UNIVERSITYOF
BIRMINGHAM

iversit}/]of iIrmingham
esearch at Birmingham

Extended weak maximum principles for parabolic
partial differential inequalities on unbounded

domains
Meyer, J. C.; Needham, D. J.

DOI:
10.1098/rspa.2014.0079

License:
Creative Commons: Attribution (CC BY)

Document Version
Publisher's PDF, also known as Version of record

Citation for published version (Harvard):

Meyer, JC & Needham, DJ 2014, 'Extended weak maximum principles for parabolic partial differential
inequalities on unbounded domains', Royal Society of London. Proceedings A. Mathematical, Physical and
Engineering Sciences, vol. 470, no. 2167, 20140079. https://doi.org/10.1098/rspa.2014.0079

Link to publication on Research at Birmingham portal

Publisher Rights Statement:
Eligibility for repository : checked 08/12/2015

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy o ) o o ) ) ]
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 19. Apr. 2024


https://doi.org/10.1098/rspa.2014.0079
https://doi.org/10.1098/rspa.2014.0079
https://birmingham.elsevierpure.com/en/publications/a359b484-8324-487d-bb60-f6e2948ee2d0

Downloaded from http://rspa.royalsocietypublishing.org/ on December 8, 2015

PROCEEDINGS Extended weak maximum
E;C;FOE principles for parabolic partial
SOCIETY differential inequalities on
rspa.royalsocietypublishing.org unbounded domains

J. (. Meyer and D. J. Needham

School of Mathematics, University of Birmingham, Watson Building,
Research CrossMark Edgbaston, Birmingham B15 21T, UK

click for updates

Cite this article: Meyer JC, Needham DJ. 2014

Extended weak maximum principles for
parabolic partial differential inequalities on
unbounded domains. Proc. R. Soc. A 470:
20140079.
http://dx.doi.org/10.1098/rspa.2014.0079

Received: 30 January 2014
Accepted: 2 April 2014

Subject Areas:
differential equations, analysis

Keywords:
maximum principles, comparison theorems,
parabolic partial differential equations

Author for correspondence:
D.J. Needham
e-mail: d.j.needham@bham.ac.uk

%‘i.RoyaI Society Publishing

In this paper, we establish extended maximum
principles for solutions to linear parabolic partial
differential inequalities on unbounded domains,
where the solutions satisfy a variety of growth/decay
conditions on the unbounded domain. We establish a
conditional maximum principle, which states that
a solution u to a linear parabolic partial differential
inequality satisfies a maximum principle whenever
a suitable weight function can be exhibited. Our
extended maximum principles are then established
by exhibiting suitable weight functions and applying
the conditional maximum principle. In addition, we
include several specific examples, to highlight the
importance of certain generic conditions, which are
required in the statements of maximum principles of
this type. Furthermore, we demonstrate how to obtain
associated comparison theorems from our extended
maximum principles.

1. Introduction

Maximum principles are primarily used in the study of
initial-boundary value problems to obtain a priori bounds
on solutions, comparison theorems and uniqueness
results (for example, see the established texts [1,2]). A
secondary application of maximum principles can be
found in the qualitative study of solutions to initial-
boundary problems; some recent trends and open
problems can be found in the texts [3-5] as well as in
numerous others.

In this paper, we consider maximum principles
for linear parabolic operators on unbounded domains.

© 2014 The Authors. Published by the Royal Society under the terms of the
(reative Commons Attribution License http://creativecommons.org/licenses/
by/3.0/, which permits unrestricted use, provided the original author and
source are credited.
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Specifically, let £2 € R" be an unbounded open connected set with boundary 9£2. Associated with
2, we introduce

Dr=2x(0,T, Df={(x,t)eDr:|x| <X}, 8Dr=(2 x {0}) U382 x [0, T]),

for T, X > 0, with closures Dt and D)T( .Here, Dy = D7 U 9Dr. In addition, let L be an operator that
acts on sufficiently smooth functions #: D — R, given by

n n
Llu]:=u; — Z Al — Z bjuy, —cu onDr, (1.1)
ij=1 i=1

where a;;,b;,c: D — R (1 <1,j, < n) are prescribed functions on Dy. When the matrix A(x,t) =
(ajj(x, t)) is symmetric and positive semi-definite for each (x, ) € Dy, then we refer to L as a linear
parabolic operator. The primary purpose of this paper is to extend the relationship between
allowable spatial growth/decay as |x| — oo, of solutions to linear parabolic partial differential
inequalities (L[u] < 0 on D) and the conditions on the coefficients of the linear parabolic operator
L, for which a maximum principle holds on Dr. In this respect, it is convenient to introduce
Eg\t, for a € [0, 00), A € [0, 00) as the set of continuous functions 1 : Dt — R (some T > 0) such that
ueC¥(Dr) and

u(x, t) < ky RAHRD AN AHD v (x 1y € Dy (1.2)

for some ki, kp > 0. Additionally, we also refer to Eé, for « € (—o0,0], A € (—o0,0] as the set of
continuous functions u : D7 — R (some T > 0) such that u € C>!(Dr) and

u(x, t) < ky e R AR AR ALy 4y e Dr (1.3)

for some kq,ky > 0. A secondary purpose of the paper is to highlight the importance of certain
generic conditions on the linear parabolic operators L, for maximum principles to hold, via the
provision of specific examples.

We first give a brief summary of the development of maximum principles (occasionally
referred to as Phragmen Lindel6f principles) for linear parabolic partial differential inequalities on
unbounded domains [1,6] related to those established in this paper. In [7], a maximum principle
for a linear parabolic partial differential inequality on an unbounded domain was obtained, which
complemented the non-uniqueness result for the linear heat equation obtained in [8]. Specifically,
this maximum principle was designed for linear parabolic partial differential inequalities to
allow uniqueness to be established for classical solutions to the linear heat equation, under the
weakest possible growth conditions as |x] — co. Following these works, maximum principles
for linear parabolic partial differential inequalities on unbounded domains, with specific growth
conditions on the solutions as |x| — oo, which have the general form given in (1.2) (for various
values of «, A > 0), were extensively developed (in particular, see [1,9-15] and references therein).
In the development of this body of work, considerations regarding the optimum conditions
on the associated maximum principles are rare; it is typical for a maximum principle to be
established, without any discussion regarding limitations to the extension of the maximum
principle, beyond the limitations of the method of proof.

More recently, in [16-20], via an alternative approach to that adopted in this paper, uniqueness
results for initial-boundary value problems for parabolic partial differential equations have been
established, with growth conditions specified on the solutions as |x| — co and t — 0. To obtain
these results, additional regularity on the coefficients a;;, b; and c in the linear parabolic operator L
must be imposed, which we do not require for the results obtained in this paper. We also note that
maximum principles for operators which have an additional coefficient 4: D — R, multiplying
the term u; in (1.1), have been considered in [21], and although we do not consider these operators
here, the approach we use can be readily adapted to accommodate these operators.

The main achievements of this paper comprise a generalization of the maximum principles
established in [13,15] (which subsumed the results in [1,7,9,10,12]) for solutions to linear parabolic
partial differential inequalities on unbounded domains with growth conditions on the solutions
as |x| — oo of the form given in (1.2), which we henceforth refer to as type (1.2) growth conditions.
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We achieve this via a relaxation of the conditions in [13,15], on the coefficients b; in the linear
operator L. In addition, we extend the maximum principles established in [13,15] for solutions
to linear parabolic partial differential inequalities on unbounded domains with decay conditions
on the solutions as |x| — oo of the form given in (1.3), which we henceforth refer to as type (1.3)
decay conditions, which have not been not considered in any of the previously mentioned works.
We highlight this because, in numerous applications of maximum principles, the rate of decay
of the solution as |x| — co to the parabolic partial differential inequality is known, and hence,
our results may be applicable, whereas the maximum principles designed for solutions with
growth conditions as |x| — oo of type (1.2) may be inapplicable. Additionally, we have constructed
specific examples to highlight that extensions to these maximum principles, in certain generic
directions, are not possible.

The structure of the paper is as follows. In §2, we establish a weak maximum principle
for a linear parabolic operator on unbounded domains, which is an extension of the classical
weak maximum principle [22] onto unbounded domains. From this weak maximum principle,
we obtain a widely applicable conditional maximum principle, and in doing so, illustrate how to
obtain maximum principles for linear parabolic operators on unbounded domains with varying
growth/decay conditions as |x| — oo. This maximum principle is conditional because it depends
on the existence of a suitable weight function ¢. We also provide a subtle example to illustrate
the importance of the conditions under which these maximum principles are obtained. In §3,
we establish new maximum principles which generalize and extend the maximum principles
contained in [13,15] by relaxing the conditions on the first-order coefficients b; in the linear
parabolic operator L, and considering additional classes of solutions of type (1.3), which are
at most decaying as |x| — co. We achieve this by establishing the existence of suitable weight
functions ¢ that allow applications of the conditional maximum principle established in §2. We
complete the section by providing a function which demonstrates that our relaxation on the first-
order coefficient in the linear parabolic operator is in a sense optimal, in that, at most it can be
relaxed by a logarithmic growth in the spatial variables. In §4, we demonstrate briefly how these
maximum principles can be applied to obtain comparison theorems and uniqueness results for a
class of semi-linear parabolic initial-boundary value problems.

2. The conditional maximum principle

Here, we establish a conditional maximum principle for linear parabolic operators on an
unbounded domain. This is in the spirit of those available for elliptic operators on bounded
domains [1, ch. 2, section 9] and for parabolic operators on unbounded domains [6, pp. 211-214].
This conditional result reduces the proof of a maximum principle for a specified linear
parabolic operator L to establishing the existence of a suitable weight function ¢. First, we have
the following.

Definition 2.1. A linear parabolic operator L (defined on Dr) is said to satisfy condition (H) on
a set E C Dt when c¢: Dt — R is bounded above on E.

Definition 2.1 is associated with the classical maximum principle for a linear parabolic operator
on a compact domain [1, pp. 174-175]. We now review a well-established maximum principle
that plays a crucial role in obtaining our conditional maximum principle (for a similar result,
see [11, p. 43]).

Lemma 2.2. Suppose that the linear parabolic operator L satisfies condition (H) on E = Dt. Moreover,
suppose that u: Dt — R is continuous with u € C>Y(Dr) and

Llu]<0 onDr, (2.1)
and
liminf sup u(x,t)<0 (2.2)
r— 00 -
(X,f)EDT
|x|=r

while u <0 on dD7. Then, u <0 on Dr.
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Proof. Tt follows from condition (H) that there exists a constant C > 0 such that
c(x,t)<C V(x,t)eDr. (2.3)
Now, we define the function w: Dy — R given by
w(x, ) =u(x,)e " V(x,t)eDr. (2.4)

It follows immediately that w is continuous on Dr, w € C>}(Dr) and w < 0 on dD. Additionally,
via (2.1) and (2.4), it follows that

n n
wy — Z AjjWyx; — Z biwy, — (c—CQw<0 onDr, (2.5)
ij=1 i=1

where a;, bj, ¢ : Dt — R are the coefficients in L. Furthermore, it follows from (2.2) and (2.4) that

liminf sup w(x,t) <0. (2.6)
= (x,t)eDr
|x|=r

Therefore, there exists a sequence of real numbers {X;;},en such that X;, — oo as n — oo and

1
sup w(x,t) < —. (2.7)
(x,t)eDr n
[x[=Xp
We now show that 1
w(x, t) < - Y (x,t) € D)T(” (2.8)

for any n € N and hence that w <0 on Dr. Suppose that (2.8) is false. Then, via (2.7), because w is
bounded and continuous on D)T(”, it follows that there exists (x*,t*) € D7" such that

1
sup  w(x, ) =wx*, ) > —. (2.9)
(x,t)eD)T(" n

Then, via (2.9), (2.5) and (2.3), it follows that

n
wy(x*, %) — Z i (", ), (X7, 1) < (e(x*, ) — C)w(x™, ) < 0. (2.10)
ij=1

Now, because the matrix A(x*, t*) = (a;;(x*, #*)) is symmetric and positive semi-definite, it follows
that there exists an invertible linear coordinate change

n
xi =D ci
j=1

such that

n

n
D (Y =Y 2wy, (2.11)

ij=1 r=1

with AF >0, r=1,...,n, being the eigenvalues of A(x*,+*). Thus, it follows from (2.10) and (2.11)
that

n
we(x*, 1) = Y AFwy, (¢, 1) <. (2.12)
i=1

Now, because (x*,t*) € D7" is a local maxima of w, then it follows that
wi(x*,t*) >0 and  wy,, (%, t*) <0, (2.13)
and so,

n
wi(x™, t*) — Zkfwyiy,(x*,t*) >0
i=1
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which contradicts (2.12). We conclude that

1
sup w(x,t)<—,
(xheDX n

for each n € N, and so

w(x, ) <0 V(x,t)eDr. (2.14)
The result follows from (2.4) and (2.14). |

From lemma 2.2, we can now establish a conditional maximum principle that can be used to
obtain maximum principles for parabolic operators not necessarily satisfying condition (H). This
maximum principle is conditional as its application relies on the construction of a suitable weight
function. We note that a similar concept is introduced in [6, p. 213].

Lemma 2.3. Let u: Dt — R be continuous with u € CZ1(Dr) and u <0 on dD7. In addition, let L be
a linear parabolic operator with L[u] <0 on Dr. Suppose there exists a continuous function ¢ : Dt — R
such that ¢ > 0 on Dt with ¢ € C>Y(D7) and

t
liminf sup u(x, ) <0,
r—0o0 (x, f)ED ¢(xl t)

|x|=r

—Ll¢]

is bounded above on Dr.

Then, u <0 on Dr.
Proof. First, we define the function w: D1 — R such that

u(x, t)

w(x, t)= V(x,t) € Dr. (2.15)
P(x, £)
It follows immediately that w is continuous, w € C21(D7), w <0 on 8Dy and
liminf sup w(x,t) <0. (2.16)
r—>0o0
(x, t)eDT
|x|=r

Moreover, we observe that w satisfies

n

Llw] :=wy — Z AjjWr;x; — Z b; + 2211,] Px Wy, — (—%L[q’)]) w<0 onDr. (2.17)

ij=1 i=1

Because the linear parabolic operator L satisfies condition (H) on Dr, via (2.15)-(2.17), an
application of lemma 2.2 gives

w=<0 on DT
and hence, via (2.15), that u <0 on Dr, as required. | |

It follows that the establishment of a maximum principle for a specific function u : Dy — R and
a specific linear parabolic operator L is reduced to finding a function ¢ : D7 — R which satisfies the
conditions in lemma 2.3. An advantage of this conditional maximum principle is that not only can
it be used to develop generic maximum principles, as we demonstrate in §3, but it can also be used
to obtain maximum principles for specific problems which do not adhere to the conditions of the
available generic maximum principles, if a suitable weight function ¢ : Dy — R can be found. We
also note that, without further technical difficulties, lemma 2.3, with suitable minor modifications
in statement, can be established when u: Dy — R is replaced by u: 2 % (0,T] - R, with u being
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bounded above on D7, for each x > 0, and u < 0 on §2 x {0} is replaced by

liminf sup u(x,s)<0 VX=>0.

= (x,8)eD¥
s=t

Before we establish new generic maximum principles in the following section, we give an
example to illustrate the importance of condition (2.2) in lemma 2.2. Specifically, we produce a
function 1 : Dt — R and a linear parabolic operator L for which all of the conditions in lemma 2.2
are satisfied except that condition (2.2) is marginally violated, and for which the conclusion of

lemma 2.2 is false. To begin, let £2 =R (and so 92 = ¥) and introduce u: D; — R defined as

L1 Y2 -Inepaas),
u(x, t) = (14112
-1; (x,t) € dDy.

(x,t) e Dq

It is readily established that u is continuous on Dy. Moreover, i € C21(Dy), with

(1) = —V2x = In(0) (- Inw/sa-0),

(1+1)3/2
V2 (x — In(t))? 2
_ N |_ RSt SO —((x—In(t))*/4(1+1))
Uxx(x, ) = i+ t)3/2 1+ 20+ 8) e
V2 (x—In(t) (x —In(t))? 2
__ N |_ —((x—In(t)?/4(1+1))
and m )= a1 T 20+ /€

for all (x, t) € Dy. Furthermore,
lu(x, )] <2v/2 -1

for all (x,t) € Dy and so u is bounded on Dj. Additionally,

sup u(x, t) =—1 2v2

+ ——— forte(0,1],
e R o1

and
inf u(x,t)=—-1 forte(0,1].
xeR

We observe that
supu(x,t)>1 forallte(0,1],

xeR
and

sup u(x,0) = —1.

xeR

Moreover, via (2.19)—(2.21), we have

Llul :=uy — thyy + (%) uy =0,
for all (x,t) € D1, and so (2.27) corresponds to the inequality (1.1) with
alx,t)=1 V(x,t)eDq,
b(x,t)= —% V(x,t)e Dy

and c(x,t)=0 V(x,t)eDj.

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
(2.29)

(2.30)

Thus, we have constructed a function u: D7 — R, and a linear parabolic operator L with a,b,c:
D1 — R as given in (2.28)—(2.30) respectively, so that all the conditions of lemma 2.2 are satisfied,
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except condition (2.2), and for which the conclusion of lemma 2.2 is violated, via (2.25). We now
consider how this example violates condition (2.2). We observe from (2.18) that

u(x,t) > —1 as|x|>ooVtel0,1]
However, this limit is not uniform for ¢ € [0, 1]. Moreover,

sup u(x,t)>1 Vr=>1,

(x,)eDy
x|=r
and so,
liminf sup u(x,f)>1
r— _
(t)eDy
x|=r

which violates condition (2.2). This feature is related to the unboundedness of b(x, t) as t — 07 in
D1 and leads to the resulting failure of lemma 2.2.

3. Maximum principles

Here, we apply lemma 2.3 to recover and extend the maximum principles developed in
[1,7,9,10,12-15] for linear parabolic operators L, whose coefficients are constrained by the
growth conditions of the unbounded solutions. For «, 2 > 0, we obtain maximum principles for
successively smaller sets of functions E} (as in (1.2)) where the conditions on the coefficients of the
linear parabolic operators L are dependent on the set of functions E%. In particular, we establish
a generalization of the maximum principle in [15] (which itself, recovered and generalized the
results in [1,7,9,10,12-14]), via a relaxation of the condition on the first-order coefficients in
the linear parabolic operator L. Moreover, for Eé, as in (1.3), with « <0 or A <0, we establish
maximum principles of a form which have not been considered in any of the above works. We
are able to make these extensions, following the careful consideration of the conditions on the
first-order coefficients b;: Dt — R in the linear parabolic operator. At the end of this section,
we give examples of functions which exhibit that the conditions under which the following
maximum principles are established are, in some sense, optimal, namely that the conditions on b;
in theorems 3.5 and 3.4 are logarithmically sharp and algebraically sharp, respectively. To begin,
we have the following.

Definition 3.1. Let € C2([1,0)) be a positive strictly increasing function such that there exist
constants p, p1, p2 > 0, for which,

" (n) <prv (v’ (n) (3.1)
and
0 < ny'(n) < pa(W(n)y* (3.2)

for all n € [1, 00). A linear parabolic operator L is said to satisfy condition (H) with x and v, when
there exists constants A, B, C > 0 such that for 1 <i<n,

0 <aji(x, t) < m, (3.3)
v+
bi(x, t)x; < Bm (3.4)
and c(x, 1) < C (1 + 1), (3.5)

for all (x,t) € Dr.

We next establish the existence of a suitable weight function ¢ : Dr — R which may be used in
applications of lemma 2.3. In the following result, we provide an extension, for our purpose, of
that in [15, lemma 2].
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Lemma 3.2. Let L be a linear parabolic operator which satisfies condition (H) with p and .
Additionally, for any k > 0, let

WA+B+C+1)

where

i oax(le=1p - A\ «_C
A‘4”A<<w(1)>u ””k’””z)’ B_Z”(BW(l)) i

Then, the continuous function ¢ : Ds —> R, given by,
o(x, 1) = kW AT ey 1y e Dy, (3.7)
satisfies ¢ > 0 on D3, with ¢ € C>1(Dj), and

—MEO on Ds.
¢

Proof. Because A(x, t) = (a;;(x, t)) is symmetric and positive semi-definite for all (x, f) € Dr, then
(1 + 1x?)
W 1+ [x]?)

Now, let ¢ :Ds — R be as given in (3.7) and, for (x, t) e Dy, set s=(1+ |x|?). Observe that
¢ € C21(Ds) and

laij(x, xixj| <\ Jaii(x, Dajix, (1 + [x?) < Y (x,t) € Dr. (3.8)

B = SO 91
b, (6, 1) = 2k (Y () (s)xi €0 (x, 1)
iy (6, £) = kg P p(x, D) (A — V(W) 2 (W' ()i + 4(W ()" ()xix
+ 20 ()Y (585 + dkpe e (W ()72 ()P xix)

for all (x,t) € Ds. Thus, we have

—Llplx,t) s LN s Y6 o(x, 1)
—op = fwe (w(s»”( SM+2§(bz(x,t>xz+au(x,t>) el T

- (n=DW'E)* | ¥ (V')
o2 eyl ( WOR e e (xv(s)j”)) Y

ij=1

for all (x, t) € Ds. It now follows from (3.8) and definition 3.1 that

o =D ) () s (W)
P ( wor e T e
JAntAs (1p - NP | maxi0 v @) | s W)
P'(s) (W) v (s) (W)
<4n’A ("(‘w ( 1))"Z 2 bpy+ kuem) =A V(xt)eDs;. (3.10)
In addition, via definition 3.1, we have
22 (%, )i (()) <2n (B+w‘?1))=é Y (x, ) € Ds. (3.11)
Furthermore, via definition 3.1, we have
«h  _C_& v neDs. (3.12)

ke E) ki
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Therefore, it follows from (3.9)—(3.12), with (3.6) that
—L[g](x, t)

1 o
<kueP(y(s ”(——+A+B+C>
50D e (Y(s) I
<kpePWE)Y (—A+B+C+1)+A+B+C) <0 V(x,t)eD;,
as required. ]

We can now establish a generalization of the maximum principle presented in [15]. We have
the following.

Theorem 3.3. Let u: Dt — R be continuous, with u € C>Y (D) and u <0 on dDT. In addition, let L
be a linear parabolic operator which satisfies condition (H)' with p and v, and such that L[u] <0 on Dr.
When there exists k > 0 such that

im i u(x, f)
liminf sup ————5— <0, .
=00 (x,H)eDr k(W (L+[xP)~

|x|=r

then u <0 on Dr.

Proof. Suppose there exists k > 0 such that condition (3.13) is satisfied. With this value of k > 0,
set §>0and ¢ :Ds — R as in (3.6) and (3.7). It then follows from lemmas 3.2 and 2.3, together
with condition (3.13), that # <0 on Ds. If§ =T, the proof is complete. If § # T, then

) 1
- <
wA+B+C+1)
We can then repeat the above step N(€N) times, with §=4§", and 0 <T — (N +1)8' <§'. We

may then take a final step with § =T — (N + 1)§’, and so we have © <0 on Dr (T=8 +N& +
(T — (N + 1)8")). [ |

6=94 T.

Next, we establish generalizations of the maximum principles given in [13,14] for solutions
to partial differential inequalities in E% with , A > 0. We present these maximum principles in
descending order, in that the sets Eé‘t in the following theorems get subsequently smaller while
the conditions on the coefficients in the linear parabolic operator relax, tighten and switch sign
(see theorems 3.4, 3.5, 3.9 and 3.10).

Theorem 3.4. Let u: Dt — R be continuous with u € EL for o € (0,00), A € [0, 00). In addition, let L
be a linear parabolic operator which, for A, B, C > 0 satisfies

0<a;i(x, ) < AL+ ) ~*(1 +log (1 + [x1%) ™
bi(x, H)x; < B(1 + [x/%) (3.14)
and c(x,t) < C(A + [x[*)¥(1 4 log (1 + |x[*)*
forall (x,t) e Drand 1 <i<n. When u <0 on 0Dt and L[u] <0 on DT, then u <0 on Dr.
Proof. Let ¥ :[1,00) — R be given by
v =n"1+log(m) V¥nell, o). (3.15)
It follows that ¥ € C2([1, 00)), ¥ (1) > 1 and

/ _ a—1 A A -
¥ =n""(1+log(n) (a + A +log(m) log(n))> 0 (3.16)
and

” _ a2 » #
¥ () =n""(1 +log () (“ T log(n)))

A A
_1 _ 3.17
x (“ T T log(n) (1 +log M)(a(l + log () + x)) (317)
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for all n € [1, 00). We next verify that v :[1, 00) - R, with u =1, satisfies conditions (3.1) and (3.2) n
in definition 3.1. From (3.16) and (3.17), we have

x//’()-x//(>(a—1+ SR “ )
= T+1og(n)  (1+ log (m)(e(l + log (n) + »)

<y’ +2)
< (a+ 2y (my'(n)
for all n € [1, 00), which verifies (3.1). Additionally, via (3.16), we have

() = (a ) W) < (o + D)

N
(1 +log (1))

for all n €[1,00), which verifies (3.2). It then follows directly from the conditions (3.14) and
definition 3.1, that L satisfies condition (H) with 4 =1 and  given by (3.15). Now, with u € EL,
there exists k > 0 such that

L. u(x, t)
liminf sup ————— <0. (3.18)
7—00 (xt)eDr ek (1+]x12)

fxl=r

Therefore, because L satisfies condition (H)" with =1 and ¢ given by (3.15), an application of
theorem 3.3, with (3.18), establishes that u <0 on D7, as required. [ |

6004107 0L ¥ 205 4 20l BioBuiysigndiaposieforeds;

Theorem 3.5. Let u: Dy — R be continuous with u € E}, for « =0, A € (1,00). In addition, let L be a
linear parabolic operator which, for A, B, C > 0 satisfies

0<a;i(x, 1) < ACL+ [x1)(1 + log (1 + |x/%)*
bi(x, x; < B(L+ x17)(1 + log (1 + [x1%))
c(x,t) < C(1 + log (1 + [x|?)*
forall (x,t) e Drand 1 <i<n. When u <0 on 0Dt and L[u] <0 on Dr, then u <0 on Dr.
Proof. Let ¢ :[1, 00) — R be given by

v =1 +logm)* " Vne[l,o0). (3.19)
It is readily verified that L satisfies condition (H)" with u=2/(A — 1) and ¢ given by (3.19). The
remainder of the proof follows that of theorem 3.4. |

Theorems 3.4 and 3.5 recover and extend the maximum principles, which have been developed
chronologically in [7,9-12], and extend the maximum principles in [13,14]. We note that maximum
principles are considered in [13], which have growth conditions which we have not considered
here for the sake of brevity (these are obtained directly from lemma 2.3 with an appropriate weight
function ¢). We now focus our attention on the classes of solutions that decay as |x| — oo, which
have received much less attention in the literature. Generally, when considering solutions in this
class, results with similar coefficient conditions to those in lemma 2.2, theorems 3.4 or 3.5 are
applied to obtain maximum principles; however, these can be considerably improved by a priori
defining the decay of the solution as |x| — co. To begin, we require the following.

Definition 3.6. Let ¥ € C%([1,00)), #>0 and the linear parabolic operator L be as in
definition 3.1, with (3.1) replaced by

" () = —pry’ (v (n) (3.20)
for all n € [1, 00), and (3.4) replaced by
e Y+ xP)
bi(x, t)x; > —Biwl(1 TP (3.21)

for all (x,t) € Dt and 1 <i <n. When conditions (3.20), (3.2), (3.3), (3.21) and (3.5) are satisfied,
then the linear parabolic operator L is said to satisfy condition (H)” with p and .
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We now have the following.

Lemma 3.7. Let L be a linear parabolic operator which satisfies condition (H)" with p and .
Additionally, for any k <0, let

1
8§ = min {T, . } , (3.22)
w(lA] + Bl +|C] + 1)
where
i 2~k —1lp2 5 5 ox_C
A=4n?A| = — k B=—-2uB =—.
" ( way ) "=
Then, the continuous function ¢ : Ds — R, given by,
o(x, 1) = FVAHRD ey p) e Py, (3.23)

satisfies ¢ > 0 on Ds, with ¢ € C*Y(Ds), and

—MEO on Ds.
¢

Proof. We proceed as in the proof of lemma 3.2 with ¢: Ds —> R given by (3.23), and k <0. It

then follows that

—Llglx,t) _
T

(s) et/de(x, t)
¥ (s) kM(¢(S))

+4 Z ajj(x, £)xix; (w — D) + A0 +ku e_t/‘SW)) (3.24)

e Py (1 2 Z<b (3, 5 + i, )

(¥ (s)? ¥ (s) (W (s)>

ij=1

for all (x, t) € Ds. Now, it follows from (3.8) and definition 3.6 that

L (WD VS s )P
4Za7](x't)xlx’< Gor e T e

ij=1

_ 4nts (—m—u(w’(s))z Lm0y’ @) L @6) )

=) W) ¥ (s) K ws)rn
> 4n?A (_ill;(;l)y‘m —p1+ kupz) =A V(xt)eD;s. (3.25)

In addition, via definition 3.6, we have

2 Z (bi(x, b)x; (( )) >-2nB=B V(xt)eD;, (3.26)
i=1

and

et/de(x, ) _eC_
e Z H ¢ V(x,beD;. (3.27)

Therefore, it follows via (3.24)—(3.27) that

—L[¢](x, t)
o(x, 1)

as required. ]

<kpe (y (s))”( +A+B+C>§0 V(x,t) € Ds,

We now make a further extension of the maximum principle contained in [15] for solutions
that satisfy a specified decay condition as |x| — oo.
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Theorem 3.8. Let u: Dt — R be continuous, u € CZ1(Dr) and u <0 on dD7. In addition, let L be a
linear parabolic operator which satisfies condition (H)" with  and v, and such that L[u] <0 on D7. When
there exists k < 0 such that

.. u(x, t)
liminf sup ————7= <0,
r—>00 (x)eDr k(¥ (1+]x12))
|x|=r
then u <0 on Dr.
Proof. The proof follows the same steps as the proof of theorem 3.3. |

We are now in a position to establish new maximum principles, of the type considered in
[13,14] for solutions which satisfy specified decay conditions as |x| — oo of type (1.3), and which
complement theorems 3.4 and 3.5. Such maximum principles have not been considered in any of
the previously mentioned works, with the exception of results relating to lemmas 2.2 and 2.3. The
novelty of these new maximum principles can be observed in the sign change in the condition on
the first-order coefficients b;. We now have the following.

Theorem 3.9. Let u: D — R be continuous with u € E, for « =0, ) € (—oo, —1). In addition, let L
be a linear parabolic operator which, for A, B, C > 0 satisfies

0<a;(x, ) < A(L+ [x)(1 + log (1 + [x2)* "™
bi(x, i = —B(1 + |x*)(1 + log (1 + [x[))
c(x,t) < C(1 +log (1 + |x|?))*
forall (x,t) e Drand 1 <i<n. When u <0 on 0Dt and L[u] <0 on DT, then u <0 on Dr.
Proof. For » < —1, let ¥ :[1, 00) — R be given by
¥(n)=(1+log (M)~ Vyell, o). (3.28)
and p = |A|/(]A] — 1). It follows that ¥ € C2([1,00)), ¥ () = 1 and

(1Al = 1)(1 + log (n))*1=2 N
1

v'(n) =

0 (3.29)

and

v (n) =

(11 = 1(1 + log (m) 2 ( (21-2) 1)
n”? (1+1log (m)

for all n €[1,00). We now verify conditions (3.20) and (3.2) in definition 3.6 for ¥ :[1,00) = R
given by (3.28) and p = |A|/(]A| — 1). It follows from (3.29), (3.30) and (3.28) that

(3.30)

) = ' () ( A — 2n)) - 1) = 30/ = 39 ()Y ()

(1+log(
for all n € [1, 00), which verifies (3.20). Additionally, via (3.29) and (3.28),

0 <ny'(n)= (A — D))

for all € [1, 00), which verifies (3.2). Therefore, via the additional conditions in the statement, L
satisfies condition (H)” with u = |A|/(]A] — 1) and V¥ given by (3.28). Furthermore, because u € £,
there exists k < 0 such that

liminf sup u(x, )
r—00 (x,H)eDr ek (1+x2r =
|x|=r
The result then follows from theorem 3.8. .

Complementary to this, we also have the following.
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Theorem 3.10. Let u: Dt — R be continuous with u € Eg for a € (—00,0), A € (—00,0]. In addition,
let L be a linear parabolic operator which, for A, B, C > 0 satisfies

0 <a;i(x, 1) < AL+ [x1)' (1 + log (1 + %)~
bi(x, )i = —B(1 + x])
c(x, ) < C(1 + [x[%)1I(1 + log (1 + [x[?))*
forall (x,t) e Drand 1 <i<n. When u <0 on 0Dt and L[u] <0 on Dr, then u <0 on Dr.
Proof. Let ¢ :[1, 00) — R be given by

¥(n) =11 +log (M) Vnell,o00). (3.31)

Itis readily verified that L satisfies condition (H)” with 4 =1 and  given by (3.31). The remainder
of the proof follows that of theorem 3.9. |

It is worth remarking that in [7,9-14,21,22], maximum principles are obtained where the
condition on the first-order coefficient b; : D — R in the linear operator L, is bounded in modulus,
namely for B >0,

|bi(x, )] <B(1+ |x]) VY(x,t)eDr.

This contrasts to the one-sided bounds in the statements of the maximum principles obtained
here.

We now provide an example that illustrates the optimality of our condition on the first-order
term b; : Dt — R in both theorems 3.4 and 3.5. With £2 =R, we consider w:D; — R given by,

— —(1/y(log (14x2))Y +1—1)2. _
w(x, t) = { 14+ 2e /rllog 5 (x, 1) e D1\ ({0} x [0,1]) 63
b (x,1) € {0} x [0,1],

where y > 0 is constant. Observe that w is continuous on D; and w € C%1(D;), where w; : D1 — R
and wy : D1 — R are given by,

1
4e=(1/y(log (1+22))" +1-1)? <7 +1-— t); x,t) € D1\({0} x (0,1
w1 = ¥ (og (L2 (D €PN 0D 5 o)
0; (x, 1) € {0} x (0, 1],
and
1
4 —(1/y(log(l+x2))V+l—t)2 (7 1— t)
¢ y(og (1 +2)
u}X(xr t) = * . HeD 0 0.1 (334)
x ((10g(1+x2))1+1’(1+x2)>' (3,1 € D1\({0) (0, 1])
0; (x,1) € {0} x (0,1].
In addition,
lw(x,t)| <1 V(x,t)eDy, (3.35)
and sow € Eé for all A >0 (and hence w € Eﬁ for all @, 2 > 0). In addition,
w(x,t) > —-1+2 e~ 1-0" a5 |x| = oo uniformly for t € [0,1], (3.36)
and
_1 42 e (1/y(log (1+x%))" +1)*. R
W, 0=+ T2° ; xeR\0) (3.37)

-1; x=0.
Thus, via (3.33) and (3.34), we observe that

Llw]:=w; — bwy=0 on Dy, (3.38)
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where b: D1 — R is given by,

(log (1 4+ x?))7 (1 +x2)

(x,£) € D1\({0} x (0,1])

b(x,t) = 2x ’ (3.39)
0; (x, 1) €{0} x (0,1],
and L[-] is a linear parabolic operator of the form (1.1), with a,c: D; — R given by,
a(x,t)=0 V(x,t)eDy, (3.40)
and
cx,t)y=0 V(x,t)eD;. (3.41)
and b: D1 — R given by (3.39). Observe from (3.39) that
1 1 2\\1+y 1 2
b,y = UOBAHXN A+ o pep), (3.42)

2

Thus, we have constructed a function w: Dy — R, witha,b,c: D1 — Ras given in (3.40), (3.39) and
(3.41), respectively, so that all the conditions of theorem 3.5 are satisfied except for the condition
onb: Dy — R, and for which theorem 3.5 (and theorem 3.4) fails.

Remark 3.11. Observe that it is the growth rate of b: D; — R given by (3.39) as |x| - oo, and
not the behaviour as x — 0 that leads to the resulting failure of theorem 3.5 (and theorem 3.4).
Moreover, it follows that the condition on b;: Dt — R in theorem 3.5 is logarithmically sharp,
namely the condition on b;:Dr — R cannot be relaxed to allow larger logarithmic growth
as |x| — oo, without altering other conditions. Additionally, it follows that the condition on
bj : Dt — R in theorem 3.4 is algebraically sharp, namely the condition on b; : Dt — R cannot be
relaxed to allow larger algebraic growth as |x| — oo, without altering other conditions. However,
additional logarithmic growth, as in the conditions of theorem 3.5, is perhaps possible.

It should also be noted that if a function 1 : D; — R satisfies the conditions of theorem 3.5, with
coefficients a, b, c : D1 — R given by (3.40)

b(x, t) = —k(log (1 + x2))" x> V¥ (x,t) e Dy, (3.43)

and (3.41) respectively (with constants k, y > 0), then theorem 3.5 implies that # < 0 on Dy, despite
the superlinear growth of b: D1 — R as |x| — oo, given by (3.43), because the inequality on xb(x, t)
in theorem 3.5 only requires the growth rate as |x| — oo to be limited from above. Such cases
would be precluded in the maximum principles in [15], which require growth rate limitations on
|xb(x, t)| as |x| = oo. We also note thatin [10, p. 17], an example is given that violates the conclusion
of theorem 3.5; however, in this example, the conditions on both 2: D; — R and b: D1 — R are
violated, and hence, it is more difficult to draw conclusions from it.

To contextualize the nature of theorem 3.10 as an extension of the maximum principles in [15],
it is illustrative to consider the following example. Let £2 =R and introduce the linear parabolic
operator

Llu] :=usy — thyxy — buy —cu on Dy, (3.44)

where b,c: D1 — R are such that
b(x,t)=b(x) Y (x,t) €Dy
o) =1 +22)F vV, H)eD;

withb: R — Ran increasing function without growth limitations as |x| — oo, and g € (0,1]. For L
given by (3.44), theorems 3.4 and 3.5 cannot be applied, owing to the unspecified growth of b as
|x| = 0o. Moreover, lemma 2.2 cannot be applied since c is not bounded above on D;. However,
it follows that L given by (3.44) satisfies the conditions of theorem 3.10 with « = —f and A =0,
and hence, if u € Egﬂ satisfies L[u] < 0 with u <0 on 9D, then 1 < 0 on D;. In addition, note that
if we consider L given by (3.44) but with g > 1, then L would not satisfy theorem 3.10, owing to
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the constant coefficient of the second-order term together with the growth of the coefficient of the
zeroth-order term. Conversely, if we consider L given by (3.44) with bh:R—>R being a decreasing
function, then L would satisfy the conditions of theorem 3.4 with « = 8 and A =0, and hence, if
ue E% satisfies L[1] < 0 with u <0 on 9Dy, then u <0 on Dj.

4. Applications

Here, we demonstrate how the maximum principles, we have developed in §3, can be used
to establish comparison theorems. These comparison theorems can then be used to establish
uniqueness results for the following semi-linear parabolic initial-boundary value problem, which
commonly arises in both applied and theoretical studies of partial differential equations (see, for
example, the recent texts [3-5], and the classical texts [6,11]). We restrict attention to bounded
solutions (that is, in Eg) of initial-boundary value problems for semi-linear parabolic equations,
for brevity, with results for unbounded/decaying solutions following similarly. Additionally, we
note that comparison theorems and uniqueness results can be established for bounded solutions
to initial-boundary value problems for quasi-linear/nonlinear parabolic equations via a similar
approach to that which follows, provided appropriate restrictions on the quasi-linear/nonlinear
terms hold (see, for example, [1] or [6]). Now, let u: D1 — R be continuous and bounded, and
u € C3Y(Dr), such that

Llul=f(x,t,u) onDr, (4.1)
where L is a linear parabolic operator as in (1.1), and

f:Dr xR—>R (4.2)
is a prescribed function, while

u=g onaDr, (4.3)
where ¢g: 9Dt — R is a given function, which is bounded and continuous. A continuous and
bounded function u: Dy — R with u € C>}(Dr), and which satisfies (4.1) and (4.3) is referred
to as a solution of the initial-boundary value problem (IBVP) with linear parabolic operator L,

nonlinearity f and initial-boundary data g. Before we establish our results relating to (IBVP), we
require two definitions.

Definition 4.1. Let ii,u: D1 — R be continuous and bounded, and i, u € C>}(Dr). Suppose
further that

L[ﬁ] _f(x/t/ﬂ)zo on DT/
L[E] _f(xrtrﬂ)so on DT/
u<g<u ondDr,
where L is a linear parabolic operator and, f:Dr x R— R and g:9Dt — R are prescribed

functions. Then, on Dr, u is called a regular subsolution and ii is called a regular supersolution to
(IBVP) with linear parabolic operator L, nonlinearity f and initial-boundary data g.

Definition 4.2. The function f: Dt x R — R is said to satisfy the condition (H), with o >0
when for any closed bounded interval M C R, there exists a constant kj; > 0 such that for all
u,v e Mwith u > v, f satisfies the inequality

Flx, tu) — fx, t,v) <kar(1 4+ x2)%(u —v) YV (x,t) € Dr.

The following observation is useful.
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Remark 4.3. Let f satisfy condition (H), with o >0, then on every closed bounded interval
M C R, there exists a constant kj; > 0 such that for all u, v € M with u # v, then,

(f(x/ t/ Ll) _f(x/ t, U))
(u—v)
Furthermore, it follows that if f is locally Lipschitz continuous in u, uniformly on Dr, namely for
all u, v € M, there exists a constant ks > 0 such that

<kpm(l+x2)* V(x,t)eDr.

|f (et u) = flx, t,v)| <kmlu —v| - V(x,£) € Dr,
then f satisfies condition (H), for all o > 0.
We now establish the following comparison theorem for (IBVP).

Theorem 4.4. Let ii: Dt — R and u: D1 — R be a reqular supersolution and a regular subsolution to
(IBVP) with linear parabolic operator L, nonlinearity f and initial-boundary data g, respectively. Moreover,
suppose that for some « > 0, f satisfies condition (H)y, and there exists constants A, B, C > 0 such that the
coefficients of the linear parabolic operator L satisfy

0 <a;(x, t) < AL+ |x/»)'
bi(x, H)x; < B(1 + |xI)
c(x, t) < C(1 + [x[A)*
forall (x,t) € Dy and 1 <i <mn. Then, u < it on Dr.
Proof. Define w: Dr — R, to be
wx, ) =u(x,t) —i(x,t) V(x,t) eDr, (4.4)

and it follows immediately that w : DT — R is continuous and bounded, and hence, that w € E8 C
Eg. Moreover, it follows that there exists a closed bounded interval M C R, such that w(x, t) e M
for all (x,t) € Dr. Now, on D, we have via definition 4.1,

n
L[w] - (f(x/ t/ E) _f(x/ t/ ﬁ)) =wt — Z ‘Ziijixj - Z biw.’(; - (C + aw =< O/ (45)
ij=1 i=1"

where ajj, b;,c: Dt — R are the coefficients in the linear parabolic operator L, and

y 0; when u(x, t) = u(x, t) on Dt
o t) = (f (Z(;zt; :J; ((J;Itt,)u) ); when u(x, 1) # ii(x, t) on Dr.
It follows, via remark 4.3, that there exists ky; > 0 such that

&, t) <kp(l+x»)* V(x,t) e Dr.

Therefore, it follows that the linear parabolic operator L — ¢ in (4.5) satisfies the conditions of
theorem 3.4 when « > 0 or theorem 3.5 when o = 0. Moreover, via definition 4.1,

w<0 onaDr. (4.6)

A direct application of theorem 3.4 (« > 0) or theorem 3.5 (¢ =0), with (4.5) and (4.6), establishes
that

w=<0 onDT,

and via (4.4), we have
u<i onDr,

as required. ]

We are now able to establish uniqueness of solutions to IBVP.
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Theorem 4.5. Suppose that f : Dt x R — R satisfies condition (H)q for some o > 0, and there exists
constants A, B, C > 0 such that the coefficients of the linear parabolic operator L satisfy

0 <a;i(x,t) < A1 + |x*)1 ™
bix, Hx; < B + |x[%)
c(x,t) < C(1 + |x]?)®

forall (x,t) € Dt and 1 <i <n. Then, (IBVP) with linear parabolic operator L, nonlinearity f and initial-
boundary data g has at most one solution on Dr.

Proof. Let u):Dr — R and u® : D1 — R both be solutions to (IBVP) with linear parabolic
operator L, nonlinearity f and initial-boundary data g on Dr. It is trivial to show that if u is a
solution to IBVP with linear parabolic operator L, nonlinearity f and initial-boundary data g on
Dr then, via Definition 4.1, u is both a regular supersolution and a regular subsolution to IBVP
with linear parabolic operator L, nonlinearity f and initial-boundary data ¢ on Dt. On taking u(")
and 4 to be a regular subsolution and a regular supersolution to IBVP with linear parabolic
operator L, nonlinearity f and initial-boundary data g, respectively, then via theorem 4.4 we have,

uD <u®  on Dr. 4.7)
A symmetrical argument establishes that
u? <u®  on Dy, (4.8)

and therefore, via (4.7) and (4.8), it follows that ) = 4® on Dr, as required. |
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