ is then L :=
LNUZU{v,v}ULyU Z', and we take po := {z1,y1} and qo := {2],,1,¥,41}. Observe in
particular that |[L N A| = |LN B|=3m+ 3.

Define A’ = A\ (LU s; Usz) and B' = B\ (L Us; Usg). Let G4 be the bipartite graph
with vertex classes Z' and A’ whose edges are all pairs {z],w} with ¢ € [m] and w € A’ for
which both {x},y;, 2, w}, {w, 2, xj,1,yi .1} € E(H), and let Gp be the bipartite graph with
vertex classes Z and B’ and whose edges are all pairs {z;, w} with i € [m] and w € B’ such that
{xi, vi, zi,w},{w, zi, xit1,yis1} € E(H). We call a vertex a € A" palatable if dg,(a) > 0.9m and
a vertex b € B’ palatable if dg,(b) > 0.9m. Essentially the same argument as in the proof of
Lemma 5.5 then shows that A’ and B’ each contain at most #00” non-palatable vertices, and
furthermore that L can swallow any set S C V' \ L of 2m palatable vertices with |S N A| =
|S N B| = m, meaning that for any such S there is a path in H with vertex set L U S and ends
po and go.

Let ¢ := |A|-% = 2—|B| = (|A|—|B|). We then have |¢| < cn since {A, B} is a c-odd-extremal
bipartition of V', and our divisibility assumptions ensure that both k4 := é(n —8m — 10 4 44)
and kp = %(n — 8m — 10 — 4¢) are integers. Observe also that k4,kp > l%n. Since the

number of non-palatable vertices in each of A" and B’ is at most %n, we may choose sets
Ua=A{ai,...,ap,—1} C A" and Ug = {b1,...,bg,—1} C B’ of distinct vertices so that Us U Up
contains all non-palatable vertices. Now recall our assumption that every vertex of H is y-good.
So by repeated application of Proposition 6.3(a) and (i) we may greedily choose vertex-disjoint -
good connate pairs p1,...,pr, € (‘gl) and q1,...,qk, € (};l) so that a; € p; for each i € [kg — 1]
and b; € g; for each j € [kp — 1], and also so that s; Upy, and sp U gi, are each edges of
H. Write W = Uie[lm} p; U Uje[kB] ¢;- Then by repeated application of Proposition 6.3(f) we
may greedily choose vertex-disjoint split pairs pj,...,p} . q1,--- G, € ((AIUE;)\W) such that
pi—1 Up} and p; U p; are both edges of H for each i € [k4] and ¢i—1 U ¢} and ¢} U ¢; are both
edges of H for each i € [kp]. We then define the paths Q1 := popip1p5 - .- Pky—1P),,Pras1 and
Q2 = Q10105 - - - Qkp—17),, Gk S2- Observe that we then have |(V(Q1) \ L) N A = 3ka + 1 and
|(V(Q1)\ L)NB| = ka+1, and likewise that [(V(Q2)\L)NA| =kp+1and [(V(Q2)\L)NB| =
3kp + 1. Since |[LN A| = |L N B| = 3m + 3, we conclude that R := V' \ (LU Q1 U Q2) satisfies

IRNA|=|Al—(B3m+3)—(Bka+1)—(kp+1)

:g+€—3m—5—%(n—8m—10+4€)—é(n—8m—10—4€):m
and | RNB| = m by a similar calculation. Also every vertex of R is palatable, since by construction
@1 and Q)2 cover all non-palatable vertices. It follows that L can swallow R, so there is a path
P in H with vertex set R U L and with ends py and ¢gp. This gives a Hamilton path Q1 PQ2 in
H with ends s; and so. The argument for the running time is essentially identical to that in the
proof of Lemma 5.5. (]

Recalling the proof strategy at the start of the section, we will use the following simple proposi-
tion to find the short path P whose ends are to be connected using the Hamilton path connecting
lemma (Lemma 6.4).

Proposition 6.5. Adopt Setup 6.1, and suppose also that every vertex of V' is (1, B2)-medium.
Also let R C'V have size |R| < ¢n. Then the following statements hold.

(i) For every [o-medium connate pair p there exists a y-good split pair s € (VéR) such that
pUs e E(H).

(ii) For every Po-medium split pair s there exists a y-good connate pair p € (VQR) such that
sUpe E(H).
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(11i) If there exists a [2-bad connate pair p € (VéR), then there exist disjoint Pa-medium

connate pairs pi1,pa € (VQR) such that py Ups € E(H).

() If there exists a Pa-bad split pair s € (VQR), then there exist disjoint Pa-medium split

pairs si, 89 € (V;R) such that s; U sg € E(H).

Proof. For (i) observe that, since p is o-medium, there are (2 (72‘) split pairs s € (‘2/) such that
C

pU s is an edge of H. By Proposition 6.3(c) at most m(g) such pairs are not vy-good and

at most ¢n? such pairs contain a vertex from R. Since (2 (g) > ﬁ/g,if%(g) + 9¢m?, there exists a
~-good split pair s € (VéR) such that pUs € E(H). A similar argument proves (ii).

For (iii), assume without loss of generality that p € (A;R), and observe that there are at least
(% — 2¢)(%) pairs g for which pU g € E(H), but since p is fS2-bad at most £2(5) such pairs ¢
are split pairs. It follows that p U q € E(H) for all but at most 20 (72") connate pairs q € (‘3)
Write p = {x1,22}. Since both x; and xo are (f1, 32)-medium there are at least (7 (Z) pairs
{y1,y2} € (’g) such that {z1,y1} and {z2,y2} are both Sy-medium. Since at most 2¢(}) pairs
contain a vertex from R, and 2832 +2¢ < B2, we can choose {y1, y2} such that ¢/ = {1, 72, y1,y2}
is an even edge in H[V \ R] containing two disjoint S-medium connate pairs. A similar argument
proves (iv). O

The following definition is helpful in the proof of Lemma 3.7.

Definition 6.6. We say that an edge e € E(H) is

(i) an even connate edge, if |e N A| € {0,4},
(ii) an even split edge, if |[eN A| = 2.

Observe that for pairs p and ¢, if p U ¢ is an even connate edge then both p and ¢ must be
connate pairs, but if p U ¢ is an even split edge then either p and ¢ are both connate pairs or p
and g are both split pairs.

We are now ready to prove Lemma 3.7; in fact, we actually prove the following stronger
algorithm version of the lemma.

Lemma 6.7. Suppose that 1/n < e, < 1 and that n is even, and let H be a 4-graph of
order n with 6(H) > n/2 —en. If H is -odd-extremal and every bipartition {A, B} of V(H)
1s odd-good, then H contains a Hamilton 2-cycle. Moreover, there exists an algorithm Pro-
cedure HamCycleOdd(H,{A, B}) which, given as input a ¢'-odd-extremal bipartition {A, B} of
V(H), returns a Hamilton 2-cycle in H in time O(n'?).

Proof. First we introduce further constants such that
g ey < <Bi<ukl.

Since H is ¢’-odd-extremal there exists a bipartition {A’, B’} with n/2—c'n < |A'| < n/24n for
which there are at most ¢/ (Z) even edges. We begin by moving all vertices which are (5, 55)-bad
to the other side. To be precise define AP = {a € A’ | a is (B8], 3})-bad} and B** = {h c B’ |
bis (B8], Bh)-bad} and we set A := (A’ \ AP*d) U BP*d and B := (B’ \ BP*!) U A"2d; we say that
the vertices of AP2d U BP*d are moved.

Claim 6.8. {A, B} is a c-odd-extremal bipartition of V with respect to which every vertex of H
is (1, B2)-medium.

Proof. By Proposition 6.3(e) at most 5¢'n vertices are moved in total, so n/2—cn < n/2—6¢n <
|A[,|B] < n/2+6¢n < n/2+ cn, and at most () + 5¢n(3) < c(}}) edges of H are even with
respect to {A, B}. This proves that {A, B} is c-odd-extremal. Also, any vertex which was not
moved was (0], 85)-medium with respect to {A’, B'}, and so is (81, f2)-medium with respect to
{A, B}. So it remains to show that each moved vertex v is also (31, f2)-medium with respect
to {A, B}. Without loss of generality assume that v € AP, First consider the case that there
are fewer than in vertices a € A for which the pair {v,a} was fa-medium with respect to
{A’,B'}. Then v was contained in at least 1/3 - (n/2 — 261n) - (1/2 — 262)(5) > (1/4 — p)(3)
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edges which were even with respect to {A’, B'}. Since there can be at most (1/8 + u)(}) even
connate edges in total, this implies that v was contained in at least (1/8 —2u) (g) even split edges
(with respect to {A4’, B'}). Now consider the other case that there are fewer than Sin vertices
b € B for which {v,b} was o-medium with respect to {A’, B'}. Then v was contained in at least
1/3-(1/2=2B1)n- (1/2=2B2)(5) > (1/4 — p)(3) even split edges (with respect to {A’, B'}). In
either case we conclude that v, now after the moving, is contained in at least (1/8 —3pu) (g’) edges
which have precisely three vertices in B; since v € B it follows that v is (81, f2)-medium with
respect to {A, B}. O

For the rest of the proof we will not use the constants ¢, 5 and S5, and we use the terms even,
odd, split, connate, y-good, fe-medium, (31, f2)-medium and so forth exclusively with respect to
the partition {A, B}. Observe that H, A, B and the remaining constants satisfy the conditions
of Setup 6.1. Fix m € {0,2,4,6} and d € {0,2} with m = |V| (mod 8) and d = |A| — |B|
(mod 4). We consider separately four cases for the pair (m, d) as in the definition of an odd-good
bipartition (Definition 2.1). In each case we proceed by the following steps.

(I) We use the fact that {A, B} is odd-good to construct a path Py with at most 30 vertices
whose ends s; and sy are 7-good split pairs such that, writing V* = (V\ V(Py))Us; Usa,
A* = ANV* and B* = BN V*, we have either |[V*| = 6 (mod 8) and |A*| — |B*| = 2
(mod 4) or |V*| =2 (mod 8) and |A*| — |B*| =0 (mod 4).

(IT) We extend the path Py to a path P which contains all non-y-good vertices such that
V(P)| = [V(Py)| (mod 8) and |(V(P)\V(Py)nA)| = |(V(P)\V(F) N B)| (mod 4) and
whose ends are y-good split pairs s; and s3.

(IIT) Finally, we apply Lemma 6.4 to find a Hamilton path Q in H' = H[(V \ V(P)) U s1 U s3]
with ends s; and s3. This gives a Hamilton cycle PQ in H.

It suffices to show that we can construct the path P; in each case. Indeed, having constructed
the path Py, let X be the set of all non-y-good vertices in V*; by adding a single further vertex
to X if necessary, we may assume that ¢ := | X| is even. Every vertex of X is (1, f2)-medium by
Claim 6.8 and by Proposition 6.3(d) we have ¢ < ﬁn +1<yn/25. Write X = {x1, - , 24},
and greedily choose distinct vertices y1,--- ,yq € V*\ (s1Us2UX) so that for each i € [¢] the pair
{zi,v;} is fo-medium. We now form a path @ by the following iterative process. Write gy := sa.
Then, for each ¢ € [g] in turn we proceed as follows to choose connate pairs fs;_2, f3i—1, f3;
and split pairs gs;—2,93i—1,93.. If {z;,y;} is a connate pair, set fs;_1 := {z;,v;}, and apply
Proposition 6.5(i) twice to obtain y-good split pairs gs;—o and g3;—1 such that gs;—o U f3;—1 and
fai—1Ugsi—1 are both edges of H. Next choose a y-good split pair gs;, and apply Proposition 6.3(g)
twice to choose connate pairs f3;_o and fs3; such that gs;_s3f3;_2g3i—2 and gs;—1f3:93; are each
paths of length two in H. On the other hand, if {z;,v;} is a split pair, set gsi—1 := {x;,y;}, and
apply Proposition 6.5(ii) twice to obtain vy-good connate pairs f3;—1 and f3; such that gs;—1U f3;—1
and f3; U g3;—1 are both edges of H. Next apply Proposition 6.3(h) twice to obtain v-good split
pairs g3; and g3;_o such that g3;_o U f3;_1 and f3; U g3; are both edges of H, and finally apply
Proposition 6.3(g) to choose a connate pair f3;_o such that gs;_3f3i—2g3;—2 is a path of length
two in H. If we choose each pair to be disjoint from V(F;) and from all previously-chosen pairs,
having made these choices for every i € [g] we obtain the desired path Py = Pjgo f191f292 - - - [3q934
with ends s; and s3 := g3;. Observe that we then have |V(Fy) \ V(F])| = 12¢, and that each
fi is a connate pair and each g; is a split pair. Since ¢ is even it follows that |V (P)| = |V (P)|
(mod 8) and |[V(P)NA|—|V(P)NB| =|V(Py) NA| — |V(P) N B| (mod 4), as required. This
completes Step (II). Finally, since |V (P)| < |V (Py)|+12q < yn/2, we may then apply Lemma 6.4
to find a Hamilton path @ as claimed in Step (III).
We now show how to construct the path Py in each case.

Case A: (m,d) = (0,0) or (m,d) = (4,2). Using Proposition 6.3(c) we can choose a y-good
split pair s;. Then by Proposition 6.3(i) we can find a v-good connate pair p € (’;‘) such that
pU sy is an edge of H. Finally, using Proposition 6.3(h) there is a v-good split pair sy € (Vé‘sl)
such that pU sy is an edge of H, and then Py = s1pssy is the desired path. Observe that we then
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have either |[V*|=0—-2=6 (mod 8) and |A*| — |B*|=0—-2=2 (mod 4), or |V*|=4-2=2
(mod 8) and |[A*| — |B*|=2—-2=0 (mod 4).

Case B: (m,d) = (2,2) or (m,d) = (6,0). Since the bipartition {A, B} of V(H) is odd-good,
in this case H must contain an even edge e. If e contains a [o-bad connate pair, then we apply
Proposition 6.5(iii) with R = () to obtain two disjoint fg-medium connate pairs p; and pg such
that p; Ups is an edge of H. On the other hand, if e does not contain a fS3-bad connate pair, then
we may write e = p; Ups where p; and po are disjoint connate pairs. In either case we obtain [a-
medium connate pairs p; and py such that p; Ups is an edge of H. So by Proposition 6.5(i) there
are y-good split pairs s1, sg such that s; Up; and so Ups are edges in H, and then Py = s1pi1p2so
is the desired path. Note that either |[V*| =2 -4 = 6 (mod 8) and |A*| — |B*|=2-0=2
(mod 4) or [V* =6 —4 =2 (mod 8) and |A*| — |[B*|=0—-0=0 (mod 4).

Case C: (m,d) = (4,0) or (m,d) = (0,2). Since the bipartition {4, B} of V(H) is odd-good,
in this case Heyen must have total 2-pathlength at least two. That is, H contains even edges e;
and e such that either e; and es are disjoint or |e; Neg| = 2.

Suppose first that e; and ey are disjoint. Similarly as in Case B, if e contains a S2-bad connate
pair, then we use Proposition 6.5(iii) with R = ey to obtain fe-medium connate pairs p; and
p2 such that €} := p; Ups is an even edge of H. By replacing e; with €] if necessary, we may
assume that e; = p; U py where p; and ps are So-medium connate pairs, and the same argument
applied to ey shows that we may assume that es = p3 U ps where ps and py are So-medium
connate pairs. Then by Proposition 6.5(i) there are v-good split pairs s, s2, s3 and s4 such that
s1p1p2s3 and s4p3pase are vertex-disjoint paths in H. Then, by applying Proposition 6.3(i) twice,
followed by Proposition 6.3(f), we obtain y-good connate pairs qi, g2 and a split pair s5 such that
Py = s1p1p283q155q254p3p4se is the desired path. Note that then either |[V*| =4—18 = 2 (mod 8)
and |[A*| - |B*|=0—-0=0 (mod 4), or [V*|=0—-18 =6 (mod 8) and |A*| — |B*|=2-0=2
(mod 4).

Now suppose that |e; Nea| = 2, and write fi = e; \ e2, fo = €1 Ne2 and f3 = ez \ €1, so
fifafs is a path in H. Since e; and ey are both even edges, fi, fo and fs are either all connate
pairs or all split pairs. If f; is not fy-medium, then we may apply Proposition 6.5(iii) or (iv)
with R = ey to obtain an even edge €] which is disjoint from eg; we may then proceed as in the
previous case with 6/1 and eg in place of e; and es. So we may assume that f; is So-medium,
and by the same argument applied to f3 we may assume that f3 is fo-medium. If fi, fo and f3
are each connate pairs, then we may apply Proposition 6.5(i) to obtain y-good split pairs si, s9
such that s; U f1 and s U f3 are both edges of H. Then we may take Py = s1 f1f2f352, since we
have either |[V*| =4 —6 =6 (mod 8) and |A*| — |B*|=0—-2=2 (mod 4), or |[V*|=0-6=2
(mod 8) and |A*| — |B*| =2 —2 =0 (mod 4). On the other hand, if fi, fo and f3 are each split
pairs, then we may apply Proposition 6.5(ii) followed by Proposition 6.5(i) to first find y-good
connate pairs p; and po, and then y-good split pairs s; and s, such that Py = sip1 fifofspase
is a path in H; we then have either |[V*| =4 — 10 = 2 (mod 8) and |A*| — |[B*| =0-0=0
(mod 4), or [V*| =0—-10=6 (mod 8) and |A*| — |B*|=2—-0=2 (mod 4).

Case D: (m,d) = (6,2) or (m,d) = (2,0). Since the bipartition {A, B} of V(H) is odd-good,
in this case either H contains an even split edge or Heyen has total 2-pathlength at least three.

Suppose first that e is an even split edge of H. If e contains a B2-bad split pair then we may
apply Proposition 6.5(iv) to obtain disjoint S2-medium split pairs s} and s}, such that e’ := s{Us)
is an even edge of H. By replacing e with €’ if necessary, we may assume that e = s} U s}, where
sy and s}, are o-medium split pairs. We next apply Proposition 6.5(ii) twice to obtain vy-good
connate pairs p; and py such that p1 s shp2 is a path, and then Proposition 6.3(h) twice to obtain
v-good split pairs s; and sg such that Py = sip1s|shpasa is the desired path in H. Note that
then either |[V*| =6 —8 =6 (mod 8) and |A*| — |B*|=2—-0=2 (mod 4), or |[V*|=2-8=2
(mod 8) and |[A*| — |B*|=0—-0=0 (mod 4).

From now on, for the rest of Case D, we may assume that H does not contain an even split
edge and therefore any even edge is connate. So suppose now that H contains three disjoint even
connate edges e1, ey and es. By using Proposition 6.5(iii) as in previous cases to replace ej, €9
or eg if necessary, we may assume that we can write e; = ¢ U¢], e2 = g2 U ¢, and e3 = g3 U ¢j



HAMILTON CYCLES IN HYPERGRAPHS BELOW THE DIRAC THRESHOLD 35

where q1, g2, 43,4}, ¢5 and ¢ are each [So-medium connate pairs. Then by several applications of
Proposition 6.5(i) and Proposition 6.3(g) we may choose connate pairs pj, pa and y-good split
pairs si, - - , s¢ such that Py = $1¢1¢ 53p15492¢555p25643¢352 is the desired path in H. Note that
then either |[V*|=6—-24 =6 (mod 8) and |A*|—|B*|=2—-0=2 (mod 4), or |V*|=2-24=2
(mod 8) and |A*| — |B*| =0—-0=0 (mod 4).

Next suppose that H contains even connate edges e, es and es such that |e; Ney| = 2 and e3 is
disjoint from e;Uey. Then exactly as in Case C we may form a path P = s f1 f2f3s] where s1 and
s} are y-good split pairs and fi, fo and f3 are y-good connate pairs, and we may do this so that
es is disjoint from V' (F}). Using Proposition 6.5(iii) as in previous cases to replace es if necessary,
we may then assume that es = g1 U go where ¢; and g9 are disjoint Ss-medium connate pairs. By
two applications of Proposition 6.5(i) we then choose y-good split pairs sp and s such that s5Ug;
and sa Ugo are both edges of H; finally, using Proposition 6.3(g) we obtain a connate pair p such
that s|ps, is a path of length two in H. This gives the desired path Py = s1 f1 f2 f3s]ps5q19252.
Note that then either |[V*| = 6 — 16 = 6 (mod 8) and |A*| — |B*| = 2 -0 = 2 (mod 4), or
[V¥|=2—-16=2 (mod 8) and |A*| — |B*|=0—-0=0 (mod 4).

Finally, suppose that H contains a path of three even connate edges e1, es and eg (appearing
in that order). Let fi := e \ e2, fo :=e1Neq, f3:=eaNes, and fy :=e3\ €2, S0 f1, f2, f3 and f4
are each connate pairs. If the pair f; is S-bad, then by applying Proposition 6.5(iii) to f; with
R = ey U ez we obtain an even edge ¢} of H disjoint from the path fsf3fs of two even connate
edges. Since we assumed that H contains no even split edge this edge €} is also an even connate
edge, and we may then proceed as in the previous case. So we may assume that fi is S-medium,
and likewise that f4 is S-medium. Using Proposition 6.5(i) twice we find y-good split pairs s1, so
such that Py = s1f1 faf3fas2 is the desired path. Note that then either |[V*| =6 -8 =6 (mod 8)
and |[A*| —|B*|=2—-0=2 (mod 4), or [V*|=2—-8=2 (mod 8) and |[A*|— |B*|=0—-0=0
(mod 4).

For the ‘moreover’ part of the statement, suppose that we are given a 4-graph H as in the
lemma, and also an odd-extremal partition {A’, B’} of V(H). We can then identify the sets
APad and BPad and form the partition {4, B} in time O(n*), and in time O(n) we can identify
which of cases A-D holds for {A, B}. Furthermore we can find the at most three even edges
which we use to begin the construction of Py in time at most O(n'?), and for each application of
Proposition 6.3 or Proposition 6.5 to choose a pair we can find such a pair by exhaustive search
in time O(n?). In this way we can form Py as in Step (I) in time O(n'?) and then extend Py to
P as in Step (II) in time O(n?). Finally, the application of Lemma 6.4 for Step (III) gives the
desired path @ in time O(n?). O

The running-time for Lemmas 5.8 and 6.7 could be improved by more careful arguments, but
we abstain from this here, since these procedures do not provide the dominant term for the
running-time of our main algorithm in Section 7.

7. AN ALGORITHM TO FIND A HAMILTON 2-CYCLE IN A DENSE 4-GRAPH

In this section we complete the proof of Theorem 1.5 by describing an algorithm which finds
a Hamilton 2-cycle in a dense 4-graph in polynomial time, or certifies that no such cycle exists.
First we show that we can find a Hamilton 2-cycle in a dense, connecting and absorbing 4-
graph in polynomial time. For this we use Edmonds’s well known algorithm [7] which finds a
maximum matching in a 2-graph G of order n in time O(n*); we refer to this procedure here as
MaximumMatching(G).

Proposition 7.1. Suppose that 1/n < ¢ < f < a < Kk and that n is even. There ex-
ists an algorithm Procedure NonEztremalCase(H ) such that the following holds. If H is a 4-
graph of order n with §(H) > n/2 — en which is k-connecting and («, 3)-absorbing, then Proce-
dure NonEztremalCase(H ) returns a Hamilton 2-cycle in H in time O(n3?).

Proof. Introduce constants satisfying 1/n < ¢ < 7 < f < a < A < p < k. By combining the
Procedures AbsorbingPath and LongCycle from Lemmas 4.15 and 4.18 we can find a long cycle
C'in H and a graph G on V(H)\ V(C) which contains a perfect matching M with |M| < yn, and



36 HAMILTON CYCLES IN HYPERGRAPHS BELOW THE DIRAC THRESHOLD

for each edge e € M there will be at least 2yn vertex-disjoint segments of C' which are absorbing
structures for e. We can find this perfect macthing by using MaximumMatching(G). We can now
for each e € M find (by exhaustive search) a segment P. which is an absorbing structure for e
and which is disjoint from each segment P, chosen for each previously-considered ¢’ € M. There
will always be a segment available, as each of the fewer than «yn previously-chosen segments P,
intersects at most two of the segments which could be chosen for e. Replacing each P, in C' by a
path with vertex set V(FP.) Ue and the same ends as P, yields a Hamilton 2-cycle in H. For the
complexity note that we can find an absorbing structure for each of the at most n edges in M in
O(n) by exhaustive search. Therefore the dominant term for the running time is determined by
the Procedure AbsorbingPath. O

Using the above proposition together with the results of Sections 5 and 6 we can now describe
a polynomial-time algorithm, Procedure HamCycle(H ), which, given a 4-graph H with 6(H) >
n/2 —en (where € > 0 is a fixed constant), either finds a Hamilton 2-cycle in H or certifies that
there is no such cycle. So the existence of this algorithm proves Theorem 1.5. In the latter case
the certificate is a bipartition {4, B} of V/(H) which is not both even-good and odd-good, as by
Theorem 1.3 the existence of such a bipartition demonstrates that H has no Hamilton 2-cycle.
Since it is straightforward to verify in polynomial time whether a given partition is even-good or
odd-good, our choice for the certificate is justified.

Proof of Theorem 1.5. Introduce constants satisfying 1/n € ¢ € f <€ a < k € ¢ < 1, and
let H be a 4-graph of order n with §(H) > n/2 — en. By Corollary 2.3 there is an algorithm
with running time O(n?%) which tests whether H contains a Hamilton 2-cycle and which, if this
condition fails, returns a bipartition {A, B} of V(H) which is not both even-good and odd-good.
We first run this algorithm and, if H does not contain a Hamilton 2-cycle, then we return a
certifying bipartition. We may therefore assume that H does contain a Hamilton 2-cycle and
that every bipartition of V(H) is both even-good and odd-good, and in particular that H is of
even order. Note that we can test in time O(n®) whether H is k-connecting by counting, for each
of the 3(2) possible disjoint pairs p1,ps € (‘2/), the number of paths of length two or three with
ends p; and py. Similarly, we can test in time O(n'?) whether H is («, 3)-absorbing by counting,
for each of the (g) possible pairs p € (‘2/), the number of octuples of vertices from V which form an
absorbing structure for p. Suppose that H is not k-connecting. Then H must be c-even-extremal
by Lemma 4.3, and Procedure EvenPartition (defined in Lemma 4.3) returns a c-even-extremal
partition of {A, B} in time O(n®). Procedure HamCycleEven (see Lemma 5.8) then returns
a Hamilton 2-cycle in time O(n!?). Likewise, if H is not (o, 3)-absorbing then H must be c-
odd-extremal by Lemma 4.11, and Procedure OddPartition (defined in Lemma 4.11) returns a
c-odd-extremal partition of {A, B} in time O(n%). We can then use Procedure HamCycleOdd
(see Lemma 6.7) to return a Hamilton 2-cycle in time O(n'2?). This leaves only the case when H
is both k-connecting and («, 3)-absorbing; in this case we can use Procedure NonExtremalCase
(see Proposition 7.1) to return a Hamilton 2-cycle in time O(n3?) . So in each case we can find
a Hamilton 2-cycle in H in time at most O(n3?), as claimed. O

8. TIGHT HAMILTON CYCLES IN k-GRAPHS

In this section we describe the proof of Theorem 1.6, for which we use the following notation.
For a function f(n), we write HC(k, f) (respectively HP(k, f)) to denote the k-graph tight
Hamilton cycle (respectively tight Hamilton path) decision problem restricted to k-graphs H
with minimum codegree 6(H) > f(|]V(H)|). On the other hand, for an integer D, we write
HC(k, D) (respectively HP(k, D)) to denote the k-graph tight Hamilton cycle (respectively tight
Hamilton path) decision problem restricted to k-graphs H with maximum codegree A(H) < D.
Our starting point is the following theorem of Garey, Johnson and Stockmeyer [11] on subcubic
graphs (we say that a graph G is subcubic if G has maximum degree A(G) < 3).

Theorem 8.1 ([11]). The problem of determining whether a subcubic graph admits a Hamilton
cycle (i.e. HC(2,3)) is NP-complete.
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Fix any integers k > 2 and D. We first show that there are polynomial-time reductions from
HC(k, D) to HC(2k —1,2D) and from HC(k, D) to HC(2k, D). For this, let H be a k-graph with
vertex set V', let A and B be disjoint copies of V', and let w4 : A — V and ¢ : B — V be the
corresponding bijections. We define Haj,_1 to be the (2k — 1)-graph with vertex set AU B whose
edges are all sets e € (;}iBl) such that either pa(e N A) € E(H) and pp(e N B) C pa(eN A),
or pgleN B) € E(H) and pa(e N A) C pp(e N B). Likewise we define Hop to be the 2k-
graph with vertex set A U B whose edges are all sets e € (A;f) such that pa(eN A) € E(H),
pp(eN B) € E(H). Then it is easy to check that

(a) either H, Hop_1 and Hoy, all contain tight Hamilton cycles, or none of them do, and
(b) if A(H) < D, then A(Hoi_1) < 2D and A(Hq) < D,
so this construction gives the desired reductions.

We next show that there are polynomial-time reductions from HP(k, D) to HC(2k — 1, | %] —
k(D+1)) and from HC(k, D) to HC(2k, 3 —k(D+1)). For the first reduction, let H be a k-graph
on n vertices; an elementary reduction shows that we may assume without loss of generality that
k divides n. Set £ :=n/kand U := V(H), and let X be a set of size | X| = @ = {(k—1) which
is disjoint from U. Next, set A:= U U X, and let B be a set of size |B| = |[A|+1=¢(2k—1)+1
which is disjoint from A. Define Hoi_1 to be the (2k — 1)-graph with vertex set A U B whose
edges are all sets e € (i{BD with [ANe| ¢ {k,k+ 1}, or with |[ANe| =k and ANe € E(H),
or with [ANe| =k + 1 and such that ¢/ € ANe for every ¢/ € E(H). For the second reduction
let H again be a k-graph on n vertices, let S := V(H) and let T' be a set of size n which is
disjoint from .S, and define Hy to be the 2k-graph with vertex set S UT whose edges are all sets
ee€ (S2UkT) such that |[SNe| ¢ {k,k+ 1}, or such that [SNe| =k and SNe € E(H), or such that
|ISNel=k+1and e Z SNe for every ¢ € E(H). Observe that then

(¢) Hayk—1 contains a tight Hamilton cycle if and only if H contains a tight Hamilton path,

(d) Hap contains a tight Hamilton cycle if and only if H contains a tight Hamilton cycle, and

(e) if A(H) < D, then 6(Hop—1) > |A| — k(D + 1) and 6(Hs) > n — (D + 1)k.
Since Hop—1 has precisely |A| + |B| = 2|A| + 1 vertices and Hgy, has precisely 2n vertices, this
establishes the desired reductions.

Finally, observe that there are elementary polynomial-time reductions from HC(k, D) to

HP(k, D) and from HP(k, D) to HC(k, D); together with the above reductions and Theorem 8.1
this observation completes the proof of Theorem 1.6.

9. CONCLUDING REMARKS

Theorem 1.6 demonstrates an interesting contrast between the tight Hamilton cycle problem
and the perfect matching problem in k-graphs. These two problems share many similarities: both
are NP-hard for k-graphs in general (see [10]), and the minimum codegree threshold which ensures
the existence of a perfect matching in a k-graph H on n vertices (determined asymptotically by
Kiihn and Osthus [26] and exactly for large n by R6dl, Rucinski and Szemerédi [34]) is close
to n/2, that is, asymptotically equal to the minimum codegree threshold for a tight Hamilton
cycle (see Theorem 1.1). However, the two problems exhibit different complexity status between
these two codegree thresholds. Indeed, Keevash, Knox and Mycroft [22] and Han [15] recently
showed that the perfect matching problem can be solved in polynomial time in k-graphs H with
d(H) > n/k. This complements a previous result of Szymanska [36], who showed that for any
e > 0 the problem remains NP-hard when restricted to k-graphs H with 6(H) > n/k — en.
By contrast, we have seen in this paper that the tight Hamilton cycle problem is NP-hard even
when restricted to k-graphs H with §(H) > n/2 — C for a constant C, i.e., there is a significant
difference in the minimum codegree thresholds needed to render each problem tractable.

We made no attempt to quantify the constant ¢ in Theorem 1.3 which arises from our proof.

However, we conjecture that in fact Theorem 1.3 holds for € = %.

Conjecture 9.1. There exists ng such that the following statement holds. Let H be a 4-graph

on n > ng vertices with 6(H) > n/3. Then H admits a Hamilton 2-cycle if and only if every
bipartition of V(H) is both even-good and odd-good.
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If true, the minimum codegree condition of Conjecture 9.1 would be essentially best possible.
To see this, fix any n which is divisible by 4 and take disjoint sets X, Y and Z each of size 5 £1
such that | X| # |Y| and | XUY UZ| = n. Define H to be the 4-graph on vertex set V := XUY UZ
whose edges are all sets S € (Z) with |SNX| = |SNY| (mod 3). It is easily checked that we
then have 6(H) > n/3 — 4 and that every bipartition of V' (H) is both even-good and odd-good.
However, there is no Hamilton 2-cycle in H. Indeed, since 4 divides n, taking every other edge of
such a cycle would give a perfect matching M in H. Since each edge of M covers equally many
vertices of X and Y (modulo 3), the same is true of M as a whole, contradicting the fact that
X #[Y] (mod 3).

If Conjecture 9.1 holds, then by the same argument used to establish Corollary 2.3 we may
determine in polynomial time whether a 4-graph H on n vertices with 6(H) > n/3 admits a
Hamilton 2-cycle. Moreover, we speculate that under the weaker assumption that 6(H) > n/4
it may be possible to prove a similar statement to Conjecture 9.1 which considers partitions
of V(H) into three parts as well as into two parts. If so, this would allow us to determine in
polynomial time whether H contains a Hamilton 2-cycle under this weaker assumption. Such a
result would neatly complement Theorem 1.2, which shows that for any ¢ < 1/4 it is NP-hard
to determine whether a 4-graph H on n vertices with 6(H) > c¢n contains a Hamilton 2-cycle.
However, our proof of Theorem 1.3 relies extensively on ¢ being small; it seems that significant
new ideas and techniques would be needed to prove Conjecture 9.1 or this proposed extension.

Finally, it would be very interesting to classify the values of k and ¢ for which the minimum
degree threshold needed to render the k-graph Hamilton /-cycle problem tractable is not asymp-
totically equal to the threshold which guarantees the existence of a Hamilton ¢-cycle in a k-graph
(we assume for this discussion that P # NP). Theorems 1.1 and 1.5 show that this is the case
for k = 4 and ¢ = 2. On the other hand, Dahlhaus, Hajnal and Karpinski [5] showed that the
thresholds are asymptotically equal for k = 2 and ¢ = 1, whilst Theorems 1.1 and 1.6 show that
the thresholds are asymptotically equal for k¥ > 3 and £ = k£ — 1. Combining Theorem 1.2 and
Theorem 1.1 we also find that the thresholds are asymptotically equal for any k and ¢ such that
k — £ does not divide k; all other cases remain open.
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APPENDIX A. ALGORITHMIC DETAILS FOR SECTIONS 4 AND 7

In this section we give further details of each of the procedures from Sections 4 and 7, to
enable the reader to more easily verify the correctness and claimed running-time of each such
procedure. In each case we will adopt the notation of the proof of the corresponding lemma,
and so the algorithm provided here should be read in conjunction with the corresponding proof.
Furthermore, we adopt the following constant hierarchy for all procedures in this section.

I/l DL ek 1< fuwkp<KaIKpup<LrEn<Kcekl.

Lemma 4.3: Let H be a 4-graph on n vertices which satisfies 6(H) > n/2 — en. If H is not
k-connecting, then Procedure EvenPartition(H) returns a c-even-extremal bipartition {A, B} of
V(H) in time O(n®).

Procedure EvenPartition(H)

Data: A dense 4-graph H which is not x-connecting.
Result: A c-even-extremal bipartition {A, B} of V(H).

By exhaustive search, find disjoint pairs {ai, a2}, {b1,b2} € (V(QH )) such that H contains
fewer than xn? paths of length 2 and fewer than kn* paths of length 3 whose ends are
{al, CLQ} and {bl, bg}.

Construct the edge-coloured complete 2-graph G on V(H) as in the proof of Lemma 4.3.
Find a monochromatic triangle 7™ fulfilling Claim 4.4 (for the given value of 1) by
exhaustive search.

return A := Nyeq(T™*) and B:=V(H) \ A.

Lemma 4.8: Suppose that 1/n < p < \,k. If H = (V, E) is a 4-graph of order n which is
k-connecting, and G is a 2-graph on the same vertex set V with 6(G) > n — An, then Procedure
SelectReservoir(H, G, p) returns in time O(n'%) a subset R C V such that

(a) (1—4p)pn < |R| < pn,
(b) for every z € V we have |[Ng(z) N R| > (1 — 35)\)|R| and
¢) for every disjoint py,ps € V) there are at least £|R internally disjoint paths of length
2 5
at most three in H[R U p; U po] with ends p; and po.

Procedure SelectReservoir(H, G, p)

Data: A 4-graph H with vertex set V, a 2-graph G with vertex set V and a constant p > 0.
Result: A reservoir set R C V.

U:={{p,p} C (‘2/) |pNp' =0} and W := (Z)

Ev:={{{p,p'},S} | {p,p'} € U,S € W and H[S UpUp| contains a path with ends p, p'}.
B ={{5,8%e (%)) SnS 0}

By :={{S,5} € () | {u,v} € E(G) for all u € S,v € §'}.

Construct graphs G1 := (UUW, E1 U E}) and G2 := (W, E2).

R’ :=SelectSet(G1, G2, fn, k, 17X, p).

R = USER/ S
return R.

Lemma 4.11: Let H be a 4-graph on n vertices which satisfies 6(H) > n/2 —en. If H is not
(o, B)-absorbing, then Procedure OddPartition(H) returns a c-odd-extremal bipartition {A, B}
of V(H) in time O(n®).
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Procedure OddPartition(H)

Data: A dense 4-graph H which is not («, 3)-absorbing.
Result: A c-odd-extremal bipartition {A, B} of V(H).

By exhaustive search, find an edge {x,y,2’,y'} of H as in Claim 4.12.
Form the edge-coloured complete graph K on V(H) as in the proof of Lemma 4.11.
if there is a monochromatic triangle T satisfying the conditions of Claim 4.13 then
| return A := Nyq(T) and B:=V(H) \ A.
else
By exhaustive search, find a normal vertex v € V(H) which is contained in at most

4¢n? red triangles.
return A := Nyq(v) and B :=V(H) \ A.

Lemma 4.15: If H is a 4-graph of order n with 6(H) > n/2 — en which is s-connecting and
(e, B)-absorbing, then Procedure AbsorbingPath(H) returns a path P and a graph G on V(H)
with the following properties in O(n??).

(i) P has at most un vertices.

(ii) Every vertex of V(H) \ V(P) is contained in at least n — An edges of G.

(iii) For any edge e of G which does not intersect V(P) there are at least 2yn vertex-disjoint
segments of P which are absorbing structures for e.

Procedure AbsorbingPath(H)

Data: A dense, k-connecting and («, 3)-absorbing 4-graph H.
Result: An absorbing path P in H and a graph G on V(H).

Set W := V(H)®, set U to be the set of all S-absorbable pairs of vertices of H, and form the
graph G := (V(H),U).

Set Vi :=UUW, E,:={{p, T} :pe U, T € W and T is an absorbing structure for p},
E={{T.7}: T, 7" € W and TNT' # (0} and form the graph Gy := (V1, E1 U E}).

Set T :=SelectSet(G1, 0, 3%n, 8,1, 32).

Delete all elements from 7 which are not an absorbing structure for some -absorbable pair.
Enumerate 7 as {T1,--- ,T,} and choose corresponding paths P; for each 1 <1i < g.

Set Q:=UL,T;and X :={v e V(H)\ Q:dg(v) < (1—A)n}.

Greedily form a path Py with X C V(Py) C V(H) \ Q as in the proof of Lemma 4.15.
Greedily choose paths Q1,...,Q, of length at most three connecting the paths F, ..., Fy;
each ); may be chosen by exhaustive search.

return P := PyQ1P...Q.F; and G.

Theorem 4.16: Here we give a proof of the algorithmic statement. For this we define a multi-
k-graph H to consist of a vertex set V and a multiplicity function mpy : (Z) — {0} UN.
We call my(e) the multiplicity of e, and always count ‘with multiplicity’, so, for example,

the number of edges of H is e(H) := Y, _v\ymu(e), and the degree of a vertex v € V is

ee(k)

dp(v) := Zee(V),UEE m(e). We begin with the following proposition.
V):

Proposition A.1. Suppose that 1/n < 1/0,1/r < d,1/k. Let H be a multi-k-graph on n vertices
with e(H) > d(}) in which all multiplicities are at most r. Then there exists a set X C V(H) of

size k€ such that e(H[X]) > d(ﬁ) Moreover, such a set can be found in time O(nk).

Proof. We proceed by induction on k; the base case k = 1 is trivial. Suppose therefore that
k > 2 and the proposition holds with k& — 1 in place of k. In time O(n*) we may choose vertices
v1,...,vp of H each with degree at least %(kfl) + M(lﬁz) in H; such vertices must exist as
otherwise we would have

€-r<ki1> +n- (;(kil) +r£(ki2)> ngff(v) = ke(H) de@),
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a contradiction. Observe that each v; then lies in at least %(kﬁl) edges which do not contain any
vj with j # ¢. Now form a multi-(k — 1)-graph H’ with vertex set V' := V(H) \ {v1,...,v} by
taking each (k — 1)-set S € (k‘i/l) to have multiplicity mg/(S) := Zle mpg (S U{v;}). Then by
choice of the vertices v; we have e(H') > /- g(kﬁl) So by our induction hypothesis (with r¢ in
place of ) we can find in time O(n*~!) a set X' C V' of size (k — 1)¢ such that H'[X’] has at

least f% (kfl) > d(f;) edges; taking X := X' U{vy,..., v} gives the desired set. O
The following corollary is the algorithmic version of Theorem 4.16.

Corollary A.2 ([8]). Suppose that 1/n < d,1/f,1/k. Let F' be a k-partite k-graph on f vertices.
If H is a k-graph on n vertices with e(H) > d(Z), then we can find a copy of F' in H in time

O(nk).

Proof. Introduce a constant ¢ with 1/n < 1/¢ < d,1/f,1/k. By Proposition A.1 (with r = ¢)
we may find in time O(n¥) a set X C V(H) of size k¢ such that e(H[X]) > d(f;). The non-
algorithmic part of Theorem 4.16 then implies that H[X] contains a copy of F', and we can find
such a copy in constant time by exhaustive search. (I

Lemma 4.18: Suppose that n is even. Let H be a 4-graph of order n with 6(H) > n/2 —en
which is k-connecting. Also let Py be a 2-path in H on at most pn vertices, and let G be a
2-graph on V(H) such that each vertex v € V(H)\ V(P) has dg(v) > (1 —A)n. Then Procedure
LongCycle(H, G, Py) returns in time O(n!®) a 2-cycle C on at least (1 — v)n vertices such that
Py is a segment of C and G[V(H) \ V(C)] contains a perfect matching.

Procedure LongCycle(H, G, P)

Data: A dense and k-connecting 4-graph H, a very dense 2-graph G on V(H), and a
2-path Py in H.
Result: An long cycle C' which contains Py as a segment and such that G[V (H) \ V(C)]
contains a perfect matching.

Set V.=V (H)\ V(Fy), H := H[V'], and G’ := G[V].

R:=SelectReservoir(H', G', 27v/3).

Extend Py by a single edge at each end to a path Fj.

Set L:=V(H)\ (V(P)) UR) and R' := R\ V(F).

Extend Py greedily by only using vertices from L to a path P of length at least (1/2 — p)n.
Set L:=V(H)\ (V(P)UR) and R' := R\ V(P).

while |L| > In do

if e(H[L]) > u(‘i') then

Use Theorem 4.17 to find a path P’ in H[L] on at least % — 1 vertices.

Only using vertices from R’ find a path @ of length at most three (by exhaustive
search) such that P := PQP’ is a path.

Set L:=V(H)\ (V(P)UR) and R := R\ V(P).

else

Find I, J, and Hy as in Claim 4.19 by exhaustive search.

Use Theorem 4.16 to find a complete 3-partite 3-graph K with all vertex classes of
size D/3.

Derive the complete 4-partite 4-graph K’ from K and J.

Find a Hamilton path @ in K'.

Delete P[I] from P and call the resulting two segments P; and Ps.

Find by exhaustive search at most 8 vertices in R’ forming two paths @1 and Q2
such that P := PiQ1QQ2P; is a path.

Set L:=V(H)\ (V(P)UR) and R' := R\ V(P).

By exhaustive search find at most 4 vertices in R’ to close P to a cycle C.

return C.
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Lemma 7.1: Suppose that n is even. If H is a 4-graph of order n with §(H) > n/2 — en which
is k-connecting and («, f)-absorbing, then Procedure NonExtremalCase(H) returns a Hamilton
cycle in H in time O(n3?).

Procedure NonExtremalCase(H )

Data: A dense, k-connecting and («, 3)-absorbing 4-graph H.
Result: A Hamilton cycle C' in H.

Set (P, G) :=AbsorbingPath(H).

Set C' :=LongCycle(H, G, P).

Set M := MaximumMatching(G[V (H) \ V(C))).

for e € M do
Find a segment P, in P which is an absorbing structure for e and which is disjoint from
each segment P, chosen for each previously-considered ¢’ € M.

Replace P. in C by a path with vertex set V(FP,) U e and the same ends as P..
return C.

Theorem 1.5: If H is a 4-graph of order n with §(H) > n/2—en, then Procedure HamCycle(H, { A, B})
either returns a Hamilton cycle in H or a non-even-good or non-odd-good bipartition of V (H)
in time O(n3?).

Procedure HamCycle(H)

Data: A dense 4-graph H.
Result: A Hamilton 2-cycle in H or a certificate for non-existence.

if H contains a Hamilton cycle (Corollary 2.3) then
if H is not k-connecting then
Set {A, B} := EvenPartition(H)).
return HamCycleEven(H,{A, B}).
else if H is not («a, 8)-absorbing then
Set {A, B} := OddPartition(H)).
return HamCycleOdd(H, {A, B}).
else
| return NonEzxtremalCase(H ).

else
| return A bipartition {A, B} of V(H) which is not both even-good and odd-good.

APPENDIX B. FULL PROOFS FOR THE REDUCTIONS CLAIMED IN SECTION 8

In this section we give full details of the proofs of the the correctness of the polynomial-time
reductions claimed in the proof of Theorem 1.6 in Section 8. We do this through the following
propositions. Throughout this section we write simply ‘path’ and ‘cycle’ to mean tight path and
tight cycle, as these are the only types of paths and cycles considered here.

Proposition B.1. For any k > 2 and any D, there is a polynomial-time reduction from HP(k, D)
to HC(k, D) and a polynomial-time reduction from HC(k, D) to HP(k, D).

Proof. First, we show that there is a polynomial-time reduction from HP(k, D) to HC(k, D). If
D < 2, then HP(k, D) is trivial, so assume that D > 2. Let H be a k-graph with A(H) < D. For
each of the at most n?* ordered 2k-tuples (z1,--- ,Tx,y1,-- ,yx) such that z = (x1,--- ,x;) and
y = (y1,--- ,yr) are both edges of H we construct an altered graph H; ) by deleting all edges
e € E(H) with x; € e or y; € e and then adding the edges {z;+1,Tit+2,. .., Tk, Y1,...,yi} for
0<i<k,so(z1, Tk Y1, " ,Yk) is a path in H, ,y. We then test each H(,,y for a Hamilton
cycle. The original graph H contains a Hamilton path starting with y and ending with z if and
only if the altered graph H(, ,y contains a Hamilton cycle, and since D > 2 and A(H) < D we
have A(H(m,y)) <D.

Now, we show that there is a polynomial-time reduction for the other direction as well.
Given a k-graph H with A(H) < D, for each of the at most n?* sequences of 2k vertices
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S = (1, -+ , Xk, Yk, -+ ,y1) such that S is a path in H we construct a graph Hg by deleting
every edge e of H which intersects S except for those edges e such that eN.S = {z1,--- ,z¢} or
enNS ={y1, - ,ye} for some ¢ < k. Afterwards we test each Hg for a Hamilton path. Observe
that we have A(Hg) < A(H) < D, and that there is a Hamilton cycle in H if and only if one of
the altered graphs Hg contains a Hamilton path. O

Proposition B.2. For any k > 2 and any D, there is a polynomial-time reduction from HC(k, D)
to HC(2k — 1,2D).

Proof. Given a k-graph H with vertex set V' = {v1, -+ ,v,}, we construct a (2k — 1)-graph
Hop_ as follows. Fix disjoint copies A = {v{!,--- v} and B = {vP,--- 0P} of V, and let
0a:A—Vand gp: B — V be the natural bijections (so ¢(v{}) = v; = ¢(vP?)). For convenience
we will not always mention the explicit bijections; instead we say that vertices a € A, b € B
and x € V correspond if pa(a) = pp(b) = . We take AU B to be the vertex set of Hoy 1,
and the edges of Hop_1 are the sets e € (;:J_Ei) such that either ¢ 4(e N A) is an edge of H and
epleNB) C pa(enA), or pp(eN B) is an edge of H and p4(e N A) C pp(e N B). It is then

sufficient to show that

(i) H contains a Hamilton cycle if and only if Hoy_; contains a Hamilton cycle, and
(ii) if A(H) < D, then A(Hg,_1) < 2D.

For (i), first observe that if C' = (vy, - - - ,vy,) is a Hamilton cycle in H, then C := (v{!,v5,--- v vD)
is a Hamilton cycle in Hop_1. Indeed, every consecutive subsequence S in C of length 2k — 1
either contains k vertices from A or contains k vertices from B. These k vertices correspond to
k consecutive vertices of C' and therefore correspond to some edge e € E(H), and the remaining
k — 1 vertices of S correspond to a subset of e, so S forms an edge of Hoi,_1. Now suppose that
some cyclic ordering of the vertices of Ho,_; gives a Hamilton cycle C' in Ho,_q. It suffices to
show that if we delete every vertex of B from this sequence, then every k consecutive vertices
(a1,--- ,ax) in the remaining subsequence correspond to an edge of H, since this subsequence
would then correspond to a Hamilton cycle in H. For this, let () be the subsequence of length
2k —1 in C beginning with a1, and let Q" be the subsequence of length 2k —1 in C beginning with
the vertex subsequent to a; in C'. Suppose first that () contains all of the vertices aq,--- , ak.
In this case {a1,--- ,a,} must correspond to an edge of H, since Q € E(Haj_1). Now suppose
instead that @ does not contain ag. The fact that Q € E(Ha,_1) then implies that Q contains k
vertices of B which correspond to an edge of H, and that ay,--- ,a;_1 each correspond to vertices
in BNQ. Since Q\ Q' = {a1}, and @' is also an edge of E(Haj_1), we must have Q" \ Q = {ay}.
It follows that ay corresponds to a vertex of BN Q' = BN Q. Thus the k vertices ay, - ,ax
correspond to the k vertices of @ N B, and so correspond to an edge of H.

For (ii), fix aset S € (iU_BQ) It is only possible that S is included in an edge of Hoj_1 if either
|JANS| =k —2,|BnNS| =k and the vertices of BN S each correspond to vertices of AN S, or
the same holds with the roles of A and B reversed, or |[AN S| =|BNS| =k —1 and at least
k — 2 vertices of AN S correspond to vertices of BN .S. In the first case we have dg,  (5) =2,

since there are precisely two vertices which can be added to S to form an edge of Hoj_1, namely
the vertices of A\ S which correspond to vertices of BN .S. Likewise we also have dm,,. (8)=2
in the second case. Finally, suppose that |[AN S| = |BNS| =k — 1. If exactly k — 2 vertices of
AN S correspond to vertices of B N S, then again there are two edges of Ho,_; containing S,
formed by adding the vertex of A\ S which corresponds to a vertex of BN S or vice versa. If
instead all k — 1 vertices of A NS correspond to vertices of BN S, then we can form an edge of
Hyj_1 containing S by adding any vertex of A or B which corresponds to a neighbour in H of
the corresponding k — 1 vertices of H. Since A(H) < D there are at most 2D such vertices. So
in all cases we have dﬁ%,l(s ) < 2D, as required. t

Proposition B.3. For any k > 2 and any D, there is a polynomial-time reduction from HC(k, D)
to HC(2k, D).
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Proof. Given a k-graph H with vertex set V. = {v1,---,v,}, we take disjoint copies A =
{vf,--- v} and B = {vP,--- 0B} of V and define p4 and ¢p as in the proof of Proposi-
tion B.2. We then construct a 2k-graph Hoy, as follows: the vertex set of Hoy is AU B, and the
edges of Hoy are all sets e € (AQL;CB) such that p4(eN A) and pp(eN B) are both edges of H. It

is then sufficient to show that

(i) H contains a Hamilton cycle if and only if H;, contains a Hamilton cycle, and
(1) A(Har) < A(H).

To show (i), first assume that H contains a Hamilton cycle C' = (vq,--- ,v,). Then C :=
(vf‘,le R ,v;?,vf ) is a Hamilton cycle in Hgy, since for every consecutive subsequence S of

length 2k in C, each of the sets SN A and SN B corresponds to a consecutive subsequence in C'
of length k, that is, an edge of H, so S is an edge of Ho. For the other direction, suppose that

C = (v, ,v2,) is a Hamilton cycle in Hog. Then for any v; € A the set Q = {v;, -+ ,vijop_1}
is an edge of Hop, so Q N A contains exactly k vertices from A, and moreover these k vertices
correspond to an edge of H. So if we delete all vertices of B from the sequence (vy,-- -, vay), the

resulting subsequence corresponds to a Hamilton cycle in H.

For (ii), let S be a set of 2k — 1 vertices of Hgy. It is only possible that S is included in an
edge of H if SN A is an edge of H and |S N B| =k — 1, or the same with the roles of A and B
reversed; without loss of generality we assume the former. A necessary condition for {z} U S to
be an edge of Hyy is then that x € B and that pp({z} U (SN B)) € E(H). The number of such
vertices x is at most dy (¢p(S N B)) < A(H), so di, (5) < A(H). O

It is convenient to note that the problem of deciding whether a k-graph with A(H) < D
contains a Hamilton path reduces to the problem of whether a k-graph H with A(H )éD whose
order is divisible by k contains a Hamilton path. We refer to the latter problem as HP(k, D)*.

Proposition B.4. For any k > 2 and any D, there is a polynomial-time reduction from HP(k, D)
to HP(k, D)*.

Proof. Let H be a k-graph on n vertices; we may assume that A(H) > 2, as otherwise the
Hamilton path problem is trivial. Let 0 < r < k — 1 and ¢ > 0 be such that n = ¢k + r. For
every ordered (k — 1)-set of vertices T' = (v1,- -+ ,vg—1) in H we form a k-graph Hr on (£ + 1)k
vertices by adding k — r new vertices x1,- -, zx_, and new edges {x;, ..., Tk—r, V1, ., Uppi—1}
fori e [k—r], so (x1, -+ ,Tk—r,v1, -+ , V1) is a path in Hp. The resulting graph Hp has order
divisible by k& and maximum codegree A(Hr) = A(H), and H contains a Hamilton path if and
only if one of the altered graphs Hr created in this way contains a Hamilton path. (I

Proposition B.5. For any k > 2 and any D there is a polynomial-time reduction from HP(k, D)
to HC(2k — 1, 5] — (D + 1)k).

Proof. By Proposition B.4 it suffices to give a polynomial-time reduction from HP(k, D)+ to
HC(2k — 1,[5] — (D + 1)k). So let H be a k-graph on n vertices, where k divides n, and set
¢ :=n/k. We define a (2k — 1)-graph Ho,_1 as follows. Let U := V(H) and let X be a set of
size | X| = @ = ¢(k — 1) which is disjoint from U. Set A := U U X, and let B be a set of
size |B| = |A| + 1 = £(2k — 1) + 1 which is disjoint from A. We take the vertex set of Hoy_1 to
be AU B, and the edges of Hor_1 to be all sets e € (26%31) with |[ANe| ¢ {k,k+ 1}, or with
|ANnel =kand ANe € E(H), or with [ANe| = k+ 1 and such that ¢ € ANe for every
¢/ € E(H). Since Hyi_1 has |A| + |B| = 2|A| 4+ 1 vertices, it then suffices to show that

(a) H contains a Hamilton path if and only if Ha,_1 contains a Hamilton cycle, and
(b) if A(H) < D, then §(Hax—1) > |A| — k(D + 1).
For convenience we define the type of an edge e € E(Hsi_1) to be the pair (e N Al, |e N BY).
For (a), first assume that there is a Hamilton path P = (hy,--- ,h,) in H, and write X =
{w1, -+ xp—1)} and B = {b1, -+, bex, b, - ’blé(k—l)-i-l}’ Then
C=(x1, Teo1,b1, bk Ty (k=14 15 Te(h—1)> D=1k~ > ek

hla e 7h/€7 /17 Tty ;g—]_? e 7hn—k+17 e 7hn7 b/(ﬁ_l)(k_1)+1a e ablf(k;_l)a bl[(k_l)_l,_l) .
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is a Hamilton cycle C' in H. That is, C begins with edges of type (k — 1, k) which include all
the vertices of X, followed by edges of type (k,k — 1) which include all of the vertices of U. The
final vertex from B then returns C' to edges of type (k — 1,k) to close the cycle. Note that all
vertices of Hoi_1 are contained in C' and that every consecutive subsequence of 2k — 1 vertices
of C forms an edge of Hop_1.

Now assume instead that Hoy,_1 contains a Hamilton cycle C. We introduce the following
auxiliary bipartite graph G with vertex classes A and B. For every a € A let S, be the consecutive
subsequence of C of length 2k — 1 starting with a (so S, is an edge of Hai_1). We define the edge
set of G to be E(G) :={{a,b} | a € A,b € S, N B}, and also define U’ := {u € U | dg(u) > k}
and B’ :={b€ B |dg(b) <k —1}.

Claim B.6. The following properties hold for G.

(i) dg(a) > k—1 for alla € A,
(ii) dg(x) > k for allz € X,
(iii) dg(b) < k for allb € B,

(iv) |B'| >n+1.

Proof. The main observation is that if e is an edge of C such that |e N A| > k, then eN A is an
edge of H, so e is of type (k,k — 1) and contains no vertex of X. To see this, assume otherwise
that there exists an edge e for which this observation does not hold. Then |e N A| > k, and by
construction of Ho,_1 the edge €' preceding e in C fulfils |[¢’ N A] > k as well. Consequently
every edge of C has [e N A| > |e N B|, contradicting the fact that |B| > |A|. This observation
immediately implies (i), (ii) and (iii). To show (iv), observe that if every edge of C' contains
a vertex of X, then for the same reason it would follow that dg(a) > k for every a € A and
da(b) < k—1 for every b € B, and so we would have |A|k < |E(G)| < |B|(k—1) = (JA|+1)(k—1),
contradicting the fact that |A| > k. So some edge e of C' does not contain a vertex of X, and it
follows that we may choose a set S of disjoint consecutive subsequences of C' of length 2k —1, each
beginning with a vertex of X, such that X C JS. Then each S € S is an edge of C' containing
a vertex of X, so has [SN A| < k — 1, and so we have |S| > |X|/(k — 1) = £. Furthermore, we
have (JSN B C B, soif ||JSN B| > n+ 1 then we are done. We may therefore assume that
|USNB| =n =kl so|S| =¢. Since C has more than (4k — 3)¢ vertices, there must exist S € S
such that the 2k — 2 vertices immediately prior to S in C are not in |JS. Let z € X be the first
vertex of S, let S’ be the consecutive subsequence of C of length 2k — 1 ending with z, and let
b be the last member of B in S’. Since S’ is an edge of C' containing a vertex of X, we have
|S” N B| > k. Tt follows that b € B’, and consequently |B’| > n + 1. O

By making use of Claim B.6 we now can double-count the edges of G to get

|E(G)| = k[ X| + (k= DU+ U] = (k= )n+ (k= n+ U], and
|E(G)| <kB|—|B|<(2k—1)n+k—(n+1).

Hence we have |U’| < k—1. For every « € X the previous k — 1 vertices of U in C' are vertices of
U’ and therefore |U’| > k—1. Hence |U’| = k—1 and all inequalities used in the above calculation
are in fact equalities. Therefore the vertices of U have to appear in a consecutive order in C' only
interrupted by vertices of B. Since there are exactly k — 1 vertices in U’, the minimal segment
of C containing all the vertices of U is a path consisting only of edges of the type (k,k —1). So
deleting all vertices of B from this segment yields a Hamilton path in H.

For (b) let S be a set of 2k — 2 vertices of Hoyp_1. If |JANS| <k —1or [ANS|=k+1, then
we can add any vertex of A\ S to S to form an edge of Hop_1, so dm,,_,(S) > |A| —k—1. If
instead |[ANS| > k+1or |ANS| =k —1, then we can add any vertex of B\ S to form an edge
of Hop—1, so dp,, ,(S) > |B| —k = |A| — k + 1. The same is true if |[ANS| =k and AN S is
an edge of H. Finally, if |[AN S| =k and AN S is not an edge of H, then S U {a} is an edge of
Hyp—q for any a € A\ S such that S’ U{a} is not an edge of H for any S’ C S of size k — 1. Since
there are k such sets S’, each of which has at most A(H) < D neighbours in H, it follows that
d,,_,(S) > |A] — (D + 1)k. So in all cases we have dp,, ,(S) > |A| — (D + 1)k as claimed. O
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Proposition B.7. For any k > 2 and any D there is a polynomial-time reduction from HC(k, D)
to HC(2k, 5 — (D + 1)k).

Proof. Let H be a k-graph on n vertices, let A := V(H) and let B be a set of size n which is
disjoint from A. We form a 2k-graph Hoy with vertex set V := A U B whose edges are all sets
ee€ (2‘2) such that [AnNe| ¢ {k,k+ 1}, or such that |[ANe| =k and ANe e E(H), or such that
|Anel=k+1and e € Ane for every ¢’ € E(H). Since Hyy has precisely 2n vertices, it then
suffices to show that

(i) H contains a Hamilton cycle if and only if Hsj contains a Hamilton cycle, and
(ii) if A(H) < D, then 6(Hoi) > n — (D + 1)k.
As in Proposition B.5, we define the type of an edge e € E(Hyg) to be the pair (Jen Al, |en BY).

For (i) assume first that Ho, has a Hamilton cycle C. Observe that our construction of Hog
ensures that if e is an edge of Hyy of type (k, k), and €' is an edge of Hyy of type (k+ 1,k —1),
then e Ne’| < 2k — 1. Tt follows that C either has no edges with |e N A| > |e N B| or has no
edges with e N A| < |en B|. Since |A| = |B| we conclude that every edge in C' must have type
(k, k). Let C" be the subsequence of C' obtained by deleting all vertices of B from C, and let S
be a subsequence of k consecutive vertices of C’, so in particular S C A. Then S is included in
an edge of C, which is an edge of type (k, k) in Hsy, and so S is an edge of H by construction
of Hsp. We conclude that C’ is a Hamilton cycle in H. For the other direction assume that H
contains a Hamilton cycle (v1, - -+ ,vy,). Then for any enumeration of B as by, .. ., b,, the sequence
(v1,b1,- -+ ,Un, by) is a Hamilton cycle in Hyy, since every consecutive subsequence consisting of
2k vertices contains exactly k vertices from A, which form an edge of H.

For (ii), fix a set S of 2k — 1 vertices of Hy, and observe that if |SNA| # k, then S is included
in at least n — (k+ 1) edges of Hyy. If instead |S N A| =k and SN A is an edge of H, then S is
included in at least n — (k — 1) edges of Hyg, since we may add any vertex of B\ S to form an
edge of Hyi. Finally, if |[SNA| =k and SN A is not an edge of H, then SU{a} is an edge of Hay,
for every vertex a € A\ S except for those vertices a such that S’ U {a} is an edge of H for some
S" C SN A of size k—1. Since there are k such subsets S’, each of which has di(S") < A(H) < D
neighbours in H, it follows that S is included in at least n — k — kD edges of Hoi. So in all cases
we have dp,, (S) > n —k — kD as claimed. O



