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CONSTRUCTING CHARACTERS OF SYLOW p-SUBGROUPS OF
FINITE CHEVALLEY GROUPS

SIMON M. GOODWIN, TUNG LE, KAY MAGAARD AND ALESSANDRO PAOLINI

ABSTRACT. Let ¢ be a power of a prime p, let G be a finite Chevalley group over F, and
let U be a Sylow p-subgroup of G; we assume that p is not a very bad prime for G. We
explain a procedure of reduction of irreducible complex characters of U, which leads to
an algorithm whose goal is to obtain a parametrization of the irreducible characters of U
along with a means to construct these characters as induced characters. A focus in this
paper is determining the parametrization when G is of type Fy, where we observe that the
parametrization is “uniform” over good primes p > 3, but differs for the bad prime p = 3.
We also explain how it has been applied for all groups of rank 4 or less.

1. INTRODUCTION

Let g be a power of a prime p, and let G be a finite Chevalley group over I, and let U be
a Sylow p-subgroup of G. We assume that p is not a very bad prime for G; recall that this
means that p > 2 if G is of type B, C; or Fy, and p > 3 if G is of type Go.

We study the representation theory of U with the aim of determining a parametrization
of the irreducible characters of U and a means to construct them as induced characters of
linear characters of certain subgroups. Our principal tool for achieving this is a method of
successively reducing characters to smaller subquotients of U, which leads to an algorithm
whose goal is to determine the irreducible characters of U. An outline of this algorithm is
given below and explained more fully in Section Bl

A focus of this paper is to obtain the parametrization in case G is of type Fy, as stated in
the following theorem.

Theorem 1.1. Let q be a power of an odd prime p and let G be a finite Chevalley group
over Fy of type Fy. The irreducible characters of U are completely parameterized in Table[7.
Moreover, each character can be obtained as an induced character of a linear character of a
certain subgroup that can be determined from the information in Table[7.

As explained later in the introduction, the parametrization is “uniform” over all primes
p > 3. However, we observe significant differences in the parametrization for the bad prime
p = 3. These differences shed light on why the prime p = 3 is bad for G of type Fy. In
particular, we observe that for p > 3 all characters have degree ¢? for some d € Zsg, whereas
for p = 3 there are characters of degree ¢*/3. We note that similar behaviour for certain
characters of U when G is of type Eg (for p = 3) or Eg (for p = 5) has previously been
observed in [LM2].

We have also used our algorithm to determine a parametrization of the irreducible char-
acters of U for classical types up to rank 4. We emphasise that our algorithm gives a
construction of each character as an induced character from a character of a certain sub-

group of U, which gives a means to calculate the values of these characters, see Theorem
1


http://arxiv.org/abs/1512.02678v1

B.8 In fact for G of rank 4 or less, we obtain that each irreducible character of U can be
obtained by inducing a linear character. In addition, we remark that our labelling of the
irreducible is amenable to the action of a maximal torus and also the field automorphisms;
thus it would be straightforward to determine these actions explicitly.

The methods in this paper develop those used by Himstedt and the second and third
authors in [HLMI1] and [HLM2|, and make significant further progress. A full parametrization
of the irreducible characters of U for G of type D, and every prime p is given in [HLMI]. The
so called midafis (minimal degree almost faithful irreducible characters) are parameterized
for every type and rank when p is not a very bad prime for G in [HLM2].

The approach used in those papers and this paper is built on partitioning the irreducible
characters of U in terms of the root subgroups that lie in their centre, but not in their kernel.
Consequently, there are similarities to the theory of supercharacters, which were first studied
for the case G is of type A by André, see for example [An|. This theory was fully developed
by Diaconis and Isaacs in [DI]. Subsequently it was applied to the characters of U for G of
types B, C and D by André and Neto in [AN].

Another approach to the character theory of U is via the Kirillov orbit method, which is
applicable for p greater than the Coxeter number of G. In [GMR2], Mosch, Réhrle and the
first author explain an algorithm for parameterizing the coadjoint orbits of U, which was
applied for GG of rank at most 8, except Eg; through the Kirillov orbit method this leads to
a parametrization of the irreducible characters of U. This was preceded by an algorithm to
determine the conjugacy classes of U, see [GMRI].

We note that a reduction procedure for algebra groups similar to ours, was given by Evseev
in [Ev], which builds on work of Isaacs in [Is2]. For G = SL,(q), this led to a parametrization
of the irreducible characters of U for n < 13. Also recently Pak and Soffer have determined
the coadjoint orbits of U for G = SL,(¢) and n < 16, see [PS]. The situation for G not of
type A turns out to be more complicated and we comment more on this below.

There has been considerable other interest in the character theory and conjugacy classes
of U. We refer the reader to [LMI] or the introduction to [GMR2] for more information.

Motivation for this work, lies in determining generic character tables for U, as has been
done for G of type D, in [GLM]. This has a view towards applications to the modular char-
acter theory of G in nondefining characteristic; in particular, to determining decomposition
numbers; see for example [Hi], [HH| and [HN] for applications of the character theory of
parabolic subgroups to the modular representation theory of GG in certain low rank cases.

We move on to give an outline of our algorithm to parameterize the irreducible characters
of U; we have omitted some details here and a full explanation is given in Section3l In order
to give this outline we require some more notation. We write ®* for the system of positive
roots determined by U, and for a € &+ we denote the corresponding root subgroup by X,.

In the algorithm we consider certain subquotients of U, which we refer to as quattern
groups. A pattern subgroup of U is a subgroup that is a product of root subgroups, and a
quattern group is a quotient of a pattern subgroup by a normal pattern subgroup, we refer
to §2.3] for a precise definition. A quattern group is determined by a subset S of ®* and
denoted by Xs. Given a subset Z of {a € § | X, C Z(Xs)}, we define

Irr(Xs)z = {x € Irr(Xs) | Xo € ker x for all a € Z}.

At each stage of the algorithm, we are considering a pair (S, Z) as above. We attempt

to apply one of two possible types of reductions to reduce (S, Z) to one or two pairs such
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that the irreducible characters in Irr(Xs)z are in bijection with those irreducible characters
corresponding to the pairs we have obtained in the reduction.

The first reduction is based on the elementary but powerful character theoretic result
[HLM2, Lemma 2.1], which is referred to as the reduction lemma. In Lemma B.I] we state
and prove a specific version of this lemma, which is the basis of the reduction. This lemma
shows that under certain conditions (which are straightforward to check) we can replace
(S, 2) with (8, Z), where &’ contains two fewer roots than S, and we have a bijection
between Irr(Xs)z and Irr(Xs)z.

The second reduction is more elementary and used when it is not possible to apply the
first reduction. For this we choose a root « such that o € Z, but X, C Z(Xs). Then
(S, Z) is replaced with the two pairs (S\ {a}, Z) and (S, ZU{a}). The justification of this
reduction is that Irr(Xs)z can be partitioned into the characters in which X, is contained
in the kernel, namely Irr(Xs\(a})z, and the characters in which X, is not contained in the
kernel, namely Irr(Xs)zu{ay-

We first partition the characters in terms of the root subgroups that lie in their kernel, and
then apply the reductions to each part of this partition. After we have successively applied
these reductions as many times as possible, we are left with a set {(S1, Z1),..., (Sm, Zm)}
for some m € Z> such that Irr(U) is in bijection with the disjoint union

|_| Irr(Xs,)z,.
i=1

We refer to the pairs (S;, Z;) as cores. In many cases we have that X, is abelian in which
case it is trivial to determine Irr(Xg,)z,. The more interesting cases are when Xg, is not
abelian, we refer to these as nonabelian cores, where there is still some work required to
determine Irr(Xg,) z, .

As proved in Theorem B.8] the irreducible characters corresponding to Irr(Xg,)z, are ac-
tually obtained from irreducible characters of Xgs, by first inflating to a certain pattern
subgroup of U and then inducing to U. In particular, this gives a method to construct the
characters and, therefore, calculate the values of these characters.

The algorithm has been implemented in the computer algebra system GAP [GAP] using
the CHEVIE package [CHEVIE]. For G of rank 4 or less, we have used this and an analysis
of the nonabelian cores obtained to determine a parametrization of Irr(U). The results of
the calculation are presented in the appendix for G of types By, C4 and Fy.

For the case where G is of type F4, we obtain six nonabelian cores. These families of
characters show the most interesting behavior. For three of these families the parametrization
of Irr(Xs) z is significantly different when p > 3 and p = 3. We get a different expression of
Irr(Xs)z as a polynomial in ¢ in these two cases. For p = 3, we obtain irreducible characters
of degree ¢*/3, whereas for p > 3, we obtain that the degree of an irreducible character is
always a power of q.

As mentioned above for G of type A, a similar algorithm is given by Evseev in [Ev], which
works in the framework of algebra groups. This allows the algorithm to work with more
general subgroups of U; there is not a natural analogue of algebra groups in general types. A
parametrization of the irreducible characters of U for G or type A up to rank 12 is achieved
in [Ev]. Indeed up to rank 11 there are no nonabelian cores (when working in the framework

of algebra groups).
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The lack of an analogue of the more general notion of algebra groups outside type A leading
to nonabelian cores in low rank is in our opinion the main reason why the problem outside
of type A is more complex. To deal with G of higher rank, a more systematic procedure
for dealing with nonabelian cores is necessary, and is a direction for future research. This
should be based on our analysis of nonabelian cores in Section [l

Another direction for future work is to construct generic character tables of U for G of
type Fy4, the case of Dy given in [GLM] serves as a model of how to do this.

Acknowledgments: We would like to thank Frank Himstedt for a number of helpful sug-
gestions. Also we are grateful to Eamonn O’Brien for verifying computationally the number
of irreducible characters of U of any fixed degree, when G is of type Fy4, and ¢ = 3¢ with
e € {1,2,3}.

2. PRELIMINARIES

2.1. Background on characters of finite groups. Let G be a finite group, and let H be
a subgroup of G. We denote by Z(G) the centre of G, and by Irr(G) the set of all irreducible
characters of G. We write 1¢ for the trivial character of G. For a character n € Irr(H), we
write % = Ind$ 7 for the character of G induced from 7, and we denote

(G, ) = {x € Irr(G) | {x,n“) # 0}.

For a character y € Irr(G), we denote

ker(x) ={g9 € G | x(9) =x(1)} and Z(x)={g€ G |[x(9)|=x(1)}

Let N be a normal subgroup of G. We have an inflation map from Irr(G/N) to Irr(G) which
takes x € Irr(G/N) to ¥ = Inf§ ¢/n X € Irr(G), where X(g) = Infg/Nx(g) = x(gN) for g € G.
Given g € G, v € N and ¢ € Irr(N), we write 29 for g~'zg and we write 94 : N — C for
the character defined by 99 (z) = ¥ (x7).

For ease of reference later we recall the following elementary commutativity property of
induction and inflation. For ¢ € Irr(H/N), we have

(2.1) Infg  Indfy)\ & = Ind§j Inf}] .

We next explain an elementary result, which we use in the sequel. Let Z and T be
subgroups of Z(G) such that Z NT = 1. We can identify Z with a subgroup of G/T. Let
A € Irr(Z) and let A denote its inflation to ZT'. Then it is straightforward to show that we
have a bijection Irr(G, \) «— Irr(G/T, \).

The next lemma is key for our algorithm, it was proved in [HLM2| Lemma 2.1] and we
refer to it as the reduction lemma. We note that a similar result in the context of algebra
groups was previously proved by Evseev in [Evl, Lemma 2.1].

Lemma 2.1 (Reduction lemma). Let G be a finite group, let H < G and let X be a transver-
sal of H in G. LetY and Z be subgroups of H, and \ € Irr(Z). Suppose that

(i) Z < Z(G),
(il) Y < H,
(iii) ZﬂY—l
(iv) ZY <G,



(v) for the inflation of \ € Irr(ZY) of A\, we have that T\ £ YN\ for all z,y € X with
T #y.

Then we have a bijection
Irr(H/Y, \) — Irr(G, \) N Irr (G 1y)
x — Ind§ Infg/y X-
Moreover, if | X| = |Y|, then Irr(G, ) N Irr(G, 1y) = Irr(G, A).
Let p be a prime, and let ¢ = p° for e € Z>;. We let F, be the finite field with ¢ elements.

27 Tr(x)

Denote by Tr : F, — F, the trace map, and define ¢ : F, — C* by ¢(x) =e » , so that
¢ is a nontrivial character from the additive group of I, to the multiplicative group C*. We
note that ker ¢ = ker Tr. For a € F,, we define ¢, € Irr(F,) by ¢.(t) = ¢(at), and note that
Irr(Fy) = {¢a | a € Fy}.

It is clear that Tr(a;s; + --- + a,s,) = 0 for all s1,...,s, € F, holds if and only if
a; = ---=a, = 0. Moreover, since the Frobenius automorphism ¢ + t¥ is an automorphism
of IF,, we have that the equality Tr(at”) = 0 holds for all ¢ € F, if and only if a = 0.

The next lemma is important in our analysis of nonabelian cores; a version of this lemma
giving ker ¢ for an arbitrary choice of character ¢ : F, — C*, which is less explicit, was
proved in [LMIl Proposition 1.3].

Lemma 2.2. For a fivzed a € FY, let T, = {t’ —a?~'t | t € F,}. Then
aPT, =kerTr.

Proof. We have that
aPTy={a P’ —a" 't) |t eF} ={(ta") —ta™" |t €F,} = {u’ —u|uecF}
Now, we also have that
Tr(t? —t) = Tr(t?) — Tr(t) = Tr(t) — Tr(¢t) = 0.

Therefore,
{tr —t|teF,} C{xreF,|Tr(z) =0} = ker Tr,
and all those sets have same cardinality ¢/p, therefore ker(Tr) = {t’—t |t € F,} = a PT,. O

2.2. Background on reductive groups. We introduce now the main notation for finite
reductive groups that we require. We cite [DM| Section 3], as a reference for the theory of
algebraic groups over finite fields, and for the terminology used here.

Let G be a connected reductive algebraic group defined and split over IF,. We assume
that p is not a very bad prime for G; recall that this means that p > 2 if G is of type B;, C;
or Fy, and p > 3 if G is of type Go.

Fix B a Borel subgroup of G defined over F,, and let T be a maximal torus of G contained
in B and defined over F,. We write U for the unipotent radical of B, which is defined over
[F,. For a subgroup H of G defined over F,, we write H = H(q) for the group of F,-rational
points of H. So G = G(q) is a finite Chevalley group and U = U(q) is a Sylow p-subgroup
of G.

For G of type X;, we sometimes write U, instead of just U, so that we can discuss different

groups at the same time.
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We denote by ® the root system corresponding to G, and by ®* the set of positive roots
in ®. Let N = |®T|. Recall the standard (strict) partial order on & is defined by o < § if
B — « is a sum of positive roots. We fix an enumeration of ®* = {ay,...,ayx} such that
© < j whenever «o; < a;.

For a € ®*, we choose a parametrization X, = {z,(t) | t € F,} of the corresponding root
subgroup of U. We abbreviate and write X, for X,, and z; for z,,. Each element of U can
be written uniquely as v = z1(s1)z2(s2) - --zn(sy), where s; € F, for alli = 1,...,N. In
particular, the X; generate U, and |U| = ¢".

We now recall some standard facts about the commutator relations in U, we refer the
reader to [Cal Chapters 4 and 5] for more details. Given «, 8 € ®*, we have

[2a(r), 5(8)] = H zmﬂﬁ(c%ﬁrisj)
1,§>0:
ia+jBed™

for certain coefficients C%’B € F,. The parameterizations of the root subgroups can be chosen

so that the coefficients C%’B are always +1, +2, 4+3, where £2 occurs only for G of type By,

C;, Fy and Go, and 43 only occurs for GG of type G,. Moreover, as p is not very bad for G,
we have that
[Xaa Xﬁ] = H Xia—l—jﬁ
i,5>0:
ia+jpedT
for o, 8 € dT.

2.3. Quattern groups. In our algorithm for determining the irreducible characters, we
require certain subquotients of U, which we refer to as quattern groups. The term pattern
subgroup that we use below goes back to Isaacs, [Is2 Section 3], and quattern groups were
also used in [HLM2]. We give the required terminology and notation here. Most of the of
assertions made here are well-known, proofs can be found in for example [HLM2, Sections 3
and 4].

A subset P of &7 is said to be closed (or a pattern) if for o, 5 € P, we have that a+ 3 € P
whenever a+ 3 € ®*. For a closed subset P of ®*, we say that X C P is normal in P, and
write L <P, if for all § € K and a € P, we have 6 + a € K whenever § + a € ®*. A subset
S of T is called a quattern if S = P\ K, where P is closed and K is normal in P.

Let P be a closed subset @, let K be normal in P, and let S = P\ K. We define

Xp =[] Xo-

acP

It is a straightforward exercise using the commutator relations to show that Xp a subgroup
of U. We refer to a subgroup of U of the form Xp as a pattern group. Further, it is a
consequence of the commutator relations that Xy is a normal subgroup of Xp, and we
define

XS = Xp\/c = X’/)/X]C.

A subquotient of U of the form Xg is called a quattern group. We can easily check that Xs
is independent up to (canonical) isomorphism of the possible choice of P and K such that

S =P\ K, so there is no ambiguity in the notation Xs. We write S = P\ K for a quattern,
6



where we are implicitly assuming that P and K are such a choice. Given o € S, by a mild
abuse of notation we identify X, with its image in Xg for the remainder of this paper.
Let S C & be a quattern and let Xs be the corresponding quattern group. We define

Z8)={ryeS|y+a¢SforalacS}

and
DS)={v€ Z2(S)|a+p#~forall o, e S}.

Using the commutator relations and the assumption that p is not very bad for GG, it can be
shown that

Z(Xs) = Xzs)-
Then it can be seen that
(2.2) Xs = Xs\ps) X Xp(s)-
Let S be a quattern and let Z C Z(S). We define
Irr(Xs)z = {x € Irr(Xs) | Xo € ker(x) for all a € Z}.

These sets of irreducible characters are key to the algorithm presented in the next section.

Next we recall that a subset X of ®* is called an antichain if for all o, 8 € X, we have
a < B and B £ a,ie aand § are incomparable in the partial order on ®7.

Given an antichain ¥ in ®F, the set Ky = {8 € @ | B £ ~ for all ¥ € ¥} is a normal
subset of ®*. Conversely, given a normal subset K of ®* the set Y of maximal elements of
@t \ K is clearly an antichain in ®*. This sets up a bijective correspondence between an-
tichains in ® and normal subsets in ®*. The assertions made above are standard properties
of posets, see for example [CPl Section 4].

For an antichain ¥ in &%, we define the quattern Sy, = ®* \ Kx. Then it is an easy
consequence of the definitions that Z(Sy) = X.

Now let x € Irr(U). We define R(x) = {a € T | X, C ker x}. Using the commutator
relations it is easy to see that R(x) is a normal subset of ®*, and thus ¥g(,) is an antichain
in ®*. For an antichain ¥ € ®*, we define Irr(U)y, = {x € Irr(U) | Er) = X}. Then
clearly we have the partition

Irr(U) = |_| Irr(U)y,

where the union is taken over all antichains ¥ in ®*. Moreover, we have that any character
in Irr(U)y is the inflation of an irreducible character in Irr(Xs,)s.

We frequently want to inflate and induce characters from one quattern group to another,
so we fix some notation for this. Let &' = P’ \ K’ and § = P \ K be quatterns, and let
1 be a character of Xg. If P = P and K' O K, then we let £L = K'\ K and we write

Inf vy = Infﬁj for the inflation of ¢ from X to Xg; in case £ = {a} has one element, we
write Inf, ¢ = Infzep. If K' = K and P’ C P, then we let T =P \ P’ and we write Ind” 1

for Indﬁi/ ; in case T = {a} has one element, we write Ind®« for Ind” 1.
7



F1GURE 1. The Dynkin diagram for a root system of type F.

2.4. Notation for F,. We fix some specific notation in the case G is of type F, that we
use later. In this case Dynkin diagram of ® is given in Figure [Tl where I = {1, an, as, as}
is the set of simple roots determined by ®7.

There are 24 positive roots in @, listed in Table [I} they are enumerated as in the computer
algebra package GAP, [GAP]. We use the notation 2 3 4 2 for the root 2a; + 3as +
4ag + 3ay, and similarly for the other positive roots. The roots are enumerated so that their
height is nondecreasing; we recall that the height of Z?:l a;c; is by definition Z?:l a;. We
choose parameterizations of the root subgroups in U so that the commutator relations are
given as in Table 2

Height | Roots

1 (651 (65) Qs (%]
2 as=1 1 0 0 ag=0 1 1 0 ar=0 0 1 1
3 ag=1 1 1 0 ag=0 1 2 0 app=0 1 1 1
4 aji;=1 1 2 0 ajp=1 1 1 1 aj3=0 1 2 1
9 Oé14:1 2 20 a15:1 1 2 1 a16—0 1 2 2
6 ar=1 2 2 1 ag=1 1 2 2

7 ag=1 2 3 1 axp=1 2 2 2

8 agr =1 2 3 2

9 ap =1 2 4 2

10 Oé23:1 3 4 2

11 a24:2 3 4 2

TABLE 1. Positive roots in a root system of type Fy.

3. ALGORITHM TO PARAMETERIZE THE IRREDUCIBLE CHARACTERS OF U

3.1. Lemmas required for the algorithm. Before describing our algorithm to determine
the irreducible characters of U, we present a couple of lemmas which are the basis of the
reductions performed in the algorithm.

Our first lemma gives a specific version of Lemma [2.1]

Lemma 3.1. Let S = P\ K be a quattern, let Z C Z(S) and let v € Z. Suppose that there

exist 0, 5 € S\ {v}, with 6 + =, such that for all o, € S we have a+ ' # 5, and that

foralla € S\ {8} we have § + a ¢ S. Let P’ =P \{p} and K' = KU {6}. Then we have
8



[21(s), z2(r)] = 25(rs) [21(s), 26(r)] = 28(rs)z14(—1>s)
[x1(8), z9(r)] = x11(rs) [21(s), 210(r)] = z12(rs)z20(r?s)
[21(s), 213(r)] = 215(rs) 22 (r?s)  [w1(s), w16(r)] = z18(rs)

[71(s), 23(7)] = w24(75) [z2(s), 23(r)] = w6(rs)zo(—r?s)
[22(s), 27(r)] = 210(rs)x16(r?s) [z2(5), £11(7)] = 214(75)

[22(s), 215(r)] = w17(rs)was(r®s)  [w2(s), 218(r)] = w20(rs)

[T2(8), w22(7)] = 23(r5) [23(8), 24(r)] = 27(r5)

[23(5), 25(r)] = 28(—7s)z11(rs?) [z3(s), z6(r)] = z9(2rs)

[z3(5), 28(r)] = 711(273) [23(8), 210(7)] = 213(78)

[23(8), 212(7)] = 215(78) [z3(8), 217(7)] = 219(78)

[23(5), 220(7)] = @01 (r8)T22(—75%) [23(8), T21(r)] = T22(215)

[24(8), w6(r)] = 210(—735) [z4(8), 23(r)] = T12(—735)

[24(5), 29(r)] = z13(—78)216(r8%)  [24(8), 211(r)] = T15(—78)T18(7r5?)
[z4(8),213(7r)] = 216(27s) [24(8), 214(7r)] = 217(—78)L20(18*)
[z4(8),215(7r)] = z18(2rs) [24(8),217(1r)] = 220(21s)

[z4(8), 219(7)] = 221 (75) [25(5), 27(r)] = 212(rs)T18(r%s)
[25(5), 29(r)] = 214(—735) [25(5), 213(r)] = w17(—78)w23(—125)
[25(5), 216(7)] = 220(—75) [25(8), w22(7)] = 224(75)
[z6(s),x7(r)] = z13(—7Ss) [z6(s), x8(r)] = x14(2rs)

[z6(5), 212(7)] = 217(78) [z6(5), x15(7)] = T19(—75)

[26(5), 218(7)] = @1 (—78)wa3(rs?) [26(8), 21(r)] = w23(2rs)

[27(s), x3(r)] = @15(7'5) [27(8), 210(7)] = 216(—275)
[x7(8), x12(r)] = 218(—2158) [27(5), 214(7)] = 219(—78)T22(r5?)
[27(8), 217(7)] = 221 (78) [27(8), 219(7)] = 222(215)

[z5(5), x10(7)] = 217(—T3) [z58(5), 213(7)] = 219(78)

[28(5), 216(7)] = @21 (r8)T24(—75%) [28(8), T21(r)] = T24(215)

[29(s), m12(r)] = T19(rs)w2a(—125)  [w0(s), w18(r)] = T22(—T5)

[29(8), w20(r)] = w23(—75) [z10(5), 211(r)] = $19(7“3)$23(—7“32)
[z10(8), 12(7)] = 220(—275) [z10(5), 715(r)] = T21(—75

[z10(5), T19(7)] = 23(275) [711(5), 716(7)] = T22(75)

[711(5), w20(7)] = T24(—75) [z12(5), 713(r)] = Z21(75)

[212(5), 219(7)] = @24(275) [213(5), 215(r)] = T22(—215)
[213(5), 217(r)] = w23(—215) [214(5), 216()] = w23(7'5)

[714(5), 218(r)] = w24(75) [215(8), 217(7)] = T24(—215)

TABLE 2. Commutator relations for U for G of type Fy.

that 8" = P'\ K" is a quattern with Xs = Xp// Xy, and we have a bijection
Irr(Xs)z — Irr(Xs)z
x — Ind? Infs x*s
by inflating over Xs and inducing to Xs over Xz.

Proof. Let a, o/ € P'. If « € K or ¢/ € K, then it cannot be a4+’ = 3, since in that case we
get 5 € IC, a contradiction with 5 € S. If o,/ € &', by assumption the equality o + o’ = 3
cannot hold as well. Since P’ = &' U K, this proves that P’ is closed.
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Let now o € P, and o/ € K'. If o/ € K, then o + o € K" whenever a + o/ € &%, since
K 9 P. Otherwise, o' = ¢, and by assumption a+9 ¢ S since o # 3, therefore if a+4§ € dF
then ao+ § € K'. Therefore K’ <P’ and &' =P’ \ K’ is a quattern.

It is immediate that conditions (i)-(iv) of Lemma 2.1l hold with G = X5, Z = X,
H = Xs\(py, X = Xg and Y = X;5. Moreover, since for sy, s, € F, we have

A7) = \2502) if and only if A([z5(s1), 25(t)]) = A([z5(s2), 25(t)]) for all t € F,.

Therefore, the commutator formulas in §2.2]imply that condition (v) must also be satisfied,
and of course | X| = |Y| = ¢, so the lemma follows. O

Our second lemma is an immediate consequence of the definitions. We state it for ease of
reference later, and omit any proof.

Lemma 3.2. Let S be a quattern and let « € Z(S). Then there is a bijection Irr(Xs) —
Irr(Xs)a UIrr(Xs\(a})-

3.2. An example of the algorithm. Before we give a description of our algorithm, we
illustrate it in an example. We consider a case for G of type F4 and use the notation given
in §2.41

We want to compute Irr(U)y, where ¥ = {ap}. Welet S = Sy = &7\ Ky, so S =
{a1,...,a8} U{aip, a12}. Also we let Z =¥ = {aj2}. So we want to compute Irr(S)z.

Let

(51,51) = (041>0410), (52,52) = (a4,a8), (53,53) = (Oés,CY?)-

An application of Lemma Bl for (5,9) = (51,01) gives a bijection Irr(Xgs1)z — Irr(Xs)z,
where S = S\ {$1,8:}. Two further applications give bijections Irr(Xs2)z — Irr(Xs1)z
and Irr(Xss)z — Irr(Xs2) z, where 82 = 8!\ {5s, 62} and 83 = 82\ {83, 63}. We record the
sets A = {1, B2, B3} and L = {1, 2,93} to tell us which reductions were performed. We
also define IC = Ky U L. These three reductions are all instances of TYPE R reductions (the
capitalized R means “reduction lemma”) in Algorithm in the next subsection.

Now we can see that aiy € D(S?), so that Xgs = Xga\ a1} ® Xap,. In particular, this
means there is no possibility to apply Lemma Bl with v € Z = {a»}.

We find that Z(83%) \ D(S8?) = {as}. We can apply Lemma [3.2] to obtain a bijection

Irr(Xgs)z — Irr(Xss) zufa6) U ITT(XS3\{a6})~

We now split the two cases and consider them in turn. We note that this is an example of a
TYPE S reduction (the capitalized S means “split”) as defined in our algorithm in the next
subsection.

First we consider

II'I'(Xss)ZS s

where 8% = {a, a3z, ap, a1} and Z% = {ag, a1p}. We can apply Lemma B.1] with § = as,
B = ay, and v = ag. We then get a bijection Irr(Xgs)z1 — Irr(Xg1)zs, where St =
83\ {ag, a3} = {ag, a12}. This is another reduction of TYPE R as defined in the next
subsection. We record this reduction by adjoining as to A to obtain A" = {as, ay, ay, as}
and adjoining a3 to £ to obtain £ = {as, ajg, ag, ar}. Moreover, we put K' = Ky U L.

We note that Xgi = X, X X4,,, S0 we can parameterize Irr(Xga)zs as {\%"2 | ag, a5 €
Fx}, where \*®2(z6(t)) = ¢(ast) and A\*0412(x15(t)) = ¢(aiat). Through the bijections given

10
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FIGURE 2. A pictorial representation of the calculation of the characters in
Irt(U) {a,5) for G of type Fy.

by Lemma B.Il we obtain characters of U forming part of Irr(U)x by a process of successive
inflation and induction to the characters \“-*2. These characters are

X" = Infi,, Ind** Inf,,,, Ind** Inf,, Ind*® Inf,, Ind** Inf,, 92,

However, it turns out these characters can be obtained by a single inflation and then induc-
tion, thanks to Theorem [B.8, and we have

’
X2 = Ind* Inf, A%012,

The characters %2 have degree ¢*.

Next we move on to consider the characters in Irr(Xgss)z where S* = 8%\ {ag} =
{ag, as,aip}, and Z = {aj2}. We record that we have put a4 in the kernel by adjoin-
ing it to K to obtain K" = K U {ag}. We see that Xgs is abelian, so that Irr(Xg1) =
(A%, | @12 € Fyiba by € Fo}, where AP (22(t)) = ¢(bat) and A% (23(t)) = ¢(bst) and
Aoas (T12(1)) = @(anat).

Now through the bijections from Lemma [3.1] we obtain characters Xg;?bg of U forming part
of Irr(U)s, from the characters Ay by a process of successive inflation and induction. We
have

Xba by = I0ficy Ind® Inf,,, Ind™ Infog Ind® Inf,, Infas Ap% -
and note that by using Theorem 3.8, we can write these characters as
Xe3, = Ind™ Infyor A2,

These characters have degree ¢>.
Putting this altogether, we have that

II‘I‘(U){Oﬂz} = {Xa12’a6 ‘ Qg, A12 € F;} LJ {X(bl;?b3 ‘ bg, bs € Fq, ap € F;, }

Therefore, Irr(U){a,,} consists of:

e (¢ — 1)? characters of degree ¢*;

e ¢*(q — 1) characters of degree ¢>.
11



In Figure 2, we illustrate how we have calculated these characters. The roots in a circle
are in Z; the roots in a straight box are in £ and the roots in a dotted box are in A.

3.3. The algorithm. Our algorithm is used to calculate Irr(U)y for each antichain X in
®*. We explain the algorithm below, which is written in a sort of pseudocode; the comments
in italics aim to make it easier to understand.

Algorithm 3.3.
INPUT:

o & ={ay,...,ayn}, the set of positive roots of a root system with a fixed enumeration
such that 7 < j whenever o; < a;.
e X, an antichain in @7,

VARIABLES:

e S C ®* is a quattern.

o ZC Z(S).

e A C &7 keeps a record of the roots 5 used in a TYPE R reduction.

e L C ®T keeps a record of the roots ¢ used in a TYPE R reduction.

e L C ®* keeps a record of the roots indexing root subgroups in the quotient of the
associated quattern subgroup.

e G is a stack of tuples of the form (S, Z, A, L, K) as above to be considered later in
the algorithm.

e O = (91,90,) is the output.

INITIALIZATION:

o IC:= ]CE.

e S .= (I)+ \ ’CZ
o Z =13

o A:=0.

o L :=0.

e & . =0.

e O:=(2,02).

During the algorithm we consider Irr(Xs)z, we go into four subroutines called “ABELIAN
CORE”, “TYPE R”, “TYPE S” and “NONABELIAN CORE”.

ABELIAN CORE.
if S = Z(S) then
Adjoin (S, 2, A, L,K) to O;.
In this case Xs is abelian and we can parameterize the characters in Irr(Xs)z.
if & = o then
Finish and output O.
In this case we have no more characters to consider, so we are done.
else
Remove the tuple at the top of the stack & and replace (S, Z, A, £, K) with it, and
go to ABELIAN CORE.

end if
12



else
Go to TYPE R.
end if

TYPE R.
Look for pairs (8, ) = (ay, ), which satisfy the condition of Lemma 3.1l for some v € Z.

if such a pair (o, ;) exists then
Choose the pair with j maximal, and update the variables as follows.

o S ZIS\{Oéi,OKj}.
o A= AU{q)
° L:=LU {Oéj}.
° K:=KU {Oéj}.

We are replacing S with 8" as in Lemma[31), and recording this in A and L.
Go to ABELIAN CORE.

else
Go to TYPE S.

end if

TYPE S.

if Z(S)\(ZUD(Z))# & then
Let ¢ be maximal such that o; € Z(S) \ (ZUD(Z)), and update as follows.

o S =6U{S\{u},Z A LKU{w})}
Z = ZU{w}.

Here we are using Lemmal3.24 We first add (S \ {a;}, Z) to the stack to be considered
later, recording that X, is in the kernel of these characters by adding o; to K. Then
we replace (S, Z) with (S, Z U {a;}) for the current run.
Go to ABELIAN CORE.

else
Go to NONABELIAN CORE

end if

NONABELIAN CORE.
Adjoin (S, Z, A, L,K) to Ds.
We are no longer able to apply reductions of TYPE R or of TYPE S, and Xs is not abelian,
so the algorithm gives up, and this case is output as a nonabelian core as discussed further
later.
if G = g then
Finish and output O.
In this case we have no more characters to consider, so we are done.
else
Remove the tuple at the top of the stack & and replace (S, Z, A, £, K) with it, and go
to ABELIAN CORE.
end if
13



The letter R in the TYPE R reduction means “reduction lemma”, while the letter S
in TYPE S means “split”. The letters A and £ mean “arm” and “leg” respectively; this
terminology used in [HLM2], and it is motivated by the fact that each pair (3, J) gives rise to
a so-called “hook” subgroup. We move on to discuss how we interpret the output. We begin
by defining what we mean by a core, which are the elements of the output of our algorithm.

Definition 3.4. Suppose that Algorithm [3.3] has run with input (®* ) and given output
0.

e An element (S, Z, A, L,K) of O, is called an abelian core for Irr(U)sx.
e An element (S, Z, A, L,K) of Oy is called an nonabelian core for Irr(U)s.

We discuss how we can determine the characters in Irr(U)s corresponding to a core € =
(S, 2, A, LK) in D1 U9Oy. When € € O; is an abelian core, we can give a complete
description of the irreducible characters, however for nonabelian cores there is more work
required. We require some notation for what occurs in the algorithm.

We obtain € through a sequence of reductions of TYPE R and of TYPE S applied in
Algorithm B.3} though here we only need to consider the TYPE S reduction in this sequence
if a root 7 is added to K (rather than to Z). So we consider the sequence of reductions
where in each one either:

e a pair of roots § and 0 is taken from S in a TYPE R reduction, and 5 is added to A
and 0 is added to £ and KC; or
e a root 7 is taken from § and added to K.

We let | = [g be the number of these reductions, and define the sequence T'(€) = (¢4, ...,t),
where t; = R if the ith reduction is a TYPE R reduction and t; = S if the ith reduction
is a TYPE S reduction. We let I(R, &) be the set of i such that t;, = R and I(S,€) be
the set of ¢ such that ¢; = S. For i € I(R,€) we write (f;,0;) for the pair of roots used
in the TYPE R reduction, and for i € I(S,€), we write v; the root added to K in the
TYPE S reduction. Thus we have A = {f; | i € I(R, &)}, L = {5; | i € I(R,€)} and
K\Ks=LU{vy|i1€ (S, )}
We also define the subsets P°, P!, ... Pl and K% K, ..., K! of ®* recursively by
PV = &t and £° = Ks..
i _ PEINA{B} ift; =R
| P if ;=S

i — Ki-tu{s} ift;=R
KU {y) ift; =S

We have the following lemma about these sets.

Lemma 3.5. For eachi,j = 1,...,1 with i < j, we have that P’ is a closed set, and K is
normal in P?. In particular, S* =PI\ K' are quatterns.

Proof. Of course, P° = ®7 is closed. Let us assume that P~! is closed. Without loss of
generality, let P* = P=1\ {B;}. For a,a’ € P?, it cannot be a + o/ = f3; by construction of
Pi. Also, by inductive assumption, we have that a + o’ € P~ if a + o is a positive root.
This implies a + o’ € P* or a + o/ ¢ @1, that is, P’ is closed.

To prove that K is normal in P? for i < j, it is enough to prove that X! is normal in P?,

since K C P7 C Pt Let a € PP and n € K'. Recall that n € Ky, or 7 is of the form ~; or d;
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as above for some k < i. If n € Ky, then since Ky < & we have that a +n € Ky, whenever
a+n e dt. If n = v, for some k < 4, then 1 is a central root in P*~1 D P?, therefore since
a € P! we have that a+n € K¥ Y or a+n ¢ ®F. If n = d, then a similar argument applies,
observing that we have 3, ¢ P¥, thus 8, ¢ P*. This implies that K’ is normal in P O

Let ¢ € Irr(Xs). We define characters 1, € Irr(Xpixi) for i = 0,1,...,1 recursively by
the following sequence of inflations and inductions.
Yy =1
3 = Ind” Inf;, ¢, ift; =R
=1 ) Infy, 9 if t; =S
Let ¢ = Inf, ¥, € Irr(U).
Suppose that € = (S, Z, A, L, K) € O, is an abelian core. We let Z = {oy,,...,«;, } and
S\ Z={aj,,...,qj,}. Then we have
III(XS)Z = {)\g | a = (ail, R ,CLim) S (F;)m,(_) = (bj17 RN b]n) S F;n},
where \; is defined by
Ay (Tay, (1) = d(ait) and Ap(zq,, (1) = d(bjt)
We define yxj, = Xi and
Ir(U)e = {x, | @ = (as,, ..., a;,) € (F)% b= (bj,...,b;,) € Fi}.

Through the bijections given by Lemmas B.1] and B.2] this is precisely the set of characters
in Irr(U)y, corresponding to €.

We move on to consider a nonabelian core € = (S, Z, A, £, K) € O,. In this case Xs is not
abelian, so we do not immediately have a parametrization of Irr(Xs)z, and it is necessary
for us to determine a parametrization by hand. We suppose this has been done and we have

Irr(Xs)z = {¢. | ¢ € Je},

where Jg is some indexing set. We define x,. = EQ and define

Irr(U)e = {xc | c € Ic}.

Through the bijections given by Lemmas B.I] and 3.2 this is precisely the set of characters
in Irr(U)y corresponding to €.

From the comments given within Algorithm and the discussion above, we deduce the
following theorem regarding the validity of our algorithm.

Theorem 3.6. Suppose that Algorithm has run with input (®*, %) and given output
O = (91,95). Then we have

Irr(U)y = |_| Irr(U)e U |_| Irr(U)e.

ey CeDy

We note that the definitions of x; and x. given above involve a potentially very long
sequence of inflations and inductions. In fact it turns out that we can obtain them by a
single inflation followed by a single induction, which is stated in Theorem [B.§ below.

To prove this theorem, we require the following lemma. In the statement of the lemma,
we use the notation A; = {5, | j > i}, £L; ={d; | j > i} and K; = {v; | j > i}.
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Lemma 3.7. Let ¢ € Irr(Xs), and fori=0,1,...,1 define ¢; as above. Then we have
Y; = Ind Inf, i, .

Proof. We prove this by reverse induction on ¢, the case i = [ being trivial.
The inductive step boils down to showing that

Infs, Ind+! = Ind*#+* Inf,,

if £, = R and showing that
Inf., Ind+* = Ind**+! Inf.,

if ¢;, = S. Thanks to Lemma B.5] we are able to apply (2.1 to deduce both of these
equalities. m

Theorem 3.8.

(a) Let € € (8,2, A,L,K) € Oy be an abelian core, and let x; € Trr(U)e be defined as
above. Then
Xy = Ind* Inf Ay
In particular, x§ 1s induced from linear character of Xsui.
(b) Let € € (S, Z,A,L,K) € Oy be an nonabelian core, and let x. € Irr(U)¢ be defined

as above. Then
Xe = Ind? Inf 9.

Proof. We only prove (a) as the proof of (b) is entirely similar.
By Lemma [3.7, we have that (Xi)o = Ind* Inf (K\Ks) )\g. Thus

X = Infiey Ind” Inf ey Ay

Now we can apply (ZI) to see that Infx, Ind* = Ind* Infx, from which we can deduce the
theorem. O

Remark 3.9. The enumeration of ®* has a significant effect on how the algorithm runs,
as this is used to determine which reductions to make when there may be a choice. The
resulting parametrization of Irr(U)y, consequently depends on this choice of enumeration.

Remark 3.10. We make a slight abuse in the notation xﬁ- In fact, each b; and a; is supposed

to record not just a value in F, and F respectively, but also root indices i and j, so that X5

should read XE& Zjl))((ibjj)g), for corresponding choices of 71,...,%, and ji,...,js indexing

~~~~~~

positive roots.

3.4. Results of algorithm. We have implemented Algorithm in the algebra system
GAP, [GAP], using the CHEVIE package |[CHEVIE]. The algorithm requires us to just
work with ®* and the GAP commands for root systems allow us to do this. We use the
enumeration of ®* as given in GAP.

We have run the GAP program for G of rank less than or equal to 7. For ranks less
than or equal to 4 we are able to deduce a complete parametrization, as the number of
nonabelian cores is low. More specifically, for G of rank 3 or less, or G of type Cy, there
are no nonabelian cores, whilst for the types By and D4 there is one nonabelian core, and
in type F4 we find six nonabelian cores. The nonabelian core for type D4 has already been

encountered in [HLMI], and the core for type By has the same representation theory for
16



p # 2 as the one in type Dy, so these cores have been analysed. The nonabelian cores for
type F4 are analysed in §4.3] and the corresponding irreducible characters are determined.
The resulting parametrization of irreducible characters of Ug,, Uc, and Uy, are tabulated in
the appendix. The parametrization for Up, is contained in [HLMI]. Also we note that the
parametrization of irreducible characters for Up, can be read off from that for Ug,, as Up,
is a quotient of Ugp,. Similarly, the parametrization of irreducible characters of Uc, can be
read off from that for Ug,.

From the parameterizations we can determine the number of irreducible characters of U
of a given fixed degree. In particular, we observe that if G is of rank at most 4 and p is
good, the numbers of irreducible characters of U of degree ¢?, is given by a polynomial in ¢;
moreover, these polynomials are the same as the ones given in [GMR2] Table 3|, where they
are only known to be valid for p > h (the Coxeter number of ). Further we also obtain
expressions as polynomials in ¢ for the number of characters of a given degree for type Fy,
and p = 3; these are given in Table Bl The case of type Dy and p = 2 is covered in [HLMI].

For G or rank greater than 4, the number of nonabelian cores grows, so it is necessary to
develop an approach to deal with these in a systematic way. This should be based on our
analysis of nonabelian cores in the next section and is a topic for future research. In Table
], we present the output from the algorithm including the number of nonabelian cores.

4. NONABELIAN CORES

In this section we explain the methods we employ to analyse nonabelian cores. It is helpful
for us first to deal with certain 3-dimensional groups that arise in our analysis. Then we
outline our general method to deal with nonabelian cores, before explaining how this is
applied to the nonabelian cores in types By and Fy.

4.1. Some 3-dimensional groups. Let f : F, x F, — [, be an F,-bilinear map, which
we assume to be surjective. We define the group V' = V; to be generated by subgroups
Xy ={m(t) |t eF,} =2F, Xo={as(t) |t €F,} 2F,and Z = {2(¢) | t € F,} =T,
subject to Z C Z(V) and [x1(s), x2(t)] = 2(f(s,t)). Then it is straightforward to see that V'
is a nilpotent group and that V = X;X5Z. Moreover, our assumption that f is surjective
implies that the derived subgroup of V is Z.

We quickly explain how to construct the irreducible characters of V.

First we note that the linear characters are given by the characters of V/Z = X; x Xo.
For by, by € IF,, we define x4, p, € Irt(V') by Xp, 5, (21(51)72(52)2(t)) = ¢(b1S1 + bas2), so that
the linear characters of V' are {xs, s, | b1,b2 € Fy}.

For each a € F), we define the linear character \* € Irr(Z) by \*(z(t)) = ¢(at). We
analyse the characters in Irr(V, A*) using Lemma 211 We define X| = {x1(s) € X; |
Tr(af(s,t)) = 0 for all t € F,} and define X/, similarly. Note that X{ and X/ may depend
on a. Since the map F, xF, — F, given by (s,t) — Tr(f(s,t)) is F,-bilinear, we deduce that
X/ and X/, are F,-subspaces of X; = F, and X, = F, respectively, and we have | X]| = | X}|.
Thus we can choose complements X 1 and X2 of X| and X in X; and X respectively. Now

by Lemma 211 (with X = X; and Y = Y;), we see that ¢ ~— Indgqxzz Infigzg/& 1 gives
1

a bijection from Irr(X!X,Z/ X5, \%) to Irr(V, A%). Moreover, we note that X! X}Z <V and

X1 X5Z = X[ X,Z/X,. Finally, we observe that X{X,Z/ker A\* is abelian, so Irr(X] X2, \*)
is in bijection with Irr(X] x XJ}), which is easily described.
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d | k(UF4(q),d)
1 vt 4+ 403 + 602 +4v + 1

05 4+ 60t + 1303 + 1202 + 4o

q
¢ | V84 T+ 200% + 2803 4 1802 + 4u

7 40° + 200* + 3303 + 2102 + 4v

q¢*/310, ifp>5

91/2, if p=3

gt | v®+ 8v7 + 2805 4 58v° + 790! + 6603 + 24v? + 2v, if p > 5

v® + 807 + 2800 + 5905 + 1610v* /2 + 67v3 + 2402 + 2v, if p =3
@ | v+ T8+ 2205 4+ 390 + 3703 + 1502 + 20, if p>5

07+ o8 + 2307 + 410t + 3703 4 1502 + 20, if p=3

¢® | 208 4 1405 + 360 + 4003 + 1702 + 20, ifp>5

200 + 1405 + 36v* + 390 + 1702 + 2v, if p=3

q’ 20°% + 13v° + 320 + 3403 + 130% + 20

¢ | 40° 4 150t + 1903 + 82

q° v° + 7ot + 110 + 50?
q

1014 4+ 303 + 02

TABLE 3. Irreducible characters of U of fixed degree, v = g — 1.

Before considering some particular choices of f, we note that it is straightforward to show
that Vy =V, for a € F; by reparamaterizing Z appropriately.

For f(s,t) = st, we see that V} is isomorphic to Uga,. Clearly we get X’ =Y’ =1 and
then

II‘I‘(V) = {Xb1,b2 ‘ blu b2 € IF‘q} U {Xa ‘ a € F;},

where x* = IndY,, Inf3?# \. Similarly for f(s,t) = st or f(s,t) = (s? — ds)t where d € Fx
is not a (p — 1)th power, we see that X’ =Y’ =1, and Irr(V) is given as above.

The case of major interest to us here is f(s,t) = (s? — ds)t where d € F is a (p — 1)th
power, say d = e~'. Then we find that X| = {x1(s) | s» —ds = 0} = {x1(s) | s € eF,}
and X} = {z2(t) | Tr(atT,) = 0} = {2(t) | t € (d"?/a)F,} using Lemma 221 Now for
c1, ¢o € I, we define the characters A%, , € Ir(X{X57) by A2, (z1(es1)xa((d7P/a)s2)z(t)) =
¢(c181 + ca89 + at). Then we have

Irr(V) = {Xtypn | 01,02 € Fg} U{XE, o, |@a €F ) c1,c0 €L},

a _ |4 X{X2Z a
where x¢, ., = Indy/x, Ian{XQZ/XQ e o
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| Type | Antichains | Abelian cores | Nonabelian cores | Running time

B, 70 80 1(1.23%) T <« 1 sec
C, 70 90 0 (0%) T < 1 sec
D, |50 52 1 (1.88%) T < 1 sec
F, | 105 177 6 (3.28%) T ~ 1 sec
Bs | 252 358 10 (2.72%) T ~ 3 sec
Cs 252 417 1 (0.24%) T ~ 3 sec
Ds 182 214 7 (3.17%) T ~ 1 sec
By | 924 1842 95 (2.00%) T ~ 30 sec
Co | 924 9954 22 (0.97%) T ~ 30 sec
Ds | 672 991 55 (5.26%) T ~ 10 sec
Eg 833 1656 156 (8.61%) T ~ 30 sec
B, |3432 11240 069 (7.94%) T ~ 7 min
Cy 3432 14216 294 (2.03%) T ~ 7 min
Dy 2508 5479 531 (8.84%) T ~ 2.5 min
E; 4160 33594 7798 (18.84%) T ~ 45 min

TABLE 4. Results of the algorithm applied in types B;, C; and D;, i = 4,5,6,7
and Fy, Ex, k =6,7.

4.2. A method for analysing nonabelian cores. Let € = (S, Z, A, £, K) be a nonabelian
core. The set S is a quattern corresponding to the pattern ®* \ A and its normal subset
K. Further, we have Z = Z(S) as € is a nonabelian core and we let Z = {a;,,...,q;,, }.
For each a = (ai,,...,a;,) € (FX)™, we define p = p? : Xz — Fy by pu(z;,(t)) = ay,t for
h=1,...,m. Then A = A2 = ¢ o u2 is a linear character of Xz.

We give a method to analyse the characters in Irr(Xg, A). We note that the nature of the
resulting parametrization and construction of the characters may depend on the choice of a,
and we see instances of this dependence in §4.3] Further we remark that we do not assert
that this method is guaranteed to work for any nonabelian core, though it does apply for all
the cores that we consider in §4.3]

We set V = Xg/kerpu and Z = Xz/kerpu. Since, ker p C ker A we have that A\ fac-
tors through Z and we also write \ for this character of Z. Then we have a bijection
between Irr(V, A) and Irr(Xs, \) by inflating over ker pu, and we work with Irr(V, \) rather
than Irr(Xs, ). Given a € S\ Z we identify X, with its image in V.

We aim to find subsets Z and J of S\ Z such that the following hold.

o 7| =1TI;

o I = Xs\7Z is a subgroup of V;

oY =X7<Z(H); and

e Y 7 is a normal subgroup of V.
We note that this implies that

e X = X7 is a transversal of H in V.

We would like to apply Lemma 2] (the reduction lemma), and conditions (i)—(iv) do hold,

but condition (v) may not be satisfied, so we aim to adapt the situation slightly.
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We consider the inflation i of A to Y Z and let A= ¢ o j1 be the inflation of A to Y Z. For
v € V, we consider the map v, : Y — F, given by ¢,(y) = fi([v,y]). Since YZ is abelian
and YZ <V, we deduce from the commutator relations that 1, is F-linear. We let

= [ ker(vy) = {y € Y | "ialy) = iu(y) for all v € V}.

veV

Then Y is an F -subspace of YV = ng'. Also, we define
H = Staby (i) = {v eV | 4= i}

Then H is a subgroup of V and H = X'H for X' = {# € X | *i = i}. By considering
the V-orbit of ;1 in the spaces of homomorphisms from Y'Z to F, and then applying the

orbit-stabilizer theorem one can show that | X'| = |Y”|.

We write Z = {aj,, -, ;. } and J = {ou,, -+, g, }, where j; <--- <j.and k; <--- <
k.. In general, Y and X’ can be determined by the following equation,
(41) :&([xakl (Skl) Loy, (Skr>7 Loy, (tj1> T Ty, (tjr)]> = 0.
We note that as the map v, for x € X is F -linear the left hand side of Equation (4.1l)
is linear in si,,...,sk.. Therefore, the solutions of the equation in sg,,..., sk, for every
tj,...,t; form an F, -subspace of Y, which determines Y.

Under an addltlonal assumption on Y, we are able to apply Lemma 2.1] in the following
lemma. We define H to be the preimage of H in Xs.

Lemma 4.1. Suppose that there erists a subgroup Y of Y such that Y = Y' xY and
[(X,Y] CYZ. Then we have a bijection

Irr(H/Y, \) — Irr(V, \)

X — Indv InfZ

Consequently we have a bijection

Irr(H /Y, \) — Irr(Xs, )

X — IndXs Ian/Y X
Proof. We want to check that H, X,Y and Z, satisfy all the assumptions of Lemma 2.1] as
subgroups of V' with respect of A € Irr(Z). Clearly we have that Z < Z(V) and YNZ=1.
By assumption, we have that X normalizes Y Z, and we have that H centralizes Y Z, so
YZ <4V. Since Y <Y < Z(H), we have that Y is normalized by H. By definition of X / we
have that X' normalizes Y. Along with the assumption that [X, Y] C YZ, we deduce that
X’ normalizes Y. Hence Y <0 H.

Now, we are left to check condition (v) of the reduction lemma. We write A € Irr(Y Z) for
the inflation of A to Y Z, and note that A = A|s,. Let X be a transversal of H in V. Assume

that '\ = #2) for 71,42 € X. Let y € Y and z € Z and write y = /¢, where ¥/ € Y’ and
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In the above sequence of equalities we use that A(y®) = 5\( ") = My'™) by definition of Y’
and that #1)\ = &2, Hence, we have 172 "\ = >\ SO x1x2 € X’ and thus 77 = 75 as Xisa

transversal of H in V.
We can now apply Lemma 2.1 to deduce the bijection. U

We note that if [X,Y] C Z, then we take an arbitrary complement Y of Y’ in Y, and the
assumption [X,Y] C Y Z is obviously satisfied.

We remark that the parametrization of characters resulting from Lemma [A.T] does not
actually depend on the choice of Y. This can be shown by observing that the restriction of
Indg Infg v X to Y'Z is a multiple of y viewed as a character of Y'Z.

If the condition in Lemma [ 1lis satisfied, then we have that Y is central in H/Y . In fact,
Y’ is centralized by H, and [/, '] = 1 for every 2’ € X’ and ¢’ € Y, because we have taken
the quotient by ker(u).

Remark 4.2. Suppose that Lemma [A.1] applies and let ¢ € Irr(ﬁ[ / Y, A). Then we have that
Inds It iy ¥ € Irr(Xs), and

¢ =Ind%, IanSU’C IndXS Infg/y Y € Irr(U)e

by Theorem [3.8 Since Xx < U, we have that HXj is a subgroup of U, and we have
Xx <9 HX. Then using similar arguments to those in Lemma [3.7] we can show that

" U AX

¢ =Indgy, Ian/}’,C .
In §4.3] we apply this argument (sometimes iteratively) to show that each irreducible char-
acter considered there can be obtained as an induced character of a linear character.

Consider the case Y’ = 1 for all choices of A, and Y is normal in H. We have H/Y =

Xs\(zug)- Defining

¢ = Ind"" Infr 7 ¢,
for ¢ € Irr(Xs\(zug)), sets up a bijection from Irr(Xg\(zu7)) to Irr(U)e.

4.3. The nonabelian cores for types B, and F,. For G of type B4 there is one nonabelian
core and for G of type Fy, there are six nonabelian cores. We analyse these case by case
using the method given in §4.2] and we use the notation introduced there.

For the nonabelian core in Up, and for one of the nonabelian cores in Up,, we find Z and

J such that Y' =1 for all a € F}?, and Y is normal in H with H/Y abelian. For such a core
21



Cwelet S\ (ZUJ) = {an,,...,an,}, and for b= (bs,,...,by,) € F;, we let A} € Irr(H) be
linear character defined by )\g(zahj (1)) = ¢(bp;t) for j =1,...,s, and A\j|x, = A% Let

Xg = Ind*“Z Infx, 7 )\i.
Then using Remark 2] we see that
Ir(U)e = {x; | a € F7',b € Fy}.

For these cores we include no further details, and just give Z and J in the tables in the
appendix.

Below we consider the remaining nonabelian cores in U = Up,. We denote these cores
by €1, €% ¢ ¢? and €°. For each €' = (S, Z, A, L,K) we give S, Z, A and L; we note
that I can then easily be determined. Then we analyse Irr(Xs)z before explaining how
this parameterizes Irr(U)g and how these characters can be obtained by inducing linear
characters using Lemma [£.T] and Remark

The nonabelian core in €. This core occurs for ¥ = {ay;, a13}, and we have

S = {Oél,CYz,044,as,046>Oé7,a9>0410>0411,a13},
e Z = {Oé5,@10,0(11,0(13},

o A={az} and
o L={a+8}.
Using the method of §4.2 we take
[ ] Y = XQXGXQ,
o X = X X, X; and then we have that
e H=YZ.

In this case Equation (4.1]) is
32(—a5t1 + a10t7) + 86(a10t4 — a13t7) + Sg(—&lltl + a13t4) = 0.

For ay; # asa?y/a3,, we have Y’ = 1 and Y is normal in H. Then as explained in Remark
we get the family of characters

I (U)g = {x™> @™ | a5, ar, ajy, arg € Fg.an # as(a13/a1)’} C Irr(U)er,

where
Xa5,t110,t111,t113 — Il’ld'AUI IanCUJ )\95:410,011,013

We have that Irr(U)g, consists of (¢ — 1)*(q — 2) characters of degree ¢*.
For a;; = asaly/aiy, we have X' = Xy47 = {z147(t) | t € F,} and V' = Xy469 =
{z269(s) | s € F,}, where

1’1,477@) =T (a%ot)m(a5a13t)x7(a5a10t), and 1’2,679(8) = 1’2(a§38)l’6(a10a138>$9(—a%08>.

We can take any complement of Y’ in Y, and we choose Y = X,Xy. Then we have H / Y =
X'Y'Z, which is abelian. For by 47,b269 € F,, we define A\;>"%%* ¢ Irr(X'Y’Z) by extending

b1,4,7,b2,6,9

>\a5,a10,a137 and setting >\a5,a10,a13 (I174,7(t>) = ¢(b174,7t) and >\a5,a10,a13 (Igﬁ,g(t)) = (ﬁ(bg’&gt).

b1,4,7,b2,6,9 b1,4,7,b2,6,9
Then as explained in Remark 4.2 we get the family of characters
2 _ a5,410,a13 X
II"I"(U)@ = {X 5 | as, aig, 413 € Fq ,617477, 627679 c Fq},

b1,4,7,b2,6,9

where )
as5,a10,a13  __ U HXy yas,a10,013
Xb1,4,77b2,6,9 - IndHXK Infﬁ/ff )\b1,4,77b2,6,9'
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We have that Irr(U)3, consists of ¢*(¢ — 1)® characters of degree ¢®.
We have that Irr(U)er = Irr(U) g U Irr(U)2, and this gives all the irreducible characters
corresponding to €1,
The nonabelian core ¢2. This core occurs for ¥ = {ai2, 16}, and we have
° S = {alu Qg, a3, 05, (g, O7, A8, (g, (10, (12, a16}7
o Z = {ag, a9, 12, 15},

o A={a} and
o L = {Oélg}.
Using the method of §4.2, we take
o YV = X5X6X10,
o X = X ;X53X; and then we have that
e H=X,YZ.

In this case Equation (1)) is
85(a8t3 —+ CL12t7) + 56(—a8t1 — 2a9t3) + 510(—a12t1 + 2&16t7> = O

For ais # aga?,/a?, we have Y’ =1 and Y is normal in H. Further, H/Y = X,Xz, so as
explained in Remark we get the family of characters

Irr(U)ge = {XZS’GQ’GH’GTS | as, ag, arz, ais € B ajg # ag(ara/as)?, by € Fo} C Irr(U)ee,

where
X io = Ind A7 Infie g Aps o,
and )\Z:’ag’alz’a% € Irr(H/Y) is defined in the usual way. We have that Irr(U)}, consists of

q(q — 1)3(q — 2) characters of degree ¢*.
Now suppose ajg = agaly/ai. We have X' = {x137(t) |t € F,} and Y’ = {@5610(5) | s €
F,}, where

137(t) = ZL’l(2&90,12t)l’3(—ag&lgt)l’7(a,§t) and x5610(s) = zg,(2a9a123)x6(a8a128)x10(—ags).
We can talge any complem~ent~ of Y in Y and we choose Y = X5X19. Then we have H / Y =
XoX'YZ)Y and Y' C Z(H/Y).

A computation in H/Y gives
[22(8), x1.47(t)] = T5610(—5t).
Therefore, H/Y is a direct product of Z and X, X'Y/Y. Further X,X'Y/Y is isomorphic to

the three dimensional group Vy for f(s,t) = —st from §4.11
We label the linear characters of XoX'Y /Y by 4,4, .. By tensoring these characters with

A%8:29:912 and then applying Ind% Xe Infg‘;i!f we obtain the family of characters

Irr(U)ge = X237 | as, ag, a1z € Fo 02,0137 € Fy},

b2,b1,3,7

which consists of ¢?(¢ — 1)? characters of degree ¢°.
We write \?%:@9:912,:05.6.10 for the linear character of X’'Z defined in the usual way. By

applying Ind¥.y Xy Inffl;;éz XK to these linear characters we obtain the family of characters

II"I"(U)?éz = {Xag,ag,am,as,ﬁ,lo | as, g, A2, a576,10 € F;},

which consists of (¢ — 1)* characters of degree ¢*.
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We have Irr(U) gz = Irt(U) g2 Ul (U) 2, UIrr (U) 32 and this gives all the irreducible characters
corresponding to €2

The nonabelian core €3. This core occurs for ¥ = {aqy, a15}, and we have

o S ={a, oy, a5, a7, g, a1g, 11, 14, Q15
o Z = {0410>0414,CY15},
o A={ay,a3,a5} and
o L= {a9>a12>a13}~
Using the method of §4.2 we take

o YV = X X7 X1,
e X = X5, X, Xy and then we have that
e H=Y/.

In this case Equation (1) is
36(a10t4 + 2a14t8) + 87(—&10t2 + a15t8) + 811(—a14t2 + a15t4) = 0.
For p > 5, we have Y’ = 1 and Y is normal in H. So as explained in Remark .2 we obtain

IYY(U)§325 = {X"" | ayg, arg, a15 € Fyy }

by applying Ind*“Z Infx s to the characters in Irr(Xs\(zugy)z. We have that Irr(U )7@325
consists of (¢ — 1)? characters of degree ¢°.
Now suppose p = 3. We have X' = {z245(t) | t € F,} and Y' = {z6711(s) | s € F,},

where
1’2,478@) = x2(a15t)x4(a14t)x8(a10t) and I677’11(S> = xﬁ(a15s)x7(a14s)x11(—alos).
We can take Y = XsX11, and we have ]:I/ff >~ X'Y'Z is abelian. This yields

p=3 _ a10,014,015 X
IYY(U)¢3 = {Xb274’87b6’7711 | @10, @14, 015 € Fq ybaag, be711 € Fq}

where these characters are obtained by applying IndUHX’C Infgff’f to the linear characters
AQ0:aL015 - of 1T Y which are labelled in the usual way. We have that Irr(U)%5° consists of

b2,4,8,b6,7,11 ¢3

q*(q — 1)3 characters of degree ¢°.

The nonabelian core ¢*. This core occurs for ¥ = {a11, 212, 013}, and we have
S = {Oél,...,Oélg},
e Z=>3= {041170412,0413}7
e A= and
o L=0.
Using the method of §4.2, we take
o YV = X5XgXgXy,
o X = X ;X3X,X; and then we have that
o H= XQXGYZ
In this case Equation (4.1]) is

85(—a11t§ + &12t7) + 88(—20,11t3 + a12t4) + Sg(—&lltl + a13t4) + 810(—a12t1 — a,lgtg) = 0.
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For p > 5, we have that Y/ =1, and Y is normal in H. Also we have H/Y = X, X¢X z is
abelian. For by, bs € F, we let Ay € Irr(Xs\(zug))z be the linear character with the
usual notation. Then as explained in Remark we obtain

p>5 __ a11,012,a13 X
Irr(U)Q:AL - {Xb2,b6 ‘ aii, a12, 013 S IFq ) b27 bﬁ S ]Fq}7

where x;15#2* = Ind* Infuz A9 We have that Irr(U)57° is a family of ¢*(q—1)°
characters of degree ¢*.

Now suppose p = 3. We have X' = {z;3547(t) | t € F,} and Y’ = {z5910(s) | s € F,},
where

z1347(t) = 21(a13t)z3(—arat)zs(ant)rr(—agai2t?) and

Is,g,lo(s) = !178(@138)939(—alzs)xlo(alls)-

We can take Y = X;X35Xy, and we have H/Y = X,X¢X'Y Z/Y. By Lemma A1l we have
Irr(V, A) is in bijection with Irr(H /Y, \).

We continue by considering Irr(H /Y, \) and note that Y lies in the centre of H/Y . For
agg10 € F, we let \%910 be the extension of A to Y'Z with A\%910(xg910(t)) = d(age,10t)-
Then Irr(lfl/f/, A) decomposes as the union of Irr(ﬁ[/}}, A89.10) over agg 19 € F along with
Irr(H /Y, \).

A computation in H/Y gives

[26(5), 1,34,7(t)] = x8,9,10(51).

Now by Lemma 2.l we have that Trr(H /Y, A%910) is in bijection with Trr(X,Y Z/Y, \®s9.10),
Further, We~have that XoYZ/Y = X,Y'Z is abelian, and we label the linear characters in
Irr(XoY Z)Y, A%8010) as A2 02959910 in the usual way. This gives the family of characters

1,p=3 __ a11,a12,a13,a8,9,10 X
IYY(U)¢4 = {Xb2 | a11, a12, a13, agg 10 € F., b € Fq},

a11,a812,a13,08,9, XoX'Y Xz Xk y@11,0212,813,a8,9,
where by Remark .21 we have y;." "> = Ind§_ vy x, x, IanQYZ/YZ A Vi
2

We have that Irr(U) 7~ consists of q(¢ — 1)* irreducible characters of degree ¢*.

It remains to consider Irr(H/Y,\). We have H/Y = X, X' XY Z/Y and X is central
in H/Y. For ag € Fx, we let A% be the extension of A to X¢Z with A% (z4(t)) = d(ast).
Then Irr(H /Y, \) decomposes as the union of Irr(H/Y,\%) over agg19 € F along with
Irr(H /XY, \).

A computation in H/Y gives

[l’g(t), 1’1737477(8)] = zg(—algst)xll (a%zalgs?’t).

Let p% : X¢Z — F,, be such that \* = ¢ o ug. Then we see that the quotient
H/Y ker pu% = X, X' XY Z/Y ker p is isomorphic to the three dimensional group V; where
f(s,t) = aiot(ariarzaizs® — ags) given in §I, and of course we have Irr(H/Y,\%) =
Irr(H /Y ker %, A%).  Thus we can apply the analysis of Irr(V;) in &I We let d =
a6/ a11012013.

Suppose first that d is a square in F,. In this case we write a;¢ for ag. We let W’ =

{x1347(ds) | s € Fs} and Wy = {z2((d"?/analar3)t) | t € F3}, and define the linear
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characters Aeiy5 i for ¢1 347,00 € F3 of WWoXsY Z/Y as in §411 Then we get the
family of characters

2,1,p=3 __ ai1,a12,a13,a X
Irr(U) g = {xe e | an, arp, a13 € By a16 € a11a12a135,, ¢1 347, 2 € F3},

€1,3,4,7,C2
where
XL = I, oy s e I Xy 27 AR
and S, denotes the set of nonzero squares in F,. We have that Irr(U )i’f’p =3 consists of

9(q — 1)*/2 characters of degree ¢*/3,

Suppose now that ag/ai11a12a13 a nonsquare in F,. In this case we write agg for ag. We
write \911#12:013:02.6 for the linear characters of XgY Z/Y in the usual notation. Then we get
the family of characters

ITT(U)i’f’p:g = {xmrm a2 | gy s € B\ (a110120139,), @11, G12, a13 € T,

where

Ian’XchXzX)C )\ 311,012,013,02,6

a11,a12,013,42,6 __ U
X = IndX’XgYXZXK XY Z)Y

We have that Irr(U )i’f’p =3 consists of (¢ — 1)*/2 characters of degree ¢*.
Similarly, we can analyse Irr(H/XgY, A) using the arguments for the three dimensional

group V; where f(s,t) = ajjaiyai3s*t. Therefore, we get the family of characters

Irr(U)i’f:?’ = {x"" | ayy, arp, a13 € Fyy },

where the characters are given by

411,012,013 __ U X'XeY XzXx yai1,a12,a13
X =Indy yyy x x, IanGYZ/XgY A

We have that Trr(U)27= consists of (¢ — 1)® characters of degree ¢*.
Putting this together we obtain

Ir(U)ge” = Ir(U) = U T (U) g 7= U Ter (U) g U Tee (U) .

(o (o ¢4 ¢4 ¢4

The nonabelian core €°. This core occurs for ¥ = {a19, a3, a14}, and we have
e S= {041,043,044,045,046,0477048,04970410,04127041370414}7
e Z=>= {041270413,0414},
o A={a} and
[} ,C = {Oéll}.
Using the method of §4.2 we take
[ ] Y = X1X7X8Xg,
o X = X, X5XX 0 and then we have that
e H=X3YZ.
In this case Equation (4.1) is

81(—@14ti + algtlo) + S7(—CL12t5 + a13t6) + 58(a12t4 — 2@1415(;) + Sg(a13t4 + a14t5) = 0.

For p > 5, we have that Y’ = 1, and Y is normal in H. Also we have H/Y = X3Xz
is abelian. For b3 € F, we let \;>*>"* € Irr(Xg\(zug))z be the linear character with the
usual notation. Then as explained in Remark we obtain

ITT(U)IQ);?E’ = {x5, M | arp, a13, 014 € F b3 € Ty,
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where y; "1 = Ind*Y% Inf 7 Mgy 444 We have that Irr(U)’é25 is a family of ¢(¢ —1)3
characters of degree ¢°.
Now suppose p = 3. We have X' = {x45610(¢) | t € F,} and Y' = {x759(s) | s € F,},

where
T4,56,10 = 24(—arat)zs(ast) e (arat)z10(arza14t®) and 2789 = T7(a145)Ts(—a135)T9(aA125).

We can take Y = XX, X, and we have f[/f/ = XgX’YZ/f/. By Lemma (4.1, we have
Irr(V, A) is in bijection with Irr(H /Y, A).
A computation in H/Y gives

[23(5), Ta56,10(t)] = 2789(—5t).

We notice that H/Y is a direct product of Z and the 3-dimensional group X3X'Y/Y =
X3X'Y'. Then the analysis in &Il applies with f(s,t) = —st.
We label the linear characters of X3X'Y/Y by X, p,54.0- By tensoring these characters

with A\212:@13:914 and then applying IndY, Xk Infgji’f we obtain the family of characters

,p=3 a12,a13,a14 X
Il"l"(U) = {x | 12,413,014 € F,b3,045610 € Fy},,

b3,b4,5,6,10

which consists of ¢?(¢ — 1)3 characters of degree ¢*.
We write \%12:13:914:0789 for the linear character of Y'Z defined in the usual way. By

applying Ind%,y Xzxe M f))f Zifz XK to these linear characters we obtain the family of characters

ITT(U)Q%?_?) = {\"IOITE | a1y, a13, a14, argo € Fy
which consists of (¢ — 1)* characters of degree q°.
We have Irr(U)2:° = Ire(U) 8= U Trr (U) 2=

APPENDIX: TABLES OF PARAMETRIZATION OF Irr(U)

This appendix contains a parametrization of the irreducible characters of Ug,, Uc, and
Ur, when p is not a very bad prime for U, that is p # 2.

The notation in the tables is as follows. The first column corresponds to the families of
the form Fy, where Fy, is the family of irreducible characters of U arising from an antichain

3. The second column contains character labels for those families as explained in Sections
and [l For a fixed core (S, Z, A, L, K), we define

Ia=fic{l, . |8} | o€ A,

and define I, similarly. The third column contains /4 and I,. We note that I can be
determined from A, £ and the labels of the characters. For the abelian cores, we recall
that the irreducible characters in the family are obtained by applying Ind” Infx to the linear
characters in Irr(Xs)z. We use the bold font to identify nonabelian cores. In these cases,
we also use the second column to give any relation between the indices and the third column
to give some information on the construction of these characters. In the case where we
have Y/ = 1 and Y is normal in H, we give I; and I; in the third column, as in this
case the irreducible characters are given by applying Ind*“Z Inf 7 to linear characters in
Irr(Xs\(zu7))z. In other cases, we refer the reader to the relevant part of §4.31 Finally,
the fourth column records the number of irreducible characters in a family corresponding to

some character labels, and the fifth column records their degree.
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Parametrization of irreducible characters of Ug,

| F | X | 1 | Number | Degree |
Flin Xb1,b,b3,bs q* 1
Fs x5 Iq={1}, I =12}, qg—1 q
Fe x*6 I4={2}, Ip =13}, qg—1 q
Fr X7 Ta={3}, Ir=1{4}, g—1 q
Fs XEQS Ia= {1}7 Ip = {5}7 q(q - 1) q
Fo ng -[.A:{173}7 Ic :{576}7 Q(q_l) q2
Fio XZ;O Ia={2,4}, 1o ={6,7}, q(g—1) q2
Fi1 Xg;,lbr) b I4={1,3}, I ={8,9}, #lqg—-1) | ¢
Fi2 X 6912 Ia={1,3,4,7}, (q—1)2 |4
I, ={2,5,9,10},
Xzzl?bq Ia={1,4,7}, I ={5,9,10}, q2(q —1) q3
Fis X;j;_gbq Ia=1{2,506}, Ir=1{89,11}, q2(q —1) q3
Fia Xg;:l?ﬁlﬁ,m Ia=1{1,3,4,7}, qg(q - 1)2 q4
Ir ={5,8,11,12},
XZ;’E; I4={1,3,4,7}, q2(q - 1)2 q4
I, ={2,8,11,12},
Xzzlflbq bs.,b1g Ia={1,4,7}, I ={8 11,12}, q4(q —1) q3
Fis XZ;}Z;;E; Ia=1{1,2,4,5,8}, qg(q - 1)2 q5
I, =1{9,10,12,13,14},
52:1?715 Ia= {172747 578}7 q2(q - 1)2 q5
I, ={6,10,12,13,14},
X;fflli,?”bs,b? Ia=1{2,4,58}, q4(q -1) q4
I, =1{10,12,13,14},
Fie XZS:Z:G Ia={1,3,6,7,9,10}, q2(q - 1)2 q6
I, ={5,11,12,13, 14, 15},
X1 I4=1{2,3,6,7,9,10}, qlg—1)2 | ¢
I, =1{1,11,12,13, 14, 15},
lel?b%lm I4=1{3,6,7,9,10}, qg(q -1) q5
I, ={11,12,13,14, 15},
F1,6 x1oae Ia=1{2}, Ir=1{3}, (¢ - 1)2 q
Fi,7 xer ITa={3}, Ir=1{4}, (¢ - 1)2 q
F1,10 g;’am Ia={2,4}, 1o =1{6,7}, q(q - 1)2 q2
Fa7 X7 Ta={3}, Ip={4} (¢—1)° q
F3.5 X35 Ta={1}, Ir=1{2}, (¢ - 1)2 q
F3.8 ng’as Ia={1}, Ir={5}, q(q— 1)2 q
Fas X495 Ta=A{1}, Ip={2}, (¢—1)° q
Fa6 xeae Ta=A2}, Ip={3}, (¢—1)° q
Fas | 0™ Ta=A{1}, I = {5}, a@—1)?* |«
Fa9 ng’ag Ia={1,3}, Ic={5,6}, q(q - 1)2 q?
Farr | [ Ta=1{L3}, =159 P17 [ 7
Faaz | xptpn® I4a=12,5,6}, Iz =1{8,9,11}, | ¢2(q—12 | ¢
F5.6 XZS’% Ia={1}, I ={2}, q(q— 1)2 q
Fs.7 X157 Ia={2,4}, 1o ={1,3}, (-1 |4
F5,10 Xp. pal Ia={2,4}, I ={6,7}, -1 ¢
Fe.,7 ng,aw Ia={2}, I ={3}, q(q— 1)2 q
Fe6,8 X648 I4={1,3}, I ={2,5}, (¢ — 1)2 q°
Fr.8 Xpa Ta={1,4}, I ={3,5}, ql¢—-1% | &
Fr.9 XZ;_ff Ia={1,3}, I ={5,6}, q2(q - 1)2 q?
Fri1 ?:27:5411175 bg Ia= {173}7 Ip = {879}7 q4(q - 1)2 q2
Fras | x, Ia=1{2,4,5,6}, a@-17* | ¢*
I, ={3,8,9,11},
Fs,9 Xpo " Ia={1,3}, I ={5,6}, aq-1)? | &
F8,10 X;f"a]o Ia={1,2,4}, I ={56,7}, q(g—1 2 7
Fgaz | x"098:12 Ia=1{1,3,4,7}, (¢g—13 |4
I, =1{2,5,9,10},
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| F | X | 1 | Number | Degree
XZS;S:Z Ia={1,4,7}, I ={5,9,10}, q2(q_ 1)2 7
Fo,10 ng,am Ia=1{2,3,6}, I ={1,5T} q(q - 1)2 ¢
F10,11 lejsm,au Ta={1,2,3,4}, a(g—1)? | ¢
I, ={6,7,8,9},
F10,13 Zf’am’alg Ia={2,4,5,6}, a(g—17° |4
I, =1{3,8,9,11},
X;tj]wl;slbi ITa={2,5,6}, Ip=1{89,11}, qfi(q - 1)2 ¢
Fi1,12 ?:2131;512 Ia=1{1,3,4,7}, q2(q_ 1)2 q4
I ={5,8,9,10},
Fi12,13 X§;2’a13 Ia={1,2,4,5,6}, q(q - 1)2 ¢
I, =1{7,8,9,10,11},
F13,14 Xg;o’aw’am 14 =1{1,5}, Iz ={2,4,8}, a(g— 1)3 l]5
Ip ={9,12}, I7 = {6,7,11}.
XO7:%13,014 I, =1{1,4,5,8,11}, (g—1)° q°
I, =12,3,6,9,12},
X?SI%’ZM Ia={1,5,811}, q2(q_ 1)2 q*
I, =1{2,6,9,12},
Fi2,7 | x40 Ia={3}, I ={4}, (q—1)3 q
Fia6 | X046 Ta=A{2}, Ip={3}, (¢—1)% q
Frer | x "0 Ta={2}, Ir={3}, a(@—1)° |q
F3,45 | X939495 Ta=1{1}, I ={2}, (a-1°% |gqg
F3,a,8 | Xpo '8 Iqx={1}, I ={5}, q(¢—1)3 |gq
Fa,5,6 XZ;L’GS’GG Ia={1}, I =12}, q(¢—1)3 |gq
F4,6,8 X 496,98 I4={1,3}, In ={2,5}, (g—1)3 q°
]:4,8,9 X;j;"as’ag -[.A = {173}7 IC = {576}7 Q(q - 1)5 q2
-7‘—5,6,7 Xx5:96,97 Ia= {274}7 Ip = {173}7 (q - 1)3 q2
-7‘—6,7,8 ng,a7,ag Ip= {173}7 Ip. = {275}7 q(q - 1)3 q2
]:7,8,9 X;j;ff’ag -[.A = {173}7 IC = {576}7 q2(q - 1)3 q2
-7‘—8,9,10 ij,ag,aw Ip= {27576}7 Iy = {1737 7}7 q(q - 1)3 q3

3.

TABLE 5. The parametrization of the irreducible characters of UB4(q), where
q=p°andp>

Parametrization of irreducible characters of Ug,

| F | X | 1 | Number | Degree |
Flin Xb1 ,bo,bs, by q* 1
Fs x5 Ia= {1}7 Ip = {2}7 qg—1 q
Fe X6 Ia= {2}7 Ip = {3}7 qg—1 q
F7 X7 Ia= {3}7 Ip = {4}7 qg—1 q
Fs ng Iq= {2}7 Ip = {5}7 q(q - 1) q
Fo XZQQ Ia= {173}7 Ip = {576}7 q(q - 1) q2
F10 XZ;O Ia= {274}7 Ip = {67 7}7 (I(q - 1) q2
Fi1 Xlel Ia= {2737 6}7 Ip = {5787 9}7 q(q -1 q3
Fi12 X612 Ia= {1737 4, 7}7 (q - 1)2 q4
I, ={2,5,9,10},
XZQZ;,% Ia= {1747 7}7 Ip = {5797 10}7 q2(q - 1) q3
Fis Zf’ala Ia= {2737 6}7 Ip = {5797 11}7 (I(q - 1)2 q3
X513 Ia= {2737 6}7 Ip = {1797 11}7 (q - 1)2 q3
Xlesbz Ia= {376}7 Ip = {97 11}7 q2(q - 1) q2
F1a by I4={1,2,4,57}, -2 | &
I, ={6,8,10,11,12},
Xleflb_%be Ia= {2747 3, 7}7 qS(q - 1) q4
I, ={8,10,11,12},
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| F | X | I | Number | Degree
Fis e T4 =1{2,3,4,6,7,10}, qlg—1)2 |48
I, ={5,9,11,12,13, 14},
x@5:15 Ia=12,3,4,6,7,10}, (q—1)2 | ¢
I, ={1,9,11,12,13, 14},
XZII?EQ I4=1{3,4,6,7,10}, q2(q -1 (]5
I, ={9,11,12,13,14},
Fie ng;,alg,aw Ia=12,3,4,6,7,10}, q(q— 1)3 q°
I, ={5,9,11,12, 14,15},
x4 a6 | Iy ={2,3,4,6,7,10}, (q—1)3 q°
I, ={1,9,11,12, 14,15},
Xlefb’;lG Ia=1{3,4,6,7,10}, q2(q_ 1)2 (]5
I, ={9,11,12,14,15},
;jlllv“lﬁ T4 =1{2,3,4,6,7,10}, qlg—1)2 | ¢°
I, ={5,8,9,12,14,15},
Xpot90e10 T4 =1{1,4,57,10}, qlg—1)3 | ¢°
I, ={2,6,12, 14,15},
XZ?:;?;EG Ia=1{2,4,7,10}, q3 (¢ — 1)2 (]4
I, ={5,12,14,15},
Xpy 10 Ia=1{1,3,4,7,10}, al@-1?* | ¢
I, ={5,6,12,14,15},
Xpopo T4 =1{2,4,7,10}, Pg—1)2 | ¢
I, ={3,12,14,15},
Xpo e T4 =1{2,4,7,10}, qlg—1)2 | ¢*
I, ={1,12,14,15},
Xt S b Ia={4,7,10}, Ip={12,14,15}, | ¢*(¢—1) | ¢°
-/—‘1,6 X196 Ia= {2}7 Ip = {3}7 (q — 1)2 q
Fir X7 Ta=A{3}, Ir=A{4} (@—1> |4
F1,10 Xgi7a10 Ta=A2,4}, 1o ={6,7}, q(q— 1)2 q°
Far X2 Ia={3}, Ipr=A{4}, @-1> |4
-/—‘3,5 X395 Ia= {1}7 Ip = {2}7 (q — 1)2 q
F3.8 ng,ag Ia= {2}7 Ip = {5}7 (I(q - 1)2 q
Fas | X% Ia={1}, Ir={2}, @-1> |4
Fae | x4 Ia={2}, Ir={3}, @-1° |4
Fas ng’as Ia= {2}7 Ip = {5}7 (I(q - 1)2 q
Fa0 XZ;7GQ Ia={1,3}, I ={5,6}, q(q— 1)2 q2
Fa,11 a14,a11 Ia=1{23,6}, Ir=1{5,8,9}, q(q— 1)2 q3
Faas | xp 0" | Ia={2,3,6}, I = {5,911}, a(q—-1°* | ¢
XZj’Z‘:;alS Ia=1{23,6}, I =1{1,9,11}, (g - 1)3 q3
Xb, 71,2‘ Ia={3,6}, Io=1{9,11}, q2(q - 1)2 q
Fse | xG."° Ia={1}, Ir={2}, a(¢—1* |gq
-/—‘5,7 X597 Ia= {274}7 Iy = {173}7 (q — 1)2 q2
Fs,10 XZ?;;O Ia={2,4}, 1o =16,7}, q2(q - 1)2 q°
Fer | 0" Ia={2}, Ir={3}, a(¢—1D* |gq
Fe.8 | Xp by Ia={2}, Ic={5}, (¢=1)7°q
Fr.8 Z:’ag Ia={2,4}, I ={3,5}, q(q— 1)2 q2
]:7,9 527’549 Ia :{173}7 Ip = {576}7 q2(q_1)2 q2
Fria1 XZ:,{,ZH Ia=1{2,3,6}, I ={58,9}, q2(q - 1)2 a3
Fras | X pr ™ | Ta=1{2,3,6}, Ir = {5,9,11}, PN
ng,a7,a13 Ia=1{2,3,6}, Ir=1{1,9,11}, q(q— 1)3 g
XZ?}?;%M Ia={3,6}, Ic=1{9,11}, qB(q - 1)2 q?
F8,9 XZ.?GQ Ia={1,5}, I ={2,6}, q(q— 1)2 q°
Foao | Xm0 | Ta= 134}, Tz = 5,6}, Fa-17 [ &
-/—‘8,12 X 698,912 Ip= {1737 475}7 (q - 1)3 q4
I, ={2,7,9,10},
23’1?312 Ia={1,4,5}, I =1{7,9,10}, q2(q_ 1)2 g3
F9,10 ijam Ia= {2737 6}7 Ip = {1757 7}7 q(q - 1)2 q3
F10,11 Xgllob’flbl? Ia=A2,3,6}, I ={538,9} q3(q - 1)2 q3
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| F | X | I | Number | Degree
F10,13 Xg(fllol;jlbi_b Ia=1{2,3,6}, I ={7,9,11}, q4(q - 1)2 q3
F11,12 XZ;}I;;IH Ia=1{1,3,59}, q2(q - 1)2 q*
I, ={2,6,8,10},
F12,13 XZ;?I;Z};S Ia=1{1,3,59}, qS(q - 1)2 q*
I, ={6,7,10,11},
F13,14 X;jllfl;;‘l‘* I4=1{2,5,6,8,11}, ?(g—1)2 | ¢
I, ={3,7,9,10,12},
Fi27 | xovezar Ta=1{3}, Ir={4}, (g—1)3 q
Fiae | x40 Ta={2}, I ={3}, (g—1)3 q
Frer | x0T | Ta={2}, I ={3}, a(¢—1° |gq
F3a5 | X939405 Ia={1}, 1o =1{2}, (¢—1)? q
Fzas | x0"" Ia={2}, I ={5}, a(¢—17 |q
Fase | X2 "00C Ia={1}, Ir={2}, a(g—1)° |4
Faes | g™ | Ta={2}, I ={5}, (—1)7° | ¢q
-/—‘4,8,9 XZ?GS @9 Ip= {175}7 Iy = {276}7 (I(q - 1)3 q2
Fs5.6,7 X?5%6,97 Ia= {274}7 Ip = {173}7 (q - 1)3 q2
]:6,7,8 Z,:;,a7,ag Ia= {274}7 Ip = {37 5}7 q(q - 1)3 q2
-/—‘7,8,9 X798:99 Ia= {1747 5}7 Iy = {2737 6}7 (q — 1)3 q3
-/—‘8,9,10 ng,ag,alo Ip= {2737 6}7 Iy = {1757 7}7 (I(q - 1)3 q3

TABLE 6. The parametrization of the irreducible characters of UC4(q), where
q=p°and p > 3.

Parametrization of irreducible characters of Uy,

| F | X | I | Number Degree
Flin Xb1 ,bo,bs,bs a* 1
Fs x5 Ia={1}, Ip={2}, qg—1 q1
Fe X6 Ia={2}, I =1{3}, qg—1 ql
Fr X7 Ia={3}, I ={4}, qg—1 ql
Fs XZ: Ia= {173}7 Ip = {576}7 q(q - 1) q2
Fo XZQQ Ia= {3}7 Ip = {6}7 (I(q - 1) q1
Fio XZ;O Iq= {274}7 Ip = {67 7}7 (I(q - 1) q2
F11 Xpa b b T4 =1{1,3}, Iz = {8,9}, Alg—1) 7
Fi2 X612 Ta=1{1,3,4,7}, (g - 1)2 q4
I, ={2,5,8,10},
ngzbq ITa={1,4,7}, Ir ={5,8,10}, q2(q -1) q3
Fis XZ;S Ia= {3747 7}7 Ic :{6797 10}7 q(q_l) q3
F1a X, ba T4 ={2,5,6}, Ir={8,9,11}, ?(g—1) @
F1s Xbyy b5,b6,b9,b10 Ia=1{1,3,4,7}, -1 e
I, ={8,11,12,13},
Fie ngam Ta=1{3,4,7}, Ir=1{6,10,13}, q(q— 1)2 q3
X@6:416 Ia={3,4,7}, Iz ={2,10,13}, (g —1)2 ¢
XZ,;Gb% Ta={4,7}, Ic={10,13}, q2(q -1) q2
Fir Xpa g T Ta={1,2,4,5,6,8}, *(q—1)? 4°
I, ={9,10,12,13,14, 15},
XZ;Tbg,b7,bg ITa=1{2,4,5,6,8}, q4(q_ 1) q°
I, ={10,12,13,14, 15},
F18 ngj}l;:,ll)gs»bg»bw,bl?, Ta={1,3,4,7}, ¢°(g = 1)? ¢
I, ={8,12,15,16},
XZ;?Z;:,lli;,bg,bg Ta=1{1,3,4,7}, q5(q - 1)2 q4
I, ={10,12,15,16},
Z::;Glif%bm Iq= {17 3,4, 7}7 q4(q - 1)2 q4
I, ={5,12,15,16},
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| F X | I | Number Degree
T TA= (L3470, PEICEE 7
I = {6,12,15, 16},
Z::;llog I.A = {17 3,4, 7}7 q2(q - 1)2 q4
Ir = {2,12,15,16},
X% e Iy ={1,4,7}, Ic = {12,15,16}, d*a—1) ¢
]:19 Z::,,au; IA = {273767 778797 10}7 q(q_ 1)2 q7
Ir = {1,11,12,13,14, 15,17},
Xgllygb27b4 II.A :{:{1?7 ?7277127 91741(:][}; 17} q3 (q - 1) qG
C = ) ) ) ) ) )
F20 Xppy Ia=1{1,2,3,4,538,12}, a(q—1)* q
I = {6,7,10,13,16,17, 18},
Xbalbbyr La={1,2,4,58,12}, (g —1)° ¢°
Ip = {7,10,13,16,17, 18},
X(L11,a13,al4,a20 IA = {172737475767 10}7 (q_ 1)4 q7
— Ir = {7,8,9,12,16,17, 18}, ) . i
Xbll?l;:; 71174;”1720 IA = {27 47 57 67 10}7 q (q - 1) q
Ip = {7,12,16,17, 18},
Xpa lpa 1420 Ta={1,2,4,5,8,10}, *(q—1)3 a°
Ir = {6,9,12,16,17, 18},
leljll;;,zb[)?ybg I.A = {27 47 57 67 10}7 q4(q - 1)2 qd
I = {8,12,16,17, 18},
Xppy 100420 Ia=1{1,2,3,4,58,12}, q(g— 1) q
I = {6,7,10,13,16,17, 18},
XZ;?I;:,%(;l IA = {172747578712}7 qS(q_ 1)2 q6
I = {7,10,13,16, 17, 18},
Xall’alg’a20 IA = {172737475767 10}7 (q_ 1)3 q7
Ir = {7,8,9,12,16,17, 18},
Xgll?l‘:;?b(;ybg IA = {27 47 57 67 10}7 q4(q - 1)2 q°
I = {7,12,16,17, 18},
Xpolpa 20 Ia={1,2,3,4,5,10}, a*(g— 1) q°
Ir = {8,9,12,16,17, 18},
Xoor b Ia=1{2,4,5,6,10}, ¢*(q—1)? e
Ir = {3,12,16,17, 18},
as.a20 T4 =1{1,2,4,5,10}, P(q—1) &
Ip = {6,12,16,17, 18},
lez?bg,bs,b7 T4 =1{2,4,5,10}, q4(q -1 q4
I = {12,16,17, 18},
Fa1 Xle47a21 IA = {273747576777 87 107 13}7 q(q_ 1)2 q9
Ip = {9,11,12,15, 16,17, 18, 19, 20},
Xzzlll;gzl IA = {173747 67 77 87 10713}7 q2(q_ 1)2 qs
I = {9,12, 15,16, 17,18, 19, 20},
Xpo ! Ia=1{2,3,4,6,7,8,10,13}, q(g—1)? ¢
I = {1,12,15,16, 17,18, 19, 20},
ngylbmbg II.A :{£§7 175671’;7 81771(178131}; 20} qS (q - 1) q7
L= » 19,10, 14,16, 1, 5
Fa2 X:ll4’a2o’a22 IA = {37 4, 67 71 101 13}, II = {21 9’ 16}' q(q - 1)3 q9
Ic = {8,12,15,17,19,21}, I; = {5,11,18},
Xg8:a20-a22 La = {1,3,4,7,10,13, 16, 18}, ¢2(q—1)3 ¢
Ip = {6,9,11,12,15,17,19, 21},
ngya2o’a22 IA = {27 37 47 77 107 137 167 18}7 q(q - 1)3 q8
Ip ={1,9,11,12,15,17,19, 21},
X31201;2a2b26 IA = {37 47 77 107 137 167 18}7 q3(q - 1)2 q7
I, =1{9,11,12,15,17,19,21},
Xp, % Ia=1{2,3,4,6,7,9,10,11,13}, a(q—1)? @
I, ={5,8,12,14, 15,16, 18,19, 21},
xg3 02 L ={1,3,7,8,9,11,13}, #lg-1)° 7
I, ={6,10,15,16,18,19,21},
babig I4=1{2,3,6,7,9,11,13}, a*(q - 1) q

Ir ={1,8,15,16,18,19,21},
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| T | Number Degree
2 6
= Xawazz Ia=1{3,6,7,9,11,13}, q*(g—1) q
Xor.bz.babio I = {8,15,16, 18, 19, 21}, \ , ]
@13,022 Ia=1{1,3,4,7,9,11,13}, (g —1) q
Xbg1b5,b6 Iy ={8,10,15,16,18,19,21}, 5 ;
as,a10,a22 I4=1{2,3,6,7,9,11,13}, alg—1) q
s Ir = {1,4,15,16, 18,19, 21}, sy )
a1g,az2 I4={3,6,7,9,11,13}, (g—1) a
o ba b Ir = {4,15,16,18, 19,21}, , , )
as,022 Ia=1{1,3,7,9,11,13}, (g —1) q
Xbauba.bs I = {6,15,16,18, 19, 21}, , , ;
5,022 Ia=1{2,3,7,9,11,13}, 7*(¢—1) q
Xoa.bs Ip = {1,15,16,18,19,21}, \ .
aza I ={3,7,9,11,13}, q*(g—1) q
Xby ,bs,b4,b6 Ip ={15,16,18,19,21}, . . 5
@11,a18,923 I4={2,3,4,6,7,9,10,13,16}, ?(g—1) q
Fa3 Xby,bs I = {8,12,14,15,17,19, 20, 21, 22}, 5 0
ag,a1s,a23 I =1{2,3,4,6,7,9,10,13,16}, q(g—1) q
. Ip = {5,12,14,15,17,19, 20, 21, 22}, . .
a1s,a23 T4 =1{2,4,6,7,9,10,13, 16}, ?lg—1) q
o ba b I = {12,14,15,17, 19,20, 21,22}, , , .
15,023 Ia=1{2,3,4,6,7,9,10,13,16}, 7*(¢—1) q
s I = {8,11,12,14,17, 19,20, 21,22}, , \ .
ai1,a12,a23 I4=1{2,5,6,8,9,10,13,16}, *g—1) q
Xby by Iy ={3,7,14,17,19, 20, 21, 22}, . ) ;
ai1,a23 I =1{2,3,6,9,10,13,16}, q*(g—1) q
Xby ,ba bs,b7 Iy ={8,14,17,19,20, 21, 22}, , ) s
a12,a23 T4 =1{2,4,6,7,9,10,13, 16}, (g1 q
Xor.bs I = {5,8,14,17,19,20, 21, 22}, , , .
ag,az3 Ix={2,3,6,9,10,13,16}, ?g-1) q
Youbate Ir = {5,14,17,19,20, 21, 22}, , , ]
ar,az3 I4={2,4,6,9,10,13,16}, *(g—-1) q
Ko by Ip = {3,14,17,19,20, 21, 22}, \ .
az3 Ia={2,6,9,10,13,16}, q*(g—1) a
Xb1,b3,b4,b5 Iy ={14,17,19,20, 21, 22}, . -
5,016,024 Ia=1{1,3,4,57,8,11,12,14, 15}, a(g—1) q
Taa X Ip = {6,10,13,17,18,19, 20, 21, 22, 23}, , .
a6,a16,a24 Is=1{1,3,4,5,7,8,11,12, 14, 15}, (g — 1) q
X Ip ={2,10,13,17,18,19, 20, 21, 22, 23}, I 0
a16,a24 T4 =1{1,4,5,7,8,11,12 14,15}, *(g—1)
Xaiba Ip ={10,13,17,18,19, 20, 21, 22, 23}, , .
a13,a24 Is=1{1,3,4,5,7,8,11,12, 14,15}, a(g—1) q
Yo Iz ={6,9,10,17,18,19, 20, 21, 22, 23}, 2oy 0
a19,a24 I4=1{1,2,5,6,8,11,12 14, 15}, ?(g—-1)
Xa.00 I = {4,7,17,18,19, 20, 21, 22, 23}, \ , .
ag,azq I4=1{1,3,58,11,12,14,15}, Alg-1) q
Xbg,bg,b7 Iy ={6,17,18,19, 20, 21, 22, 23}, ) ) s
ag,azs T4 =1{1,3,58,11,12, 14,15}, *(g—1) q
Xoabr Ip = {2,17,18,19, 20,21, 22,23}, , )
ar,az4 T4 =1{1,4,58,11,12, 14,15}, a(g—1) q
o Ir ={3,17,18,19,20,21, 22, 23}, s .
a24 I4={1,58,11,12,14,15}, 7*(q—1)
Xbaubs.ba I = {17,18,19,20, 21, 22, 23}, - o
F1.,6 X196 Ia={2}, It i {i}’ EZ — 132 PL
Fi,7 XereT Ia={3}, §£ = %6%’ 1(q=1)72 P
Fi,0 XZ;’GQ La={3}, Ir ={6}, T po
a1,a1o0 IA = {274}7 IC = {677}7 q > 3
71,10 aaTs I4={3,47}, I;={6,9,10}, q(g—1) f13
F11s Xty s Ij - {3: 1,7}, Iz ={6,10,13), a(q — 13)3 @
]:1’16 zgﬁ,a(g,als I.A = {37 4, 7}, I[, = {2, 10, 13}7 (q —_ 1) q
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[ F X T
1,416 | Number Degre
Far xlrii,lf); ;A = {47} Ic = 10,13} q*(q— 1) 2 =
F3,5 Xag,as [A i {3}’ IL = {4}’ (q _ 1)2 ql
.7'—4 5 ayq,a5 A~ {1}7 IC - {2}’ ( -1 2 ql
, X Ta=1{1}, I ={2 9—1) l
Fa6 ag,a6 > Lo ={2), (¢—1)? 1
: X Ia={2}, I:={3 a-1) q

Fa,8 Xpes I4={1 Je =1 (g = 1)° a

Fio x;ji’“g IA ={1,3}, Ir = {5,6}, 4(q=1)2 e

Fa11 a1 A =13}, le = {6, q(q—1)? 1

; Xby bs.bg I4={1,3}, I ={89 ; I

F. ag,aiq 34 Ie =1{8,9}, 3(qg—1)2

4,14 Xby b I4=1{2,5 gle— 1) @
Fs.6 N o 6} I = {89, 11}, (g —1)? 7
Fi g?;,a AT {1}’ Ie = {2}7 —1)2
5,7 X 7 I_A — {2 4} T q(q 1) ql
Fs5.,9 as,ag A e ={1,3}, (¢—1)? 2
, X Ta=123}, Ir = 2-1) 1
F5,10 @5,a10 3h Ie ={1,6}, (¢—1)7 2
= > Zl b3 I.A = {274}7 Il: = {6 7} g( )1)2 1
5,13 X8-413 T4 = — 79 @
A=1{2,3,4,7}, (q—1)2 1
Fs5,16 as,a9,a16 e = {1’6’97 10}7 1
s X : IA:{2737477}7 ( 13 a
XZSylilm IIC = {%562110}113}7 ! ) 1
3,06 A= 5 ,7 s I, =

Fe,7 Xz(ffaw Ia=A{2}, I _ZE?»} {10,135 (¢ - 1) @

Fr.8 oo T =1 é} = {’5 3] q(q—1)? q!

Fr.9 X &Tas o ek q*(q —1)° 2

z ba,by I4={3}, I ={6 9

Fra1 Xp! gL Ta = {1} £ =18} ¢°(q—1)° q'

7 bt A=11,3), L= (5.9, '

7,14 Xpo Iq=12 ¢ a1 @
1 -A_{ 747576}7 q(q_1)2 4

E R i T :

F8,10 Z%;,am [A — {173}7‘ fe = {5’6}’ (1(‘1 - 1)2 q2

F8,13 Xatyag,al.’i A={28,6} Ie={1,5.7), a(q —1)? 3

Ta=1{2,3 4,6}, 3 d
X(Ls,als Ie = {1’7’ 9, 10}7 (q_ l)l q4
by,by ITa=1{3,4,6}, Ip=

Fi as,a16 4,6}, Ie ={7,9,10}, 2(qg—1)2 3

8,16 ng,bg I.A = {173747 7}7 Z2EZ— )2 q4

Fo 10 ag,a1o I;: = {?56’ ;0’ 13}7 !

2 4 A= ,6}, I ={3
Fo1z X i34 7? {3,7}, q(g—1)? 7
k) b b b —_— 2
. I = {5,6,8,10}, a1 v
F1o0,11 Xbm’ 11 Ta=
5 A_{1727374}7 q(q_1)2 4
F10,14 a7,a10,014 Ie =1{6,7,8,9}, I
, by I4=1{2,4,5,6}, ( )3
— a
Xa107a14 I;: = {?’ 8’ 97 11}7 o ) !
by ,bs.ba A4 =1{2,5,6}, I =48,9,11
i 1y ) sy ) 3 —1)2
Fi1,12 bzm e I4={1,3,4,7}, ) G 12 qi
I: = {5,6,8,9} ata=1) e
Xa67a117a12 :
IA:{1737578}7 ( 1 3 4
xO11,012 IIC =1{2,4,7,9}, ! ) I
b = _

F11,13 X“i,l;io,aﬁ,ala IA - {1,5,8), Ie ={47,9), q*(q—1)? q°
(aj, # asaly/a? A= 13} Iz ={1,4,7), (@-13-2) |
Xalsl,alo,aolslf’ aip) Ic = {8}, I7 =1{2,6,9}. ! )

b1,4,7,b2,6,9 I,={3}, Iz ={1,4,7}, 2(q—1)3 3
See ¢! in §4.3] cla-D g
Xal()vallvalS
I4={2,3,6,9}, 3
Ir = {1,4,7,8}, (@=1 ¢
Xa57a117a13
Ta=12,3,7,9}, 3
Ip={1,4,6 (a=1) ¢
XZ”’MS ;: {5’, ’ 78}7
1,02 A =1{3,7,9}, I ={4,6
F- 11,016 9%, I = {4,6,8}, 2(qg—1)2 ‘
11,16 Xoa oot Ta=1134,7], Z3Eq )2 qi
F12,13 X(lg,alz-,alg Ie = {8’ 9,10, 13}7 ! !
s bo I_A = {3, 4, 7, 10}7 ( 1 3 i
. I, ={1,5,6,8}, = !
X 6,212,013 I —
A= {37 4,7, 10}7 (q 1)3 4
— q
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| F X | 1 | Number Degree
I, ={1,2,5,8},
XZ;QI;?B Ia=1{4,7,10}, I.={1,5,8}. q2(q_ 1)2 q3
-7:12,14 Xa7,a12,a14 I.A = {172747578}7 (q_ 1)3 q5
I, ={3,6,9,10,11},
XpaZot I4={1,2,58}, q*(q—1)? q*
I, ={6,9,10,11},
Fi12,16 X::’ag’au’als Ia={4}, Iz ={1,3,7} q(g— 1)3(‘1 -2) ¢
(ajg # agaly/a2) I, ={13}, I7 ={5,6,10}
X048:49,612,45,6,10 See ¢2 in §4.3| (g—1)* q*
X:f,’sa,gig;?s,m See ¢* in §4.3] q2(q_ 1)3 ¢
XZ'281“12="'16 I-A = {173747 7}7 q(q— 1)3 (]4
I, ={5,6,10,13},
ng,am,ale Ia=1{1,3,4,7}, q(q— 1)3 q4
I, ={5,6,10,13},
X6:312,016 I4=4{1,3,4,7}, (¢—1)?° q!
I, ={2,5,10,13},
XZ;QI;?IG Ia={1,4,7}, I ={5,10,13}, q2(q_ )2 q3
F13,14 Zf?’bflb“? Ia={2,3,6,9}, (g —1)? q*
I, ={5,8,10,11},
RS, [ xeomaes Ia={1,3,5}, Iz = {2,4,8} (a-D° P
I, ={9,12,13}, 17 = {6,7,11}
Xgijll;;lm T4 =1{1,3,5,8,11}, q2(q_ 1)2 q5
Ip ={2,6,9,12,13},
Fats bak s sbe. 711 See ¢ in §4.3] -1 ¢
Xyt Ix=1{1,3,5,8,11}, ?(g—1)2 q°
I, ={2,6,9,12,13},
Fia,16 Xlejlb’:w Ia=1{2,4,5,6,7}, q2(q_ 1)2 9
I, ={8,9,10,11,13},
-7:14,18 Xx18-414,918 Ip= {172737475767 7}7 (q_ 1)3 (]7
I, ={8,9,10,11,12,15,16},
Xpaipos Ix={1,2,4,56,T7}, ?(g—1)2 q°
I, ={8,9,11,12,15,16},
Fis5,16 XZ;?I;:,ll;;,bg,bm Ta=1{1,3,4,7}, q5(q - 1)2 (]4
I, ={8,11,12,13},
-7:16,17 X 11,916,917 Ipx= {172737 4,5,6, 10}7 (q_ 1)3 q7
I, ={7,8,9,12,13, 14, 15},
Xo2 e b b I =1{2,4,5,6,10}, q*(q—1)? q°
I, ={7,12,13,14,15},
Fi6,19 ng’am’aw Ia=1{2,3,6,7,9,10,13}, q(q— 1)3 q’
I, ={1,8,11,12,14,15,17},
Xp2 ey Ix=1{3,6,7,9,10,13}, ?lg—1)2 q°
I, ={8,11,12,14,15,17},
-7:17,18 Zf{al%a]s Ip= {17273747578712}7 (I(q_ 1)3 q7
I, ={6,7,10,13,14, 15,16},
Xpapois Ix=1{1,2,4,58,12}, ?lg—1)2 q°
I, ={7,10,13,14, 15,16},
Fi8,19 XZ;?I;Z,E; Ia={1,3,7,8,9,11,15}, qS(q_ 1)2 q’
I, ={6,10,12,13,14, 16,17},
F19,20 Xp1 s I4=1{2,56,8,9,10,14,17}, q*(q—1)? g5
I, ={3,7,11,12,13,15, 16, 18},
F1,2.7 X127 Ia={3}, I =1{4}, (q—1)° qt
F1,4,6 X*144,96 Ia =12}, I ={3}, (q—1)° qt
F1,4,9 XZ,;’M’GQ Iq={3}, I.=/{6}, q(qg—1)° q!
F1,6,7 X, "0 Ta=A{2}, Ic=1{3}, a(qg—1)° q'
F1,7,9 Xpaor Ia={3}, Io={6}, *(q—1)° q"
]:1,9,10 Zi’ag’am I.A = {276}7 IC = {37 7}7 q(q - 1)3 q2
F3.4,5 X“3:04,95 Ia={1}, I ={2}, (¢—1)? q'
Fa,5,6 ng’as"as Iqa=A{1}, I =12}, q(qg—1)3 qt
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| F X I | Number Degree
-7:4,5,9 X4 95:99 Ia= {273}7 Iy = {176}7 (q — 1)3 q2
-7:4,8,9 XZ;,GS’(LQ Ipx= {173}7 Iy = {576}7 Q(q - 1)3 q2
Fs.6,7 X 546,97 Ia=412,4}, I ={1,3}, (g—1)3 q°
]:5,7,9 ij,a%ag IA = {273}7 IC = {176}7 q(q - 1)3 q2
F5,9,10 XZ{E”IZQ’(L]O Ia={2,6}, Io={3,7}, q2(q - 1)3 7
Freo | XL Ta= {13}, Iz = (5,6}, P17 i
]:8,9,10 XZf’ag’alo Ia= {27376}7 Ip = {1757 7}7 q(q - 1)3 q3
Fii21s | Xoghe ™ Iz ={1,3,4,7} *(a—1)° gt
I7 ={5,8,9,10}
Fiizas | Xpy o 28910 [ See ¢ in §4.3 a(q - " qt
X©11,012,013,82,6 See ¢4 in §4.3] (g—1)%/2 q*
X 411,212,013 See ¢* in §4.3] (g—1)3 q*
Xoraamay 08 See ¢4 in §4.3] 9(q — 1)*/2 q*/3
F11,12,16 xZ;}l;gﬁ,i’““" Iq=1{1,3,4,7}, #lg—1)3 q*
I, ={8,9,10,13},
-7:{22:?[3’14 X:,;2,a13,a14 14 ={2}, Iz = {4,5,6,10} a(g— 1)3 ¢
I ={11}, 17 ={1,7,8,9}
]:{’;3;3’14 Xx%12:613:014,67,8,9 | See ¢ in §4.3| (g—1)* %°
Xoa.55.5.0.10 See ¢° in §4.3 a*(g—1)3 4
-7:12,14,16 XZ;?I;;M’(LN I.A = {27 4,5,6, 10}7 q2(q - 1)3 q5
I, ={7,8,9,11,13},
-7:14,15,16 erbals’aw I.A = {376777 9711713}7 Q(q_ 1)3 qG
I, ={1,2,5,8,10,12},

TABLE 7. The parametrization of the irreducible characters of UF,(q), where
q=p°and p > 3.
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