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THE GENERIC CHARACTER TABLE OF A SYLOW p-SUBGROUP OF
A FINITE CHEVALLEY GROUP OF TYPE D,

SIMON M. GOODWIN, TUNG LE AND KAY MAGAARD

ABSTRACT. Let U be a Sylow p-subgroup of the finite Chevalley group of type D4 over
the field of ¢ elements, where ¢ is a power of a prime p. We describe a construction of the
generic character table of U.

1. INTRODUCTION

Let p be a prime and let ¢ be a power of p. Let G be a finite reductive group over the
field of ¢ elements, and let U be a Sylow p-subgroup of G. The aim of this paper is to
describe a construction of the generic character table of U for the case where G is split and
of type Dy4. This generic character table can be determined immediately from the sequence
of propositions and lemmas in Section 5. The construction is “uniform” over primes p > 2,
but we observe differences for the bad prime p = 2.

There has been much research into constructing generic character tables of G. For G of
small rank these have been programmed into the computing system CHEVIE, [10]. More
recently there has been interest in generic character tables for Borel and parabolic subgroups
of G, see for example [17], [19], [21], [22] and [25], where many cases for G of F -rank 3 or less
are considered. These papers and similar methods have led to applications in determining
decomposition numbers in the modular character theory of G, see for example, [1], [18], [20],
23], [26], [34] and [41].

There has been a great deal of research interest in the character theory of U, with moti-
vation coming from understanding how this character theory varies with q.

Interest in properties of U for G = GL,(¢q) goes back to G. Higman [16], where the
conjugacy classes of U are considered. In [31], G. Lehrer determined how discrete series
characters decompose when restricted to U for G = GL,(q). This led to a study of the
irreducible characters of U and in particular it was conjectured that the degrees of the
irreducible characters are always a power of ¢, and that the number of characters of degree
q?, for d € Zsq is given by a polynomial in ¢ with integer coefficients; this refines a well
known conjecture attributed to Higman. There has been further work in this direction, for
G = GL,(q), by I. M. Isaacs, and more generally on the character theory of algebra groups,
see [27] and [28]. In particular, Isaacs verified that the degree of any irreducible character
of an algebra group over F, is a power of ¢. For other recent developments we refer, for
example, to the work of A. Evseev [8], E. Marberg [32], and I. Pak and A. Soffer [35]; in
particular, we remark that the results of [35] suggest that the aforementioned conjecture on
the number of characters being given by a polynomial in ¢ is false. An interesting aspect of
the character theory of U is the theory of supercharacters, which was first studied by André,

see for example [2]; this theory was fully developed by Diaconis and Isaacs in [6].
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There has been much interest on the complex irreducible characters of Sylow p-subgroups
of finite reductive groups of other types. For instance, it has been proved that for G of type
B, C or D the degrees of all irreducible characters of U(q) are powers of ¢ if and only if
p # 2, see [36], [37] and [40]. There has been much further interest in determining certain
families of irreducible character, see for example [15], [33], [38] and [39]. Recently, a notion
of supercharacters of U for G of types B, C' and D was introduced by André and Neto in
[3]. For p larger than the Coxeter number of G, the Kirillov orbit method gives a bijection
between the coadjoint orbits of U on its Lie algebra and the irreducible characters of U; in
[13] an algorithm is given, which is used to calculate a parametrization of these coadjoint
orbits when G is split and of rank less than or equal to 8, excluding type Eg. We refer the
reader also to [30] for other results on the parametrization of irreducible characters of U.

From now on we suppose G is a finite Chevalley group of type D,. The two key ingredients
that enable us to calculate the generic table of U are the papers [24] and [14], which provide
a parametrization of the irreducible characters and the conjugacy classes of U; we also use
[4] for the conjugacy classes for the case p = 2. Our construction of this generic character
table is given in such a way that it is straightforward to convert it to a computer file that
can be used in future calculations.

Our parametrization of the characters and conjugacy classes of U partitions them into
families that are independent of ¢, as can be observed in Tables 3 and 4. We have refined
the parameterizations from [14] and [24], so that they are stable under the automorphisms
of G coming from the graph automorphisms of the Dynkin diagram; this is likely to be of
significant benefit for applications. Our calculations are based on developing the methods
from [24]. A key additional ingredient is that we modify those constructions making them
more explicit by realizing the irreducible characters of U as induced characters of linear
characters of certain subgroups.

By the generic character table we mean the table with rows labelled by the families of the
characters, and columns labelled by the families of representatives of conjugacy classes. The
values in the table are given by expressions depending on the parameters for the families
and on ¢. This can be viewed as an extension of the ideas discussed above regarding how
the character theory of U varies with q.

We observe that the characters and their values are uniform for p > 2, whereas for p =
2 there are differences. More explicitly the parametrization of the family of irreducible
characters Fg g 19 is different for p = 2, and although the parametrization of the characters
in the families F7; and i is not different for p = 2, the values of these characters do differ.
These differences give some explanation of why p = 2 is a bad prime for Djy.

We summarize our results in the following theorem.

Theorem 1.1. Let G be a a finite Chevalley group of type Dy over F, and let U be a Sylow
p-subgroup of G. The generic character table of U is determined from: the parametrization
of the conjugacy classes given in Section 3; the parametrization of the irreducible characters
giwen in Section 4; and the character values given in Section 5.

The methods in this paper serve as a model, which can be applied to determine generic
character tables of Sylow p-subgroups of finite groups of Lie type, where p is the defining
characteristic.

We outline the structure of paper. First we recall the required theory and notation re-

garding the finite Chevalley group of type D4 in Section 2. Then in Sections 3 and 4, we
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recall the results from [4], [12] and [24] giving the parametrization of the conjugacy classes
and irreducible characters of U. The majority of the work is done in Section 5, where we
determine the character values.

Acknowledgements: We would like to thank the referee for many helpful suggestions that
led to improvements in the paper. We also thank A. Paolini for pointing out some corrections.
Part of this research was completed during a visit of the second author to the University of
Birmingham; we thank the LMS for a grant to cover his expenses.

2. NOTATION AND SETUP

Let p be a prime, let ¢ be a power of p, and denote the finite field with ¢ elements by
F,. We let G denote a simply connected simple algebraic group of type D, defined and split
over [F,; in other words G is Sping defined over FF,,. Let B be a Borel subgroup of G defined
over [, let U be the unipotent radical of B, and T C B be a maximal torus defined over
[F,. For a subgroup H of G defined over F,, we write H = H(q) for the group of F,-rational
points of H. So G = G(q) is a finite Chevalley group of type D, and U = U(q) is a Sylow
p-subgroup of G. We cite [7, Sec. 3], as a reference for the theory of algebraic groups over
finite fields, and for the terminology used here.

We note that G = Sping (¢) is not a simple group, but that G/Z(G) = PQd (¢) is a simple
group. As we are mainly interested in U in this paper, which is isomorphic to its image in
G/Z(@Q), this distinction causes us no harm.

Let ® be a root system of G with respect to T and let ®* be the system of positive
roots determined by B. We write {ay, ao, a3, ag } for the corresponding base of simple roots
ordered so that the Dynkin diagram of & is

€51

a3 Oy
%)

For o = Y7, a;a; € ® we write ht(a) = 321, a; for the height of a. We use the notation
1 2 1 for the root ay + as +2a3 + a4 € T and we use a similar notation for the remaining

positive roots. We enumerate the roots in ®* as shown in Table 1 below.

The triality automorphism of the Dynkin diagram can be lifted to an automorphism of G
that stabilizes T and B, and restricts to an automorphism of G. We refer the reader to [5,
Section 4.2] for more information and let 7 denote this automorphism of G. In a similar way
we can define three automorphisms of G corresponding to the involutory automorphisms of
the Dynkin diagram given by switching two of the outer vertices. We denote these by o9,
014 and o94 in the obvious way.

The group G is generated by the root elements z,(t) for « € ® and t € F,. We
may choose these root elements so that, for o, € ® such that a + f € &, we have
[24(t), x5(u)] = xatp(Etu) and the signs are invariant under 7 and the o;;. For positive roots,
we use the abbreviation x;(t) = x,,(t) and let X; = {x;(t) | t € F,}, for i = 1,2,...,12.
We have 7(x;(t)) = x;,(t) where p is the permutation p = (1,4,2)(5,7,6)(8,9,10); and

3



Height | Roots

1 o (e %) Qa3 Oy
1 0 0

2 (071 0 0 (675 1 0 ay 0
1 1

3 agzllo a9::011 0410—011
1

4 a1 = 1 11
1

5 19 1= 1 21

TABLE 1. Positive roots of the root system ® of type Djy.

have a similar description for the automorphisms o;;. The commutators [z;(t),z;(u)] =
z;(t) " te;(u) "t (t)zj(u) are given in Table 2. All [z;(t), z;(u)] not listed in this table are
equal to 1. We refer the reader to [5, Chapter 4] for details on root elements and commutator
relations.

[21(t), 23(uw)] = x5(tu), [71(t), v6(u)] = xs(tu),
[21(t), 27 (w)] = wo(tu), [71(t), 710(w)] = zn(tu),
[22(t), w3(u)] ze(tu), [72(t), 75(u)] zg(tu),
[22(t), z7(w)] = x10(tu), [2a(t), wo(u)] = z11(tu),
[23(t), za(u)] = x7(—tu), [w3(t),z11(u)] = >12(tu),
[24(t), 25 (u)] Ty (tu), [24(t), z6(u)] z10(tu),
[24(t), zg(w)] = x11(tu), [25(t), z10(u)] = @12(—tu),
[26(t), xo(u)] = @ia(—tu), [27(t),28(u)] = z12(—tu)

TABLE 2. Commutator relations for type Dy.

We have that U is the subgroup of G generated by the elements z;(t;) for i = 1,2,...,12
and t; € F,. In fact we have that U = Hﬁl X;. It turns out that it is convenient for us to
write our elements of U with an element from X3 at the front, and we use the notation

(2.1) x(t) = w3(ts)xy (1) za(te)xy(ts)xs(ts) - - - x12(t12),

where t = (tl, R ,t12>.
There is a further piece of notation that we use frequently in the sequel, we define the
normal subgroups M; of U for ¢t =1,...,13 by

(22) M1 = U,
12
My = X, X, [ [ X5,
j=4

12
M3 = X2 HX] and
j=4
4



12
(2.3) My =]]X; fori=4,... 13

j=i

3. CoNJUGACY CLASSES AND THEIR REPRESENTATIVES

In [14], an algorithm for calculating the conjugacy classes of Sylow p-subgroups of finite
Chevalley groups in good characteristic is described; so we assume p > 2 for the first part
of this section. This algorithm was implemented in GAP4 [9] and, in particular, used to
determine the conjugacy classes of U = U(q). The conjugacy class representatives are given
as minimal representatives as defined in [11] and discussed below.

(For ease of exposition we temporarily let x; = x4,, T2 = x4, and 23 = z,, in the next
paragraph.)

The idea behind the calculation of minimal representatives is to recursively determine the
orbits of U on U/M;,; for i = 1,...,12; recall that M;,; is defined in (2.2). To explain
this we consider the set A(x,i) = {zx;(t)My1 | t € F,} € U/M;yy for x € U. The
centralizer Cy(xM;) acts on A(z, 1) by conjugation. The key results for the theory of minimal
representatives are [11, Lem. 5.1 and Prop. 6.2], which imply the following dichotomy:

(I) all elements of A(x,i) are conjugate under Cy(zM;); or
(R) no two elements of A(x,1) are conjugate under Cy(xM;).

We say that i is an inert point of x if (I) holds and 7 is a ramification point of  if (R) holds.
We say x(t) as defined in (2.1) is the minimal representative of its conjugacy class if t; = 0
whenever i is an inert point of z(t). Thanks to [11, Prop. 5.4 and Prop. 6.2], the minimal
representatives of conjugacy classes give a complete set of representatives of the conjugacy
classes in U.

In Table 3, we present the minimal representatives of the conjugacy classes in U(q). Start-
ing with the minimal representatives calculated as in [14], we have parameterized the con-
jugacy classes giving representatives partitioned into families. This has been done to reduce
the number of families required to what appears to be an optimal number.

The first column of Table 3 gives a label for the family, then in the second column a
parametrization of the elements of the family is given, where the notational convention is
that an a; is an element of F) = I, \ {0}, a b; is any element of IF,, and for a sequence of the
form ¢;,, ..., ¢, the ¢;; are elements of F,, which are not all zero. These parameters have to
satisfy the conditions given in the third column. In the fourth column we give the number
of elements in the family. The families are constructed so that the size of the centralizer
of an element in the family does not depend on the choice, and the final column gives this
centralizer size.

The families of representatives have been chosen, so that they are permuted by the au-
tomorphisms 7, 019, 014 and g94. Thus we can read off the action of these automorphisms
on the conjugacy classes. However, for the family, C; 5 4 46, it is not possible for p = 3 to get
this stability under the triality automorphism and we have to distinguish the cases p = 3
and p > 3; we note that the family given for p = 3 is actually also valid for p > 3.

To end this section we explain the differences in the parametrization of the conjugacy
classes for p = 2, where the theory of minimal representatives fails. First we note that there

are a number of families, where there is a relation between parameters involving a sum of two
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Label Representative Conditions Number Centralizer
C1,2,34 z3(az)r1(a1)ra(a2)rs(aq) (¢q—1)? q*
Ci1,2,3 z3(a3)z1(a1)z2(a2)xg(bg)xi0(b10) bo/a1 + bio/az =0 (g —1)3¢q q°
C1,3,4 z3(a3)z1(a1)zr4(as)rg(bsg)r10(b10) bg/a1 + bio/as =0 (g —1)3q q°
Ca3.4 x3(az)r2(a1)r(as)zs(bs)z9(bg) bg/az +bg /a3 =0 (q—1)3%q q°
Ci.3 x3(as)z1(a1)z10(b1o) (a—1)%g 7
Ca.3 x3(as)za(az)zo(bo) (a—1)%q 7
Cs,4 353(%) 4(aq)zs(bs) (¢—1)%q 7
Cioa,48 (P> 3) | z1(a1)za(az)za(as)zs(cs)ze(ce)zr(cr) | cs/a1 +co/az +er/as =0 | (a—1)%(¢* = 1) | ¢°
Ci,2,4,¢6 (P =3) | w1(a1)z2(az)za(as)ze(cs)z7(cr) (q—1)3(2=1) | ¢¢
Ci2.4,47 z1(a1)zz(az)za(aa)z12(bi2) (g—1)%q q’
Ci,2,46 z1(a1)z2(az)zs(c5)x6(co)z7(e7) cs/a1 +ce/az =0 (=% =1) [ ¢°
Cio.q7 z1(a1)z2(az)ze(ag)zi0(aio) ag/a1 +aio/az =0 (g—1)3 q
C12.48 z1(a1)z2(az)z12(bi2) (¢—1)%q ¢
Cy 4,48 z1(a1)z4(as)ws(c5)ze(ce)z7(cr) cs/a1 +er/as =0 (a-D*¢*-1) | ¢°
Cya,q7 z1(a1)z4(as)zs(ag)z10(aio) ag/ai1 +aip/as =0 (g—1)? qr
Cy 448 z1(a1)za(as)z12(b12) (q—1)2q '
Co.4,46 z2(a2)za(as)zs(cs)ze(ce)x7(cr) co/az +crfag =0 G- @D |
Co.a,47 zz(az)x (as)zs(ag)z9(ag) ag/az + ag/as =0 (q—1)3 q
Ca.4.48 x2(az)z4(az)m12(b12) (q—1)%q a®
Ci,q6 z1(a1)ze(cs)z7(cr) (- -1 [d°
Ci,q7 z1(a1)x10(a10) (g—1)2 q’
Cy g8 z1(a1)z12(b12) (¢—1)g ¢
Co 46 z2(az)xs(cs)zr(cr) (a—-D(@®-1) [4°
Cy 4 wa(az)wg(ag) (a—1)° q’
Co g8 z2(az2)z12(b12) (a—1)g q°
Cy,q0 x4(as)zs(c5)ze(cs) (a—1)(*-1) |4¢°
Caq z4(as)zs(as) (g—1)° q
Cygs z4(aa)z12(b12) (g—1)q ¢
Cs [ z3(az)ws(bs)xg(bo)x10(bro)r11(bi1) | [ (g—1)¢* [ &8
Cs,6,7 | @5(as)ze(as)zr(a7)x11(b11) [ [ (@—1)%q [ &
Cs.6,48 w5 (as)z6(as)z9(ag)zi0(aio) ag/as +aio/ag =0 (q—1)3 ¢
Cs.6,4° 5 (as)ze(as) w11 (b11) (g—1)%q a°
Cs.7,48 z5(as)x7(ar)zs(as)z10(alo) ag/as + aio/ar =0 (q—1)3 s
Cs.7.4 x5(as)x7(a7)w11(b11) (q—1)%q q°
Co,7,48 z6(as)z7(ar)rs(as)ro(ag) ag/as +ag/ar =0 (g—1)3 q
Co,7,4° z6(a)x7(ar)z11(b11) (g—1)%q a°
Cs g8 zs5(as)z10(a0) (q—1)? ¢
Cs.q0 z5(as)z11(b11) (g—1)q 7
Ce,q8 z6(ag)x9(ag) (g—1)? 7
Co.q0 z¢(as)z11(b11) (¢—1)g q°
Cr.q8 z7(a7)xs(as) (q—1)? @
Cy g0 z7(a7)z11(b11) (a—1)g q°
Cs,9,10 | zs(cs)zg(co)z10(c10) [ [¢° -1 [ ¢
Cn [ z11(a11) [ [q—1 [ 't
Ci2 [ 212(b12) [ [ q [ ¢
TABLE 3. Representatives of conjugacy classes in U(q) for p > 2

terms and this has to be replaced by just setting one of the parameters equal to zero. For ex-
ample in C; 5 3, we have to replace the representatives simply with z3(as)x1(a1)z2(az)z10(b1o)
and there are no conditions. This does lead to the families of representatives not being stable
under the automorphisms, but this cannot be helped.

The more significant differences are as follows.
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e The family C; 234 is replaced by the family Cf;?gA. The representatives are of the
form x3(as)z1(a1)r2(az)xs(as)z10(dio), where dyg is either 0, or an element of I, not
in the image of the map ¢ — agasay(t? +t). So there are 2(¢ — 1)* representatives in
this family. Their centralizers have order 2¢*.

e The family Cy 544 should be included as in the p = 3 case in the table above.

e The family C; 54,47 is replaced by two families.

- szi,2q7' The representatives are of the form xq(ay)xs(az)rs(as)r10(aio)ri2(dia),
where d;y is either 0, or an element of F, not in the image of the map t —
arasast® + ajaet. So there are 2(q — 1)* representatives in this family. Their
centralizers have order 2¢”.

— sziq7. The representatives are of the form xy(a1)x2(as)z4(as). There are (¢—1)3
representatives in this family and their centralizers have order ¢”.

e The family Cs ¢ 7 is replaced by two new families namely.

- Cg;?mqg. The representatives are of the form zs5(as)xe(ag)z7(ar)xi0(ao)ri1(di),
where dy; is either 0, or an element of F, not in the image of the map t —
asagazt® + asaot. There are 2(q — 1)* representatives in this family and their
centralizers have order 2¢®.

— ng??’qg. The representatives are of the form x5(as)zg¢(ag)r7(az). The number of
representatives in this family is (¢ — 1)® and their centralizers have order ¢®.

4. THE IRREDUCIBLE CHARACTERS OF U

In [24], the irreducible characters of U were determined giving a partition into families,
which are given in Table 4 for the case p > 2. We have modified these constructions to
make them more explicit, so that we can realize them all as induced characters from linear
characters of certain subgroups of U. In the next section we calculate the values of the
characters, and in doing so we explain their construction.

We explain the contents of Table 4. The first column gives the name of the family and the
second column gives the names of the characters in that family. The notational convention
is that parameters denoted by a; range over F,* = [, \ {0}, and parameters denoted by b;
range over [F,. The subscripts in the notation give an idea of “where these parameters act”,
as can be understood from the descriptions of how the characters are constructed given in
the next section. For some families there is a relation between some of the parameters and
this is given in the third column. The fourth column records the number of characters in
that family. The families are constructed in such a way that the degree of the characters in
a family is constant, and the fifth column gives this degree.

The triality automorphism 7 of GG, permutes the families of characters by acting on the
subscripts of the families by the permutation p; similarly the automorphisms o5, 014 and
094 act on the families. As mentioned earlier, we have updated the parametrization from [24,
§4], so that we can read off the action of these automorphisms on the characters. Though it
is not possible to do this for the family F5¢ 7 for p = 3.

We end this section by noting that for p = 2, the parametrization of irreducible characters
is slightly different. As explained in [24], the family denoted Fgg 1 is more complicated
and has to be replaced by the family fg’gio, which consists of two types of characters as

explained below and in more detail at the end of §5.4.
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Family Notation Conditions Number | Degree
Fi2 Xjaz it ¢*g—-1) | ¢*
J11 Xﬁl’b5’bﬁ’b7’b3 q*(q—1) | ¢
Fs9,10 ngéalgdaw’bs qlg—17° | ¢
Fs9 Xg o ag/as + az/ag =0 (¢—1)7° |¢°
ngg’zg’b%bs’b‘l ba/as +byfag =0 ¢*g—1)?%| ¢
F3,10 X;nglj’asm as/as + az/ap =0 (g—1)° ¢
‘gi’gljéb“bs’b“ bi/as + by/aio =0 ¢*(g—1)°| ¢
F9,10 ngfglj’as’aﬁ as/ag + ag/aip =0 (g—1)3 ¢
sroirtet by Jag 4 by/arg = 0 *(g—1)?| ¢
T Xsigs' (=12 |
Xehyhh -1 | ¢
Fo Xogs' (-1 |¢
b ¢qg-1) | ¢
Fio X1ous” (¢—-1? |¢
g qg-1) | ¢
Fser (p>3) | XEgw 2% L by fas + bafag + bafar =0 | ¢*(q — 1)° | ¢
Fsur (p=3) | X7 ™™ ¢*lg—1)*| q
Fs6 ngéaG’bl’bQ’b4 bi/as +ba/ag =0 ¢*(g—1)" | q
Fs.z Xa5 by fas 4 bafag = 0 ¢*la-1) | q
Fe. XZ?%“””’I’Q”"“ by/ag + by/az =0 *lg—1)%|q
Fs g lg—1) |q
Fs xXeo (g-1) |q
Fr X7 (g—1) |q
Fin Xy 200 ¢' 1

TABLE 4. The irreducible characters of U for p > 2.

ag,a9,a10

e The characters x4 g -

8

There are (g — 1) of these and they have degree ¢>.



as,a9,a10,a d ,d . .
e The characters X889 190 1 Pora2% There are 4(q — 1)* of these and their degree is
17y Ty

g. The parameters d; 24 and ds can each take one of two values as explained at the

end of §5.4.

Also for p = 2 the parametrization of characters where there is a relation between param-
eters involving the sum of two terms has to be updated in a similar way to the corresponding
situation for conjugacy class representatives. For example, in the family F5¢, we just have

b
characters xz¢"*” (so we have set by = 0 and by ranges over F,).

5. DETERMINING THE CHARACTER VALUES

In the following subsections we give the construction of the irreducible characters and
determine the character values. We split up our determination of the character values ac-
cording to the families given in Table 4, and in each of these subsections we calculate the
values of the irreducible characters on elements of U. For the families considered in §5.1, §5.2
and §5.3 we determine the character values on general elements of U, whereas for the other
characters we take advantage of the representatives of the conjugacy classes from Table 3.

Before we embark on calculating the values of the irreducible characters of U, we give
some notation that we use. ——

Denote by Tr : F, — F, the trace map, and define ¢ : F, — C* by ¢(z) =e 7 , so that
¢ is a nontrivial character from the additive group of IF, to the multiplicative group C*.

We record two important elementary observations about ¢ that we require frequently in
the sequel. First we note that, for ¢t € F,, we have ¢(st) =1 for all s € F, if and only ¢ = 0,
second we note that »- p @(s) = 0.

Let H be a finite group. We write Z(H) for the centre of H. Let K be a subgroup
of H,let x € H, h € H and let v : K — C. We write ¢ : H — C for the function
defined by ¥ (z) = ¢(z) if x € K and ¢(x) = 0 if x ¢ K. We denote conjugation by
2" = h7lzh and ™) : H — C is defined by " (z) = w(xh) If ¢ is a class function on
K, then we write ¥ for the induced class function on H, which is given by the standard
formula ¢ (h) = ﬁ > em V(M.

We use the notation x(t) from (2.1), where we recall that x3(t3) is on the left. Frequently,
we consider quotients of U by the normal subgroups M; defined in (2.2). When we do this
we often want to identify the root subgroup X, with its image in U/M; for j < i, and we
will do this without further explanation. We consider subgroups V' of U/M; of the form
[I;c; Xj, where I is a subset of {1,...,i}. For such a subgroup V' we use the notation
zv(t) = [l (t;) to denote a general element of V', where the factors are ordered as in
x(t), so that x3(t3) is on the left (if 3 € I).

We often use the notation dso, where s € F;" for some m, which is defined as usual by
bs0=1if s =0and 6,0 =0 if s # 0.

As mentioned earlier, we have adapted the construction of the characters from [24] so
that they are more explicit. In particular, we realise each of the irreducible characters as
an induced character of a certain subgroup, which leads to a more precise parametrization.
Given these differences, we briefly explain why our constructions line up with those in [24].

For each irreducible character y that we construct, we give a subgroup V of a quotient

U/M of U and a linear character A of V. Then x is equal to the induced character \U/M
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inflated to U possibly tensored with a linear character of U. In each case there is a subgroup
X of U/M, which is a transversal of V' in U/M. In each of subsequent subsections, where we
calculate the characters values, we state what V' and X are. We also justify that the induced
characters that we obtain are indeed irreducible, and that the characters as given in Table 4
are distinct. The main tool for achieving this is the Clifford theory for characters of special
groups of type ¢'**™  as is also the case in [24]. Now we can count the number of characters
that we have constructed in each family, and verify that this gives the same numbers in [24].
Therefore, we can deduce that we have covered all of the irreducible characters of U.

b1,b2,b3,b4

5.1. The family Fj,. Here we state the value of x;;; on all elements of U. We note
b1,b2,b3,b4

that M5 is the commutator subgroup of U, and the characters X, are precisely the
characters of U/M5 inflated to U; they are all the linear characters of U. The following
formula, therefore, defines these characters.

Xiin " (@(8)) = @(brty + baty + baty + bata).

5.2. The family 77 ;. The characters in the families F5, Fs, F7, F56, F57, Fo,7 and Fs67
can all be constructed in essentially the same way. Thus we combine these families and

denote their union by F75g ;.

. .. . €5,C6,C7,b1,b2,b4
We begin by giving the construction of the characters x5% 7 , where cs, cg,c7 € Fy

are not all zero and by, by, b4 € Fy. From these characters we obtain all of the characters in
€5,C6,C7,b1,b2,b4

Fieq First we note that Mg is in the kernel of x5’ 7 . As explained at the start of
the section we identify X; with its image in U/Mg for i = 1,2,...,7.

We have that U/Mg = X3X1X2X4X5X6X7, and that V = X1X2X4X5X6X7 = FS is an
elementary abelian subgroup of U/Mg of order ¢ and X = X3 is a transversal of U in U/Ms.
We define the linear character A7 of V' by A% (z,(t)) = ¢(csts + coto + crtr).

Let x5¢7“ be the character of U/Mg we obtain by inducing A®7; by a mild abuse

of notation we also write x5’ for the character of U given by inflation. The character

b1,b2,0,b4
lin .

bibaba . . :
XeogamP2i g defined by tensoring xs g s with the linear character y

The following proposition gives the character values of ngéf?c“bl’bz’b“. It is clear from the
calculations in the proof below that *A®:6-7 £ \%:%6.7 for all x € X with  # 1, so that

yoorcocrbrbaba g jrreducible by an application of Clifford theory.

Proposition 5.1.

€5,C6,C7,b1,b2,b4

X567 ((t)) = q0ts,c5t1-+cstatert) 09(b1ts + bata + baty + csts + cots + crt7)).

Proof. We write A for A7 and x for x5%7“". We have that X = Xj is a transversal of V/
in U, and also that Z(U/Mjg) = X5XsX7. From the induction formula we easily obtain that
x(z(t)) =0 if t3 # 0, and also that x(x(t)) = dr,0x(z1(t1)z2(te)xa(ts)) N (w5 (t5) 26 (te) 27 (t7))-
Thus it suffices to calculate x(z1(¢1)za(t2)x4(ts)). We have

(@ (t)wa(ta)za(ta) = Y N (@1 (t1)wa(ta)7a(ta))

selFy

= 3 M@ (t)a(ta)a(t) ™)

s€lfy
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= > Mlza(te), 2a(s)][wa(ta), 25(s)][za(ta), 25(s)])

s€lFy

= Z A(ws5(sty)we(sta)z7(sts))

selFy,
= Z ¢(8(C5t1 —+ C6t2 -+ C7t4))
s€lfy

= q565t1 +ceta+crta,0-

From this we can deduce the proposition. 0
We note that the characters yg 2 "*** can be equal for different values of b;. A fairly

easy calculation shows that ngéfg’c“bl’b?’b“ = X;fé??’cmbl’b”b“ if and only if (by —b}, by —bl, by—1))
is a multiple of (cs, cg,c7). Thus we choose representatives as follows for p # 2, 3.

e If ¢c5 # 0 and cg, ¢y = 0, then we take by = 0.
o If c5,c6 # 0 and ¢; = 0, then we take by, by such that cgby + c5b2 = 0.
o If c5,cq,c7 # 0, then we take by, by, by such that cgerby + cs5c7bs + c5c6bs = 0.

We deal with the other cases symmetrically with respect to the triality. This gives the
characters as in Table 4, and we can give their character values from Proposition 5.1.
We note that for p = 2 or p = 3 we have to choose our representatives slightly differently.
For p = 3 the only difference is when ¢s, cg, ¢; # 0 and this is shown in Table 4. In the case
= 2, and we have c5,cg # 0 and ¢; = 0, then we take b; = 0, and we deal with the other
cases symmetrically with respect to the triality.

5.3. The Families Fg, F9, Fi9, Fs9, Fs10 and Fy 9. The characters in the families Fg, Fy,
Fio, Fs9, Fs10 and Fy 19 are constructed in a similar way, so we deal with them together. We
include the details for the characters in the family Fs ¢ and then remark that the calculations
for the family Fg are entirely similar. The character in the families Fy, Fi9, Fs 10 and Fg 1o
are defined from characters in Fg or Fgg through the triality 7. Thus the values of these
characters can be immediately deduced.

From Table 4 we see that the characters in Fgg fall into two subfamilies determined
by degree. We start with the characters of degree ¢® and explain the construction of the
characters in this family.

First we note that M lies in the kernel of the characters in Fgg9. We have that U/M;y =
H?Zl X; and we define the normal subgroup

i£1,2,4

of U/Myo. We have that V' is isomorphic to IFS and so is elementary abelian, and X =
X1 X5X, is a transversal of V' in U/Mjy. Therefore, we have linear characters \*%0:%6:97 of
V' defined by

Xov @907 (3, (8)) = Blagh + arts + asts + agts),

where ag, ag, a, a7 € F* and we assume that (as, a7) is not a multiple of (ag,ag). Then we

define ngé‘flgg’%m to be the character we obtain by inducing \%:®9:9%6:97 o U /M.
11



From the calculations of the character values in Proposition 5.2 below, we observe that
T\08,09,06,07 £ \08,09,06,07 for g]] x € X with x # 1.. Therefore, an application of Clifford
theory implies that each ngéf;%’%m is irreducible.

We proceed to consider the characters in Fgg of degree ¢>. Again we have that M, is in

the kernel of these characters. We consider the subgroup

i#1,5

of U/Mjo. We note that M = X X7 is a normal subgroup of W, that W/M is isomorphic to
IFg and that X = X; X is a transversal of W in U/Mjy. Therefore, we have linear characters
& of W defined by

Mag,ag (JfW(t)) = ¢<a8t8 + a9t9)’

as,a9
8,9,¢>
ag

ag,a9,b2,b3,b4 : : as,
to U/Mo. The characters X8.0.42 are given by tensoring Xg.0.q2
asg,ag9

802 18 irreducible we can consider the restriction p’ of ;% to the subgroup
V' = X3 X6XsXg of V. Then we let ' = 'V, where U’ is the subgroup X;X»X5XsXs X, of
U/Mio. Now V' is normal in U’ and it is an easy calculation to check that “y’ # p' for all
x € X with x # 1. Now we deduce that x’ is irreducible by an application of Clifford theory.
From this it follows that ngg";% is irreducible and thus also ngé‘fl"Q’bQ’b3’b4 is irreducible.

We now state our proposition giving the values of the characters in Fgg.

where ag,ag € F\. Then we define x to be the character we obtain by inducing p®°

0,b2,b3,b4
lin :

with y
To see that y

Proposition 5.2. (a)

ag,ay,a6,a7

Xsog o (2(t)) = @Ot 2.ttt astorastr) 0P (Asts + arty + agts + agty).

(b) If t3 =0, then

ag,a9,b2,b3,b4

X8,9,q2 (:L‘(t)) = q25(t1,t5,a8t2+a9t4,ast6+a9t7),0¢(b2t2 + b4t4 + agts + a9t9)-
Ift3 # 0, then

,a9,b2,b3,b
NP (1)) =

q0(t1 agtataots) 0@ (bata + bsts + byt + agts + agty + ts(asts + agty — (aste + agly)/ts)).

Proof. (a) We write A = \®99:96.97 and y = X‘;*‘é‘?g%a?. We consider the series of normal
subgroups of U/Mj
Vo=U/My, Vi=]][X: w=]]X W=V
i#1 i£1,2
First we calculate the values of AY2. We have Z(V3) = X5 X7 XsXy, so that
A2 (@, (8)) = A2 (25 (ts) w4 (ta) 25 (t5) ) Mo (te) w7 (t7) s (ts) o (fo))-
Also A\Y2(zy,(t)) = 0 if 4 # 0. Thus it suffices to determine A\"2(z3(t3)xs(t5)). Now for
s € F,, we have (w3(t3)zs(ts5))*1®) = 23(t3)ws(ts)w7(—sts)we(—sts) in U/Myy. Therefore,

A2 (g (ts)as(t5)) = D Mws(ta)ws (ts) w7 (—sts)zo(—sts))

s€ly
12



= Z ¢(—a7st3 — G98t5>

scly
= Z QZ) 6L7t3 + a9t5))
selFy,
- q5a7t3+agt5,0'
and thus
A2 (21, (t)) = QO (ts arts+aots) 00 (asts + artr + asgts + agty).
Next we induce A2 to V;; this requires a very similar calculation, which we omit. We obtain
AV (v, (£)) = @°0 (4 ta.arts aots asts +asts) 00 (asts + azlz + asts + agto).
Our assumption that (ag,a7) is not a multiple of (as, ag) implies that for the above to be
nonzero we require t3, t5 = 0. Thus we deduce that
A (@, (8)) = @7 0(ta,t9,10,85).00(at6 + arty + asts + agty).

Now we do the final induction up to U/Mjq to obtain . First we observe that Z(Vj) = XgXo
and it is easy to check that x(z(t)) = 0 if any of t1, to, 3, t4 or 5 is equal to 0. Thus it
suffices to calculate x(zg(ts)x7(t7)), and we obtain

X(@s(to)ar(tr)) = Y AV (wo(te) w7 (tr)ws(—ste)wo(—st7))

= q2 Z ¢(a6t7 + Cl7t7 — a85t6 — a95t7)
sclFy

= ¢* aste+aot: P(asts + artr).

087619 ag,a7

Putting this all together we obtain the stated value of X%
(b) We write p = p®* and x = xg'g.2. In order to determlne the value of x we first note

that Z(U/Mjy) = X3 X9 and that we have x(z(t)) =0 if t; # 0. Thus it suffices to calculate
X(x3(ts)za(te)xy(ts)xs(ts)ze(t)x7(t7)). Next we calculate that

(w5(ts)wa(ta)wa(ta)ws(ts)e(te )z (L)) 2 Le21 (1) =
£E3(t3)$2 (t2>x4(t4)$5(t5 — Sltg)ﬂf@ (t6)$7(t7)$8(—81t6 + S5t2 + Sltgtg)xg(—81t7 + 85254 + 81t3t4).
Thus, x(x3(t3)xe(te)rs(ts)ws(ts)ze(ts)r7(t7)) is equal to

Z (w3 (ts)wo(ta)wa (ta)ws (ts) e (te)wy (t7)) 3 (ea)er(s0)

s1,55€F

Z 5t5_81t3,0¢(a8(—51t6 + S5t2 + Sltgtg) + ag(—81t7 + S5t4 + S1t3t4)).

s1,55€F,

as, (19

If t3 = 0, then we see that this is equal to
9t5.0 Z d(as(—s1te + s5t2) + ag(—sity + s5ts)) = C]25(t5,a8t2+agt4,a8t6+a9t7),o-
s1,85€F

Whereas for t3 # 0, in the sum over s; we only get a nonzero contribution for s; = ¢5/ts,
thus we get
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Z ¢(a8(—t5t6/t3 -+ S5t2 -+ t2t5> -+ a9<—t5t7/t3 + 85t4 —+ t4t5)) =

SsE]Fq

QOagtotagts,0P(ts(asts + agty — (asts + agty)/ts)).

ag,ag9,b2,b3,b4 0

From the formulas above we deduce the stated values of X' e

a87a9 46,47

We note the characters Xs.9 can be equal for different values of a;. From the character

ag,ah,an,an . . . .
values we observe that Xas’ag’aﬁm = Xgog | if and only if (ag, ay, ag, a7) is obtained from

(ag, ag, ag, a;) by adding a multiple of7(7a8,a9) to (ag,ar). So we choose (ag,a;) such that
agag + arag = 0, except when p = 2 where we just put ag = 0.

Also we observe that ngflqgs’b%b?”b‘* = ngg;ag’b”%’ if and only if (a§, ay, by, b5, 0)) is obtained
from (ag, ag, by, b3, by) by adding a multiple of (as,ag) to (by,bs). So we choose a coset
representative such that byag + byas = 0 (except in the case p = 2 where we just take by = 0).

We move on to briefly discuss the characters in the family Fg. These can be defined in
essentially the same way as those in Fgg. The characters of degree ¢* are denoted XSS"”
a87a97a67a7

8,9,¢3
: ba.bs,b
The characters xg are defined in the same way as xgy» -~ ' except we set ag = 0

and by = 0. Thus we can immediately deduce the values of these characters given in the
proposition below.

and are defined in exactly the same way as y except we set ag = 0 and ag = 0.

as,b3,b4

Proposition 5.3. (a)

Xgps (2(t)) = @Ottt tarts te) 00 (arty + asts).
(b) If t3 =0, then
ngq’bs’m (2(t)) = @°0ty 1o 15 t6),00 (bata + asts).
Ift3 # 0, then

ngq’b3’b4 (l‘(t)) = q5(t17t2),0¢(b3t3 + b4t4 + as (tg — t5t6/t3))

5.4. The Family Fgg19. We begin with the assumption that p > 2, as the situation for
p = 2 is slightly different and is discussed at the end of the section.
First we note that M, lies in the kernel of the characters in Fgg19. We have that U/M;; =

Hgl X, and we define the normal subgroup

i#1,2,4
of U/Mj;. We have that V' is isomorphic to IF; and that X = XX, X, is a transversal of V
in U/Mj;. We define the character \*:%9%10 of V' by

08,049,010 ($v(t)) = ¢(a8t8 + agtg + alOth)

for ag,ag,a19p € F*. Then we define y3%%:"° to be the character obtained by inducin
q X8,9,10 y g

A?:99:410 to [J/Myy. The irreducible characters nggafdam’b?’ in the family Fgg10 are then

obtained by tensoring xg% """ with the linear character XOI? %39 The construction of these

characters is the same as in [24, §4], where they are shown to be irreducible and distinct.
In order to obtain the values of x we take advantage of the conjugacy class representatives

in Table 3. First note that since x(z(t)) = 0 for xz(t) ¢ V, so we do not need to consider
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any conjugacy classes in Table 3 above the family C3. We split up our calculations for the
remaining elements by considering elements in the family Cs, and those lying in any of the
other classes.

Proposition 5.4. Suppose p > 2.

(a) Suppose that at least one of ty, ta or ty is nonzero. Then nggfllgo’alo’bs (x(t)) = 0.
(b) Let x(t) = x3(ts)ws(ts)wo(ty)r10(tio), where t3 # 0. Then

ngéigdam’bg(x(t)) = qp(bsts + asts + agty + aiotio) Z P(—agagaiotss®).
s€lfy

(C) Let SL’(t) = .CL’5(t5)l’6(t6>l’7<t7)l’g(tg)xg(tg)l’l()(tlg). Then
X510 (2(8)) = 4*0(ts.40,0m),00(asts + agty + arotio)-

Remark 5.5. Before we proceed to the proof, we remark on the term Ztqu d(—agagaygtst?)
in (b) (for the case t3 # 0). Clearly this can be deduced from the value of >, o(t?): if
—agagaiptz € F is a square, then Ztqu (—agagaptst?) = Ztqu é(t?) and if —agagaiots €
Fy is not a square, then }_,p ¢(—asagaiotst’) = — >, #(t?). The sum 3, ¢(t?) is
referred to as a quadratic Gauss sum. For ¢ = p the value of this Gauss sum is well known:
if p = 1mod4, then 37, ¢(t?) = /p, and if p = —1 mod 4, then > ter, o(t?) = i\/p.
However, for general ¢ the situation is more complicated: it is known that the absolute value
is \/q, see for example [29, Proposition 11.5], but a formula giving the exact value appears
not to be known in general.

Proof. We begin by noting that it suffices to consider the case b3 = 0. We write A = \%8:%9:%10

ag,ay9,a10

and x = Xg3.10
(a) We dealt with this case in the discussion before the statement of the proposition.
(b) The first step is to calculate in U/Mj; that
%3(t3)x1(51)$2(82)x4(84) = .’L’g(tg)l‘g,(—sltg)l'ﬁ(—82t3)$7(—34t3)l‘8(Slsgtg)l'g(8184t3)$10(8284t3).
Therefore, we have

x(zs(ts)) = Z o(ags1Sats + agsisats + a10S254ts)

51,52,54€Fg

= Z ¢(a108284t3> Z ¢(31(a832 +a934)t3>

s2,54€F s1€Fy
= Z P(@10t35254)q00,as55+agss
s2,54€Fq
=q Z ¢(—ar0a98;ts/as)
s4€Fq
=q Z ¢(—agagagtss”).
scly

For the last equality we just substitute s, = ags. Now using that Z(U/My;) = XsX9Xi0,
the value of x given in (b) can be deduced.
(c) In this case the starting point is to calculate in U/M;; that
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(5t )t ) (t)) 7 (1)72l2)malsa) —

[L’5(t5)$6(t6)1137(t7)1'8(—81t6 — 82t5)l'9(—81t7 — S4t5)1‘10(—$2t7 — S4t6).
Therefore, x(z5(t5)x¢(ts)x7(t7)) is equal to
Z ¢(—s1(asts + agtr)) Z ¢(—s2(asts + aiotr)) Z ¢(—sa(agts + aiots))
s1€Fy s2€Fy s4€Fy
— a5
= 4 O(agte+agtr,asts+aiotr,asts+a10ts),0"

Now the linear system

CLth + a9t7 =0
a8t5 + a10t7 =0
a9t5 + CLlotﬁ =0

has only the trivial solution t; = tg = t7 = 0, as we are assuming p > 2. Thus we get
x(5(ts)xe(ts)x7(t7)) = ¢*O(ts t6,47)0- Now using that Z(U/Miy1) = XgXoXio, the value of

b . .
Xag 1% given in (c) can be deduced. =

To end this section we consider the case p = 2, where the situation is more complicated.

The characters xq5 "% are defined in the same way as the characters xg3g;""" for p > 3.

8,9,10,¢3
as,a9,a10,05,6,7,d1,2,4,d3
There are also characters denoted X8.9,10,4% /2

Again we let V = Hi;él,2,4 X; and let a = asg7,as8,a9,a10 € F. We define the linear
character \ = \%:%9:410:% of |/ by

, which are defined as follows.

)\(lEv(t)) = ¢(a8a9at5 -+ agaloat(; + agalo(lt'y + (lgtg + agtg -+ alotlo).

Now let Yio4 = {1, 21(aya)rs(aga)rs(aga)} and V = Yip V. We can extend ) to V in two
ways, namely \.24 where \4124(z)(ay0a)r2(aga)rs(aga)) = (=1)024 for dyoy € Fy. We
then induce A\%4-24 to U /Mji; to obtain a character @24 which is irreducible as shown in
24, §4]. Now let d3 be either 0 or an element of IF,, which is not in the image of the map

2 as,a9,a10,a5,6,7,d1,2,4,d3 : dio4 s
S ¥ aagagaipgs + agagaigs®. Then we define X8.9,10,% 2 by tensoring 24 with

The proposition below states the values of these characters, these can be deduced from
[30, Thm. 2.3]. Note that with our specific choice of ¢, we have ker(¢) = {t? —t : ¢t € F,}.
Thus for each a € FY, we have that ker(¢) = a™?T,, where T, = {t’ —a?"'t | t € F,} as
defined in [30, Definition 1.2]. In turn this implies that a, as defined in [30, Definition 1.4]
is equal to a~?. We note that the values for ngigdgéo look different to those for p > 2, which
is explained by the fact that the quadratic Gauss sums for p = 2 are clearly zero.

Proposition 5.6. Let p = 2.
(a)

asg,a9,a10 _ 3
X8,9,10,43 (2(t)) = Ot ta,t5,ta,a5ts+ar0traste+aot:),00" @(asts + agty + arotio)-

(b) Let a = asg7. If (t1,t2,t4) € {(0,0,0), (a10a, aga, asa)}, then
ag,a9,a10,as5,6,7,d1,2,4,d3 (.Clﬁ(t)) —0.

X8,9,10,43/2
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[f I(t) = I‘l((1107")1’2(&97")134(6@7")135(alot)l’G(agt)l’7(a8t)xg(t8>xg(tg)l’l()(tlo), where r € {O,CL}
and t,ts,t9, t19 € Fy, then

3
nggigfqé“/’gs‘“’d1’2’4’d‘°’(x(t)) = %¢(d1,2747“ + agagaypat + agts + agte + aigtio).
Forr € {0,a} and z(t) = x3(t3)z1(a107)x2(agr)zs(asr)xs(ts)xe(te) w7 (t7) s (ts)wo (to ) T10(t10),

ngliséjllgdf;éo/,;5,6,7,d1,2,4 ,d3 (l’ (t))

2
t
q—(; a—P ¢(d172,47‘ + d3t3 + agagaloaa—?—k

2 t3’asaga10 8

agagai)? , t t; te t
(asasmo)” b5 byt By agte + anto).
a P a9 ag Qg as
5.5. The Family Fi;. First we note that M, lies in the kernel of the characters in Fi;.
We have that U/M;s = Hllil X; and we define the normal subgroup

V:HXi

i£1,2,4

of U/M5. We have that V' is isomorphic to IFZ and X = X;XsX, is a transversal of V in
U/Mi5. We define the character \411:%5:%6:07 of 1/ by

A6 (1 (£)) = @(bsts + bets + bty + aytiy)

for al € F; and b5, b6, b7 S Fq.
We define y$1"%""" to be the character obtained by inducing A**%%6%7 to [7/Mj,. The

. . bs,be,b7,b3 - . . : bs,be,b
irreducible characters x{1""*"*""" in the family F7; are then obtained by tensoring x{3'"*"*""

) ; 0,0,b3,0
with the linear character ;" .

Using [30, Lemma, 15] with Z = Xll; Y = X8X9X107 X = X1X2X4 and M = X3X5X6X7,

. bs,bg,b7,bs - - . bs,be,b7,b al 1 ,b5,b,b% b5
we obtain that each xj1'7>”""" is irreducible, and that x{}'"*"*""" = x11'7°7°7% if and

only if (a1, bs, b, b7,b3) = (a}y, b, b, b5, b5). The fact that the hypothesis of that lemma
holds follows from the fact that XY Z forms a subgroup of V which is special of type ¢**°.

In order to obtain the values of x21***"" in Proposition 5.7 below, we take advantage of
the conjugacy class representatives in Table 3. We assume p > 2 at first, as the situation is
slightly different for p = 2, which we discuss after. First note that since y{1"""*% (z(t)) =
0 for z(t) € V, we can deal with any conjugacy classes in Table 3 above the family Cs
quickly in (a). Dealing with elements in the family Cs in (b) is the most complicated part of
the proposition. Part (c) covers all of those in the families C5 67, Cs6 and Cs, and then we
can then use the triality automorphism 7 to determine the values on representatives in the
classes Cs 7, Cs 7, Cs and C;. We finish by considering the remaining classes together in (d),
so that we have determined the value of y4i?>Pobmbs.
Proposition 5.7. Suppose p > 2.

(a) Suppose that at least one of ty, to or ty is nonzero. Then
X (0(£) = 0.
(b) L@t JI(t) = $3(t3)l’8(tg)l‘g(tg)l‘lo(tlo)l'u(tll), where t3 7é 0 Then

a11,bs,b6,b7,b3

X11 (:L‘(t)) = q(b(b3t3 + alltll)(q(s(bStB‘f‘alth7b7t3+allt8)70)
17



Z ¢(—(b5t3 + a11t10)8 -+ (b6t3 + Glltg)(b7t3 + Glltg)(&ntg)ilsil)).

sEF;

(c)

(1) Let (L’(t) = (L’5(t5)l’6(t6>$7(t7)$11(tn), where t5,t6,t7 7é 0. Then

X310 ((6)) = g (bsts + bets + brty + aintin) Z O(—aritstelrs®).
selfy
(11) Let I(t) = .Z'5(t5)l’6(tﬁ)[)’}g(tg)l‘lo(tlo)l‘n(tn), where t5 7£ 0. Then
X (2(8)) = @201t 15110 Hbsts + bote + antin).
(d) Let Qf(t) = Q?g(tg)ilfg(tg)l’lo(tlo)l'n(tH). Then

a11,bs,b6,b7,b3

X11 = q35(t8,t97t10),0¢(a11t11).
Remark 5.8. Before the proof, we comment on the term of the form Zsemq d(As+ %), where

A, B € Fy in (b). It seems that a general formula for this is not known.

Proof. We note that it suffices to deal with the case b3 = 0 and we let A = \@bs:b6:b7 and
X = Xa11,b57b6,b7_

(a) We dealt with this case in the discussion before the statement of the proposition.
(b) First we note that Z(U/Mjs) = Xi1. Therefore, it suffices to calculate the values of
X (z3(ts)zs(ts)wo(ty)r10(tin)). We calculate

(w3(ts)ws(ts)wo (to)w10(t10))™ (172 (s2)7a(s0) =
x3(ts)rs(—tss1)xe(—tssa)wr(—tssa)ws(ts + t3s152)

To(tg + t35154)T10(t1o + t3S254)x11(—tgSa — t10S1 — sS4 — t3515254)).

Thus we see that X((L’g(tg)l’g(tg)ng(tg)l‘lo(tlo)) is equal to

Z O(—bstszsy — bgtssa — brtssy + an(—tgse — t1oS1 — tgsy — t3515254))

51,52,54€F

= Z d(—bstssy — betssa + arr(—tgsas — t101)) Z d(—(brts + arits + ai1t3s1s2)Sa)
51,52€F, s4€Fy

- Z ¢(_b5t381 - bﬁt382 + all(_tQSQ - t1031))q5b7t3+a11t8+a11t35132,0
51,52€F,

= q Z ¢((_b6t3 - a11t9>82)5b7t3+a11t3,0

SQE]Fq

+ Z d(—bstss1 — aritiost) Z O((—bets — a11t9)52)dbrtstaritstartssiss,0

s1€Fy s2€F,

=q ( q5(b7t3+a11t8,bet3+a11t9),0

18



+ Z o(—(bsts + antio)s1)d((bets + aiite)(brts + aiits)(ants) syt

81 E]F;
- q(qé(b7t3+a11ts betaz+arite),0

+ Z ¢<—(b5t3 + antlo)s + (b6t3 + &11t9)(b7t3 + antg)(antg)*ls*l)).

SGF;

This gives the formula in (b).
(c) We move on to consider the case where t3 = 0 and t5 # 0. Consider the normal
subgroup W =[], 0 Xi of U/Mjs. A calculation shows that

MV (w5 (ts)x6(ts) 7 (tr) w8 (ts)To (te) 10 (t10) 211 (F11)) =
q¢(b5t5 + bﬁtﬁ + b7t7 + a11<—tglt8t9 + tll))-

To obtain x(z5(t5)xe(te)x7(t7)xs(ts)xe(te)x10(t10) 11 (t11)) We just have to induce this formula
over X; to U/M,. First we consider elements of the conjugacy class Cs¢ 7, and we get

X (5(t5)w6(te) w7 (t7) w11 (t11))
= qp(bsts + bets + brty + aiityy) Z P(—anity ' (—sits)(—sitr))

S1€Fq

= qp(bsts + bets + brtr + ar1tir) Z d(—antstetrs®)

s€lfy

as stated in (i).
Next we consider elements in the class Cs ¢ or C5 and we get

X (5 (t5) w6 (te)wo(to)10(ti0) 11 (t11))
= qp(bsts + bels + aityr) Z o(—arity ((—site)ts — s1t10))

slqu

= qo(bsts + bgts + brtr + ariti) Z d(ants 's1(teto + t1o))

selFy,
= q25t6t9+t10,0¢(b5t5 + bets + brtr + airtin)

as stated in (ii).
(d) This is an easy calculation, which we omit. O

In the case p = 2, the only difference is that we now have to consider elements of the form
x5(ts)xe(te)xr(tr)x10(t10)T11(t11) even when ts,t6,t7 # 0, to cover the family of conjugacy

=2 . o e
classes Cf 7905 the value given below is in a form where we do not have a closed formula.

Also the value for the family 65227 " is simplified as the quadratic Gauss sum is equal to 0.

Lemma 5.9. Let p = 2.
(a) Let $(t) = xg,(t5)x6(t6)x7(t7)x10(t10)x11(tn), where t5, tG, t7, th < F; and tll c Fq. Then

Xﬁl’b5’b6’b7’b3 (l’(t)) = q¢(b5t5 + b6t6 + b7t7 + Cllltll) Z ¢(a11(t5t6t752 + t5t10$)).
seF
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(b) Let 2(t) = w5(ts)we(ts)v7(t7), where ts,te,t7 € FX. Then
G o £)) = 0.

Proof. (a) We can proceed as in the case p > 2 and we obtain the formula

MV (25 (ts) w6 (te) 7 (tr) 28 (ts) T (te) 10 (t10) 211 (H11)) =
qd(bsts + bets + brty + ayi (t5 'tsto + t11)).

Now we induce over X; to obtain
X(5(ts)we(te)w7(t7)x10(t10) 211 (t11)) =
Z MW (w5 (t5) 26 (te) w7 (tr) s (s1te)wo (s1t7)210(t0) 211 (S1E10 + t11))

s1€lfy

= Z q¢(b5t5 —+ b6t6 —+ b7t7 + an(tglsft(;h + Sltlg + tll)

S1 GFq

= ng(b5t5 + b6t6 + b7t7 + a11t11) Z ¢(a11(t5t6t732 + t5t108)).
s€lFy

(b) This is obtained directly from the calculation for p > 2 by noting that the sum there
is equal to 0. 0

5.6. The Family Fi5. Let V = Hi#3,57677 X; and W = XgXgX10X11. Then W is a normal
subgroup of V and the quotient V/W is elementary abelian isomorphic to IF;‘. Also X =
X3 X5X6X7 is a transversal of V in U. Given a5 € IF;, we define the linear character
A2 0V C by A2(2y(t)) = @(aiatiz). Then we define y%42 = (A*2)V and Y3200 =

ai b17b2707b4
12 Alin .

USiIlg [30, Lemma 15] with Z = Xlg, Y = X8X9X10X117 X = X3X5X6X7 and M =
X1 X,X,, we obtain that each y%>""**" is irreducible, and that y12?0P2b = Xﬁz’ba’bé’bﬁ‘ if
and only if (ajg, b1, ba, by) = (a)y, by, by, b)). The hypothesis of that lemma holds due to the
fact that XY Z forms a subgroup of V which is special of type ¢'*5.

In the next proposition we state the values of X‘f§2’b1’b2’b4 by considering a number of cases,
which cover all of the conjugacy class representatives in Table 3. We note that in (c) we
only deal with conjugacy classes up to the action of 7. We first restrict to the case p > 2,

and then afterwards we describe some differences that occur for the case p = 2.
Proposition 5.10. Suppose that p > 2.
(a) Suppose that t3 # 0. Then
a12,b1,b2,b

Xi " (2(t)) = 0.
(b) Suppose z(t) lies in one of the families Ci 2446, C12.45, C1.a48, Coago, C1 g6, Cogo 07 Cyys.
Then

X (2 (t)) = 0.
(¢) The values of X‘f§2’b1’b2’b4 on the families of conjugacy classes Ci 2447, C1247, Cr248, C147

and Cy s are given as follows.
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Cioagrs X122 (1 (t)za(te) a(ta) T10(t12))

= qu(bltl + bgtg + b4t4 + algtlz) Z gb(—a12t1t2t452), fOT’ tl, tQ, t4 € ]F; (an t12 c Fq.
s€lfy

Ciogr X?§2’bl’b2’b4(513'1(751)$2(t2)9€9(t9)1’10(t10)) = ¢%00. 11911 —tato P (D111 + bata),
fOT tl, tz, tg, th € F; .

Ciag8: XS (@ (422 (t) 21 (t12)) = ?B(bity + bata + aratia),
forty,ty € F; and t15 € Fy,.
Cl,q7: Xilléz’bhb%bél (C(Il(tl)l'lg(tm)) = O, fO?” tl; th € F;
Cl,qS: Xclgz’bl’b%b4 (l’l(t1>$12(t12>> = q2¢(b1t1 + CL12t12), fOT' tl € F; and t12 € Fq.
(d) Let z(t) = [[;55 7i(t:). Then

ai2,b1,b2,b4

X12 (@(t)) = q"00,(t5,t6.tr 5.0 t10,01) P12 12).

Proof. 1t is clear that it suffices to calculate the values of x{3>. We write A = A*? and
ai2

X = X12"-

In order to explain our calculations, we introduce some intermediate subgroups. We let
Vi =VXs, Vo =VXeX; and V3 = VX;XsX7. To abbreviate notation we write \; = A\V¢ for
each ¢ = 1,2,3. By direct calculation we find

>‘1($V1 (t)) = 95(t7,t8),0¢(a12t12),

and

400, (15,41 P(ar2(tre — B2)) if ¢ #0
5.1 A t) = t '
( ) Q(xV2( >> { q2607(t67t7,t8,t9)¢(a12t12) if t; = 0.

We do not calculate A3 fully here, but do note that

(5.2) A3(v5 (t)) = 0o (t5.t6.,tr) A3 (13 (F))-

(a) It is clear that y(z(t)) = 0, if ¢35 # 0.

(b) Let x = x1(c1)x2(c2)ra(ca)zs(es)xs(eg)rr(er) lie in the family Cy 544 and consider
y = x%303) for g5 € F,. The theory of minimal representatives outlined in Section 3 im-
plies that the coefficient of one of x5, x¢ or x7 in y must be nonzero. Therefore, y(z) =
3 e, Ua(@®)) = 0 by (5.2)

Similar arguments deal with the other families in the statement.

(c) First we show that if one of ¢, t5 or 4 is nonzero, then

(5.3) X( 11 mm) :)\3< 1T xi(ti)>.

i#3,5,6,7 i#3,5,6,7

We just deal with the case t; # 0, as the other cases can be dealt with similarly. Consider
Yy = H#375’677 zi(t;)*3) for s3 € F,. We calculate the coefficient of x5 in y to be t;s;.
Therefore, by (5.2), the only nonzero term in the right side of

X( 1T %(tz)) =) }\3< 1T xi(ti)m(s?’))
i#3,5,6,7 ss€Fq  \i#3,56,7

is when s3 = 0.
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We now give the calculation for Cy 94 47

X(@1(t) w2 (t2)za(ts)z12(th2))
= A3(w1(t1)za(ta)wa(ts)z12(t2))

= Z Ao((w1 (t) 2 (t2)ma(ta) w12 (t12) )2 )

S5 G]Fq

= Z }\2($1(t1)$2(t2)$8(t235)$4(t4)$9(t485)$12(7512))

s5€Fy

= Z }\2(xl(tl)I2(t2)134(t4)$8(t255)$9(t485)$11 (—totass)T12(t12))

S5 EFq

= Q¢(a12t12) Z ¢(—d12t1t2t482).

selfy

The first equality is given by (5.3), and the last uses (5.1) and substitution s = ¢;ss.
We omit the calculations for the other conjugacy classes in (c), as they are very similar.
(d) This is a straightforward calculation, which we omit. O

For the case p = 2, we just have to deal with the classes Cf;i 27 and Cf;i e which we do
in the following lemma. The calculations involved are a minor modification to those for the

class Cy 24 for p > 2, so we omit the proof.

Lemma 5.11. Let p = 2. The values of on the classes Cf;,2472q7 and szi,tﬂ are given as
follows.

Cl gt X80 (@ () o (ta) wa(ta) 10 (o) 212 (tr2))
= q(bit1 + bato + baty + arntiz) 3o ocr, Plara(stitio + titatss®)), for ty,ty, ty, tio € FY
and t12 € ]Fq.

6?3724417: X%Q’bl’b%m (l’l(t1)$2(t2)234(t4)1‘12(t12)) = 0, fO?" tl, tg, ty € F; and t1o € Fq.
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