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MIYAMOTO INVOLUTIONS IN AXITIAL ALGEBRAS OF
JORDAN TYPE HALF

J.I. HALL Y. SEGEV S. SHPECTOROV

ABSTRACT. Nonassociative commutative algebras A generated by idem-
potents e whose adjoint operators ade: A — A, given by x +— xe, are
diagonalizable and have few eigenvalues are of recent interest. When cer-
tain fusion (multiplication) rules between the associated eigenspaces are
imposed, the structure of these algebras remains rich yet rather rigid.
For example vertex operator algebras give rise to such algebras. The
connection between the Monster algebra and Monster group extends
to many axial algebras which then have interesting groups of automor-
phisms.

Axial algebras of Jordan type 1 are commutative algebras generated
by idempotents whose adjoint operators have a minimal polynomial di-
viding (z — 1)z(z — 1), where n ¢ {0,1} is fixed, with well-defined and
restrictive fusion rules. The case of i # % was thoroughly analyzed by
Hall, Rehren, and Shpectorov in a recent paper, in which axial algebras
were introduced. Here we focus on the case where n = %, which is less
well understood and is of a different nature.

1. INTRODUCTION

Axial algebras, introduced in [HRS1, HRS2|, are certain commutative
and nonassociative algebras. Their definition was motivated by construc-
tions from the theory of vertex operator algebras. The second degree piece
V2u of the Monster vertex operator algebra V? [Bo] has the structure of a
commutative nonassociative algebra. Within this algebra certain idempo-
tents, called axes by Conway [C], give rise to V! and V2u automorphisms of
order two. Miyamoto [M] observed that this is a special case of a more gen-
eral phenomenon. He called the commutative algebras V5 of the appropriate
VOAs V Griess algebras. Ivanov [I] took certain of the properties of these as
axioms for his Majorana algebras. The axial algebras of [HRS1, HRS2] are
then a further abstraction, with the corresponding automorphisms of order
two being called Miyamoto involutions.

The historical development is discussed at greater length in the introduc-
tion to [HRS2].
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2 J. 1. HALL, Y. SEGEV, S. SHPECTOROV

That earlier paper is focused upon those axial algebras said to have Jordan
type n. Specifically, all primitive axial algebras of Jordan type n # % are
essentially classified in [HRS2]. The purpose of this paper is to understand
better the structure of primitive axial algebras of Jordan type % These
remain unclassified and are more varied than those with n # % Especially,
many Jordan algebras occur, hence the name.

Throughout this paper F is a field of characteristic not 2.

1.1. The definition of an axial algebra.

Let A be a commutative algebra over F that is not necessarily associative.
For a € A and A € F let

Ax(a) :={x € A| za= \z}.
That is, Ay(a) is the A-eigenspace of the adjoint operator

adg: A — A, x — za.

(We allow Ay(a) =0.)

An azis in A is an idempotent element a = a® of A such that the minimal
polynomial of ad, is a product of distinct linear factors. The F-algebra A
is an axial algebra if it is generated by axes. An axis a € A is absolutely
primitive if Aj(a) = Fa (note that this is stronger than being a primitive
idempotent). The structure of axial algebras can be very loose. This is
typically remedied by specifying fusion rules (that is, multiplication rules)
which restrict how eigenspaces are allowed to multiply.

Fix n € F with n ¢ {0,1}. In this paper we shall be concerned with axial
algebras generated by a set A of absolutely primitive axes with the following
eigenvalue and fusion requirements:

(1) For each a € A, the minimal polynomial of ad, divides (x —1)x(z —

m)-
(2) We have

As(a)Ac(a) € Ase(a),
foré,e € {+,-}, and
Ao(a)Ao(a) € Ao(a),
for all a € A. Here 5¢ has the obvious meaning, and
A(a) = A1(a) ® Ag(a) and A_(a) = Ay(a).

An absolutely primitive axis a having these two properties will be called
an n-azxis. A primitive azxial algebra of Jordan type n is a commutative
algebra generated by n-axes. The terminology arises from the fact that
Jordan algebras generated by absolutely primitive axes are primitive axial
algebras of Jordan type % That particular choice for 1 will be of the greatest
interest to us.
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1.2. Main results.

The current paper has its origins in the paper [HRS2] of Hall, Rehren,
and Shpectorov. However, we observed that Theorem 5.4 of that paper is
false in two senses—the actual result is false for primitive axial algebras of
Jordan type n = % and, while the result is true for the cases n # %, the
proof given there is not sufficient. This paper began as an effort to resolve
these difficulties. It should be noted that the results from [HRS2| used in
this paper come from Sections 1-4 of that paper, which were free of error.!
The current Theorem 7.1 provides a brief proof of Theorem 5.4 from [HRS2]
in the important, generic case n # % The problematic case n = % is then
the main focus of this paper.

To state our main results, let A be a primitive axial algebra of Jordan
type . We need to recall certain definitions. The Miyamoto involution
7(a) corresponding to an n-axis a € A is the automorphism of A defined by
T(a): x> x4y —x_, where x = x4 +x_, with 2y € Ay (a) and z_ € A_(a).
It is easy to check that 7(a) is an automorphism of A of order at most 2
(see Definition 2.1 below).

1.2.1. Results concerning the structure of A.

Consider the (undirected) graph A on the set of all n-axes of A, where
distinct a, b form an edge if and only if ab # 0. In §6 we show the existence
of a certain decomposition of our axial algebras.

Theorem A. Let A be a primitive axial algebra of Jordan type n. Let
{A; | i € I} be the connected components of A and let A; be the subalgebra
of A generated by the axes in A;. Then
(1) A=>",c; A; is the sum of its ideals Ay;
(2) AjA; =0, for distinct i,j € I;
(3) for each i € I exactly one of the following holds:
(a) the map a — 7(a), a € A; is injective.
(b) A; is a Jordan algebra of Clifford type, in which case the map
a— 7(a), a € A; is two-to-one.

Jordan algebras of Clifford type are discussed in §5. Theorem 6.10 below
gives a more detailed (and refined) version of Theorem A.
To prove part (3b) of Theorem A we prove:

Theorem B. Let A be a primitive axial algebra of Jordan type n. Assume
that A is connected and that there are two distinct n-azxes a,b € A such that
7(a) = 7(b). Thenn =%, a+b=1 is the identity of A and A is a Jordan
algebra of Clifford type.

The proof of Theorem B uses Theorem 5.4 and Proposition 6.6.

1Indeed, other than Theorem 5.4, the only result from [HRS2] whose statement needs
change is Theorem 6.3 to which the hypothesis n # % should be added. Corollary 5.5 is
true as stated, but its proof must be augmented with an appeal to the current Proposition
6.6.



4 J. 1. HALL, Y. SEGEV, S. SHPECTOROV

Remark. Let A be a primitive axial algebra of Jordan type 7, let a be an
n-axis in A and let A; be the connected component of A with a € A;. Then
exactly one of the following holds.

(1) 7(b) # 7(a), for all n-axes b # a.

(2) 7(a) = id (which is equivalent to A; = {a}). In this case for an
n-axis b of A we have 7(b) = 7(a) if and only if {b} is a connected
component of A.

3)n = %, the corresponding algebra A; of Theorem A is a Jordan
algebra of Clifford type, and there is a unique n-axis b # a in A such
that 7(a) = 7(b). Indeed b = 1; — a, where 1; is the identity element
of Al

This is a consequence of Theorems A and B and Lemma 3.2.1.
1.2.2. Results concerning 3-transpositions.

Let G be a group generated by a normal set of involutions D. Recall that
D is called a set of 3-transpositions in G if |st| € {1,2,3}, for all s,t € D.
The group G is then called a 3-transposition group.

Let A be a generating set of n-axes in A. Suppose that a™® € A, for all
a,b € A, where a™® is the image of a under the Miyamoto involution 7(b)
(and this and similar notation will prevail throughout this paper). In other
words, assume that A is closed.

As we will see, the set D := {7(a) | a € A and 7(a) # id} is a normal set
of involutions in G = (D). Suppose D is a set of 3-transpositions in G, then
we call A a 3-transposition algebra with respect to A.

In [HRS2] it is shown that every primitive axial algebra of Jordan type
n # % is a 3-transposition algebra with respect to any closed generating set
of n-axes (see Theorem 7.1). The case n = % is very different. However, the
following theorem holds in the case where A is a Jordan algebra of Clifford
type (see §7).

Theorem C. Assume char(F) # 3 and that A is a Jordan algebra of Clifford
type that is additionally a 3-transposition algebra with respect to the closed
set A of 3-azes. Assume further that D := {r(a) | a € A and 7(a) # id} is
a congugacy class in G = (D). Then G is of symplectic type and no subgroup
H = (DN H) is isomorphic to a central quotient of Wo(Dy).

For more detail about the terminology in Theorem C, see §4. In that sec-
tion we prove a result about 3-transposition groups which is of independent
interest.

Theorem D. Let G be a finite 3-transposition group of symplectic type
generated by the conjugacy class D of 3-transpositions, such that there is no
subgroup H = (D N H) isomorphic to a central quotient of Wyo(Dy).

Then there is an n € ZT with G a central quotient of W(A,,) for n > 2,
W(D,,) forn >4, or W(E,,) forn € {6,7,8}.
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Of course Theorem D can be used in conjunction with Theorem C to
impose severe restrictions on the groups G that can occur in Theorem C.

1.3. Some open problems.
Here we list certain remaining open problems.

Problem 1. Let A be a primitive axial algebra of Jordan type % and assume
that the graph A above is connected and that the map a +— 7(a) is bijective
on the set of %—axes.

(i) What is the structure of subalgebras of A generated by three %—axes‘?
(ii) Suppose A is generated by a finite set of 3-axes. Is A finite dimen-
sional over F?
(iii) What else can be said about the structure of A?

Problem 2. Let A be a Jordan algebra of Clifford type and assume that
the graph A above is connected. Let A be a closed subset (see above)
of generating %—axes in A such that the map a — 7(a) is injective on A.

Classify these sets A.

Problem 3. Are there restriction on G and D if we assume in Theorem C
that char(F) = 37
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2. NOTATION AND SOME DEFINITIONS

In this section we assemble the notation and definitions that will pre-
vail throughout this paper. Other, more specific ones, will be given in the
beginning of each of the following sections.
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As mentioned above, throughout this paper F is a field of characteristic
not 2. Also, A is a primitive axial algebra of Jordan type 7.

Definition 2.1 (Miyamoto involution). Let B be an algebra over the field
F (not necessarily associative).

(1) Suppose that B is a direct sum B = By @ B_ , such that By and B_
are subspaces of B and such that BsB, = By, for ,¢ € {4, —}. For
x € B, write x = x4 + x_ , with z. € B.. The Miyamoto involution
corresponding to the above decomposition of B is themap7: B — B
defined by 27 = x4 — x_, for all x € B. It is easy to check that 7
is an automorphism of B of order at most 2. (It has order 2 if and
only if B_ #0.)

(2) Let x € B, and assume that B decomposes into a direct sum B (z)®
B_(x) of ad,-invariant subspaces of the adjoint operator ad,: B —
B, b — bx. Suppose further that B, (z) and B_(x) satisfy the
rules as in (1) above. Then we denote the corresponding Miyamoto
involution by 7(x) (where B is understood from the context) and
call 7(z) the Miyamoto involution corresponding to x.

(3) When A is a primitive axial algebra of Jordan type n and a € A is an
n-axis, then 7(a) will denote the Miyamoto involution corresponding
to a (as in (2) above, recall the definition of A (a) and A_(a) from
subsection 1.1). It is easy to check that if p is an automorphism of
A, then 7(a”) = 7(a)P. This fact will be used throughout this paper
without further mention.

Notation 2.2 (Notation and definitions related to axes).

(1) We denote by X the set of all n-axes in A.

(2) For a subalgebras N C A and x € N, we denote by Ny(x) the A-
eigenspace of the adjoint endomorphism ad,: b — bz of N. (Recall
that we allow the possibility Ny(z) = 0.)

3) Welet X! :={a € X | 7(a) =id} and X" := X \ AL

4) For a subset B C X, we let B! = BN X! and B" = BN &™".

5) A subset B C X is closed if B™®) C B, for all b € B.

6) For aset B C X, the closure of B in X is the intersection of all closed
subsets of X containing B. We denote it by [B].

(7) For a subset B C X, we denote by Dg := {7(b) | b € B} and
Gp = (Dp).

(
(
(
(

Notation 2.3 (General notation for algebras and subalgebras). Let a,b € X
with a # b.

(1) For a subset B C X, we denote by Np the subalgebra of A generated
by B. If B = {a,b}, we sometimes write Ng = Ng.

(2) Note that N, satisfies the multiplication rules of Proposition 3.1.1
below. We use the notation ¢,p, mep and o4 as in Proposition
3.1.1.
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(3) We denote by 1, the identity element of N, p if Ny 4 is 3-dimensional
and has an identity element.
Note that by Theorem 3.1.3(3), N, contains an identity element
if and only if 0,5 # 0 and 7,5 # 0. In this case the identity element
of Na,b is 1a,b = %O—a,b'

Notation 2.4 (Some specific two generated algebras). The following 2-
generated algebras were defined in [HRS2]. In several cases though we
changed notation. Let a,b € X with a # b.

(1) If ab = 0, we denote N, = 2By, thus N, is 2-dimensional.

(2) Ifab = —a—b, we denote Ny, = 3C(—1).,, thus N, is 2-dimensional
(see Lemma 3.1.8).

(3) If ab = %a + %b we denote Ny = Jgp, thus N, is 2-dimensional
(see Lemma 3.1.9). Our notation here for this algebra differs from
the notation in [HRS2].

(4) If Ngy is 3-dimensional, we denote Ny, = B(1), @ap)ap, Where @qp €
F is defined in Proposition 3.1.1 (see Theorem 3.1.3).

(5) We denote 3C(n)ap = B(n,3M)ap (see Lemma 3.1.4 and Remark
3.1.5).

3. PRELIMINARIES

In this section we give some preliminary properties of the various algebras
from Notation 2.4. In addition, we assemble some preliminary results.

3.1. Details about the algebras in Notation 2.4.

Proposition 3.1.1 (Proposition 4.6 [HRS2|). Let a,b € X with a #b. Let
0 =04p=0ab—na—nbe& Nyy. Then there exists a scalar p = pqp € F such
that if we set m = map = (1 — 1) —n, then

(1) ab= 0+ na + nb;

(2) ov =mv, for allv € {a,b,o}.

Lemma 3.1.2. Let a,b be two distinct n-azes in A and suppose that N,y is
2-dimensional. Then
(1) one of the following three statements holds:
(a) (1) Pa,b = 0,Tap =—1 and Oab = —NaG — nb, also
(ii) ab=10 and Nqp = 2B .
(b) (i) n=—1, @ap = —%, Tap =0 and o, = 0, also
(ii) ab= —a —b and Nop = 3C(~1);,.
(c) (i) n= %7 Cap = 1,m0p =0 and o4 = 0, also
(ii)) ab = %a + %b, and Ngjp = Jqp.
(2) If ab # 0, then N,y does not have an identity element.

Proof. Suppose first that o, # 0. Let 0 = 043 and ™ = mg;. Write
o = aa + b. Multiplying by a we get that ma = aa + Sab. Suppose g = 0.
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Then ma = aa, thus 7 # 0, and o = w. Multiplying by b we get that
wb = mab, so ab = b. But this contradicts the absolute primitivity of a.
Hence 8 # 0. Similarly, a # 0.

Thus we have ab = ™2%a and similarly multiplying by b we get ab = %b.
Hence we must have o = 8 = 7 # 0. It follows that ab = 0 and Ny, = 2B,
Further ¢ = —na — nb. Now wa = ca = —na. Hence m = —n and then
©a,p = 0. This shows part (1a).

Suppose now that o = 0. Then ab = na + nb. Thus, if a(aa + b) = 0,
for some vector awa + b € Ngyp, then aa + B(na + nb) = 0. Hence fn = 0,
so =0, and then also a = 0, and we see that the 0-eigenspace of a is {0}
and so is the 0-eigenspace of b.

We now compute the n-eigenspace of a. Clearly, it is a 1-dimensional
space spanned by some aa + b, with a # 0 # .

Now since A is of Jordan type 1, we must have (aa + 8b)? € Fa. Thus

o?a + %b + 2a8(na + nb) € Fa.
It follows that 32 + 2afn = 0, or
8= —2an.

Canceling o, we may assume that the n-eigenspace of a is spanned by a—2nb.
Next we have a(a — 2nb) = n(a — 2nb). Hence
a — 2n(na + nb) = na — 2n°b.
It follows that 29> +7 —1 =0so, n = —1 or = % If n = —1, then
ab = —a — b, and this is the definition of 3C'(—1).‘,. This shows part (1bii).
Since 0 = oa = ma, it follows that m = 0 and then ¢ = —3 and (1bi) holds.
Ifn= %, then ab = %a + %b. This is the algebra J, ;. This shows part
(Lcii). As above, m =0 and then ¢ = 1.
Part (2) is an easy calculation and we omit the details. O

Theorem 3.1.3. Let a,b be two distinct n-axes in A and assume that N :=
Ny is 3- dimensz’onal. Set 0 =04p, © = QPap and m = mgp. Then

) o

) oz =7z, for z € {a,b,0};

) ™ # 0 if and only if N contains an identity element 14 = —

) ab = o + na + nb; in particular, if m # 0 then ab = 71, b+77a+17b

) Ni(e) = Fa, Noa) = F(rz — o) and Ny(a) = F((n = g)o + -+ )
)
)

2™ = %a 2(7777 ¢) —x, for {z,y} = {a,b};

a70) = 2ol (2(n — )+ Zr 4+ 1) o —2(— @)y, for {z,y} =
{a, b}.

Proof. Note that N, is isomorphic to the algebra B(7, ¢) defined in [HRS2,

Theorem 4.7, p. 98], with (a, b) in place of (¢, d) and o4 in place of p. Hence,

parts (1)—(5) are [HRS2, Theorem 4.7(a), p. 99]. Note that if 7 =0 and N

contains an identity element 1,5, then o = 1,30 = 0, a contradiction.

6
7

8]

(1
(2
(3
(4
(5
(
(
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For (6) we have

& =—10- ""’y+},((n—s@)y+nw+0)<:>
2 = Lo — 1y — L((n—p)y+nz+0) —
:L,T(y) 2 2(77—90)?/ — .

77 n

Finally, for (7) we have

2. 209,

= -, . Y-z

_ %Wm 2(n— %0)(0-+77$+17y)—x

= %m—wo—2<n—w>x—2<n—wy—
_@0_<2(n—¢)+%w+1>x—2(n—@)y. =

Lemma 3.1.4. Let a,b be two distinct n-azes in A and suppose that N, j =
B(n, %n)a’b (in particular, Nqp is 3-dimensional). Set N = Ngp, ™ = mqy
and 0 = 04p. Then m = —3(n+n?), and
(1) (a) ab= o+ na+ nb;
(b) Ny(x) = F(o + gna +ny), for {z,y} = {a,b};
(c) W = =25 —x —y, for {,y} = {a,b};
(d) a™® =7 50 |7(a)7(D)| = 3.
(2) If n # —1, then 1,3 = %a is the identity of N while if n = —1, then
N has no identity element.
Proof. Part (1a) follows from Theorem 3.1.3(4). Also
r=1-ne-—n=0-ni-n=—3n+7n).
Next, by Theorem 3.1.3(5), for z € {a,b}, N,(z) is spanned by (n— 3n)z +

1
ny + o, so (1b) holds. By 3.1.3(6), 27®) = —%g - @y —z, for {z,y} =
{a, b}, this shows (1c) and (1d). Part (2) follows from Theorem 3.1.3(3). O

Remark 3.1.5. Let a, b be two distinct 7-axes in A and suppose that N, ; =
B(n, %n)a’b. Set ¢g = a,¢1 = b and ¢ = —%O‘a’b —a —b. Then it is readily
verified that {co, c1, ¢} is a basis of Ny, and for {i, j, k} = {0, 1,2} we have
¢? = ¢; and ¢;c; = 3n(c; +¢; — cx). Thus Ny is the algebra denoted 3C ()
in [HRS2, Example 3.3, p. 90]. See also [HRS2], p. 91, line 9 (with (a,b) in
place of (cg,c1)). This explains our notation 3C(n), (see Notation 2.4(5)).

Lemma 3.1.6. Let a,b € A be two distinct n-azes. Suppose that n = @4 =
3. Then N := Ny, is 3-dimensional, so N = B(3, %) and

(1) map = —ﬁ,

(2) W) =1, -z, for {z,y} = {a,b};

(3) Ni(z) = (ab—2y) Jor {z,y} = {a,b};

N1
2
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(4) |m(a)7(b)] € {2,4};

(5) |m(a)7(b)| = 2 if and only if T(z) = T(lap — x), for ¥ € {a,b};

(6) if |[T(a)T(b)] = 4 then T(a)T(1gp —a) = T7(b)T(lqp —b) =: t and
Z((7(a), (b)) = (t);

(7) N = B(3,3)ay, for all z € {a, 1, — a} and y € {b, 1, — b}.

Proof. By Lemma 3.1.2, N is 3-dimensional. Let ¢ = ¢,p, ™ = m4p, 0 =
oapand 1 =1,;. Sincen = %, we have m = (1—n)p—n = (1—%)%—% = —%.
By Theorem 3.1.3(6), 2™ = —40 —2 = 1—x. By Theorem 3.1.3(5) part (3)
holds. Since a™@ = g and b™(® = 1 — b, it follows that N = B(% )a, (1-b)-
Similarly we see that (7) holds.

From (7) it follows that 27®7(1=Y%) —= 2 and clearly y™®7(=¥) = 4 for
{z,y} = {a,b}. Hence 7(y)7(1 —y) € Z(H), where H = (7(a),7(b)). We
have

(L= b)r(B) = 707 D)r(8) = (r(a)r(h)? = r(a)r(a™®)
=71(a)T(l—a) € Z(H).
If 7(z) = 7(1 — x) for x = a or b, then |7(a)7(b)] = 2 and clearly if

|7(a)T(b)] = 2, then 7(x) = 7(1 — ). This completes the proof of the
lemma. ]

Remark 3.1.7. Suppose that n = % Let a,b € X. Note that N,; =

B(%7 %)a,b if and only if N,; contains an identity 1,5 and ab = —ila,b +
1 i
Lemma 3.1.8. Let C:=3C(-1);,. Then

(1) ab=—a—b, 0,5 =0, mep =0 andwa,b:—%;

(2) C has no identity element;

(3) C_1(a) =a+2b and C_1(b) = b+ 2a

(4) ab=a™® =b7(@) = —g — b, s0 (T(a)7(h))® = id

(5) if char(F) # 3, the only non-zero idempotents in C' are a,b,—a — b,

and they are all —1-axis with C_1(—a —b) = F(a —b);
(6) if char(F) = 3 then the non-zero idempotents in C' are

E:={aa+ (1 —a)|acF},
and each e € € is a —1-axis in C with C_1(e) = F(a —b).
Proof. Part (1) is by definition, and part (2) is Lemma 3.1.2(2).
(3): ala+2b) =a+2ab=a— (2a + 2b) = —a — 2b, and similarly for b.

(4): Wehave a = —$b+1(b+2a), so, by definition, a™®) = —3b—1(b+2a) =
—a — b. By symmetry, b"(a) = —a—b. It follows that a™® = b7(®) and then
|7(b)7(a)| = 3.

(5&6): Assume that e := aa + (b is a non-zero idempotent. Then
aa + b = (aa + Bb)? = o*a + (% + 2aBab = (a* — 2aB)a + (5% — 2a3)b.
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If « =0, then 8 =1, and e = b. Similarly if 5 =0, then @ = 1 and e = a.
Suppose a # 0 # . Then o? — 2a8 = «, and so o — 23 = 1. Similarly
B—2a = 1, and we see that if char(F) # 3, then a = § = —1. If char(F) = 3,
then we get o+ 5 = 1.

If char(F) # 3, then (—a — b)(a —b) = —(a +b)(a —b) = —(a — b), so
—a — b is a —1l-axis.

Next if char(F) = 3, then

(a4 (1 —a)b)(a—b) = aa —aab+ (1 — a)ab — (1 — a)b
=aa+aa+ab—a—-b+aa+ab—b+ab=
—a—2b=—-a+b=—(a—-0). O

Lemma 3.1.9. Let a,b € X such that N := Ngp = Jup (s0 that n = %)
Let {z,y} = {a,b}, then

(1) Oab = O Tab =0 and Pa,b = 1;

(2) ab=3a+1 1,

(3) N (2} = Fla - y):

(4) 2™W) =2y — a;

(5) aCWT@)" = (2% + 1)x — 2ky, for all k > 0.

Proof Parts (1 ) and (2) are by definition. We have a(a —b) = a —ab =

—(3a+1b) = $a— b and similarly for b, so (3) holds. Since a = b+ (a—b),
then, by definition, a™® = b — (a —b) = 2b — a, and similarly for b. This
shows (4). We leave the calculations of (5) to the reader. O

Lemma 3.1.10. Suppose that n = , and let a,b € X with a # b. Set
© = Qap and o = o4, then

b = —45 — (2 — 4p)a — b.
Proof. Suppose o # 0. If N, # 2B, 3, this follows from Lemma 3.1.2 and
Theorem 3.1.3(6). If N, = 2B,y, then ¢ = 0 and 0 = —3(a + b), so
b™(@) = 2(a +b) —2a — b =b. Suppose o = 0, then this follows from Lemma
3.1.2, Lemma 3.1.9 and from Lemma 3.1.8 when char(F) = 3. O

3.2. Some further consequences.

In this subsection we derive further properties of the algebras discussed in
subsection 3.1.

Lemma 3.2.1. Let a,b be two distinct n-azes in A. Then Ngp = 2B,y if
and only if a™® = a. In particular, if 7(a) = 7(b), then Ngp = 2Bgy.
Proof. We have a™® = a if and only if

() the projection of a into the n-eigenspace of ady is 0.

Now if Ngp = 2By, then ab = 0, so clearly (*) holds. If (x) holds then, by
[HRS2, Proposition 2.8, p. 88], ab =0, so Ny = 2B .
Next, if 7(a) = 7(b), then a™® = a™(@ = q, so Nop = 2B . O
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Lemma 3.2.2. Let a,b be two distinct n-azes in A and assume that N :=
Nop = B0, @ap)ap is 3-dimensional. Set 0 = 044, ¢ = Pap and ™ = Tqp.
Set V := Ny yr@. Then either V.= N or N has an identity 1, and ezactly
one of the following holds:

(i) N = B(%,O)a,b, V' = J} yr(@ and then Span{b, bT(“)}ﬁSpan{layb, a} =

F(la,b - CL).
(i) N = B(%, %)a,b, V' = 2By ;r(a) and then Span{b, bT(a)}ﬁSpan{lmb, a} =
S

Proof. Assume that V is 2-dimensional. By Lemma 3.1.2 we must consider
2 cases.

Case 1. n € {—1,1} and bb7(@) = 7@ 4 pb.
In this case, by Theorem 3.1.3(6)

bo™(@) = b7 @) 4 b = —%770 - Wa —nb+nb

= —20—2(n—¢)a.
Hence by Theorem 3.1.3(7),
—20 —2(n—¢)a

= 2ty (2(77—<p)+%7r+1) b—2(n—¢)a.

We conclude that 2 = @. This implies
p=0 and w=-n.

But also 2n + %ﬂ + 1 =0, thus

_2n%+n
2

= , SO forne{—l,%}, W:—%.

Note that —1 = § if char(F) = 3, hence the only case that can occur is (i).
Also by Lemma 3.1.10 we have

—3b+ %bT(a) =—1b+3(—40—2a—b)=-20—a=14 —a.

Case 2. bb7(@) = 0.
In this case, by Theorem 3.1.3(7),

_@a—(2(n—s0)+%7r+1)b—2(n—<ﬁ)a=0~

Hence n = ¢ and 7 = —3. Since 7 = (1 —n)p —n we get (1 —n)n = 2, and
n= % This is case (ii). Since b™(®) = 1,;, —b the last claim of (ii) holds. O

Lemma 3.2.3. Suppose there exists an element 1 € A such that 12 = 1 and
l-a=a, for alla € A. Then 1 is the identity element of A.
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Proof. Since 1 = a+ (1 —a) € Aj(a) + Ao(a), by the definition of 7(a) we
have, 17(® = 1 for all a € A. Let G := (r(a) | a € A). Then 19 = 1, for all
g € G. Since any x € [A] has the form a9, for some g € G and a € A, we
see that 1-x = 1, for all x € [A]. By [HRS2, Corollary 1.2], A is spanned
by [A], so 1 is the identity of A. O

Lemma 3.2.4. Assume thatn = % and that a, b, c € X are distinct. Suppose

there exists an element 1 € A such that 12 = 1 and 1z = z, for all x €
{a,b,c}. Suppose further that
TY = 0zl + %x + %y,

where oy € F, for all distinct z,y € {a,b,c}. Then

(1) gy = Tyy, for all distinct x,y € {a,b, c};

(2) ab™(©) — (87ra7c7rb7c + 2T — Tap + 27Fb,c)1 + %a + %bT(C).
Proof. (1): Let z,y € {a,b,c} with z # y. Set N := N,,. Suppose first
that dim(N) = 2. If 2y = 0, then zy = —3(z+y) + sz + 3y, and by Lemma
3.1.2(1), mpy = —%. Also z+y is the identity element of N. Hence 1 = z+y
and agy = Tpy = —%. Otherwise, since N contains no identity element,
Qgy = gy = 0, by Lemma 3.1.2(2&3).

Suppose dim(N) = 3. By Theorem 3.1.3(4), 2y = 04, + 32 + 5y and
0zy # 0. Hence 0,y = azy1 # 0. Thus 1 € N so by Lemma 3.2.3,
N contains an identity element 1. But if m,, = 0, then N contains no
identity element (Theorem 3.1.3(3)). Hence 7., # 0, and then 1,, = 1.
But 0,y = My yley = meyl. Hence oy y = 74y
(2):  Set

Q1= Tq. b, B = Toe 7V = Ta,c and P = Pbec
By Lemma 3.1.10 (and since here o3, . = m, 1),
b€ = —451 — (2 — 4p)c — b.
Hence (recalling that f = m, . = %cp — %) we have
ab™© = a(—481 — (2 — 4p)c — b) = —4fBa — (2 — 4¢)ac — ab
= —4Ba+ (49 —2)(Y1 + 3a+ 3c) — (al + Sa + 3b)
= —4Ba+ (4p —2)71+ (2p — D)a+ (2p — 1)c—al — ta— 3b
=((4p—2)y—a)l+ (2p — 3 —4B)a+ (2p — 1)c — 3b
= ((4p =20y —a+28)1+ (20— 3 —48)a— 281+ (2p — 1)c — 5b
= ((4p —2)y—a+2B8)1+ sa+ %bT(C).
Sinceﬂz%gp—%Wegetthat<p:26+1. O
Lemma 3.2.5. Let a,c be two distince n-axes in A and assume that there

exists an n-awis b € Ny such that ab = 0. Then either No. = 2B, . and
b=c, orn= % and Ng . contains an identity 1, . = a + .
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Proof. If b = ¢, then this is clear. So assume b # c. Suppose that N, is
2-dimensional. Then N, .= Ngp = 2B, 3, so b = ¢, a contradiction.

Hence N := N, is 3-dimensional. Set B := N, = 2B,. Let 0 = 04 #
0. If 7y = 0, then o ¢ B because o is in the annihilator of N and B has
{0} annihilator. But this implies that N = B @ Fo is associative, contra-
dicting the fact that 7 is an eigenvalue of ad, (and ad.). (The eigenvalues
of idempotents in an associative algebra are 0 and 1.)

Thus 7, # 0 and then 1,, = L 5 is the identity element of N. Now if

Ta,c

lqc ¢ B, then again we get that N = B®F-1, . is associative a contradiction.
Hence 1, € B, so 1, = a +b. Also, since a = 1,4, — b is an n-axis in A
and it has eigenvalues 0,1,1 — 1, we must have n = % O

The following properties of dihedral groups are well-known and easy to
check:

Lemma 3.2.6. Let D := (t,s) be a dihedral group such that t,s are involu-
tions and such that |ts| =k > 2. Then

k—1 k—1
(1) if k is odd then t&) 2 =5 and s % =t;
(2) if k is even then

k—2
(a) t00 %o =t;

(b)
k—2
(st) 7" s T if k=2 (mod 4)
S S = k—4
ts) s if k=0 (mod 4).

Lemma 3.2.7. Let a,b be two distinct n-axes in A and assume that |7(a)7(b)| =
k < oo. Sett=7(a) and s = 7(b) and assume that s # t. Let N = Ng.
Then,

k—1
(1) if k is odd then either a = b*) = orn = % and N, contains an
b

identity 1p. Further 1o, —a = bts) ?
T(1lgp —b) = 7(b).

(2) If k =2 then either N = 2B,y or N = B(%, %)a,b and T(lgp — ) =
7(z) for x € {a,b}.

(3) If k > 4 is even thenn = %, N contains an identity 145, and (145 —
x) € X for x € {a,b}. Furthermore
(a) If k = 2 mod(4) then either (1,5 — z) # 7(z), for z € {a,b}

and

, T(lgp —a) = 7(a) and

k=2 k=2
a+b) T =1, =b+at) 2
or for x € {a,b} there exists c; € X NN such that N =
B(3, 3o T(x) = 7(lap — z) and
k=2

ata T - Loy = b+ b0 2L
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(b) If k = 0 mod(4), then n = 3 and for z € {a,b} there exists
¢z € X NN such that N = B(1,1),.,. Also
k—2 k=2
a+a) F s =1, =b+bts) Zt
T(lgp —a) # 7(a) and 7(14p — b) # 7(b).
Proof. (1): Assume that k is odd. Set g = (st)%. By Lemma 3.2.6
7(a?) = 7(b).
By Lemma 3.2.1, either a9 = b or a%b = 0. Suppose a9b = 0. Since a9 # a
(because ab # 0), Lemma 3.2.5 implies that n = % and N, contains an
identity 1,5 = a? +b. Hence 1, — b = a9, so 7(14 — b) = 7(a?) = 7(b).
Similarly 7(144 — a) = 7(a).
(2): Assume that k is even. Let
g = (st)

k—2
2 s

By Lemma 3.2.6, t9 =t, so
7(a’) = 7(a),
and
7@, if k=2 (mod 4)
9= 7(a™), if k=0 (mod 4),
where -
b (ts) =, if k=2 (mod 4)
(st)%s, if k=0 (mod 4).
By Lemma 3.2.1, either a9 = a or aay = 0. Assume first that o9 = a. If
k =2, then a™® = @ so by Lemma 3.2.1, Nap = 2B,yp. Solet k > 4. We
have
a®) if k=2 (mod 4)
a =
a™@)if k=0 (mod 4).
Since a ¢ {a",b"} in the respective cases (because t ¢ {t",s"}), Lemma
3.2.1 and Lemma 3.2.5 imply that

~Ja+d",  if k=2 (mod 4)
“b a+a, if k=0 (mod 4)

If k = 2 mod(4), then b" = 1,5 — a and 7(1, — a) # 7(a). Similarly
ah™ = lop —bso 7(lgp —b) # 7(b).

If k = 0 mod(4), then a" = 1,4 —a. Since h = 7(c) for some ¢ € X NN, p,
we see that N = B(%,1),.. Further 7(a) # 7(1ap — a). As we will see later
(see Theorem 6.7) this also yields 7(145 — b) # 7(b)

Assume next that aa9 = 0. Note that a? # b since otherwise ab = 0,
and then a® = a and it would follow that aY = a, a contradiction. By

Lemma 3.2.5 we get that N,; contains an identity 1,, = a + a?. Then
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T(lgp —a) = 7(a¥9) = 7(a). Since g = T(bh) or g = 7(a"), and since
a9 = 1,p—a, Lemma 3.1.10 implies that N = B(%, 1)4.c,, with ¢, € {a”,b"}.
The argument above (i.e. the case a9 = a) shows that necessarily the roles
of a and b can be interchanged (since b9 = b implies that 7(z) # 7(14p — ),
for € {a,b}). So Parts (1) and (2) of the Lemma hold in case aa? = 0,
and the proof of the lemma is complete. O

Lemma 3.2.8. Let BC X. Then

(1) 8] = Uyecy B%

(2) for each g € Gg there are g1,g2,...,9x € G (k > ) with g1 = id
and gr = g, such that B9 N B+ £ (O, for alli =1,...,k—1, in
particular;

(3) for each x € [B] there are g1,--- , g as in (2), such that x € B%*;
( ) GB = G[B] and GB = GBn,

(5) [B"] = [B]";

(6) zfae?(l then ax =0 and a™®) = q, forall:ceX\{a}

(7) [B] = B* U [B"] a disjoint union and [B] = Bl;

(8) N = N[B

Proof. (1): Set G := Gp. Let C := |JeqBY. Clearly C C [B]. Let now
c € C. Then ¢ € BY for some g € G. Thus 7(c) = 7(b9) = 7(b)9, for some
b € B. But then 7(c) € G, so C7(®) € €. Thus C is closed, so C = [B].

(2): Let g € G and write g = 7(b1)7(b2) -+ 7(by,), with b; € B for all i.
We prove (2) by induction on m. If m = 1, then by € BN B 5o (2)
holds. Next let h := 7(b1)---7(bym—1), and let id = hq,...,hy = h with
Bhi N phitr £ @ for all i = 1,...,k — 1. Then by, € BN B n) and letting
gi+1 = hiT(by), i =1,...,k and g1 = id we have gp11 = g, and clearly (2)
hold for g (and k + 1).

(3): This is immediate from (1) and (2).

(4): Let xz € [B]. By (1), z = b9, for some b € B and some g € Gp, so
7(z) = 7(b)9 € Gp. Hence Gz < Gp. Also, since (by definition) 7(a) = id,
for a € B!, it is clear that Gz = Gpgn.

(5): Since B" C B, we have [B"] C [B]. Let a € [B"]. By (1), thereis b € B"
and g € Gpn such that a = 9. Since 7(b) # id, also 7(a) = 7(b)? # id.
Hence a € [B]".

Let a € [B]", by (1) there exists b € B and g € Gg = Gpn (by (4)) such
that a = b9. Since 7(a) # id it follows that 7(b) # id so b € B" and we see
that a € [B"].

(6): By definition 7(a) = id, so 7(®) = z, for all z € X. Hence (6) follows
from Lemma 3.2.1.

(7): Clearly B U[B"] C [B]. Let a € [B]. Using (1) and (4) write a = b9,
with b € B and g € Ggn. If b € B!, then by (6), b9 = b. Otherwise b € B"
and then b9 € [B"]. By (5) the union is disjoint and [B]' = B*.

6
7
8
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(8): Clearly Ng C Niz. Let b € B. Since Ng is a subalgebra of A it is
invariant under the adjoint action adp; that is ady is a linear transformation
of Np. Since ad, is semi-simple on A, it is semi-simple on Ng. By the
definition of 7(b) it follows that Np is 7(b)-invariant. As this holds for all
b € B we see that N is Gp-invariant. By (1), since B C Np also [B] C N
so N, (8] - N B- U

3.3. Properties related to 3-transpositions.

This subsection is devoted to results related to the question of when an axial
algebra is a 3-transposition algebra with respect to a generating set of n-axes
(see subsection 1.2.2 of the introduction for a definition). These results will
be applied in §7.

Lemma 3.3.1. Let a,b be two distinct n-azes in A and suppose that Ny
is 2-dimensional. Assume further that |7(a)7(b)] € {2,3}. Then either
Nop = SC(—l);b, |7(a)T(b)] = 3, and a™® = 7@, Or |7(a)7(b)| = 2 and
Na,b = 2Ba,b-

Proof. We use Lemma 3.1.2. Set N = N,. If N is as in Lemma 3.1.2(1c),
then by Lemma 3.1.9, aT@7®)* = 54— 4b and oT@7®)* = 74 — 6b. Hence
|7(a)T(b)| # 2. If char(F) # 3, then it follows that |7(a)7(b)| # 3, while if
char(F) = 3, then N =3C(-1);, and then by Lemma 3.1.2, a™®) = p(a),
If Nop = 3C(—1),, then again a™® = p7(@) Finally if Nop = 2B,
then, by Lemma 3.2.1’, |7(a)T(b)| = 2. O

Corollary 3.3.2. Let a,b be two distinct n-azes in A, and assume that
a™® = p7(@) Then Pap = %77 and one of the following holds:

(1) Ngyp is 2-dimensional and Nop = 3C(—1),.

(ii) Ngp is 3-dimensional and Ngp = 3C(0)ap-

Proof. Set ¢ := ¢4p. By Lemma 4.1 and Lemma 4.4 in [HRS2],
@b+ 2(a—a™®) = pa+ L(b—b"@),

Hence 0 = ¢(a — b) + 3(b — a), so since a # b, we have ¢ = 4. Notice
that |7(a)7(b)| = 3. If N, is 2-dimensional, then (i) follows from Lemma
3.3.1. If N, is 3-dimensional, then Ny, = B(n, %n)al,, so, by definition,

Na,b = SC(n)a,b- D

Lemma 3.3.3. Let n = % and let a,b € A be two distinct %—axes. Set
N := Ny and assume that N is contained in a 3-dimensional subalgebra M
of A such that M contains an identity element 1. Then the following are
equivalent:

(i) char(F) # 3 and N = 3C(3)ap, or char(F) =3 and N = 3C(=1) 5

(i) ab=—32 -1+ Ja+ $b.

(iil) a7® = p7(@),
If these conditions hold then
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(1) Yap =1, Tap = —§ and oap = —31;

(2) [r(a)T(b)] = 3;

(3) Zf Char(F) # 3, th,e’n 1 = ]‘G,b;

4) ifc:=1—bis a s-axis in A then N, 18 3-dimensional and
2 b

ac = —%1 + %CL—F %C.
Also if char(F) # 3, then Nqp = Ng., while if char(F) = 3 then

Nap & Nae and Ny = B(—1,0) = B(3,0).

Proof. (i) <= (ii): If (i) holds and char(F) # 3, then N = M is
3-dimensional, 1,3 # 0, and by Lemma 3.1.4, m; = —% and of course
lap = 1, so (ii) holds. If char(F) = 3, then (ii) holds by the definition of
3C(=1);,

Assume that (ii) holds. If char(F) = 3 then clearly (i) holds. Suppose

char(F) # 3. Then 1 € N, so 1 = 1,3. Now Theorem 3.1.3(4) shows that
Tab = —% and that 7, = %gpmb — % Hence ¢4 = i and N = B(%, %)a,b =
3C(3)a, by Remark 3.1.5. Hence (i) holds.
(i) <= (iii): Suppose (i) holds. If char(F) # 3, then by Lemma 3.1.4(1d)
(iii) holds. If char(F) = 3 then (iii) holds by Lemma 3.1.8. If (iii) holds then
by Corollary 3.3.2, (i) holds. Note that when char(F) = 3, N cannot be 3-
dimensional since 3C/(—1),,, does not contain an identity element (Lemma
3.1.4(2)).

Part (1) follows from Lemma 3.1.4 and part (2) is an immediate conse-
quence of (iii). We already saw that (3) holds. To see (4) we have

a

ac=a(l-b)=a—ab=a— (-2 -14+3a+3b)=2 -1+ 3a— 3b
=3 1+3a—31+31—-2b=—-1-1+1a+ jc
This shows that 1 € N, .. By Lemma 3.1.2 and (iii), N, is 3-dimensional
and 1 = 1,.. Hence if char(F) # 3 then Ng. = Ngp. If char(F) = 3 then

Ta,c = —% =1= —% and then, by the definition of 7, ., we have ¢, . = 0.
This shows (4). O

Lemma 3.3.4. Let n = % and let a,b € A be two distinct %—ames. Set
N = Ngyp. Assume that dim(N) = 3 and that N contains an identity
element 1,y. Then the following are equivalent
(i) lop—2 is a 3-azis in A and either char(F) # 3 and N = 3C(3),, (Lab—y)
or char(F) = 3 and N, 1,,—y) = 30(_1):,(1a,b—y)’ for {z,y} =
{a,b}.
(i) ab=—1 1.5+ 3a + 3b;
(iii) a™® 457 = 1,,.
If these conditions hold then
(1) Pab = % (SO Pa,b = 0 Zf char(F) = 3)7 Tab = _% (30 Tab = 1 if
char(F) =3) and o,p = —% Lap (s0 0qp = 14 if char(F) = 3);
(2) [7(Lap —2)7(y)| = 3, for {z,y} = {a,b};
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(3) |7(a)T(b)] € {3,6};
(4) |7(a)T(b)| = 3 if and only if T(x) = 7(14p — x) for x € {a,b};
(5) if |T(a)T(b)] = 6 then T(1qp — x)7(x) is an involution in the center

)l
of (t(a), (b)), for x € {a,b}.
Proof. Set m = 7,5, ¢ = @qp and 0 = 04

(i) = (ii): Assume that (i) holds. By Lemma 3.3.3, and by the definition
of 3C(~1),, (when char(F) = 3),
a—ab=a(lgy—b) = —% gp + %a + %(la,b —b)
:%'1a’b+%a_%b’

so (ii) holds. Also, by (i) and Lemma 3.3.3(iii) (respectively Lemma 3.1.8),
part (2) holds.

(ii) = (iii): By Lemma 3.1.10,
2™W = —do+y—=z for {x,y} = {a,b}.
Adding we see that a™® +57(@) = —85 = Lop-
(iif) = (ii): We know that N = B(,¢), so by Lemma 3.1.10,
2™ = —4o — (2 —4p)y —x for {z,y} = {a,b}.

Adding we get a™® +57(®) = —85 — (3 —4¢)a— (3—4p)b. But this expression
equals 1,p. Hence ¢ = 2 and m = —}. Now Theorem 3.1.3(4) yields (ii).

(i) = (i): Assume that (ii) holds. By (ii) = (iii) we already know
that 1, — 2 is a %—axis, for z € {a,b}. By Theorem 3.1.3, 7 = —% and
W:%(p—%, sowz%. Now

a(lep—b)=a—ab=a— (=% - lop + 2a+ 3b) =
%'1”‘1[7—'_%@_%():é‘laﬁb—f—%a_%la)b—i_%lavb_%b

o RIS R}

Hence if char(F) # 3, this show that 1, is in the subalgebra of N generated
by a and 1,5 — b and hence a and 1,5 — b generate N. Now Lemma 3.3.3
shows that that N = 30(%),17(1%1)_1,). If char(F) = 3 then N,
3C<_1)Z’i(1a,b*b).

We already saw that (1) and (2) hold. Since 1,5 — b = a”®7(@ we have
7(a)T(1ap — b) = (1(b)7(a))®. Hence, by (2), |7(a)7(b)| € {3,6}. Also
7(Lap —b)7(b) = (7(a)7(b))3 s0 (3), (4) and (5) hold for b, and by symmetry
they also holds for a. O

1a,b_a) =

By symmetry the same holds for b.
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4. 3-TRANSPOSITION GROUPS OF ADFE-TYPE

The purpose of this section is to characterize central quotients of finite
simply-laced Weyl/Coxeter groups of type A, D, and E (see Proposition 4.4
for a precise description of these groups). Thus we define 3-transpositions
groups of ADE-type (see Definition 4.2), and Theorem 4.3 is the main the-
orem of this section. In §7 we will see how these groups are related to
primitive axial algebras of Jordan type half.

We start with a short discussion. In the 3-transposition group G, the
normal set of generating 3-transpositions D is said to be of symplectic type
if for every d,e, f € D with (e, f) isomorphic to S3, the transposition d
commutes with at least one of {e, f,efe = fef} = DN (e, f). Equivalently
(see [CH, H1, HSo|) G has no subgroup H = (DN H) with [DNH| =9;
that is, |H| # 18, 54.

The name comes from the fact that (see Theorem 4.7 below) every group
of symplectic type arises from a subgroup of a symplectic group over Fsy that
is generated by transvections (a generating 3-transposition class in the full
symplectic group).

Let us recall the notion of the diagram: Given a subset Y C D, the
diagram of Y is the graph whose vertex set is Y and a,b € Y form an edge
if and only if |ab| = 3.

It is well-known and easy to see [CH, H2] that the finite simply-laced
Weyl/Coxeter groups of type A, D, and E are 3-transposition groups with
the Weyl generators contained in a 3-transposition class of symplectic type.
These facts were of great help in the classification [CH] of 3-transposition
groups with trivial center. For instance, the diagram As (= D3) is complete
bipartite K12, and the isomorphism W(A3) = Sy leads directly to a result
that is often used without reference:

Lemma 4.1. Let G be a group generated by the conjugacy class D of 3-
transpositions. Then D NdZ(G) = {d} for each d € D and Z(G) = Z2(G).

Proof. This is due to Fischer and can be found as [CH, Lemma (3.16)] and
[H1, (4.3)] (where the assumption of symplectic type is not used).

If G = (D) = Sy, then this is certainly true. Otherwise there is an e € D
with (d,e) = S3. Were there to be an f € dZ(G) with d # f, then {d,e, f}
would have diagram As and so generate a subgroup H = S;. But then
1 # df € Z(G) while Z(H) = 1. The contradiction shows that no such f
exists.

The subgroup Z(G) is clearly the kernel of the action of G = (D) on D
by conjugation. But the previous paragraph implies that Z5(G) is also in
this kernel. Thus Z(G) = Z2(G). O

Let us now define groups of AD E-type.

Definition 4.2. In the 3-transposition group G, the normal set of generating
3-transpositions D is said to be of ADFE-type provided it is of symplectic
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type and there is no subgroup H = (DN H) isomorphic to a central quotient
of Wy(Dy). The group G is then called a group of ADE-type.

Recall that Dy is the complete bipartite graph K 1,4, and see Proposition
4.5(4) for Wo(Dy).

In this section we will prove:

Theorem 4.3. Let G be a finite 3-transposition group generated by the
conjugacy class D of 3-transpositions having ADE-type. Then there is an
n € Zt with G a central quotient of W(A,) for n > 2, W(D,,) for n > 4,
or W(E,,) forn € {6,7,8}. All of these groups are of ADE-type.

Given the appropriate definitions, Theorem 4.3 remains true for infinite
3-transposition groups of ADFE-type. In this paper we are only concerned
with the finite case.

Proposition 4.4. Let X be a subset of D, a normal set of 3-transpositions
in the group G. Set H = (X).

(1) If X has diagram (isomorphic to) A, then H is isomorphic to the
Weyl/Cozxeter group W(A,) = Sp41.

(2) If X has diagram D,, then H is isomorphic to a central quotient
of W(D,,). That is, either H = W(D,) = 2" 1. S, or H =
W(Dai)/Z(W(Day)) = 2272 Sy

(3) If X has diagram Eg then H is isomorphic to W(Eg) = Og (2).

(4) If X has diagram E7 then H is isomorphic to a central quotient
of W(Ey). That is, either H = W(E7) = 2 x Spg(2) or H =
W(E7)/Z(W(E7)) = Sps(2).

(5) If X has diagram Eg then H is isomorphic to a central quotient
of W(Eg). That is, either H = W(Eg) = 2 - Of (2) or the group
H = W(Es)/Z(W(Es)) = OF (2).

Proof. In each case, H must be a quotient of the related Weyl/Coxeter
group. As the elements of X are distinct, the only possible kernels for this
quotient are central. [l

As is noted in [CH], in each of these 3-transposition groups the 3-trans-
position class is uniquely determined except for W(As) = Sg, W(Dsoy), and
W(Es) where there are two classes of 3-transpositions, exchanged by an
outer automorphism (a central automorphism except in the case of Sg).

The simply-laced affine Weyl group W(X) for X € {A,,D,, E,} is the
split extension of the corresponding rank n root lattice Ax by the finite
Weyl group W(X) [B81, p. 173]. These are not 3-transposition groups but
become such if we factor by 2Ax or 3Ax; see again [CH]. Indeed the factor
group Wo(X) = W(X)/2Ax is a finite 3-transposition group of symplectic
type. For instance, Sy is W(As3) = W(Ds) but it is also Wo(Ay) = 22: Ss.
(The diagram Aj is a triangle.) Here the normal elementary abelian 22
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is the mod 2 root lattice Vj = Aa,/2A4, of type Ay, naturally admitting
W(Ag) = Ss.

As already mentioned, the diagram Az = D3 is complete bipartite K ».
Additionally Dy is K13 and Dy is K 4.

Proposition 4.5. Let H = (D", V(i)): S3 be the split extension by Sz of
V =@;",V(i), a direct sum of copies V(i) of the S3-module Vj.

(1) H is a 3-transposition group, generated by the class E = dT = e
for {d,e) = Ss, a complement to V. The diagram of E is a complete
tripartite graph Kom om om with parts dv, eV, and (ede)V. The group
H is generated by d together with a basis of the elementary abelian
subgroup (€', this generating set having diagram Kim.

(2) For m = 1, the group H is isomorphic to W(As) = W(D3) =
Wg(fig) and is isomorphic to Sy.

(3) For m = 2, the group H is isomorphic to the quotient of W(Dy) =
21+(292) . Sy by its center of order 2.

(4) For m = 3, the group H is isomorphic to the quotient of

Wy(Dy) =22 W(Dy)
o 9t (2110292). gy = (23 . (22 3 22 @ 22)): S

H

by its elementary center of order 23.

Proof. The first part is a direct computation. The rest then come from
expanding {d, e} to a generating set X from F of size 2+ m and having the
appropriate diagram. The group Wa(D,) is the group F(5,24) of [HSo]. O

Proposition 4.6. Let X be a subsel of D, a normal set of 3-transpositions
of symplectic type in the group G. If X has diagram Dy and H = <g(> is
not a central quotient of W(Dy), then H is a central quotient of Wa(Dy).

Proof. The group H must be a quotient of the affine Weyl/Coxeter group
W(D4) =~ 74 W(D,). As it is a 3-transposition group of symplectic type, it
is in fact a quotient of Wy(Dy). Since it is not a central quotient of W (Dy),
the only possible kernels are central. ([

Theorem 4.7. Let G be a finite group generated by a conjugacy class D of
3-transpositions of symplectic type.

(1) There is a normal subgroup N of G such that G = G//N s isomorphic
to one of the groups Sy, 05,,(2), or Spem(2) for 4 # n > 2 and
m > 3 with (m,€) # (3,4). This isomorphism can be chosen to map
D to the collection of symplectic transvections in G. For x,y € D,
z =7 if and only if Cp(x) = Cp(y).

(2) The normal subgroup [G,N] is a 2-group, generated by its normal
elementary abelian 2-subgroups [x, N| = (zy|y € D,z = y) for
zeD.
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Proof. The first part of this theorem is the finite part of [H1, Theorem 5].
The second part of the theorem then follows directly from the last sentence
of the first part. O

The restrictions on m in the theorem arise from isomorphisms of the
smaller groups with certain symmetric groups.

The papers [H1, H2| provide a full classification (up to a central quotient)
of all 3-transposition groups of symplectic type, and the paper [CH] describes
the near-complete classification of all 3-transposition groups with trivial
center. In our proof of Theorem 4.3 we only need the elementary [H1], as
detailed in Theorem 4.7; in particular the cohomological arguments of [H2]
are not necessary.

Proposition 4.8. Let G be a finite group generated by a conjugacy class
D of 3-transpositions of symplectic type. Assume additionally there is no
subgroup H = (D N H) isomorphic to a central quotient of W(Dy). Then
there is an n € Zt with G isomorphic to W(A,) = Sy41 forn > 1.

Proof. This is nearly equivalent to the finite version of [H1, (2.17)], which
is a step in the proof of [H1, Theorem 5] (the finite version of which is the
first part of Theorem 4.7). Here we prove it as a consequence of Theorem
4.7.

Let G, D, N, and G = G/N be as in the previous theorem.

As D is a conjugacy class, if G = Sy then G = G = Sy = W(A;), and we
are done. So we may assume that there are a, b in D with (a, b) = (@, b) = Ss.

First suppose that there is a ¢ € D for which {a,b,c} has diagram As
(with |ac| = 2 and |bc| = 3) and additionally that (a,b,¢) is isomorphic to
(a,b,c) and hence to W(As) = Sy.

As G is generated by D = a®, if [G,N] # 1 then there is an € N
with [a,2] # 1. In that case a # d = z 'ar € D with @ = d, so that
{a,b,c,d} has diagram D, and generates a central quotient of W(Dy). This
contradicts the hypothesis, so [G, N] = 1 and G is a central extension of one
of the groups of Theorem 4.7.

The groups 05,,(2) and Span,(2), for m > 3 with (m,e) # (3,4) all
contain W(Eg) = Oy (2) as a transvection generated subgroup. As Fg has
D, as a subdiagram, these have subgroups H = (DN H) that are isomorphic
to a central quotient of W(Dy) by Proposition 4.4. (Indeed this subgroup is
actually W(D,).) Thus the only possibilities for the quotient G = G/Z(G)
are S,, for n > 3. Such a group G will be generated by a subset of D with
diagram A,_; (by Lemma 4.1), and so by Proposition 4.4 we have G = S,,.

The only groups G of the theorem that contain no Sy are S, and S3. We
have already dealt with the first case, so we may assume now that G = G/N
is S3 = (a, b) for a,b € D.

If [G, N] = 1, then G = G = W(Ay) = S3 by Proposition 4.4. If [[G, N]|
2, then as above there is a d(# a) with @ = d and G = {(a,b,d) = W(A3)
S,. Finally, if |[G, N]| > 2 then there are distinct d,e(# a) with @ = d =
and (a,b,d, e) a central quotient of W(Dy), against hypothesis.

O 1R
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Lemma 4.9. (1) The 3-transpositions of Og (2) are not of ADE-type.
(2) The 3-transpositions of Og (2) are of ADE-type.

Proof. (1) Og (2) contains a parabolic subgroup 2°: Oy (2). As Og (2) =
W (Es) contains a (central quotient of) W(Dy) (as mentioned before), the
noncentral extension 26: Og (2) contains a central quotient of Wy(Dy4) by
Proposition 4.6.

(2) OF (2) is of ADE-type if and only if W(E3) is (by Lemma 4.1). Sup-
pose W(Es) is not. Then it has a subset S of five reflections with diagram
Dy that generate H, a central quotient of Wo(Dy). In the action of W (Ej)
on V = Q® we have W = [V, H| = [V, S] of dimension at most 5 and positive
definite, as V is. But by Proposition 4.5(4) the reflection group H contains
eight pairwise commuting reflections. These cannot act on the positive def-
inite space W of dimension less than 8, a contradiction.

We conclude that W(Eg) and OF (2) are both of ADE-type. O

We are now in a position to prove Theorem 4.3.

Proof of Theorem 4.3. Let G, N, and G = G/N be as in Theorem 4.7, and
assume that the conjugacy class D of 3-transpositions is of AD FE-type.

As D is a conjugacy class, if G = So, then G = G = Sy = W(A;);
and we are done. So we may assume that in G there are a,b € D with
<a,5> = <CL, b> = 53-

First suppose the normal 2-group [G, N] is nontrivial. If G had a subgroup
H = (H N D) that was a central quotient W(Dy), then as [N, H] # 1 there
would be a new, fifth generator that together with four lifted from H would
provide a D, diagram and a central quotient of W2(D4) by Proposition
4.6. But this is not the case. Therefore by Proposition 4.8 the group G
is S, for some n > 3. For a € D, if |[a, N]| > 2, then within aV there
are enough elements of D to produce together with b a diagram Dy as in
Proposition 4.6. But then G must contain a subgroup H = (H N D) that
is a central quotient of Wy(Dy), against hypothesis. Therefore |[a, N]| = 2.
Let {a,d} = a” = DNaN. A generating set for G containing @ and having
diagram A,_; can then be lifted to an (n — 1)-subset A of G with the same
diagram and H = (A) = S,. The set {d, A} then has diagram D, and
generates G = (D) since D = af Ud. Therefore G is a central quotient of
W(D,,) by Proposition 4.4.

Now we may assume [G, N| = 1 so that G is an extension of central N
by G, which is one of the groups of Theorem 4.7. If G is S, for some n > 3,
then G = (D) = G = S,, 2 W(A,,_1) by Lemma 4.1 and Proposition 4.4.

If Gis 05,,(2), or Spay,(2) with m > 4 and (m,e) # (4,+), then G
has a D-subgroup Og (2). By Lemma 4.9 the groups G and G are not of
AD E-type, against hypothesis. We are left with three possible examples:

G € {05 (2). Sps(2), OF (2}
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Thus by Proposition 4.4, the group G is a central quotient of W(E,,) for
n € {6,7,8}. Each of these is a genuine example by Lemma 4.9, the groups
W(Es) and W(E7) being subgroups of W(Ejg) generated by reflections. [

We conclude this section with a lemma that will enable us to apply The-
orem 4.3 in our primitive axial algebras setup.

Lemma 4.10. Let G be a group generated by the normal set D of 3-trans-
positions of symplectic type.

(1) A subgroup H = (H N D) is generated by a subset Y C D with
diagram the complete bipartite graph K3 o if and only if H is a central
quotient of W(Dy) or Wo(Dy).

(2) For the subgroup H = (Y') of the previous part, the following are
equivalent:

(a) some 4-subset of Y generates a subgroup isomorphic to Sy;
(b) H is generated by a 4-subset of Y with diagram Dy;
(¢c) H is a central quotient of W(Dy).

Proof. Let H = (HND) be a central quotient of W(Dy) or Wo(Dy). We show
that H is generated by a subset Y C D with diagram K32. By Proposition
4.5(1) we can choose {a,b,c,d} C H N D having diagram D4y = K31, with
parts {a,b,c} and {d}. Further, K = (a,b,c,d) is a central quotient of
W(Dy) and |d92(F)| = 4. In the case H = K, choose any e € d92(H) =
d92(K) with e # d. Then H = (a,b, ¢,d) = (a,b,c,d,e) and {a,b,c,d, e} has
diagram K39 with parts {a,b, c} and {d, e}, by Proposition 4.5(1).

Suppose next that H is a central quotient of Wy(Dy). Then |d92(H)| = 8.
Choose e € d2(HN\d92(K) Then Y = {a,b,c,d,e} has diagram K35. Here
{d,a,e} and {a,e,a®} both have diagram As with (d,a,e) = (a,e,a® =
d®¢), a copy of Sy. Thus W = {a,b,c,a®,e} has diagram Ky = D, and
(Y) = (W). By Proposition 4.6, the full group H is (Y) = (W) as e ¢
KZ(H). This gives one direction of (1).

For the remainder of the proof of (1) and the proof of (2), let the subset
Y of D have diagram K3 o and generate H. Specifically, let Y = X U Z with
X ={a,b,c} and Z = {d, e} such that |zz| =3 for all z € X and z € Z and
(wy)? =1 for w,y € X or w,y € Z. Let

K = (a,b,c,d).
By Proposition 4.4(2), K is a central quotient of W(Dy).

(1) If e € K, then K = H is a central quotient of W(Dy), as claimed. So
we may assume e ¢ K. As such, the result follows directly by checking the
list of [HSo, Theorem 6.6]; but we provide a direct proof here.

By Proposition 4.5 the set D N K consists of 12 transpositions with di-
agram the complete tripartite graph Ky44, and every S3 subgroup S =
(DN S) < K meets each of the parts exactly once. As H is symplectic,
Ck (e) must meet each such S in at least one element of D N.S. The only
proper subgroups J = (J N D) of K with this property are those isomorphic
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to Sy and the three elementary abelian 2-groups generated by one of the
parts. Again by Proposition 4.5 any J (< K) isomorphic to S4 would con-
tain three pairs of commuting 3-transpositions, and so at least two members
of {a,b,c,z}, the part of D N K containing {a,b,c}. But then J = Ck(e)
would contain at least one of {a, b, ¢}, which is not the case by hypothesis.

Therefore D N Ck(e) = {d, f,g,h}, the part of D N K that contains d.
Here {a,d, f, g} has diagram D, and so (a,d, f,g) = K and H = (K,e) =
(a,d, f,qg,e) with {a,d, f, g, e} having diagram Dy = Ky1. As K is a central
quotient of W(Dy) and e ¢ K, the group H is a central quotient of Wo(Dy)
by Proposition 4.6.

(2) (a) = (b): A 4-subset of Y not containing both d and e generates an
abelian group or a central quotient of W(D,) by Proposition 4.4. Suppose
instead that (a,b,d,e) is a copy of S4. Then (a,b,d,e) = (a,b,d), so H =
(a,b,c,d) = K.

(b) = (c): This follows from Proposition 4.4(2).

(¢) = (a): Let E = a9") = {a,b,¢,z}. For each y € F the set
{y,d, e} has diagram A3 = D3 = Kj 3. Therefore {d, e} is in exactly two
subgroups K and Ko of H isomorphic to Sy (=2 W(A3)). For these we have
|K; N E| =2 and |[K; N KyN E| =0. Therefore there is an ¢ € {1,2} with
|Kin{a,b,c}| = 2, hence |K;N{a,b,c,d,e}| =4 and K; = (K;N{a,b,c,d,e})
is a copy of Sy. O

5. JORDAN ALGEBRAS OF CLIFFORD TYPE

In this section we discuss a class of Jordan algebras that appear as sub-
algebras of the Jordan algebra Cl(V,¢)", which comes from the Clifford
algebra C1(V, q) of the quadratic space (V,q). These appear in [HRS2, Ex-
ample (3.5)] where they are denoted V7 (b) (for b equal to half the form B
defined below). In [Mc, 3.6, p. 74] these algebras are called Jordan spin
factors and are denoted JSpin(V, B).

We also prove a result connecting primitive axial algebras of Jordan type
% and these Jordan algebras of Clifford type (see Theorem 5.4). This result
will be used in §6.

As is well known, if M is an associative algebra over of field F of charac-
teristic not two then the same M taken with the product zxy = %(my +yz)
is a Jordan algebra. This Jordan algebra is denoted M.

Let V be a vector space over F endowed with a quadratic form ¢. Let
B(u,v) = $(q(u + v) — q(u) — q(v)) be the associated symmetric bilinear
form (and so q(u) = B(u,u)).

Consider the Clifford algebra C1(V, ¢). This is an associative unital alge-
bra (having the identity 1) which is generated by V' and satisfies the relations
u? = q(u)1,u € V. Equivalently we have relations uv 4+ vu = 2B(u, v)1, for
all u,v € V. Thus CI(V, ¢) with the product z xy = $(zy + yz) = B(u,v)1
is a Jordan algebra.
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It is easy to see that 1 x1 =1 and 1 *xu = u for u € V. Therefore, the
subspace F1 @ V of C1(V, q) is a subalgebra of the Jordan algebra C1(V, q)™",
hence itself a Jordan algebra. We say that this Jordan algebra is of Clifford
type and denote it by J(V, B).

Here are some relevant properties of J(V,B). (Many of these can be
found in [HRS2], sometimes with different notation.) Recall the notion of a
Miyamoto involution from Notation 2.1, and the Notation in 2.2(2).

Lemma 5.1. Let J = J(V, B).

(1) For w € V and a € F, the vector a := al + u is an idempotent if
and only if either (i) a € {0,1} or (ii) a = 5 and q(u) = 1.

(2) Assume that a = 31 + u is an idempotent in J. Then J1( )
(and so a is a y-azis), Jo(a) = F(31 —u), and J%(a) =yl =
V| B(u,v) = 0}.

(3) For a as in (2), J decomposes into a directs sum J. @& J_, where
Jr = Ji(a)® Jo(a) and J_ = J%(a), with JsJ. = Jse. The Miyamoto
involution 7(a) fizes 1 and acts on' V' as minus the reflection through

L (that is v™@ = —u, for v € ut and u™@ = u). (We recall that
7(a) is sometimes called the Peirce reflection of a.)

e

Proof. We have that (al+4u)* (al4+u) =a?l+al*u+uxal+u*u=
(a® 4 q(u))1 + 2cu. Hence al + u is an idempotent if and only if 20u = u,
and o? + q(u) = a. This shows (1).

Now a € Ji(a) because a? = a, and then 1—a=31—ué€ Jo(a). Next,
axv=(% 1+u)*v— v+ B(u,v) = 30, for v € ut, so ut C J%(a). Since

a, 1 — a, and u" together span all of J, (2) holds. Part (3) is immediate
from (2). O

Remark 5.2. Let J(V,B) = F1 @ V be a Jordan algebra of Clifford type.
Since v * w = B(v,w)1 for all v,w € V, Lemma 5.1 implies that

J(V,B) is a primitive axial algebra of type % if and only if

V' is linearly spanned by vectors u € V' with q(u) = %.

In this case it will be appropriate to refer to J(V, B) as an azial algebra of
Clifford type. Then the %—axes of J have the form %1 + u, with q(u) = %.
lfurthermore %1 — u is also an absolutely primitive idempotent, as ¢(—u) =

1. Finally Lemma 5.1 implies that 7(a) = 7(b), where a = 1 + u and

b=1—-a= ,1 — u are distinct axes.

Next we prove a result that enables us to identify a primitive axial algebra
of Jordan type % as a Jordan algebra of Clifford type. Throughout the rest
of this section A is a primitive axial algebra of type % generated by a set of
%—axes A.
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Lemma 5.3. Assume that A contains an identity element 1. For a € A set
Vg = @ — %l. Suppose further that

(%) vgup € F1  for all a,b € A.

Then A = J(V, B) for some vector space V' and a symmetric bilinear form
BonV.

Proof. If A = F1 then the claim holds with V' = 0. Let us assume that
A # F1. In particular, 1 is not an axis.

We set V' to be the F-linear span of v, for all %—axes a € A. It follows
from (%) that uwv € F1 for all u,v € V.

Note that V' 4 F1 is closed under multiplication and contains A. Hence
A=V +FL Let a € A Note that if 1 € V then a — 31 = (a — £1)1 =
v,1l € F1. This yields that a € F1, and so a = 1, a contradiction. Therefore,
A=V & FL

Let us define the bilinear form B on V by uwv = B(u,v)l. Clearly, B
is symmetric since A is commutative. Also B is bilinear, since the algebra
product is bilinear. Hence, by definition, A = J(V, B). O

Theorem 5.4. Assume that A contains two %—awes a,b € A such that a+b =
1 is the identity element of A and such that v,v. € F1, for all ¢ € A, where
Ve = C — %1. Then A = J(V, B) for some vector space V and a symmetric
bilinear form B on V.

Proof. We show that (x) of Lemma 5.3 holds. Let ¢,d € A. Note that
vp = —%12(1—@)—%12%1—@2—%.

Hence also vyv. € F1, for all ¢ € A. Also (recall the notation o4 from
Notation 2.3(2)),

(5.1) vevg=(c—31)(d—31)=cd— jc—4d+ 11 =0.4+ 1.
Set 0 = 0. 4. We show that
(5.2) vevg € F1.

If ¢ = a or b then equation (5.2) holds by hypothesis. So assume now that
{c,d} is disjoint from {a,b}. Notice that
VaVa = (a — 31)(a — 31) =a® — Ja — fa+ 11 = 11.

Let A\ be defined by v,v. = Al. Then v, — 4Av, is a %—eigenvector for ad,.
Indeed, (a—%l)(vc—ll)\va) = 0 (Ve—4AV,) = VaUe— 4NV Vg = )\1—4)&1 =0.
Similarly, vg — 46v, is also a %—eigenvector for ad,, where ¢ is defined by
vaUg = 01.

In view of the fusion rules in A, (v.—4Avg)(vg—49v,) lies in Aj(a)+ Ao(a).
On the other hand,

(Ve — 4Avg) (Vg — 40vg) = Vevg — 40Vevq — 4AVaVg + 16A0VV,
= Vg — 401 — 401 + 4A61 = vevg — 401
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Since 1 € Aq(a) + Ap(a), we conclude that v.vg € Aj(a)+ Ag(a). Now since
a and b are absolutely primitive, Aj(a) = Fa. Also Fb = A;(b) = Ap(a),
since b = 1 — a. It follows that v.vy € Fa @ Fb. Recall that v,y = o + il.
Hence o is contained in Fa & Fb.

We now note that ab = 0, which means that Fa & Fb is isomorphic to the
associative algebra F @ F. This algebra does not have nilpotent elements

Since 02 = 7o, where m = Ted, either 0 = 0 or 7 # 0 and a is an
idempotent, namely %a is one of a, b, or 1 = a + b. Let us look at these
possibilities in turn. If ¢ = 0 then vevy = 1 a multiple of 1. If 1 0 =a

then a is the identity in the subalgebra generated by c and d. However thlb
means that a is not absolutely primitive, a contradiction. Symmetrically,
we also rule out the possibility that %O‘ = b. Finally, if %O’ = 1 then
Vevg = 0+ 31 = (m+ 1)1, again a multiple of 1. Hence equation (5.2) holds
and the proof is complete. O

6. THE GRAPH A AND SOME CONSEQUENCES

The purpose of this section is to discuss the graph A given in Notation
6.1(1) below. Our main result in this section is Theorem 6.7. Throughout
this section A is a generating set of n-axes of the axial algebra A.

Notation 6.1. (1) We define the graph A as follows. The vertex set

of this graph is the set X of all the n-axes in A. Two distinct axes
x,y € X form an edge if and only if xy # 0.

(2) For a subset B C X we denote by Ap the full subgraph of A on the
vertex set B.

(3) Recall the notation B! and B" from Notation 2.2(4).

(4) For a subset B C X we denote by B" (u for unique) the set {z €
B" | 1(x) # 7(y) for all x # y € B}.

(5) B™ (nu for not unique) is the set B"7 \ BY.

Remark 6.2. By Lemma 3.2.8(6), if a € X!, then {a} is a connected
component of A and hence {a} is a connected component of Ag for all
a € B C X. Hence from now on we may assume that

A=A"

Lemma 6.3. Let A1 and As be two distinct connected components of A4,
and let {A; | i € I} be the set of connected components of Aa. Then

) [Gay, Gal =1

b92 = b, for all b € [A1] and g2 € G 4,;
biba = 0, for all by € [A1] and by € [As;
the graph A(4,) is connected;

(1

(2
(3
(4
(5

)
)
)
)

[A] = U, [Ai] is a disjoint union;
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(6) there is a bijection A; — [A;] between the connected components
{A; | i € I} of Ag and the connected components {[A;] | i € I} of
A[A] .

Proof. (1): By definition ajas = 0, for all a; € A; and ag € As. By Lemma
3.2.1 we see that 7(a;) commutes with 7(a2). Since G4, = (7(a;) | a; € A;),
i=1,2, part (1) follows.

(2):  Assume first that b € A;. Then b7(a2) = b, for all as € Ao, because
bas = 0. It follows that 692 = b. Next write b = a ! with a1 € A; and
g1 € Ga, (see Lemma 3.2.8(1)). Then using (1) we get b2 = o' =

9291 __ g1 __
ai™ =ai" =0b.

Write b; = a*, with a; € A; and g; € G 4,, @ = 1,2. Then, by (1) and
b 9192aglg2 — (a1a2)9192 — O

This follows from Lemma 3.2.8(3).

We first show that [A] = J;c;[Ai]. Clearly it suffices to show that
] is contained in the union. Let b € [A], then, by Lemma 3.2.8(1), there
exists a € A and g € G 4 such that b = a¥. Let i € I so that a € A;. By (1)
and (2) it follows that a9 = a¥% for some g; € G;. Hence b € [A;]. Since by
(4), Apa,) is connected, for each i € I, the fact that the union is disjoint is
immediate from (3).

(6): This follows from (4) and (5). O

Lemma 6.4. Let {A; | i € I} be the set of connected components of A 4.
For each i € I, let A; = N, (see Notation 2.3) and let X; be the set of all
n-azxes in A;. Then
(1) A;A; = {0} for alli # j, so A is the sum of its ideals {A; | i € I'};
(2) the connected components of A are {X; | i€ I}.

Proof. (1): By Lemma 3.2.8(8), A; = N4, and by [HRS2, Corollary 1.2],
A; is spanned over F by [A;]. By Lemma 6.3(3), A4;A; = {0} for ¢ # j.
Hence A; is an ideal of A. Since the sum of A; contains A we see that it
equals A.

(2): Let u € X;. Suppose that ua = 0 for all a € [4;]. Since A; is spanned
by [A;], there is a basis B; of A; such that B; C [A;]. Hence there is b € B;
and 0 # « € F such that b = au + =, with € Span(B; ~ {b}). But then
0 = ub = au, a contradiction. It follows that w is in the same connected
component of [A;] of A (see Lemma 6.3(6)). By (1), &; is a connected
component of A, O

Proposition 6.5. Let a,b € X" be two distinct n-azes in A. Assume that
7(a) =7(b). Then ab=0 and

(1) for any n-axis c € A exactly one the following holds:
(i) ac=bc=0.



AXIAL ALGEBRAS OF JORDAN TYPE HALF 31

(i) n = 3, and for some z € {a,b} = {z,y}, we have N, =
B(35,0)q,c is 3-dimensional, Ny . = J, . (see Lemma 3.1.2(1c))
and Ny . C Ny . Further N . contains an identity 1, . = a+0.

(ili) » = 3, Nae = Ny is 3-dimensional and contains an identity
loec=a+b.

(2) If d is an n-azxis in A such that 7(d) = 7(a), then d € {a,b}.

ju—y

Proof. By Lemma 3.2.1, Ny = 2B, 3. If Ny = 2B, ¢, then c = c(@) = ()
so by Lemma 3.2.1 again, Ny . = 2By, .. Hence part (1i) holds.

So we may assume that both N, . and IV . are not of type 2B. If n # %,
then by [HRS2, Prop. 4.8], N, = B(1, 31)s., for « € {a,b}. By Lemma
3.14, a™© = ¢7(@) = 7 = p7(9) and then a = b, a contradiction.

Hence n = % Let

V= Nc,cT<“> - Na,c N Nb,c‘

Suppose that N, . is 2-dimensional. By Lemma 3.2.1, ¢ # ™(@ 50 Ny =V.
If Ny, is 2-dimensional, then N, . = V = N is spanned by a and b. So
Nae = Ngp = Ny is of type 2B, a contradiction. Hence Ny =V C Np.
Since a,b € Nj . and ab = 0, Lemma 3.2.5 implies that 1; . = a + b, and
the last part of (1ii) holds. Also, by Lemma 3.2.2, if N}, . = B(%, %)b,c, then
lpe € N.ory =V = Ngc. But then b € Ncycf(b), a contradiction. Hence, by
Lemma 3.2.2 the first part of (1ii) holds.

If V' is 3-dimensional, then since V' = N, .- we see that No o=V = Ny
and as above 1, . = a + b and the proposition holds.

Hence we may assume that N,., INp. are 3-dimensional and V is 2-
dimensional. We use Lemma 3.2.2. We must consider 2 cases.

Assume first that V' = 2B, . Then Ny, = B(3, %)z, for z € {a,b}.
By Lemma 3.1.6(2), ¢™®) =1, . —e¢, for 2 € {a,b}. Since 7(a) = 7(b) we see
that

li=14c=1p..

Also 27(®) = 1 — z for = € {a,b}. We have (1 —a)b =b. Since 1 — a is an
axis A this forces 1 —a = b. So we see that N,. = N . and a + b is its
identity element.

Assume next that V' = J, .. Then, by Lemma 3.2.2(i), No,c = B(%7 0)q,c
and Ny . = B(3,0).. We claim that A%(a) = A%(b). Indeed, for any v € A

we have v € A1 (a) if and only if v™(%) = —v. and the same holds for b. Since
7(a) = 7(b) the claim follows.
Now by Theorem 3.1.3(5) (since ¢z = 0, for z € {a,b}),
vy =tz +teto,c € (N$7C)%(x), for x € {a,b}.
Hence

().

Vg — Up = (0gc + %a) — (b + %b) €A

1
2
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Note now that 7(a) = 7(b) fixes v, — vp. But it also negates it. Hence

1 1
—Oae — 50 = —0pc — 3b.
Since ;. = —4 for z € {a, b}, we get: 11,.— ta=11,,—1b, or
,c D) yUSs get: 3la.c 2 5 +1b,c 7Y

loe—a=1y.—b.

It follows that 140 = (14 — a)b = (1. — b)b = 0. So 14.b = 0. Applying
7(c) we see that 1,679 = 0. But

dim (Span ({b, bT(C)})) = dim (Span({c, CT(b)})) =dim(V) = 2,

and both spaces live in the algebra NN . of dimension 3. Hence W :=V N
Span({b, bT(C)}) # 0 and 1, annihilates W. However W C N, . and 1,
is the identity of this algebra, and we finally reached a contradiction. This
proves (1).

Let d be an n-axis in A such that 7(d) = 7(a) and d # a. Since a € X"
also d € X". Let ¢ € X such that ¢™(®) # ¢. This is possible since 7(a) # id.
Then N, # 2Bg. So either (1ii) or (1iii) holds and we may assume that
Ny is 3-dimensional and contains an identity 1,. = a + b. By (1ii) and
(1iii) applied to d in place of b we see that also a + d is the identity of N ..
Hence a+d=1,.=a+b, and d = b. O

Proposition 6.6. Let Ay be as in Notation 6.1(3). Assume there are
distinct a,b € A" such that 7(a) = 7(b). Thenn = 3 and a,b are contained
in a connected component B of A 4.

Let B = Npg be the subalgebra of A generated by B, and let C be the set of
all %—azes in B. Then

(1) C is a connected component of A;

(2) za # 0 # xb, for all x € C \ {a,b};

(3) B contains an identity element 1 = a + b;

(4) for any x € C such that Ng 4 is 3-dimensional we have 1 =1, 4.

Proof. Part (1) is Lemma 6.4(2). Since a,b € A", there exists ¢ € A such
that ¢™(@ # ¢ (indeed if ¢™(*) = ¢, for all ¢ € A, it would follow that 7(a) = id
as A is generated by A). Hence ac # 0 and bc # 0. Thus a,b are in the
same connected component A 4.

By Proposition 6.5, Ny = 2B,p. Let d( , ) be the distance function on
A. Since C is connected there exists ¢ € C with d(a,c) = 1. Thus ¢ # b, and
by Proposition 6.5, d(b,¢) = 1 and we may assume without loss that N, . is
3-dimensional and contains 1,. = a +b. Also n = % Set

l1=1,c=a+0.

Consider the set

Ci(a) :={xeC|d(a,z) =1}.
Replacing ¢ with € Ci(a) in the above argument shows that there exists
u € {a,b} such that N, , is 3-dimensional and contains an identity 1, , =
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a+b =1 Hence lx = z, for all z € Ci(a). Note also that by Proposition
6.5, Cl (a) = Cl(b)

Let y € C\Ci(a) be at distance 2 from a in A. Then ay = 0 = by and we
can find x € Ci(a) such that d(z,y) = 1. Thus by Proposition 6.6 (without
loss after perhaps interchanging a and b), we have 1 =1, , and ay = 0.

Notice that by Proposition 6.5(11), (a +b)7®¥) = a + b, that is 17 = 1.
Also N # 2B, 4.

Now 1y = 0 and hence 1y™®*) = 0 (because 1 = 1,, so 17®) = 1). Also
1z =z, s0 12™W) = 27W) (because 1"¥ = 1). Let W := Span({y, y"@})n
Span ({z, xT(y)}). Since N, is at most 3-dimensional, W # 0. But the
above shows that multiplication by 1 both annihilates W and acts as the
identity map on W, a contradiction.

Hence Ci(a) = C ~ {a, b} and clearly d(a,b) = 2 in C. But now, as we saw
above 1z = z for all x € C. By Lemma 3.2.3 (with B in place of A and N
in place of A) we see that 1 is the identity of B. ]

We can now prove the main result of this section

Theorem 6.7. Assume that A4 is connected and that there are distinct
a,b € A" such that 7(a) = 7(b). Then A = J(V,B) is a Jordan algebra of
Clifford type.

Proof. We show that the hypotheses of Theorem 5.4 are satisfied. By Propo-
sition 6.6(3), a+b = 1 is the identity element of A. Let ¢ € A. Then clearly
vV € F1, for ¢ € {a, b}. Otherwise, by Proposition 6.6(2), Ng . is not 2B, .
Also, as in equation (5.1) (in the proof of Theorem 5.4), vave = g+ $1. If
Ngc is 2-dimensional, then by Lemma 3.1.2, 0, . = 0 (because ac # 0), and
s0 vave € F1. If N, . is 3-dimensional, then by Proposition 6.6(4), 1 = 14,
so by Theorem 3.1.3(3), 04,c = 74,1 and again v,v. € F1. O

Definition 6.8. (1) Let the ideals A;, i € I be as in Lemma 6.4. We
call A; the components of the algebra A. Note that by Lemma 6.4(2),
the components A; are independent of A.

(2) Let A; be a componet of the algebra A. If A; is a Jordan algebra of
Clifford type we call A; a component of Clifford type. Otherwise (in
the case where 7(z) # 7(y) for distinct z,y € X N A;) we call 4; a
component of Unique type.

(3) Let B C X" be a closed set of n-axes (B = [B]). Suppose that B is
contained in a connected component X; of A.

(i) We say that B is of Non-unique type if there exists distinct
a,b € B such that 7(a) = 7(b) (and then n = % and A; is a
Jordan algebra of Clifford type).

(ii) We say that B is of C-unique type if A; is a Jordan algebra of
Clifford type and the map b — 7(b) is bijective on B.

(iii) We say that B is of NC-unique type if A; is a not a Jordan alge-
bra of Clifford type. (And then the map b+ 7(b) is necessarily
bijective on B.)
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Remark 6.9. Let A; be a component of A of Clifford type. Then A; N
A; = {0} for any component A; of A with A; # A;. Indeed, by Lemma
6.4(1), A;A; = 0, so since A; contains an identity element we must have
A;NAj; = {0}. If A; and A;j are distinct components of A of Unique type,
then it may happen that A; N A; # {0}.

‘We close this section with a theorem that summarizes some of the results
in this section.

Theorem 6.10. Let {A; | i € I} be the set of connected components of A 4.
For each i €1, let A; = Ny, and let X; = A;NX. Then
(1) A=3",c; A is the sum of its ideals Aj;;
(2) A;A; =0, for distinct 1,5 € I
(3) {A; | i € I} are the components of A and {X; | i € I} are the
connected components of A.
(4) Ifi € 1, then exactly one of the following holds:
(i) [As] is of Non-unique type, so A; is a Jordan algebra of Clifford
type.
(i) [Ai] is of C-unique type.
(iii) [A;] s of NC-unique type.

Proof. Parts (1), (2) and (3) are Lemma 6.4. Part (4) follows from Theorem
6.7. ([

7. THE CASE WHERE A IS A 3-TRANSPOSITION
ALGEBRA

Recall from subsection 1.2.2 of the introduction the notion of a 3-transposition
algebra with respect to a generating set of n-axes. The following theorem is
taken from [HRS2]:

Theorem 7.1 (Theorem 5.4 in [HRS2]). Assume n # 3. Then A is a
3-transposition algebra with respect to any subset B C X that generates A.

Proof. Tt suffices to show that |7(a)7(b)| € {2,3} for any a,b € X, with
a # b (note that by Proposition 6.6, 7(a) # 7(b)). If N, is 2-dimensional
then by Lemma 3.1.2, N, is either 3C*(—1) (and n = —1 so char(F) # 3)
and so by Lemma 3.1.8, |7(a)7(b)| = 3, or Ngp = 2Bqp and |7(a)7(b)| = 2.
If N is 3-dimensional then, by [HRS2, Proposition 4.8], N = B(n, %W)a,m SO
by Lemma 3.1.4, |7(a)7(b)| = 3. O

What then about the case n = % ?

Most of this section is devoted to the case where A is a 3-transposition
algebra with respect to a generating set of n-axes A C X. By Theorem 7.1
we may (and we will) assume that

n= 3.
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Thus by an axis in A we mean a i-axis. Note that if char(F) = 3 then

1
1=-1

The Miyamoto involution set D := D4 is a normal subset of 3-trans-
positions generating the group G := G| 4. Further, we assume that D is
a conjugacy class in G. This implies that the graph A 4 is connected (see
Notation 6.1(2)). In particular A is either of Clifford type or of Unique type
(see Definition 6.8(2)).

Our main result in this section is:

Theorem 7.2. Assume that char(F) # 3, that A is of Clifford type, and
that A is a 3-transposition algebra with respect to A. Then Gy is a 3-
transposition group of ADE-type. (See Definition 4.2.)

By Remark 6.2 we may ignore the axes in AN XL

Lemma 7.3. Let G be a 3-transposition group generated by a conjugacy
class of 3-transpositions D. Let r,s,t € D be three distinct involutions such
that |uv| = 3, for all distinct u,v € {r,s,t}. Set H = (r,s,t), then

(1) if r° =t, then H = Ss;

(2) if |rst| = 3, then H = 32 :2 or 3172 : 2;

(3) if |r5t| = 2, then H =2 Sy.
Proof. See, e.g., [HSo, 4.1, p. 2526]. O

Lemma 7.4. Let a,b be two azes in A and assume that |T(a)7(b)| = 2. Set
N = Nyp. Then either

(i) A is of Unique type and N = 2B, .

(ii) A is of Clifford type and N = B(3, 3)a,p-

Proof. This is Lemma 3.2.7(2). Note that if N = B(1,1),, then we must
have 7(14 — ) = 7(x), for € {a, b}, so A is of Clifford type. Note further
that if A is of Clifford type and ab = 0, then (1 — a)b = b. But since 1 —a

is an axis in A we must have b =1 — a, so 7(a) = 7(b). O
Lemma 7.5. Let a,b be two distinct aves in A and set N = N, ;. Then

(*) |7(a)7(b)| =3,
if and only if one of the following holds
(i) dim(N) =2 and N = 3C(-1)), (so char(F) = 3).
(ii) dim(N) = 3, N contains no i;ientity element and N = 3C(—1)qp
(so char(F) = 3).
(iii) dim(N) =3, N contains an identity element 1,3 and N = 3C(%)a,b =
B(%, i) (so char(F) # 3). We then have
ab=—31,4 + 3a+ 3b.
(iv) A is of Clifford type and N, = B(3,3) (so when char(F) = 3,
Nop = B(—1,0)). We then have

ab = —%1(171, + %a + %b.
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Further, if char(F) # 3, then N = 30(%)% (1ap—y)+ While if char(F) =
3, then Ny (1, ,—y) = 30(—1);(1%1)7”, for {z,y} = {a,b}.

Proof. Suppose that (x) holds. Then by Lemma 3.2.7 with k& = 3 we either
have:

(1) a™® = p7(@ or

(2) dim(N) =3, N contains an identity element 1,4, 15, — « is an axis

in A, 7(1gp—2) =7(x) and 1, —x = y™ @@ for {z,y} = {a,b}.

Suppose that (1) holds. Then (i), (ii) or (iii) hold by Corollary 3 3.2, and
Lemma 3.3.3. Also use Lemma 3.1.4(2) if char(F) = 3 (because 3 = —1 if
char(F) = 3).

Suppose that (2) holds. Then (iv) holds by Lemma 3.3.4. Finally if (i)
holds then (%) holds by Lemma 3.1.8, if (ii) or (iii) hold then (%) holds by
Lemma 3.1.4 and Lemma 3.3.3. Finally, if (iv) holds, then (%) holds by
Lemma 3.3.4. O

Corollary 7.6. Let a,b € A be two distinct azes and suppose |1(a)7(b)| = 3.
Then either
(i) A is of Unique type and Nop = 3C(3)ap
(i) char(F) =3 and Nop = 3C(-1),.
(iii) A s of Clifford type, char(F) # 3 and Ny p = 3C(3)ap-
v)

(iv) A is of Clifford type and Nqp = B(%, i)a,b'

Proof. Assume that A is of Clifford type. Let 1 be the identity element
of A. Since 7(a) = 7(1 — a), Proposition 6.6 implies that we may assume
(after perhaps interchanging a and 1 — a) that 1 is the identity element of
Ngp. Since 3C(—1)z, does not contain an identity element we must have
char(F) # 3 in (iii). The rest of the lemma follows from Lemma 7.5. O

Definition 7.7. Assume n = % Let a,be X. If ab = lap + a + 1b we
will say that N, is of type —% while if ab = —éla,b + a + 1b we Wlll say
that No is of type —g. Notice that if |7(a)7(b)| = 3 and A is of Clifford
type, then, by Corollary 7.6, N, is necessarily of type —% or of type —%.

(Indeed when char(F) = 3 and N, is of type —%, then Nop = 3C(—1);,.)
Lemma 7.8. Assume that A is of Clifford type, and let a,b,c € X be three
distinct axes. Then we have
(1) if Ny is of type —3 for all distinct x,y € {a b,c} and (t(a), 7(b),7(c))
18 not isomorphzc to Sz, then N, yre) = Jy - In particular, if
char(F) # 3, then |7(a)T(b7(©))| ¢ {2,3};
(2) if Nop and Ny . are of type —% and Ny is of type —g, then N jrc) =

B(3, %)&bT(C). In particular, |7(a)7(b7(9))| = 2.
Proof. By Lemma 3.2.4 we have

Tqpr(e) = 87Ta,c77b,c + 27Ta,c — Tap + 27rb,c-
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(1): In this case my, = —%, for all distinct z,y € {a,b, c}, so T pr(e) = 0.
Hence, by Lemma 3.2.4(2), the first part of (1) holds. The second part
follows from Lemma 3.3.1.

(2): In this case mqp = Tqe = —5 and T = —% SO T pr(e) = —%. Now (2)
follows from Remark 3.1.7. (]

Lemma 7.9. Suppose that char(F) # 3, that A is of Clifford type, and that
A is a 3-transposition algebra with respect to A. Let 1 be the identity element
of A. Then
(1) If B ={a,b,c} C [A] is a set of size 3 such that{T(a),T(b),T(c)) is
not isomorphic to Ss and |T(x)7(y)| = 3, for all distinct z,y € B.
Then either N, is of type —% for all distinct x,y € B, or there
exists distinct x,y € B such that Ny, is of type —% and both Ny .
and N, ., are type —%, where {x,y,z} = {a,b,c}.
(2) If B=1{a,b,c,d} C [A] is such that
(a) (r(z) | z € {a,b,¢,d}) is not isomorphic to Sy.
(b) r(a)r(c)| =2 = |7(b)r(d)].
(c) |m(z)T(b)|=3= |T£1‘)T(d)|, for z € {a,c}.
(Thus B has diagram As (see the definition of a diagram in §4)).
Then the following holds
(x) either Ngyp and Ngq have different type, or N.p and N4 have
different type.

Proof. (1): Assume (1) does not hold. If Ny, is of type —2 for all distinct
z,y € {a,b,c}, then Lemma 7.8(1) applies and so |7(a)7(b"))| ¢ {2,3}, a
contradiction.

Otherwise, for some distinct =,y € B we have N, is of type —% and both
N, . and N, , are of type —%, where {z,y,z} = {a,b,c}. But by Lemma
7.5(iv) we see that both N, 1_, and Ny 1_, are of type —%. By Lemma 7.8,
Na_zyarw) = J1-2) 07w Since 7(z) = 7(1 — z), we get from Lemma 3.3.1

that |7(2)7(z™®)| ¢ {2,3}, a contradiction.

(2):  Suppose there exists B C [A] satisfying (a), (b) and (c) of (2), and (*)
does not hold. Notice that by hypothesis (b), and by Lemma 7.4, N, . =
B(%7 %)M sol—x € A, for all x € {a,b,c,d}. Interchanging a with 1 —a
and ¢ with 1 — c if necessary, we may assume that N, 3, Ng g, Nep, Neg are

all of type —2. Note that (7(z),7(y),7(2)) = Sy, for all distinct z,y,z €

{a,b,c,d}. Hence |7(z)7(c)™D| = 3, for = € {a,b}. Notice that N, o is of
type —2 (because N4 = 3C(3)c,q). Hence applying (1) with {b,c, DY in
place of {a,b,c} and using Corollary 7.6 shows that N, @ 1s of type —%.
Similarly, N, @ is of type —%. By hypothesis (a), (r(a), 7(b), 7(c?)) is not
isomorphic to S3. Hence we apply part (1) with ¢™(4 in place of ¢ to get a
contradiction. (|



38 J. 1. HALL, Y. SEGEV, S. SHPECTOROV

Observe that

Theorem 7.10. Assume that char(F) # 3, that A is of Clifford type, and
that A is a 3-transposition algebra with respect to A. Then Gy is a 3-
transposition group of symplectic type.

Proof. Let 1 be the identity element of A. Assume that G|y is not of
symplectic type. Then there are a,b, ¢ € [A] such that (7(a), 7(b), 7(c)) is not
isomorphic to S3, and such that |7(z)7(y)| = 3 for all z,y € {a,b,c,b™}.
By Lemma 7.8(1) there are distinct x,y € {a,b, ¢} such that N, , is of type
—1. Hence by Lemma 3.3.4, 1 —z € [A], so 1 — z € A, for all z € {a,b,c}.

By Lemma 3.3.4, after perhaps interchanging x with 1 — z for x € {b, ¢}
we may assume that

Nao = 3C(%)a. for x € {b,c}.

Thus 7,4 = 7o = —5. By Lemma 7.8 we have |7(a)T(b7(9)| = 2, a contra-
diction. 0

We are now in a position to prove Theorem 7.2.

Proof of Theorem 7.2. Assume that D is not of AD E-type. Then, by Lemma
4.10, there exists a subset Y C [A] of size 5 such that if we let Y := {7(z) |
x € Y}, then (1) H = (Y) is isomorphic to a central quotient of Wy (Dy). (2)
The diagram of Y is the complete bipartite graph K32 and (3) no 4-subset
of Y generates a subgroup isomorphic to Sjy.

Let the parts of Y be {aj,a9,a3} and {b1,b2}. As we already noted,
Lemma 7.4 and Lemma 3.1.6 imply that 1 —c € [A], for all c € V.

Hence, after perhaps interchanging ¢ with 1 — ¢ for ¢ € {a1, a9, as}, using
Corollary 7.6 and Lemma 3.3.4, we may assume that

Novai = 3C(3)byasr  1=1,2,3.

But then interchanging by with 1 — by if necessary we see that for at least
two of {ay,az,as} say a; and ay we have

NbQ’ai = 3C(%)b2,(li7 1= 1,2

But now taking b1, a1, by, ag in place of a, b, c,d in Lemma 7.9(2), we get a
contradiction. This completes the proof of the Theorem. O

Examples 7.11. Finally we observe that, in a certain sense, the converse
to Theorem 7.2 holds. More precisely, for any field F of characteristic not 2
and for any ADFE-type X,,, there is a Jordan-axial F-algebra A of Clifford
type such that

(1) A is a 3-transposition algebra with respect to A;

(2) Dyy) is a conjugacy class of 3-transpositions of type Xn;

(3) the Miyamoto group G|y is isomorphic to one of the groups W(Xp)
or W(X,,)/Z(W(X5,)). (The possible groups being listed in Proposi-
tion 4.4.)



AXIAL ALGEBRAS OF JORDAN TYPE HALF 39

Consider a root system ® of type X,,. Let E be the Euclidean space
containing (and spanned by) ® and Ez the root lattice in F, the Z-span of
®. We assume that each root in ® is of length 1. Then the values of the
inner product on Ez belong to %Z. (For instance, in the standard action
of W(A,,) = Syy1 on its permutation module R™*! equipped with the dot
product, the roots corresponding to transpositions have square length 2 and
inner-products £1.) Hence V = Ez®zF is a vector space over F of dimension
n endowed with a symmetric bilinear form B such that ¢(7) := B(7,7) =1
for all r € ®. Here we use the notation e =e® 1g € V for e € E>.

The Weyl group W = W(X,,) of & generated by the reflections in all
r € ® acts naturally on ® and Fz and hence on V. Namely, the reﬂectigl\l
in a root r acts on V as the reflection in the corresponding vector 7. Let W
be the (isomorphic) image of W in GL(V').

Consider A = J(V,B) and take A = {a = (1 +7) | r € ®}. It follows
from §5 and the discussion above that A is a set of %—axes generating A.
The Miyamoto involution 7(a), for 3(1+7) = a € A, fixes 1 € A and acts
as the negative of the reflection in 7 on V. Therefore the group G generated
by the Miyamoto involutions for A is a subgroup of index at most 2 of the
group (—idy)W.

The order of the product of two Miyamoto involutions is the same as
the order of the product of the correspondlng reflections. Hence G is a
group of 3-transpositions 1somorph1c to W or W/ (—idy). The second case
occurs only if (—idy) is in W but not in its subgroup generated by negative
reflections. This in turn happens /if and only if —idy € W ~ W’'. The
only such example is W(E7) with W isomorphic to (—idy) x Spe(2) but G
isomorphic to Spg(2).

The space (V, B) may have a nontrivial radical (depending upon the type
X, and the characteristic of F), in which case there is a further example
J(V, B) corresponding to V = V/Rad(V, B).
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