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We examine which factor model best captures systematic return covariation by focusing
on the economic implications for portfolio risk control. The pairwise variance equality test
and the model confidence set procedure suggest that the Fama and French (2015) five-
factor model, the Barillas and Shanken (2018) six-factor model, and the Fama and French
(2018) six-factor model are the top performers for the factor model-implied minimum risk
portfolios in the out-of-sample. When it comes to the minimum tracking error portfolios,
the Barillas and Shanken (2018) six-factor model and the Fama and French (2018) six-
factor model are the overall winners in the horse race.

Crown Copyright � 2023 Published by Elsevier Ltd. All rights reserved.
1. Introduction

While much of asset pricing literature involves searching for factors or factor models that explain differences in expected
returns, less focuses on analyzing their ability to capture systematic return covariation. For example, in a recent study,
Harvey et al. (2016) catalog 313 papers that propose 316 different factors to explain the cross-section of expected returns.
However, they do not attempt to relate the candidate factors or, equivalently, the factor models to the covariance matrix of
returns. This paper seeks to contribute to this relatively underresearched area by formally examining which factor model
best captures systematic return covariation. Knowing this has both academic and practical importance. Theory suggests that
a necessary condition for any factor candidate is that it must be related to the covariance matrix of returns (Pukthuanthong
et al., 2019). The condition can be generalized to a given set of factors that constitute an asset pricing model. If the common
covariation in returns can be traced to a small set of underlying factors, then these factors serve as candidates for the sources
of systematic risk and expected returns provide compensation for bearing such risk (Chan et al., 1998). In this respect, our
or useful
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study helps to validate different models as candidates for the sources of systematic risk. In fact, Chan et al. (1999, p. 968)
reiterate, ‘‘[F]actor models of security returns were originally proposed as parsimonious ways to predict return covariances
and simplify portfolio optimization.” Thus, comparing the pricing ability of factor models in the cross-section of expected
returns, which numerous studies have done in the existing literature (see, for example, Ahmed et al., 2019; Fama and
French, 2016), is beyond the scope of this paper.

From the viewpoint of the investment practitioner, it is also immensely important to formally identify which factor model
best captures the systematic component of return covariation, since this component is the main source of portfolio risk. In
this context, Chan et al. (1998, p. 159) put it: ‘‘[T]he ability to identify which factors best capture systematic return covari-
ation is central to applications of multifactor pricing models.” Chan et al. (1998, 1999) further emphasize that some factors
may not be priced, but can account for the common shared variation in asset returns, which makes them important for inves-
tors who wish to manage portfolio risk. More practically, factor models help handle high-dimensional sets of assets in the
investment universe by significantly reducing the number of parameters in the estimation of the covariance matrix. Thus,
analyzing the dynamics of the covariance matrix of asset returns captured by the factor models may aid developing
better-performing investment strategies (Moskowitz, 2003). Indeed, there is ample evidence that factor pricing models
are routinely employed for portfolio risk control, in which model-implied forecasts of the future covariance matrix of returns
are the key input (see, for example, Ang, 2014; Brandt, 2010; Chincarini and Kim, 2006; Meucci, 2005).

To uncover which factor model best captures systematic return covariation, we focus on the economic implications for
portfolio risk control. Specifically, we conduct examination through the lens of an investor who utilizes forecasts of the factor
model-implied covariance matrix of excess returns to minimize the out-of-sample variance of her portfolio. The key point
here is that if a factor model does a good job in capturing the systematic portion of the covariance matrix of asset returns,
then it would lead to a low variance for the minimum variance portfolio implied by the model (see Section 2.3 for a formal
justification to this assertion). To make our empirical analyses as realistic as possible, we consider the minimum variance
portfolio (i.e., without any restriction on weights for individual assets), the restricted minimum variance portfolio (i.e., lim-
iting long and short positions), and the long-only minimum variance portfolio (i.e., without short selling). Our out-of-sample
model evaluation approach has a much broader appeal and offers two notable advantages. First, there is extensive evidence
that the in-sample performance of a factor model tends to correlate poorly with its ability to generate satisfactory out-of-
sample forecasts (see Chan et al., 1999; Simin, 2008). Thus, an out-of-sample analysis is needed to uncover the true perfor-
mance of a model. Second, it allows some of the issues well-documented in the literature to be circumvented, such as the
useless factor bias (Kan and Zhang, 1999) and the data snooping biases (Foster et al., 1997; Linnainmaa and Roberts,
2018; Lo and MacKinlay, 1990; MacKinlay, 1995).

We consider minimum risk portfolios implied by factor models instead of mean–variance portfolios for several reasons.
First, our objective is to formally assess the ability of factor models to capture the systematic return covariation. For this pur-
pose, a minimum variance portfolio is better suited as it offers a ‘‘clean” way of evaluating the quality of a factor model-
implied covariance matrix estimator by sidestepping the thorny issue of predicting expected returns (Ledoit and Wolf,
2017). It has long been recognized that expected returns are notoriously difficult to predict. As a result, the performance
of the traditional mean–variance efficient portfolio is highly sensitive to the estimation error in the arithmetic mean of
the returns (Chan et al., 1999; DeMiguel et al., 2009; Jagannathan and Ma, 2003). Second, it is well-documented that esti-
mated minimum variance portfolios have desirable out-of-sample properties not only in terms of risk but also in terms of
Sharpe ratio (see, among others, Jagannathan and Ma, 2003; Nielsen and Aylursubramanian, 2008; Olivares-Nadal and
DeMiguel, 2018). Indeed, such portfolios are often included in the range of financial products sold by the mutual fund indus-
try (Ledoit and Wolf, 2017). Third, there is mounting evidence that superior returns to investment performance are elusive
and therefore emphasis on risk control is growing in the asset management industry (Ang, 2014; Chan et al., 1999). Our
empirical framework is also aligned with this trend as it compares factor models based on their ability to capture the sys-
tematic component of return comovement, rather than their ability to explain expected returns.

Some studies have shown that the dominant influence of the market factor on return variation can cause the performance
of minimum risk portfolios implied by different factor models to be very similar, especially when additional constraints on
the weights are imposed (see Chan et al., 1999, p. 955). Consequently, differentiating between models can be very difficult. A
way to address this issue is to remove the impact of the dominant market factor. As it turns out, this problem is a specific
case of tracking a benchmark portfolio (Chan et al., 1999). This motivates us to extend our analyses to the minimum tracking
error portfolio, which involves minimizing the portfolio’s tracking error variance. To be consistent with the practice in the
investment industry, we also consider the restricted minimum tracking error portfolio and the long-only minimum tracking
error portfolio. Arguably, these portfolios are the most interesting to portfolio managers who are evaluated relative to some
benchmark (Chan et al., 1999; Cremers and Petajisto, 2009). This is because institutional investors commonly instruct their
managers to construct minimum tracking error portfolios, using a subset of stocks that have low transaction costs and high
liquidity, to track certain benchmark indices that contain assets that are not actively traded (Jagannathan and Ma, 2003;
Jorion, 2003). It is worth noting that to construct these portfolios, forecasts of the covariance matrix of returns in excess
of the benchmark’s return are required where factor models are frequently used to obtain these forecasts (Chan et al., 1999).

We examine the out-of-sample performance of a large array of both classic and new-generation models. Our array com-
prises: the capital asset pricing model of Sharpe (1964) and Lintner (1965), Fama and French (1993) three-factor model, the
Fama and French (1993) and Carhart (1997) four-factor model, the Asness and Frazzini (2013) three-factor model, the Hou
et al. (2015) q-factor model, the Fama and French (2015) five-factor model, the four-factor model of Fama and French (2015)
2
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that excludes the ‘‘high minus low” value factor, the Stambaugh and Yuan (2017) four-factor model, the Barillas and Shanken
(2018) six-factor model, the Fama and French (2018) six-factor model, and the Daniel et al. (2020) three-factor model. We
confine our examination to these models for two reasons. First, they have survived as the workhorses if not the best models
over the years. In fact, almost all of the models under investigation have become academic standards and are frequently used
for risk-adjustment purposes in the asset pricing literature (see, for example, Ahmed et al., 2023a; Ahmed et al., 2023b; Bali
et al., 2016; Hirshleifer et al., 2018). Second, our methodology (described in the next section) requires estimation of the
covariance matrices at daily frequency. Hence, we consider models for which daily data are readily available in the public
domain. Moreover, given the abundance of models in the literature, examining these 11 major factor models keeps the
out-of-sample model comparison exercise reliably manageable.

One may think that models that are successful in explaining the cross-section of expected returns should also be good in
capturing the systematic return covariation. This is not always true because there are factors that are reliably associated with
expected returns but not risks (see Moskowitz, 2003; Pukthuanthong et al., 2019). As a result, whether in isolation or in com-
bination with other factors forming a particular model, they do not describe return covariation. Also, in the presence of con-
straints on borrowing and short selling, a set of benchmarks that is correct for pricing is not necessarily correct for investing
(Pástor and Stambaugh, 2000). We show, as other authors have (see Moskowitz, 2003, Table 2), that some of our models
well-known for explaining return anomalies do not turn up as the best model in the horse race of capturing systematic
return covariation. The Hou et al. (2015) q-factor model is an example despite the evidence of its superior pricing ability
in the cross-section of expected returns (see Ahmed et al., 2019).

To statistically assess our competing factor models in a realistic setting, choosing test assets in which to invest poses a
challenge. In this regard, we take guidance from prior studies (see, among others, Chan et al., 1999; Giglio and Xiu, 2021;
Lewellen et al., 2010; Moskowitz, 2003), while keeping our analyses parsimonious. The test assets include: samples of 50
small stocks (randomly selected) and 100, 250 and 500 largest stocks (drawn with a defined rule) from NYSE-, AMEX-,
and NASDAQ-listed nonfinancial and nonregulated ordinary common stocks; a set of value-weighted 48 industry portfolios;
and a set of value-weighted 340 portfolios used in Giglio and Xiu (2021). All of them are easily accessible to researchers, as
described in Section 3.2, and therefore serve as a reasonable starting point to conduct our empirical analyses.

We begin with computing the out-of-sample forecasts of the covariance matrix implied by each competing model, where
the model-implied covariance matrix is filtered to focus solely on the systematic portion of return covariation (see Section 2
for details). Engle and Colacito (2006) show that when the problem at hand is to assess the accuracy of different covariance
forecasts, ranking the alternative models based on the volatility of optimized portfolios offers a minimum loss of efficiency,
even in the context of a mean–variance optimal portfolio. Therefore, the variance of the portfolio is a measure that should be
able to pick the correct covariance estimator independently of the model of expected returns. Their analysis further reveals
that using a Sharpe ratio criterion for ranking covariance matrix estimators may be misleading, since it can lead to the selec-
tion of the wrong model (Engle and Colacito, 2006, Corollary 2 of Proposition 1). Given these findings and our objective of
comparing models in terms of their ability to capture systematic return covariation, we conduct pairwise tests of equality of
the out-of-sample variances for the returns realized on the minimum variance portfolios of test assets implied by the com-
peting models. In the case of a tracking error minimizing portfolio, the object of interest is the out-of-sample variance of the
difference between the portfolio’s return and the return on a given benchmark. As in Jagannathan and Ma (2003), our bench-
mark is the Standard & Poor’s (S&P) 500 index.

While the pairwise test takes us well beyond the common practice of identifying the best model simply by comparing
point estimates of various performance metrics, the underlying testing procedure may not always determine unambiguously
the best-performing factor model when multiple models are involved in the horse race (Ahmed et al., 2019; Barillas et al.,
2020; Gospodinov et al., 2013; Kan et al., 2013). To address this concern, we further conduct simultaneous comparison of
factor pricing models by utilizing the model confidence set (MCS) procedure of Hansen et al. (2011). The advantage of the
MCS procedure is that it enables us to determine the best-performing asset pricing model(s) from a collection of competing
models, with a given level of confidence. In our case, ‘‘best-performing” is defined in terms of a lower out-of-sample variance
(or tracking error variance) of the optimized portfolio implied by a given factor model.

Our results show that the Fama and French (2015) five-factor model, the Barillas and Shanken (2018) six-factor model,
and the Fama and French (2018) six-factor model are the best for capturing the systematic return covariation, as reflected
in a significantly lower out-of-sample variance of the corresponding minimum risk portfolios. When it comes to the different
versions of the minimum tracking error portfolios, the Barillas and Shanken (2018) six-factor model and the Fama and
French (2018) six-factor model once again turn up as the best models in the horse race. All these findings remain robust
to: (1) accommodating the impact of transaction costs on model performance in the out-of-sample; (2) a recursive exercise
in which factor models are compared as they are proposed against previously introduced models; (3) an evaluation of eco-
nomic gains from using factor models; and (4) subperiod analyses and different market states.

In a recent work, Ahmed et al. (2019) show that the Hou et al. (2015) q-factor model, the Fama and French (2015) five-
factor and four-factor models, and the Barillas and Shanken (2018) six-factor model are the top performers in explaining sev-
eral well-known return anomalies. Our results, from comprehensive analyses, suggest that models that are successful in this
context are not necessarily successful for capturing systematic return covariation of assets, which is aligned with Pástor and
Stambaugh (2000) and Pukthuanthong et al. (2019), and justifies the goal of the paper.

Taken together, the robust empirical results in this paper contribute to the growing literature on evaluating asset pricing
models in out-of-sample, especially focusing on their relation to covariance risk. They also have valuable implications for
3
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practical applications including portfolio risk optimization in the asset management industry. Furthermore, the optimization
techniques that we demonstrate using factor pricing models should help professional money managers deal with the curse
of dimensionality of assets in the ever-expanding investment universe.

The studies that are closely related to ours are Chan et al. (1998, 1999) and Moskowitz (2003), which explore the perfor-
mance of factor models (or factors in isolation) in capturing the covariance structure of returns. But our paper differs from
these studies on several grounds. First, and most importantly, we compare models using formal statistical procedures involv-
ing the pairwise variance equality test and the computation of the MCS. Second, we employ a wide variety of test assets
spanning individual stocks and equity portfolios. Third, our comparison of factor models utilizes a broad set of alternative
versions of minimum variance and minimum tracking error portfolios commonly encountered in practice. Fourth, we con-
duct additional analyses to account for the impact of transaction costs on model performance. Fifth, we perform a recursive
exercise in which models are formally compared as they are proposed against previously introduced models in the literature.
Sixth, we compute economic gains from using factor models. Lastly, we conduct sensitivity and subperiod analyses. All these
features of the empirical design are beyond those adopted in the aforementioned studies and make our findings more reli-
able and robust, let alone uncovering the best models from a much larger array of both classic and new-generation models.
2. Framework

Suppose we have N risky test assets and rt denotes the N � 1 vector of returns on those assets during period t (¼ 1; . . . ; T).
Then a linear factor pricing model for rt with K risk factors can be specified as
1 By
the mo
2013).

2 The
interest

3 For
that i0Nw
varianc
rt � rRF;t1N ¼ lr þ bf t þ �t ; ð1Þ
where rRF;t is the risk-free rate at time t; 1N is an N � 1 vector of ones, lr is an N � 1 vector of asset risk premia, b is an N � K
matrix of factor loadings (i.e., risk exposures) of the test assets, f t is a K � 1 vector of demeaned factor returns (i.e., factor
return innovations or factor shocks), �t is an N � 1 vector of residuals, and E �tjf tð Þ ¼ 0. In line with most empirical studies
comparing asset pricing models (see, for example, Barillas and Shanken, 2018; Fama and French, 2018; Hou et al., 2019),
we assume that the factors are replicated by the returns on zero-investment portfolios. Moreover, we assume that at any
given point in time t
f t jFt�1 � N 0K ;Xtð Þ and �t jFt�1 � N 0N ;Vtð Þ; ð2Þ
where Ft�1 is the information set generated by the past values of f t and �t; 0K and 0N are, respectively, the K � 1 and N � 1
vectors of zeros; and Xt and Vt are the positive definite matrices of dimensions K � K and N � N, respectively. The above
assumption is consistent with the ample evidence that volatility is predictable (see, among others, Bollerslev et al., 1992;
Bollerslev et al., 1994; Moskowitz, 2003). It is worth mentioning that the assumption of normality in Eq. (2) is not pivotal
because even if it does not hold, the composite-likelihood estimation becomes the quasi composite-likelihood, which still
has desirable properties (see Engle et al., 2019).

In light of Eq. (2), the total (conditional) covariance matrix of excess returns, denoted Rt , implied by Eq. (1), is decom-
posed into a systematic portion and a residual portion as
Rt ¼ bXtb
0 þ Vt : ð3Þ
Note that Eq. (3) is a generalization of the well-known total covariance matrix implied by an unconditional static factor
model that assumes Rt ¼ R.1 In this regard, our framework is consistent with the unconditional dynamic factor models, which
have been previously adopted in the literature under the assumption that the factors are latent (see, among others, Aguilar and
West, 2000; Engle et al., 1990; Nardari and Scruggs, 2007).

Charoenrook and Conrad (2008) and Pukthuanthong et al. (2019) argue that Eq. (3) is a necessary condition for any factor
candidate. That is, the factor must be related to the covariance matrix of returns. The condition can be generalized to a par-
ticular model specification in the sense that the factors that constitute the model should explain the systematic return
comovement.2 This generalization is the motivation for our study to identify the model that best accounts for the common
shared variation in returns, which is paramount to our understanding of the underlying forces that move asset prices. It is also
of immense importance to practitioners who use factor models for portfolio risk optimization. Indeed, the only relevant risk
component of the total covariance matrix decomposition given by Eq. (3), for which an investor demands a premium is
bXtb

0, since the idiosyncratic risk component can be diversified away.3
unconditional, we mean that the parameters in the multivariate regression given by Eq. (1) are assumed to be constant over time, which is in line with
del specification adopted by most prior studies that compare asset pricing models (see, among others, Barillas et al., 2020; Hou et al., 2019; Kan et al.,

necessary condition implied by Eq. (3) does not distinguish between pervasive priced factors and unpriced factors (Pukthuanthong et al., 2019). But our
lies in evaluating the ability of models to capture the systematic return covariation regardless of whether their constituent factors are priced or not.
an elaboration of this point, consider a vector of allocations, wi

t ¼ wi
1;t ; . . . ;w

i
N;t

� �0
, of the risky assets implied by the factor model i at time t and assume

i
t ¼ 1. If the portfolio is well-diversified, that is,

PN
n¼1 wi

n;t

� �2 ! 0 as N ! 1 (see, for example, Chamberlain, 1983), the idiosyncratic component of its
e tends to zero as N ! 1, provided that the eigenvalues of Vt are uniformly bounded away from zero.
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To quantify the ability of a factor model to capture the systematic component of asset return variation, we analyze the
out-of-sample performance of optimized portfolios derived from the estimated covariance matrix of excess returns implied
by the model. In doing so, we follow Moskowitz (2003, pp. 438–439) and concentrate on the systematic portion of return
covariation (i.e., bXtb

0) captured by the factors that constitute the model. If a factor model i captures the systematic compo-
nent of asset return variation better than a factor model j, the covariance matrix implied by model i will be closer to the
‘‘true” covariance matrix. Therefore, by using the result of Theorem 1 in Engle and Colacito (2006, p. 239), we can conclude
that model i will allow investors to achieve lower volatility, higher return, or both. We elaborate on this point in Section 2.3.

Since bXtb
0 is symmetric positive semidefinite, we add a constant (across models) diagonal matrix, denoted Vfull

t , to each

competing factor model-implied bXtb
0 to ensure nonsingularity (see Moskowitz, 2003, p. 439). The matrix, Vfull

t , contains only
the conditional volatility estimates of the residuals from a ‘‘full” model (i.e., a model that employs all the distinct factors of
the competing models). As a result, the optimal weights or, equivalently, the performance of the portfolios will vary across
models only to the extent that the systematic component of return covariation captured by the factors that constitute a par-
ticular model varies (see Eqs. (4)–(7) for an elaboration on this point). Stated alternatively, this will allow us to compare the
models solely by their ability to capture the systematic component of the total covariance matrix given that the idiosyncratic
component is the same across models.4,5

2.1. Portfolio optimization: Minimum variance portfolio

Consider a set, M0, that contains a finite number of competing factor models, where each model is indexed by
i ¼ 1; . . . ;m0. To facilitate the comparison across the different factor models and uncover the ‘‘true” ability of each model
to predict the future covariance matrices, we begin with a rolling out-of-sample forecasting approach similar to that in
Chan et al. (1999), DeMiguel et al. (2009), and Ledoit et al. (2019). The covariance matrix forecasts are generated from a mul-
tivariate generalized autoregressive conditional heteroscedasticity (GARCH) model that we use to characterize the time-
varying dynamics of the covariance matrix of test asset returns implied by each factor model. In particular, we employ
the dynamic conditional correlation (DCC) model of Engle (2002) to estimate the conditional correlation matrix of the factors
that belong to model i. We choose the DCC model for the following reasons. First, it is a rather popular and widely used mul-
tivariate volatility model, which has been shown to possess good out-of-sample forecasting properties (see Laurent et al.,
2012). Second, it offers a great deal of computational advantages over other multivariate volatility models and avoids
over-parameterization (see Engle, 2002). Following Engle et al. (2019), we use a GARCH(1,1) process to estimate the ele-
ments ofWt , that is, the vector of conditional variances of the factor return innovations that is used to convert the conditional
correlation matrix to a conditional covariance matrix (see Appendix A for more details). Similarly, we employ a GARCH(1,1)

process to estimate the ðn; nÞth entry of Vfull
t , that is, the diagonal matrix of residual volatility estimates from the ‘‘full” factor

model.6

To improve the precision of the parameter estimates of the multivariate GARCH models and thus mitigate the concern
that estimation error might add noise to our empirical analysis, we use daily data for both the test assets and the factors.
Also, in line with the recent literature (see, among others, Bollerslev et al., 2018; Ledoit et al., 2019), we update all portfolios
at the end of every 21-day period. The general set-up for the estimation of the minimum variance portfolio is as follows.
Given a full sample of T observations, we choose an in-sample estimation window of length L. At each portfolio formation
date, d, for model i 2 M0 and conditional on the availability of data from day d� Lþ 1 to d, the vector of allocations of
the risky assets, wi

d, is determined by the solution to the following quadratic programming problem:
4 If w
covaria

5 Our
availabl

6 We
the sim
Hansen
min
wi

d

1
2

wi
d

� �0
R̂i

d wi
d

� �
s:t: 10Nw

i
d ¼ 1; ð4Þ
where
R̂i
d ¼ b̂i

�Xi
db̂

0
i þ Vfull

d

� �
;ð5Þ

�Xi
d ¼

1
21

Xdþ21

z¼dþ1

X̂i
z;ð6Þ

Vfull
d ¼ 1

21

Xdþ21

z¼dþ1

bV full
z ;ð7Þ
e utilize Vi
t instead of Vfull

t , then the performance of the portfolios will vary across models not only to the extent that the systematic component of return
tion captured by a particular model varies but also to the extent that the idiosyncratic component captured by the same particular model varies.
overall findings remain qualitatively the same when we use Vi

t (i.e., residual covariance matrix from factor model i) instead of Vfull
t . These results are

e in Tables IA15 and IA16 of the Internet Appendix.
acknowledge that there are alternative univariate GARCH model specifications incorporating additional features such as asymmetries. But we choose
plest and the most parsimonious alternative to model the time-varying variance dynamics. In their comprehensive study of 330 GARCH-type models,
and Lunde (2005) show that a GARCH(1,1) process is sufficient to successfully forecast the volatility of different asset classes.
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b̂i is the ordinary least squares estimate of bi, the factor loadings of asset pricing model i, and �Xi
d and Vfull

d are, respectively, the

averaged (over z-step ahead) forecasts of Xi and Vfull.7 To conserve space, details of the estimation of X̂i
z and bV full

z are given in
Appendix A. The forecasts in Eqs. (6) and (7) are averaged to address the mismatch between the portfolio updating frequency
and the covariance matrix forecasting frequency (as per De Nard et al., 2021).

The solution to the optimization in Eq. (4) is given by
7 b̂i i
portfoli

8 Wit
9 A m

Section
ŵi
d ¼

R̂i
d

� ��1
1N

10N R̂i
d

� ��1
1N

: ð8Þ
Upon obtaining the optimized weights at day d, we then compute the returns on the minimum variance portfolio, denoted
riMVP;z, for the subsequent 21 days as
riMVP;z ¼ ŵi
d

� �0
rz for z ¼ dþ 1; . . . ;dþ 21: ð9Þ
At the end of day dþ 21, the forecasting and optimization procedures are repeated.
The above procedure starts at day d ¼ L and is conducted until we reach the end of the full sample. We therefore end up

with a time-series of T � L daily out-of-sample returns realized on each portfolio constructed using asset pricing model i.
This enables us to evaluate the performance of competing models in terms of their implications for portfolio choice, noting
that investment differences across models will be driven only by the systematic component, b̂i

�Xi
db̂

0
i.

To incorporate settings that correspond to actual practice for most investment managers, we consider two other scenar-
ios. In the first scenario, as in Moskowitz (2003), we add the constraint (in Eq. (4)) that the weights on any asset are between
�0.50 and 1.50. This averts generating extreme portfolio positions. In the second scenario, as in DeMiguel et al. (2014) and
Jagannathan and Ma (2003), short selling and borrowing at the risk-free are not allowed, so that the weight on any single
asset lies between 0 and 1.8 We refer to the portfolios incorporating these additional scenarios as the restricted minimum vari-
ance portfolio and the long-only minimum variance portfolio, respectively. Note that real-life portfolio managers also face
transaction costs in addition to varying degrees of constraints on leverage and turnover. We accommodate possible transaction
costs in our analyses in Section 5.1.
2.2. Portfolio optimization: Minimum tracking error portfolio

A strand of literature has shown through factor analysis of equity returns and analysis of eigenvalues that a major factor,
namely, the market factor, is the dominant source of return variation (see Chan et al., 1999; Connor and Korajczyk, 1993).
This dominant influence of the market factor, which tends to overpower other factors, can cause the performance of mini-
mum variance portfolios implied by different models to be quite similar. Hence, differentiating between the models can be
challenging, especially when additional constraints on the weights are imposed (Chan et al., 1999). To address the possible
impact of a dominant factor and to design our experiment such that the differences across the factor model-implied port-
folios (or, equivalently, the factor models) are more stark, we also consider the minimum tracking error portfolio. The objec-
tive in this case is to minimize the variance of the difference between the portfolio’s return and the return on a benchmark.
Given that the market factor is the dominant factor, if the benchmark’s market exposure is not too unrepresentative of those
of the underlying set of assets, then the difference between the market betas of the portfolio and the benchmark can be set
close to zero (Chan et al., 1999). Thus, the incremental informativeness of any remaining factors becomes easier to detect,
which in turn, leaves more room to differentiate between the models.9

To implement the tracking error minimization, we follow Chan et al. (1999) and Jagannathan and Ma (2003), and obtain
the forecasts of model-implied covariance matrix of returns in excess of the benchmark’s return. The forecasting scheme for
covariance matrices and the procedure for portfolio updating are the same as those in Section 2.1. In addition, we consider
two alternative versions of the minimum tracking error portfolio. These are the restricted minimum tracking error portfolio
(i.e., limiting long and short positions) and the long-only minimum tracking error portfolio (i.e., no short selling). It is worth
highlighting that these versions of the minimum tracking error portfolios are perhaps the most interesting to portfolio man-
agers who are paid to outperform a benchmark. Accordingly, they are concerned with how their portfolios deviate from the
benchmark rather than the absolute variances of their portfolios (Chan et al., 1999).
s estimated using data from day d� Lþ 1 to d. In this sense, although we assumed bi to be constant over time, the estimates that we obtain at each
o formation date, d, may vary due to sampling error.
h the additional constraints, the resulting optimized portfolios are not explicitly given and therefore the solutions need to be found numerically.
ore detailed explanation on why adjusting by a benchmark matters for differentiating between factor model-implied portfolios, can be found in
5.1 of Chan et al. (1999).
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2.3. Model comparison metric

Let Rs be the true conditional covariance matrix of asset returns at time s (¼ Lþ 1; . . . ; T), Rd be the average of Rs over the
period dþ 1; . . . ; dþ 21, where d ¼ 21s� 20Lf g and s ¼ L; . . . ; T þ 20Lð Þ=21� 1, and wd be the portfolio weights computed

according to Eq. (8), but using Rd rather than R̂i
d. Using the law of iterated expectations, we can show that
10 It c
var w0
d rs � lr

� �� �
:¼ r2 ¼ E r2

s
� �

; ð10Þ

where var �½ � is the unconditional variance operator, E �½ � is the unconditional expectation operator, and
r2
s :¼ w0

dRswd: ð11Þ

Since the objective in Eq. (4) is to find the combinations of assets that have a minimum variance (out-of-sample) under the
constraint 10Nwd, we define the following function to quantify the quality of the covariance matrix estimator:
Li ¼ 1
T � L

XT
s¼Lþ1

r2
s;i � r2

s

� �
; ð12Þ
where r2
s;i is defined analogously to Eq. (11), but using wi

d (i.e., portfolio weights implied by model i) instead of wd. A similar
loss function is defined by Engle et al. (2019), who provide a detailed justification for its scientific usefulness. The following
proposition shows that Eq. (12) possesses the desired property of a loss function, that is, the loss is strictly positive only if the
covariance estimator has error in it and is zero otherwise.

Proposition 1. Li � 0; if for each s there exists an invertible matrix, P, such that P0RsP ¼ Ri
s, where Ri

s ¼ biX
i
sb

0
i þ Vfull

s ,
then Li ¼ 0 if and only if P ¼ IN 8s, where IN is the N � N identity matrix.

Proof. See Appendix B. h

An immediate implication of the above result is that
E
1

T � L

XT
s¼Lþ1

r2
s;i

" #
P E

1
T � L

XT
s¼Lþ1

r2
s

" #
:

Using the linearity of expectation and the relation specified in Eq. (10), which also holds for r2
s;i, we can show that the above

inequality implies that r2
i P r2. Thus, r2 is a lower bound of r2

i , the (unconditional) out-of-sample variance of a portfolio

constructed using the estimator of the covariance matrix of asset returns implied by model i. Hence, if Ri
s ¼ Rs, then

wi
d ¼ wd and r2

i ¼ r2, whereas if Ri
s – Rs, then r2

i > r2. In other words, the smaller the error in the estimator, the more pre-
cise the forecast of the covariance matrix, which in turn translates into a smaller out-of-sample variance of the constructed
portfolio. So, if a model i does a better job in capturing the systematic portion of the covariance matrix of returns than model

j, then Ri
s will be a better estimator of Rs than Rj

s, which will eventually result in r2
i being closer to r2 than r2

j . Therefore, r2
i

will be lower than r2
j . Note that the matrix P in Proposition 1 is guaranteed to exist and is indeed unique positive definite,

since both Ri
s and Rs are positive definite.10

In light of the above discussion, an appropriate statistic for comparing the competing models’ ability to capture the sys-
tematic return covariation in an out-of-sample setting is
Mij :¼ r2
i � r2

j for all i; j 2 M0; ð13Þ

where r2

i and r2
j are the (unconditional) variances of the out-of-sample returns on the minimum variance portfolios implied

by factor models i and j, respectively. In the cases of the tracking error minimizing portfolios, r2
i and r2

j are, respectively, the
(unconditional) variances of the out-of-sample excess returns (over the benchmark’s return) realized on the portfolios
implied by factor models i and j. Alternatively, one can consider using the logarithmic version of Eq. (13),
Dij ¼ ln r2
i

� �� ln r2
j

� �
for all i; j 2 M0: ð14Þ
It is worth highlighting that Dij is the logarithmic transformation of the F-test for the equality of variances. As Efron (1982)
stresses, the transformation is both normalizing and variance stabilizing, both of which are conducive to better finite-sample
properties of our inference methods. This is the quantity that we use in our empirical application.

The choice of the above metric can further be justified by the fact that we consider the minimum variance portfolio, which
is designed to minimize the variance rather than to maximize the expected return or the Sharpe ratio. Also, a large literature
(e.g., Engle et al., 2019; Ledoit and Wolf, 2017) emphasizes that the most important performance measure in the context of
the minimum variance portfolio is the out-of-sample variance. Although a higher out-of-sample Sharpe ratio is desirable, it
should be of secondary importance for evaluating the quality of the covariance matrix estimator. Furthermore, Engle and
an be shown that P ¼ R�1=2
s R1=2

s Ri
sR

1=2
s

� �1=2
R�1=2
s (see Bueno et al., 2007, and the references therein).
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Colacito (2006, Corollary 2 of Proposition 1) argue that even in the context of a Markowitz portfolio, the out-of-sample stan-
dard deviation (and thus the variance) is still a preferred performance measure, since the Sharpe ratio can potentially lead to
the selection of the wrong estimator.

2.4. Pairwise test

We first compare models on a pairwise basis. Note that the statistic, Dij, will be strictly negative (positive) only if a factor
model i does a better (worse) job in capturing the covariance structure of test asset returns out-of-sample than a competing
model, j. This entails testing H0;ij : Dij ¼ 0 against HA;ij : Dij – 0. The associated test statistic is given by
gij ¼
D̂ij

r̂D̂

;

where D̂ij is an estimate of Dij and r̂2
D̂
is a consistent estimate of the variance of T � Lð Þ�1=2D̂ij. Under some suitable conditions,

Ledoit and Wolf (2011) point out that D̂ij is approximately normally distributed and thus the limiting distribution of gij is a
standard normal. To improve inference accuracy, we use the studentized bootstrap method of Ledoit andWolf (2011) to gen-
erate B bootstrap samples of portfolio returns with length T ¼ T � L (i.e., the out-of-sample period). But in the cases of the
minimum tracking error portfolios implied by the factor models, we create B bootstrap samples of portfolio returns in excess
of the benchmark’s return.

The actual implementation of the bootstrap is identical to the studentized bootstrap procedure outlined in Section 3.2.2 of
Ledoit and Wolf (2008). We employ B ¼ 9;999 resamples and report the bootstrap p-values computed in accordance to
Remark 3.2 of Ledoit and Wolf (2008). Also, as in Algorithm 3.1 of Ledoit and Wolf (2008), we pick a data-dependent block
size for the circular block bootstrap, by fixing the selection of block sizes to 1;2;4;6;8;10f g and generating 5,000 pseudo
sequences from a bivariate GARCH model. Our empirical results remain robust if we go beyond the input block size of 10
(for example, 12).

2.5. Simultaneous test

The pairwise model comparison may not always determine unambiguously the best performing model when multiple
models are involved in the horse race (Barillas et al., 2020; Gospodinov et al., 2013; Kan et al., 2013). This is due to the
over-rejections of the null of equal model performance arising from the process of sequentially searching for the best model
across several alternatives. To alleviate this concern, we utilize the MCS procedure of Hansen et al. (2011) to perform simul-
taneous comparison of factor models. The MCS procedure determines the best factor model(s) from a collection of models,
M0, with a given level of confidence. Similar to Definition 1 in Hansen et al. (2011, p. 458), we define the set of superior mod-
els, M�, as
M� 	 i 2 M0 : Dij 6 0 for all j 2 M0� 	
:

The MCS procedure determines M� through a sequence of significance tests, where models that are found to be significantly
inferior to other competing models in M0 are eliminated. The null hypotheses that are being tested take the following form
H0;M : Dij ¼ 0 for all i; j 2 M;
where M 
 M0. Thus, starting with M ¼ M0;H0;M is tested using an equivalence test, nM, at significance level .. If the null

hypothesis is not rejected, then M� is defined as cM�
1�. ¼ M. Otherwise, a model from M is eliminated using some elimina-

tion rule, eM, and the testing procedure is repeated. A factor model that survives all the significance tests is contained incM�
1�. and is said to be superior to the eliminated models at significance level ..
Hansen et al. (2011) emphasize that when the MCS procedure is implemented in finite samples, it is desirable to have a

certain coherency between the hypothesis test, nM, and the elimination rule, eM. However, hypothesis testing that relies on
asymptotic results cannot guarantee such coherency, unless the test and the elimination rule are chosen so that
P nM ¼ 1; eM 2 M�ð Þ 6 P0 nM ¼ 1ð Þ, where P is the true probability measure and P0 is a sample transformation of P that satis-
fies the null hypothesis (see Hansen et al., 2011, Definition 3, p. 461). Our implementation of the MCS procedure is based on a
multiple t-statistic approach that simplifies the choice of eM in order to satisfy the notion of coherency.

Recall from the preceding section that the t-statistic associated with the null hypothesis H0;ij : Dij ¼ 0 is given by gij (see

Section 2.3.1). Since H0;M () H0;ij for all i; j 2 M
� 	

, a natural statistic for testing the hypothesis H0;M is
CM ¼ maxi;j2M j gij j : ð15Þ

An elimination rule for this test statistic that will satisfy the coherency principle is
eM 	 arg maxi2Msupj2Mgij: ð16Þ

Thus, to summarize, the algorithm for constructing the MCS is as follows:
8
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Step 1: Set M ¼ M0.

Step 2: Test H0;M using CM at level .. If H0;M is not rejected, define cM�
1�. ¼ M. Otherwise, use eM to eliminate an object from

M and repeat Step 2.

The asymptotic distribution of CM under both the null and the alternative is nonstandard. Therefore, to be able to imple-
ment the MCS procedure for simultaneous comparison of models, we apply the block bootstrap method of Hansen et al.
(2003, 2011) to the portfolio returns (or to the portfolio returns in excess of the benchmark’s return in the cases of the min-
imum tracking error portfolios) in order to estimate the distribution of CM. We construct 9,999 bootstrap samples and set
the block length equal to 10, which is a standard choice in the literature (see, for example, Liu et al., 2015). Also, our esti-
mation reveals that this is by far the most frequent value for the optimized block size in pairwise comparisons, based on
the algorithm of Ledoit and Wolf (2011).11 The bootstrap implementation is also convenient for calculating the MCS p-
values for all models under consideration. The interpretation of the MCS p-value is analogous to that of a classical p-value.

In particular, let p̂i be the MCS p-value for model i, such that i is included in cM�
1�. if and only if . 6 p̂i (see Hansen et al.,

2011, Theorem 3, p. 462).

3. Factor models and test assets

3.1. Competing models

We investigate the ability of 11 different models to capture the systematic portion of return variation. These are: (1) the
capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965), which includes a market (excess return) factor
(MKT); (2) the Fama and French (1993) three-factor (FF3) model, which augments the CAPM by including empirically moti-
vated size (SMB�, small minus big) and value (HML, high minus low book-to-market equity) factors; (3) the Fama and French
(1993) and Carhart (1997) four-factor (FFC) model, which adds a momentum (UMD, up minus down) factor to the FF3
model; (4) the Asness and Frazzini (2013) three-factor (FFAF) model, which adds a more ‘‘timely” version of the value factor
(HMLm) to the market and size factors of the FF3 model; (5) the Hou et al. (2015) four-factor q (HXZ) model, comprising mar-
ket, size (rME), investment (rI=A), and profitability (rROE) factors; (6) the Fama and French (2015) five-factor (FF5) model, con-
sisting of market, size (SMB), value, profitability (RMW, robust minus weak), and investment (CMA, conservative minus
aggressive) factors;12 (7) the four-factor (FF4) model, which drops the value factor from the FF5 model; (8) the Stambaugh
and Yuan (2017) four-factor (SY4) model, which comprises market, size (SMBM), and two mispricing factors, management
(MGMT) and performance (PERF); (9) the Barillas and Shanken (2018) six-factor (BS6) model, which embeds the market and
size factors of the FF5 model, the profitability and investment factors of the HXZ model, the momentum factor of the FFC model,
and the value factor of the FFAF model; (10) the Fama and French (2018) six-factor (FF6) model, which augments the FF5 model
by incorporating the momentum factor of the FFC model; and (11) the Daniel et al. (2020) three-factor (DHS) model, comprising
market, financing (FIN), and post-earnings announcement drift (PEAD) factors.

We obtain daily data on the risk-free rate, and the MKT, SMB�, SMB, HML, UMD, RMW, and CMA factors, from the Internet
Data Library provided by Kenneth French.13 The daily data on the rME; rI=A, and rROE factors are sourced from Lu Zhang’s web-
site,14 while the data on the HMLm factor are from the AQR Data Library.15 We collect data on the size factor, SMBM, and the
mispricing factors, MGMT and PERF, from Robert Stambaugh’s website.16 Since daily data on the behavioral factors, FIN and
PEAD, are not available in the public domain, we follow the sample criterion and factor construction procedure in Daniel
et al. (2020) to reproduce FIN and PEAD. Our sample period for model comparison spans January 3, 1972, to December 31, 2018.

3.2. Test assets and general portfolio-construction rules

To assess the out-of-sample performance of our factor pricing models in a realistic setting, choosing test assets is a chal-
lenging task. On the one hand, the use of well-diversified portfolios as test assets reduces estimation error in the covariance
matrix of returns but fails to fully characterize ex ante expected return dispersion in the economy (Moskowitz, 2003). On the
other hand, individual stocks are prone to generating large estimation error in the return covariance matrix but better char-
acterize the true cross-section of expected returns (Ang et al., 2020). Given this trade-off, we utilize both individual stocks
11 In their Appendix, Hansen et al. (2011) suggest using different choices for the MCS block length and verify that the result is not sensitive to the choice. We
therefore experiment with alternative values for the block size, such as 5, 12, and 15. Our results are very similar in all cases and are available upon request.
12 Adopting a modification to the original size factor, SMB� , Fama and French (2015) create an alternative version of the size factor, denoted SMB, which is the
difference between the average of the value-weighted returns on the nine small stock portfolios of the three independent 2� 3 sorts (on size and book-to-
market equity, size and operating profitability, and size and investment) and the average of the value-weighted returns on the nine big stock portfolios of the
three independent 2� 3 sorts. For details, see Fama and French (2015).
13 See http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html.
14 http://global-q.org/factors.html
15 https://www.aqr.com/Insights/Datasets/The-Devil-in-HMLs-Details-Factors-Monthly
16 See https://finance.wharton.upenn.edu/~stambaug/. We generate daily data beyond December 30, 2016, by using the sample criterion and factor
construction procedure described in Stambaugh and Yuan (2017).
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and well-diversified portfolios, separately, as test assets. For the sets of individual stocks, we begin with a preliminary sam-
ple, including all NYSE-, AMEX-, and NASDAQ-listed ordinary common stocks (CRSP share codes 10 and 11). Following
Jagannathan and Ma (2003), stocks with prices below $5 and stocks with a market value of equity below the 20th percentile
of the NYSE market capitalization are excluded from this preliminary sample. Also, stocks of financial and heavily regulated
firms (with primary standard industrial classification codes between 6000 and 6999 and between 4900 and 4999) are
excluded. For the remaining stocks, we collect their daily return data from CRSP.17

At any portfolio construction date, we compute the out-of-sample (averaged) forecast of the covariance matrix implied by
each competing factor model using a rolling window of most recent 1,260 daily excess returns. This corresponds to using
roughly five years of past data.18 The forecast is the input to a quadratic programming routine for portfolio optimization. As
outlined in Section 2.1, we update all portfolios at the end of every 21-day period. The out-of-sample model comparison period
starts on December 30, 1976, and ends on December 31, 2018. For a given combination of factor model and set of test assets, this
results in a total of 504 forecasts of future covariance matrices of excess returns and 10,584 daily out-of-sample portfolio
returns.

To further select the sets of stocks from the filtered preliminary sample, we follow Ledoit et al. (2019). At each portfolio
construction date, we identify all stocks with a complete return history for the upcoming 21 trading days and at most 2.5%
missing returns over the most recent 1,260 days.19 We then look for pairs of stocks for which sample return correlation
exceeds 0.95 over the past 1,260 days. When such a pair is detected, the stock with the lower market capitalization of the
two is dropped from the sample considered for the specific updating date. Of the remaining stocks, we then: (1) construct a
set of 50 small stocks that are randomly selected;20 and (2) pick the largest N stocks based on their market capitalization on
the portfolio construction date. In the case of the largest N stocks, three sets of individual stocks are selected for which
N = 100, 250, and 500. This rule of selecting stocks has several advantages. First, it does not involve selecting individual stocks
at random and, therefore, is expected to give more stable results. Second, allowing for increasing values of N by a well-defined
rule would uncover the ability of the competing models to capture the systematic component of return covariation when N var-
ies. Third, stocks with a large market capitalization tend to have a low bid-ask spread and a high depth in the order book, which
allows (large/institutional) investors to heavily invest in them without breaching standard safety guidelines of the Exchange
regulator.

We also make use of daily returns on two sets of value-weighted portfolios: (1) 48 industry portfolios; and (2) 340 port-
folios from those used in Giglio and Xiu (2021).21 The inclusion of these sets of portfolios is also in line with the advice of
Lewellen et al. (2010) to avoid test assets with a strong factor structure. We source daily data on the 48 industry portfolios from
Kenneth French’s website, while the data on the 340 Giglio-Xiu portfolios from Lu Zhang’s Global-q Data Library.22 In the cases
of the minimum tracking error portfolios, following Jagannathan and Ma (2003), we assume that the investor tracks the return
of the S&P 500 index.
4. Empirical results23

4.1. Minimum variance portfolios24

We summarize the pairwise variance equality test results for all the asset pricing models under consideration in Table 1.25

Our criterion for overall performance evaluation is the number of times a competing factor model generates a significantly
lower out-of-sample return variance, of the corresponding optimized portfolio, than does any other model. For the minimum
variance portfolios in Panel A, it can be seen that the FF5, BS6, and FF6 models offer the best overall performance, in that they
statistically outperform competing asset pricing models the most number of times (i.e., 46 in total for each of the three models)
across the six different sets of test assets for investment. A similar finding emerges for the restricted minimum variance port-
folios in Panel B.26 Analyzing the results for the long-only minimum variance portfolios in Panel C, we once again find that the
17 The use of daily data to characterize the covariance structure of returns offers a reasonable balance when it comes to circumventing the issues associated
with microstructure effects and structural breaks.
18 We also consider a 1000-day rolling estimation window and find that the best performing models are the same as those reported in this paper. These
additional results are available from the authors upon request.
19 As in Ledoit et al. (2019), missing values of returns are replaced by zero.
20 Small stocks are stocks with a market value of equity between the 20th and 50th percentiles of the NYSE market capitalization.
21 We pick 340 portfolios from those used in Giglio and Xiu (2021) based on the criterion that they have a return history from January 3, 1972, to December
31, 2018.
22 See http://global-q.org/testingportfolios.html.
23 Throughout this paper, we reject H0;ij : Dij ¼ 0 if the corresponding bootstrap p-value is at most 0.05.
24 In the context of the minimum variance portfolios, the most important performance metric is the out-of-sample variance of returns, which we utilize to run
a horse race of the 11 competing factor models. Of course, the other measures, such as average return, Sharpe ratio, leverage, and concentration, provide
valuable information. But they are of secondary importance when judging the ability of a factor model to capture the systematic component of future
covariance matrix that aids in creating more efficient portfolios ex post. Thus, in the interest of streamlining the empirical analyses, we limit the discussion to
the variance equality test results and delegate the estimates of the other metrics for the optimized portfolios to Tables IA7–IA9 of the Internet Appendix.
25 For brevity, we report detailed results of the pairwise tests in Tables IA1–IA3 of the Internet Appendix.
26 This is not surprising because for a given combination of test assets and factor model, the restricted minimum variance portfolio weights turn out to be
identical to those for the minimum variance portfolio counterpart (see Tables IA7 and IA8 of the Internet Appendix).
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Table 1
Summary of tests for equality of variances.

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum variance portfolios
CAPM 0 0 0 0 0 0
FF3 2 1 3 3 3 3
FFC 3 4 4 4 3 4
FFAF 2 1 1 1 1 1
HXZ 2 6 6 6 3 3
FF5 7 7 8 8 8 8
FF4 2 4 4 3 4 3
SY4 2 3 6 6 6 3
BS6 6 7 8 9 6 10
FF6 7 7 8 8 8 8
DHS 0 1 1 1 1 1

Panel B: Restricted minimum variance portfolios

CAPM 0 0 0 0 0 0
FF3 2 1 3 3 3 3
FFC 3 4 4 4 3 4
FFAF 2 1 1 1 1 1
HXZ 2 6 6 6 3 3
FF5 7 7 8 8 8 8
FF4 2 4 4 3 4 3
SY4 2 3 6 6 6 3
BS6 6 7 8 9 6 10
FF6 7 7 8 8 8 8
DHS 0 1 1 1 1 1

Panel C: Long-only minimum variance portfolios

CAPM 0 0 0 0 0 0
FF3 2 2 0 2 0 1
FFC 2 0 0 2 0 0
FFAF 2 2 2 2 0 1
HXZ 1 3 5 6 1 1
FF5 5 4 4 6 0 2
FF4 2 2 5 4 0 0
SY4 0 0 2 2 0 0
BS6 3 1 5 6 6 0
FF6 3 1 6 5 2 0
DHS 0 0 0 0 0 0

The table reports the summary of the pairwise tests for equality of the out-of-sample variances of the daily returns realized on the optimized portfolios
implied by 11 different factor models: the capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965); Fama and French (1993) three-factor
(FF3) model; the Fama and French (1993) and Carhart (1997) four-factor (FFC) model; the Asness and Frazzini (2013) three-factor (FFAF) model; the Hou
et al. (2015) q-factor (HXZ) model; the Fama and French (2015) five-factor (FF5) model; the four-factor (FF4) model that excludes the value factor from the
FF5 model; the Stambaugh and Yuan (2017) four-factor (SY4) model; the Barillas and Shanken (2018) six-factor (BS6) model; the Fama and French (2018)
six-factor (FF6) model; and the Daniel et al. (2020) three-factor (DHS) model. The test assets for investment include: samples of 50 small, and 100, 250 and
500 largest stocks drawn from eligible NYSE-, AMEX-, and NASDAQ-listed nonfinancial and nonregulated ordinary common stocks; a set of value-weighted
48 IND (industry) portfolios; and a set of value-weighted 340 portfolios used in Giglio and Xiu (2021). Panels A, B, and C summarize the results for the
minimum variance, the restricted minimum variance, and the long-only minimum variance portfolios, respectively. For a given set of test assets, each cell
contains the number of times a given factor model produces a significantly (at the 5% level) lower out-of-sample variance, for the daily returns realized on
the portfolio, relative to a competing model. The out-of-sample evaluation period starts on December 30, 1976, and ends on December 31, 2018.
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FF5 and BS6 models secure the top position. But this time the HXZ and FF6 models turn out jointly to be the next best models.
Aside from these models, the FF4 model shows a somewhat commendable performance. It is worth highlighting that the BS6
model is never statistically outperformed in any of our pairwise variance equality tests. Moreover, the CAPM exhibits the worst
out-of-sample performance, followed by the DHS model. Although these findings are quite informative about the relative per-
formance of the competing factor models to capture the systematic return covariation, they are subject to the criticism that the
pairwise model comparisons do not take into account the process of searching across alternative factor models. As a result, the
underlying testing procedure may not always determine unambiguously the best-performing model when multiple models are
involved in the competition. To account for this possibility and to provide a more robust analysis of the best-performing asset
pricing model(s) out-of-sample, we rely on the MCS results.

Table 2 reports the MCS p-values for each of the competing factor models using a given set of test assets. To be consistent
with our preceding analyses, we consider . ¼ 5% to make inferences on the models that end up in the MCS with a 95% level

of confidence, cM�
95%. The results in Panel A for the minimum variance portfolios show that only the FF5, BS6, and FF6 models

are contained in cM�
95% for every set of test assets and therefore can be regarded as the best-performing models. The FF5, BS6,

and FF6 models are also included in cM�
95% for every set of test assets when we consider the restricted minimum variance
11



Table 2
Model confidence set results.

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum variance portfolios
CAPM 0.000 0.000 0.000 0.000 0.000 0.000
FF3 0.082⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.082⁄ 0.000 0.000 0.000 0.000 0.020
FFAF 0.082⁄ 0.000 0.000 0.000 0.000 0.000
HXZ 0.004 0.053⁄ 0.001 0.003 0.000 0.020
FF5 0.765⁄ 0.288⁄ 0.861⁄ 0.108⁄ 0.152⁄ 0.120⁄

FF4 0.056⁄ 0.000 0.000 0.000 0.013 0.001
SY4 0.082⁄ 0.002 0.001 0.003 0.013 0.004
BS6 0.765⁄ 1.000⁄ 0.861⁄ 1.000⁄ 0.134⁄ 1.000⁄

FF6 1.000⁄ 0.288⁄ 1.000⁄ 0.122⁄ 1.000⁄ 0.120⁄

DHS 0.001 0.000 0.000 0.000 0.000 0.000

Panel B: Restricted minimum variance portfolios

CAPM 0.000 0.000 0.000 0.000 0.000 0.000
FF3 0.082⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.082⁄ 0.000 0.000 0.000 0.000 0.020
FFAF 0.082⁄ 0.000 0.000 0.000 0.000 0.000
HXZ 0.004 0.053⁄ 0.001 0.003 0.000 0.020
FF5 0.765⁄ 0.288⁄ 0.861⁄ 0.108⁄ 0.157⁄ 0.120⁄

FF4 0.056⁄ 0.000 0.000 0.000 0.013 0.001
SY4 0.082⁄ 0.002 0.001 0.003 0.013 0.004
BS6 0.765⁄ 1.000⁄ 0.861⁄ 1.000⁄ 0.132⁄ 1.000⁄

FF6 1.000⁄ 0.288⁄ 1.000⁄ 0.122⁄ 1.000⁄ 0.120⁄

DHS 0.001 0.000 0.000 0.000 0.000 0.000

Panel C: Long-only minimum variance portfolios

CAPM 0.000 0.000 0.001 0.010 0.473⁄ 0.720⁄

FF3 0.907⁄ 0.636⁄ 0.004 0.007 0.536⁄ 0.965⁄

FFC 0.900⁄ 0.038 0.006 0.010 0.536⁄ 0.029
FFAF 0.372⁄ 0.636⁄ 0.010 0.073⁄ 0.536⁄ 0.965⁄

HXZ 0.372⁄ 0.698⁄ 0.368⁄ 0.764⁄ 0.572⁄ 0.965⁄

FF5 1.000⁄ 1.000⁄ 0.368⁄ 0.103⁄ 0.536⁄ 1.000⁄

FF4 0.851⁄ 0.698⁄ 0.457⁄ 0.764⁄ 0.536⁄ 0.965⁄

SY4 0.014 0.182⁄ 0.210⁄ 0.031 0.536⁄ 0.768⁄

BS6 0.907⁄ 0.698⁄ 0.534⁄ 1.000⁄ 1.000⁄ 0.720⁄

FF6 0.907⁄ 0.636⁄ 1.000⁄ 0.764⁄ 0.536⁄ 0.720⁄

DHS 0.001 0.038 0.004 0.009 0.488⁄ 0.720⁄

The table reports the model confidence set (MCS) p-values for the sequential equality tests of the out-of-sample variances of the daily returns realized on
the optimized portfolios implied by 11 different factor models: the capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965); Fama and
French (1993) three-factor (FF3) model; the Fama and French (1993) and Carhart (1997) four-factor (FFC) model; the Asness and Frazzini (2013) three-
factor (FFAF) model; the Hou et al. (2015) q-factor (HXZ) model; the Fama and French (2015) five-factor (FF5) model; the four-factor (FF4) model that
excludes the value factor from the FF5 model; the Stambaugh and Yuan (2017) four-factor (SY4) model; the Barillas and Shanken (2018) six-factor (BS6)
model; the Fama and French (2018) six-factor (FF6) model; and the Daniel et al. (2020) three-factor (DHS) model. The test assets for investment include:
samples of 50 small, and 100, 250 and 500 largest stocks drawn from eligible NYSE-, AMEX-, and NASDAQ-listed nonfinancial and nonregulated ordinary
common stocks; a set of value-weighted 48 IND (industry) portfolios; and a set of value-weighted 340 portfolios used in Giglio and Xiu (2021). Panels A, B,
and C report the MCS p-values for the minimum variance, the restricted minimum variance, and the long-only minimum variance portfolios, respectively.
For a given set of test assets, * denotes the factor model that ends up in the MCS containing the best model(s) with a 95% level of confidence (i.e., cM�

95%). The
MCS p-values are computed using the bootstrap procedure of Hansen et al. (2011), using 9,999 replications. The out-of-sample period starts on December
30, 1976, and ends on December 31, 2018.
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portfolios in Panel B. The results for the long-only minimum variance portfolios, in Panel C, show that the HXZ, FF5, FF4, BS6,

and FF6 models reside in cM�
95% for every set of test assets. Although five out of the 11 competing models end up in cM�

95%

regardless of the set of test assets, the FF5 model appears to have the largest MCS p-value for three out of the six sets. Infor-
mally, the FF5 model can be viewed as the best among these best-performing models. The findings in Panel C are not unusual
given the fact that nonnegativity constraints on portfolio weights are in place, which potentially strengthens the dominance
of the market factor. As a result, the competing models do not differ much from each other in terms of minimizing portfolio
variance and the MCS contains several of them. This is consistent with Hansen et al. (2011) who point out that the MCS may
end up having several (or possibly all) models when the data are less informative to distinguish between models. The results

in Panels A, B, and C also show that a majority of the competing factor models end up in cM�
95% when the investment universe

comprises small stocks, regardless of which variant of portfolio is considered. Yet the FF5, BS6, and FF6 models have much
higher probabilities than the rest of the factor models. Although the findings in Table 2 are slightly different from those sum-
marized in Table 1, any differences can be rationalized by the fact that the pairwise testing procedure can lead to an over-
statement of statistical significance. We acknowledge that althoughmodel comparison can be sensitive to the test assets, our
findings are robust across the diverse sets of test assets considered.
12
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4.2. Minimum tracking error portfolios27

Table 3 summarizes the pairwise variance equality test results. Similar to the criterion set out in Section 4.1, we deter-
mine the overall performance of a factor model by the number of times it generates a significantly lower out-of-sample vari-
ance for the portfolio excess returns (over the benchmark’s return) than does any other model. We find that the FF6 model
offers the best overall performance regardless of the set of test assets and the version of the minimum tracking error port-
folios. The only exception to this, is the sample of 340 Giglio-Xiu portfolios as test assets. The BS6 model, whose relative per-
formance falls short marginally in pairwise tests compared to the FF6 model, turns out to be the next best factor model in the
horse race. As noted earlier that the pairwise testing can lead to an overstatement of statistical significance, we further con-
duct empirical analyses based on the MCS procedure of Hansen et al. (2011).

Table 4 presents the results of applying the MCS criterion to determine the best model. Panels A, B, and C consider the
minimum tracking error, the restricted minimum tracking error, and the long-only minimum tracking error portfolios
implied by the factor models, respectively. In every panel, we see that only the BS6 and FF6 models end up in the MCS with

a 95% level of confidence, cM�
95%, irrespective of the set of test assets for investment. Thus, the BS6 and FF6 models can be

regarded as the best-performing models. Recall that when forming the long-only minimum variance portfolios in Panel C

of Table 2, five out of the 11 competing models end up in cM�
95% for every set of test assets. Now, only the BS6 and FF6 models

are contained in cM�
95% for every set of test assets. This empirical finding clearly justifies our motivation to formally conduct

model comparison using the tracking error minimizing portfolios. By design, these portfolios are expected to mitigate the
possible dominant influence of the market factor and thus to generate starker differences across the models in terms of
the tracking error variance. In Table 4, the MCS results also show that most of the factor pricing models perform equally well
when the investment universe is based on the sample of small stocks.

4.3. Summary of model performance

In the preceding sections, we have carried out extensive statistical analyses on the ability of 11 factor models to capture
the systematic return covariation, by focusing on the economic implications for optimized portfolios. The results based on

the MCS procedure in Table 2 show that the FF5, BS6, and FF6 models are contained in cM�
95% regardless of the set of test

assets used to form the minimum variance, the restricted minimum variance, and the long-only minimum variance portfo-

lios. The well-known HXZ and FF4 models end up in cM�
95% irrespective of test assets but only for the long-only minimum

variance portfolios. Given these findings, the FF5, BS6, and FF6 models can be regarded as the best models, in that they reside

in cM�
95% for all cases. That is, the three factor models above demonstrate the best overall performance among all competing

models in capturing the systematic return covariation, as reflected by a significantly lower out-of-sample variance of the cor-
responding portfolios. We caution that our results do not imply that the remaining eight models are not capable of capturing
the systematic return covariation. Instead, they simply suggest that these models are not as successful as the FF5, BS6, and
FF6 models. When we consider the results for the minimum tracking error, the restricted minimum tracking error, and the
long-only minimum tracking error portfolios implied by the factor models in Table 4, we find that the BS6 and FF6 are the

best models as they always end up in cM�
95%. But the FF5 model fails to appear as one of the top performing models. Recently,

Ahmed et al. (2019) compare major factor models including the CAPM, FF3, FFC, FFPS (which combines a traded liquidity
factor of Pástor and Stambaugh (2003) with those of the FF3 model), FFAF, HXZ, FF5, FF4, SY4, and BS6 models. The authors
find that the HXZ, FF5, FF4, and BS6 models are the top performers in explaining several well-known return anomalies. Our
results confirm that models that are successful in this context are not necessarily successful for capturing systematic return
covariation, which is central to applications of asset pricing models.

5. Further analysis

5.1. Transaction costs

In this section, we conduct additional analyses using the out-of-sample returns net of transaction costs for the portfolios
implied by the competing models. To do so, we begin with the approach of Ledoit et al. (2019). Specifically, during a month,
from one day to the next, we hold the number of shares fixed rather than the portfolio weights. In this manner, there are no
transactions at all during a month.28 Transaction costs arise only from updating the portfolio at the beginning of a new month.
Given the above setup, let rSFp;dþ1 be the return on the minimum variance portfolio at day dþ 1. We now follow Brandt et al.
(2009) to adjust transaction costs. At day dþ 1, the return to the minimum variance portfolio net of trading costs is computed
as
27 We
other m
28 We
report detailed results of the pairwise tests for the minimum tracking error portfolios in Tables IA4–IA6 of the Internet Appendix. Also, estimates of
etrics can be found in Tables IA10–IA12.
are grateful to Michael Wolf for sharing the MATLAB code on return estimation.
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Table 3
Summary of tests for equality of variances: Tracking error portfolios.

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum tracking error portfolios
CAPM 0 6 0 0 0 0
FF3 2 0 1 2 3 1
FFC 3 2 3 5 7 2
FFAF 2 2 3 4 3 4
HXZ 2 4 4 4 2 8
FF5 3 2 4 4 7 2
FF4 2 5 6 4 2 4
SY4 2 0 0 2 3 1
BS6 2 4 8 9 9 8
FF6 4 6 8 9 9 5
DHS 0 4 0 1 1 1

Panel B: Restricted minimum tracking error portfolios

CAPM 0 6 0 0 0 0
FF3 2 0 1 2 3 1
FFC 3 2 3 5 7 2
FFAF 2 2 3 4 3 4
HXZ 2 4 4 4 2 8
FF5 3 2 4 4 7 2
FF4 2 5 6 4 2 4
SY4 2 0 0 2 3 1
BS6 2 4 8 9 9 8
FF6 4 6 8 9 9 5
DHS 0 4 0 1 1 1

Panel C: Long-only minimum tracking error portfolios

CAPM 0 6 0 0 0 0
FF3 2 0 1 3 3 1
FFC 3 2 4 4 7 2
FFAF 2 2 3 4 2 2
HXZ 2 2 4 4 2 4
FF5 3 2 4 4 7 2
FF4 2 5 7 5 2 4
SY4 2 0 0 2 3 1
BS6 3 4 8 9 9 7
FF6 7 6 8 9 9 5
DHS 0 4 0 1 1 1

The table reports the summary of pairwise tests for equality of the out-of-sample variances of the daily excess returns (over the benchmark’s return)
realized on the tracking error portfolios implied by 11 different factor models: the capital asset pricing model (CAPM) of Sharpe (1964) and Lintner (1965);
Fama and French (1993) three-factor (FF3) model; the Fama and French (1993) and Carhart (1997) four-factor (FFC) model; the Asness and Frazzini (2013)
three-factor (FFAF) model; the Hou et al. (2015) q-factor (HXZ) model; the Fama and French (2015) five-factor (FF5) model; the four-factor (FF4) model that
excludes the value factor from the FF5 model; the Stambaugh and Yuan (2017) four-factor (SY4) model; the Barillas and Shanken (2018) six-factor (BS6)
model; the Fama and French (2018) six-factor (FF6) model; and the Daniel et al. (2020) three-factor (DHS) model. The test assets for investment include:
samples of 50 small, and 100, 250 and 500 largest stocks drawn from eligible NYSE-, AMEX-, and NASDAQ-listed nonfinancial and nonregulated ordinary
common stocks; a set of value-weighted 48 IND (industry) portfolios; and a set of value-weighted 340 portfolios used in Giglio and Xiu (2021). The
benchmark portfolio for the tracking error is the Standard & Poor’s 500 index. Panels A, B, and C summarize the results for the minimum tracking error, the
restricted minimum tracking error, and the long-only minimum tracking error portfolios, respectively. For a given set of test assets, each cell contains the
number of times a given factor model produces a significantly (at the 5% level) lower out-of-sample variance, for the daily excess returns (over the
benchmark’s return) realized on the tracking error portfolio, relative to a competing model. The out-of-sample period starts on December 30, 1976, and
ends on December 31, 2018.
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rp;dþ1 ¼ rSFp;dþ1 � ckŵd � ŵhold
d�1k1;
where c denotes the constant proportional transaction costs, k � k1 denotes the ‘1-norm, and ŵhold
d denotes the vector of the

‘‘hold” portfolio weights at the end of period d, which is determined by the initial vector of portfolio weights, ŵd, together
with the evolution of the prices of the N assets in the portfolio during period d. The excess return (over the benchmark) to the
minimum tracking error portfolio net of transaction costs, at day dþ 1, is estimated in a similar fashion. As in Brandt et al.
(2009), we assume transaction costs to be at 0.5%.

Table 5 reports the MCS p-values for the minimum variance (Panel A), the restricted minimum variance (Panel B), and the
long-only minimum variance (Panel C) portfolios net of trading costs. Consistent with our preceding finding in Table 2, we

see that only the FF5, BS6, and FF6 models are contained in cM�
95% regardless of the set of test assets to form the factor model-

implied portfolios. This suggests that the FF5, BS6, and FF6 models continue to be the top performers when we account for
the impact of transaction costs on portfolio returns. That is, the FF5, BS6, and FF6 models perform best in capturing the sys-
tematic return covariation. We report the MCS p-values for the minimum tracking error (Panel A), the restricted minimum
14



Table 4
Model confidence set results: Tracking error portfolios.

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum tracking error portfolios
CAPM 0.010 1.000⁄ 0.002 0.000 0.000 0.000
FF3 0.695⁄ 0.000 0.000 0.000 0.000 0.000
FFC 1.000⁄ 0.001 0.010 0.002 0.001 0.000
FFAF 0.737⁄ 0.000 0.002 0.001 0.000 0.220⁄

HXZ 0.032 0.217⁄ 0.010 0.002 0.000 1.000⁄

FF5 0.737⁄ 0.008 0.005 0.000 0.001 0.005
FF4 0.385⁄ 0.599⁄ 0.214⁄ 0.002 0.000 0.220⁄

SY4 0.904⁄ 0.000 0.000 0.000 0.000 0.000
BS6 0.695⁄ 0.217⁄ 0.214⁄ 1.000⁄ 0.702⁄ 0.933⁄

FF6 0.999⁄ 0.599⁄ 1.000⁄ 0.270⁄ 1.000⁄ 0.206⁄

DHS 0.012 0.415⁄ 0.000 0.000 0.000 0.220⁄

Panel B: Restricted minimum tracking error portfolios

CAPM 0.010 1.000⁄ 0.002 0.000 0.000 0.000
FF3 0.695⁄ 0.000 0.000 0.000 0.000 0.000
FFC 1.000⁄ 0.001 0.010 0.002 0.001 0.000
FFAF 0.737⁄ 0.000 0.002 0.001 0.000 0.220⁄

HXZ 0.032 0.217⁄ 0.010 0.002 0.000 1.000⁄

FF5 0.737⁄ 0.008 0.005 0.000 0.001 0.005
FF4 0.385⁄ 0.599⁄ 0.214⁄ 0.002 0.000 0.220⁄

SY4 0.904⁄ 0.000 0.000 0.000 0.000 0.000
BS6 0.695⁄ 0.217⁄ 0.214⁄ 1.000⁄ 0.702⁄ 0.933⁄

FF6 0.999⁄ 0.599⁄ 1.000⁄ 0.270⁄ 1.000⁄ 0.206⁄

DHS 0.012 0.415⁄ 0.000 0.000 0.000 0.220⁄

Panel C: Long-only minimum tracking error portfolios

CAPM 0.000 1.000⁄ 0.000 0.000 0.000 0.000
FF3 0.255⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.719⁄ 0.003 0.023 0.004 0.001 0.039
FFAF 0.458⁄ 0.000 0.001 0.000 0.000 0.146⁄

HXZ 0.255⁄ 0.113⁄ 0.023 0.000 0.000 0.746⁄

FF5 0.719⁄ 0.049 0.006 0.000 0.001 0.146⁄

FF4 0.255⁄ 0.739⁄ 0.162⁄ 0.004 0.000 0.292⁄

SY4 0.719⁄ 0.000 0.000 0.000 0.000 0.024
BS6 0.719⁄ 0.152⁄ 0.162⁄ 1.000⁄ 0.192⁄ 1.000⁄

FF6 1.000⁄ 0.768⁄ 1.000⁄ 0.390⁄ 1.000⁄ 0.292⁄

DHS 0.000 0.170⁄ 0.000 0.000 0.000 0.146⁄

The table reports the model confidence set (MCS) p-values for the sequential equality tests of the out-of-sample variances of the daily excess returns (over
the benchmark’s return) realized on the tracking error minimizing portfolios implied by 11 different factor models: the capital asset pricing model (CAPM)
of Sharpe (1964) and Lintner (1965);Fama and French (1993) three-factor (FF3) model; the Fama and French (1993) and Carhart (1997) four-factor (FFC)
model; the Asness and Frazzini (2013) three-factor (FFAF) model; the Hou et al. (2015) q-factor (HXZ) model; the Fama and French (2015) five-factor (FF5)
model; the four-factor (FF4) model that excludes the value factor from the FF5 model; the Stambaugh and Yuan (2017) four-factor (SY4) model; the Barillas
and Shanken (2018) six-factor (BS6) model; the Fama and French (2018) six-factor (FF6) model; and the Daniel et al. (2020) three-factor (DHS) model. The
test assets for investment include: samples of 50 small, and 100, 250 and 500 largest stocks drawn from eligible NYSE-, AMEX-, and NASDAQ-listed
nonfinancial and nonregulated ordinary common stocks; a set of value-weighted 48 IND (industry) portfolios; and a set of value-weighted 340 portfolios
used in Giglio and Xiu (2021). The benchmark portfolio for the tracking error is the Standard & Poor’s 500 index. Panels A, B, and C report the MCS p-values
for the minimum tracking error, the restricted minimum tracking error, and the long-only minimum tracking error portfolios, respectively. For a given set of
test assets, * denotes the factor model that ends up in the MCS containing the best model(s) with a 95% level of confidence (i.e., cM�

95%). The MCS p-values are
computed using the bootstrap procedure of Hansen et al. (2011), using 9,999 replications. The out-of-sample evaluation period starts on December 30,
1976, and ends on December 31, 2018.
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tracking error (Panel B), and the long-only minimum tracking error (Panel C) portfolios net of transaction costs in Table 6. As

in Table 4, it is observable that the BS6 and FF6 models are the best models, in that they reside in cM�
95% for all cases. Reas-

suringly, our findings in Tables 5 and 6 remain robust to proportional transaction costs of 1% (not tabulated).

5.2. Comparing models recursively

So far, we have compared models, on a pairwise basis as well as simultaneously, using data ending on December 31, 2018.
Given that most of our models have been introduced only in the recent years, researchers and practitioners back in the 1980s
and 1990s would not consider investment and profitability factors as part of the true model, let alone mispricing factors of
Stambaugh and Yuan (2017) or behavioral factors of Daniel et al. (2020). To uncover the best model(s) over time, we follow
Feng et al. (2020) and conduct a recursive exercise in which models are compared as they are introduced against previously
proposed models. Specifically, we compare the out-of-sample variances of the portfolios implied by each new model with
those implied by the model(s) published in same or previous years, using only the data up to the publication year. For exam-
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Table 5
Model confidence set results (adjusted for transaction costs).

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum variance portfolios
CAPM 0.004 0.000 0.000 0.000 0.000 0.000
FF3 0.149⁄ 0.000 0.000 0.000 0.000 0.015
FFC 0.149⁄ 0.000 0.000 0.000 0.000 0.246⁄

FFAF 0.100⁄ 0.000 0.000 0.000 0.000 0.000
HXZ 0.019 0.177⁄ 0.002 0.013 0.000 0.243⁄

FF5 0.556⁄ 0.411⁄ 0.926⁄ 0.113⁄ 0.253⁄ 0.246⁄

FF4 0.100⁄ 0.000 0.000 0.000 0.030 0.015
SY4 0.149⁄ 0.001 0.002 0.013 0.030 0.015
BS6 0.556⁄ 1.000⁄ 0.926⁄ 1.000⁄ 0.200⁄ 1.000⁄

FF6 1.000⁄ 0.411⁄ 1.000⁄ 0.115⁄ 1.000⁄ 0.246⁄

DHS 0.100⁄ 0.000 0.000 0.000 0.000 0.000

Panel B: Restricted minimum variance portfolios

CAPM 0.004 0.000 0.000 0.000 0.000 0.000
FF3 0.149⁄ 0.000 0.000 0.000 0.001 0.015
FFC 0.149⁄ 0.000 0.000 0.000 0.001 0.246⁄

FFAF 0.100⁄ 0.000 0.000 0.000 0.000 0.000
HXZ 0.019 0.177⁄ 0.002 0.013 0.001 0.243⁄

FF5 0.556⁄ 0.411⁄ 0.926⁄ 0.113⁄ 0.256⁄ 0.246⁄

FF4 0.100⁄ 0.000 0.000 0.000 0.029 0.015
SY4 0.149⁄ 0.001 0.002 0.013 0.029 0.015
BS6 0.556⁄ 1.000⁄ 0.926⁄ 1.000⁄ 0.201⁄ 1.000⁄

FF6 1.000⁄ 0.411⁄ 1.000⁄ 0.115⁄ 1.000⁄ 0.246⁄

DHS 0.100⁄ 0.000 0.000 0.000 0.000 0.000

Panel C: Long-only minimum variance portfolios

CAPM 0.000 0.000 0.003 0.013 0.493⁄ 0.717⁄

FF3 0.877⁄ 0.645⁄ 0.010 0.009 0.561⁄ 0.957⁄

FFC 0.856⁄ 0.029 0.010 0.013 0.561⁄ 0.017
FFAF 0.382⁄ 0.645⁄ 0.021 0.112⁄ 0.561⁄ 0.957⁄

HXZ 0.382⁄ 0.712⁄ 0.472⁄ 0.898⁄ 0.561⁄ 0.957⁄

FF5 1.000⁄ 1.000⁄ 0.472⁄ 0.175⁄ 0.561⁄ 1.000⁄

FF4 0.811⁄ 0.712⁄ 0.616⁄ 0.898⁄ 0.561⁄ 0.957⁄

SY4 0.027 0.185⁄ 0.246⁄ 0.032 0.561⁄ 0.717⁄

BS6 0.877⁄ 0.712⁄ 0.616⁄ 1.000⁄ 1.000⁄ 0.705⁄

FF6 0.877⁄ 0.645⁄ 1.000⁄ 0.898⁄ 0.561⁄ 0.717⁄

DHS 0.003 0.029 0.010 0.013 0.561⁄ 0.705⁄

The table reports the model confidence set (MCS) p-values for the sequential equality tests of the out-of-sample variances of the daily returns realized on
the optimized portfolios (net of trading costs) implied by 11 different factor models: the capital asset pricing model (CAPM) of Sharpe (1964) and Lintner
(1965); Fama and French (1993) three-factor (FF3) model; the Fama and French (1993) and Carhart (1997) four-factor (FFC) model; the Asness and Frazzini
(2013) three-factor (FFAF) model; the Hou et al. (2015) q-factor (HXZ) model; the Fama and French (2015) five-factor (FF5) model; the four-factor (FF4)
model that excludes the value factor from the FF5 model; the Stambaugh and Yuan (2017) four-factor (SY4) model; the Barillas and Shanken (2018) six-
factor (BS6) model; the Fama and French (2018) six-factor (FF6) model; and the Daniel et al. (2020) three-factor (DHS) model. The test assets for investment
include: samples of 50 small, and 100, 250 and 500 largest stocks drawn from eligible NYSE-, AMEX-, and NASDAQ-listed nonfinancial and nonregulated
ordinary common stocks; a set of value-weighted 48 IND (industry) portfolios; and a set of value-weighted 340 portfolios used in Giglio and Xiu (2021). As
in Brandt et al. (2009), the proportional transaction costs are 0.5%, and are constant across assets and over time.The details of adjusting trading costs are
available in Section 5.1. Panels A, B, and C report the MCS p-values for the minimum variance, the restricted minimum variance, and the long-only minimum
variance portfolios, respectively. For a given set of test assets, * denotes the factor model that ends up in the MCS containing the best model(s) with a 95%
level of confidence (i.e., cM�

95%). The MCS p-values are computed using the bootstrap procedure of Hansen et al. (2011), using 9,999 replications. The out-of-
sample period starts on December 30, 1976, and ends on December 31, 2018.
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ple, the FF3 model was published in 1993. So, we begin with comparing the CAPM and FF3 models by using data from Jan-
uary 3, 1972 to December 31, 1993. In this case, the out-of-sample period is from December 30, 1976, to December 31, 1993.
We then compare the CAPM, FF3, and FFC models by using data from January 3, 1972, to December 31, 1997, since the FFC
model was published in 1997. In this case, the out-of-sample period spans December 30, 1976, to December 31, 1997. We
continue model comparison recursively until we reach the end of the full sample period. In the end, we have all but the DHS
model in the horse race, since it was published in 2020.

Table IA13 in the Internet Appendix reports the MCS p-values for the sequential equality tests of the out-of-sample vari-
ances of the optimized portfolios implied by the factor models. The results suggest that the FF5, BS6, and FF6 models remain
as the best-performing models since their introduction in the literature, which is consistent with our earlier finding in Sec-
tion 4.1. We present the MCS p-values for the tracking error minimizing portfolios, implied by the competing factor pricing
models, in Table IA14 of the Internet Appendix. In all cases, the results show that only the BS6 and FF6 models survive as the
best models since their publication, which is clearly in line with our preceding empirical finding in Section 4.2.
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Table 6
Model confidence set results: Tracking error portfolios (adjusted for transaction costs).

Model Small stocks 100 stocks 250 stocks 500 stocks 48 IND portfolios Giglio-Xiu portfolios

Panel A: Minimum tracking error portfolios
CAPM 0.024 1.000⁄ 0.009 0.000 0.000 0.000
FF3 0.619⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.972⁄ 0.000 0.011 0.009 0.007 0.000
FFAF 0.619⁄ 0.000 0.009 0.002 0.000 0.172⁄

HXZ 0.124⁄ 0.210⁄ 0.011 0.005 0.000 1.000⁄

FF5 0.619⁄ 0.021 0.011 0.000 0.007 0.001
FF4 0.325⁄ 0.598⁄ 0.363⁄ 0.009 0.000 0.260⁄

SY4 0.972⁄ 0.000 0.000 0.000 0.000 0.000
BS6 0.619⁄ 0.210⁄ 0.363⁄ 1.000⁄ 0.977⁄ 0.311⁄

FF6 1.000⁄ 0.392⁄ 1.000⁄ 0.278⁄ 1.000⁄ 0.123⁄

DHS 0.013 0.248⁄ 0.000 0.000 0.000 0.260⁄

Panel B: Restricted minimum tracking error portfolios

CAPM 0.024 1.000⁄ 0.009 0.000 0.000 0.000
FF3 0.619⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.972⁄ 0.000 0.011 0.009 0.007 0.000
FFAF 0.619⁄ 0.000 0.009 0.002 0.000 0.172⁄

HXZ 0.124⁄ 0.210⁄ 0.011 0.005 0.000 1.000⁄

FF5 0.619⁄ 0.021 0.011 0.000 0.007 0.001
FF4 0.325⁄ 0.598⁄ 0.363⁄ 0.009 0.000 0.260⁄

SY4 0.972⁄ 0.000 0.000 0.000 0.000 0.000
BS6 0.619⁄ 0.210⁄ 0.363⁄ 1.000⁄ 0.977⁄ 0.311⁄

FF6 1.000⁄ 0.392⁄ 1.000⁄ 0.278⁄ 1.000⁄ 0.123⁄

DHS 0.013 0.248⁄ 0.000 0.000 0.000 0.260⁄

Panel C: Long-only minimum tracking error portfolios

CAPM 0.001 1.000⁄ 0.002 0.000 0.000 0.000
FF3 0.123⁄ 0.000 0.000 0.000 0.000 0.000
FFC 0.682⁄ 0.001 0.041 0.004 0.010 0.027
FFAF 0.468⁄ 0.000 0.002 0.000 0.000 0.208⁄

HXZ 0.224⁄ 0.129⁄ 0.041 0.000 0.000 1.000⁄

FF5 0.682⁄ 0.129⁄ 0.041 0.000 0.010 0.208⁄

FF4 0.232⁄ 0.905⁄ 0.271⁄ 0.004 0.000 0.296⁄

SY4 0.682⁄ 0.000 0.000 0.000 0.000 0.013
BS6 0.682⁄ 0.155⁄ 0.271⁄ 1.000⁄ 0.382⁄ 0.786⁄

FF6 1.000⁄ 0.905⁄ 1.000⁄ 0.371⁄ 1.000⁄ 0.208⁄

DHS 0.002 0.155⁄ 0.000 0.000 0.000 0.208⁄

The table reports the model confidence set (MCS) p-values for the sequential equality tests of the out-of-sample variances of the daily excess returns (over
the benchmark’s return) realized on the tracking error minimizing portfolios (net of trading costs) implied by 11 different factor models: the capital asset
pricing model (CAPM) of Sharpe (1964) and Lintner (1965); the Fama and French (1993) three-factor (FF3) model; the Fama and French (1993) and Carhart
(1997) four-factor (FFC) model; the Asness and Frazzini (2013) three-factor (FFAF) model; the Hou et al. (2015) q-factor (HXZ) model; the Fama and French
(2015) five-factor (FF5) model; the four-factor (FF4) model that excludes the value factor from the FF5 model; the Stambaugh and Yuan (2017) four-factor
(SY4) model; the Barillas and Shanken (2018) six-factor (BS6) model; the Fama and French (2018) six-factor (FF6) model; and the Daniel et al. (2020) three-
factor (DHS) model. The test assets for investment include: samples of 50 small, and 100, 250 and 500 largest stocks drawn from eligible NYSE-, AMEX-, and
NASDAQ-listed nonfinancial and nonregulated ordinary common stocks; a set of value-weighted 48 IND (industry) portfolios; and a set of value-weighted
340 portfolios used in Giglio and Xiu (2021). The benchmark portfolio for the tracking error is the Standard & Poor’s 500 index. As in Brandt et al. (2009), the
proportional transaction costs are 0.5%, and are constant across assets and over time.The details of adjusting trading costs are available in Section 5.1. Panels
A, B, and C report the MCS p-values for the minimum tracking error, the restricted minimum tracking error, and the long-only minimum tracking error
portfolios, respectively. For a given set of test assets, * denotes the factor model that ends up in the MCS containing the best model(s) with a 95% level of
confidence (i.e., cM�

95%). The MCS p-values are computed using the bootstrap procedure of Hansen et al. (2011), using 9,999 replications. The out-of-sample
period starts on December 30, 1976, and ends on December 31, 2018.
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5.3. Economic gains

We next evaluate the economic gains from using the factor models under consideration in an out-of-sample Value-at-Risk
(VaR) context. The VaR is widely used in practice to measure the maximum expected loss of an investment (expressed in
monetary value or in percent), over a certain period of time, and with a given level of confidence. For example, a 1-day
95% VaR equal to �2%, means that the investor is 95% confident that the loss of her portfolio will not exceed �2% over
the next day.

The VaR is calculated as the value of the a% level of the return distribution (where a is the chosen level of significance).
Our VaR implementation follows closely Engle (2002). Specifically, the 100� að Þ percentile VaR for model i on day d is com-
puted as follows:
VaRi
d ¼ F�1

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŵi

d

� �0R̂i
d ŵi

d

� �q
; ð17Þ
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where F�1
a is the critical value from an inverse normal distribution corresponding to the a% level, ŵi0

d are the optimized port-

folio weights from factor model i on day d (see Eq. (4)), and R̂i
d is the matrix of day-ahead out-of-sample covariance forecasts

from factor model i. We focus on the 1-day VaR as this is a very common choice by academics and practitioners (see, for
example, Engle, 2002; Ferreira and Lopez, 2005).29 We then calculate for each model i, the number of VaR exceedances, often
called Hit, as follows
29 As a
and are
30 We
31 Our
Econom
Hitid ¼ 1 ri
d
<VaRidf g; ð18Þ
where rid is the return of the portfolio based on factor model i on day d, computed as rid ¼ ŵi
d

� �0rd (where rd are the asset
returns on day d). The above indicator variable takes the value of 1, if the return of portfolio constructed based on factor
model i is lower than the specified VaR figure and is zero otherwise. Essentially, it measures the number of 100� að Þ per-
centile VaR exceedances.

Intuitively, a model is better in economic terms than a competing model, if its average number of exceedances, that is,PD
d¼1Hitd=D (where D is the number of out-of-sample VaR estimates), is lower than that of the competing model and Hitd

is as close to a as possible (ideally lower). Tables IA17 and IA18 of the Internet Appendix report the frequency of exceedances
(Hit) for the 95% VaR under the minimum variance portfolios and the tracking error minimizing portfolios, respectively.30

Overall, the results suggest that for the minimum variance portfolios, the FF5, BS6, and FF6 models are the best, whereas the
BS6 and FF6 models are the top performers for the tracking error portfolios. These findings are consistent with those reported
in Section 4.

5.4. Sensitivity and subperiod analyses

To verify that our results are not driven by specific episodes, we conduct empirical analyses in which data for the global
financial crisis period (i.e., from August 1, 2008, to December 31, 2009) are excluded from the estimation of each model-
implied covariance matrix forecasts. The global financial crisis is by far the most extreme event during our sample period.
Table IA19 in the Internet Appendix reports the MCS p-values for the sequential equality tests of the out-of-sample variances
of the portfolios implied by the factor models. Consistent with the results in Table 2, we see that only the FF5, BS6, and FF6

models are contained in cM�
95% regardless of the set of test assets used to form the model-implied portfolios. When we con-

sider the results for the tracking error minimizing portfolios implied by the competing factor models (in Table IA20 of the

Internet Appendix), we find that the BS6 and FF6 models always end up in cM�
95%.

Finally, we conduct robustness checks of the results in Section 4 to specific subperiods. Specifically, we examine the abil-
ity of factor models to capture the systematic return covariation in the bull and bear markets. In the spirit of Daniel and
Moskowitz (2016), we define all days of a given month in the out-of-sample period as the bear (bull) market observations
if at the end of the previous month the cumulative CRSP value-weighted index (daily) return in the past 2 years is negative
(positive or zero). The results in Tables IA21 and IA22 of the Internet Appendix, respectively, for the bull and bear markets

show that the FF5, BS6, and FF6 models are always contained in cM�
95% regardless of the set of test assets to form the model-

implied variance minimizing portfolios. We report the MCS p-values of the tracking error minimizing portfolios for the bull
and bear markets in Tables IA23 and IA24 of the Internet Appendix, respectively. Consistent with our preceding finding in

Table 4, we see that the BS6 and FF6 models are the best models, in that they are included in cM�
95% for all cases.31

6. Conclusion

This paper empirically investigates which factor model best captures the common shared variation in asset returns. To do
so, we focus on the economic implications for portfolio risk minimization. Logically, the higher the ability of a factor pricing
model to capture the systematic portion of the covariance matrix of asset returns, the lower would be the variance of the
minimum variance portfolio implied by the model. Our list of competing models comprises the capital asset pricing model
of Sharpe (1964) and Lintner (1965),Fama and French (1993) three-factor model, the Fama and French (1993) and Carhart
(1997) four-factor model, the Asness and Frazzini (2013) three-factor model, the Hou et al. (2015) q-factor model, the Fama
and French (2015) five-factor model, the four-factor model of Fama and French (2015) that excludes the value factor, the
Stambaugh and Yuan (2017) four-factor model, the Barillas and Shanken (2018) six-factor model, the Fama and French
(2018) six-factor model, and the Daniel et al. (2020) three-factor model. We assess these models’ relative performance in
generating a significantly low out-of-sample variance of the model-implied portfolios.

Using diverse sets of test assets for investment, alternative versions of the minimum variance portfolios, and formal sta-
tistical procedures, including the pairwise variance equality test and the simultaneous comparison of models, we find that
n additional robustness check, we consider the 10- and 21-day VaR estimates. The results are qualitatively similar to those of the 1-day VaR estimates
available from the authors upon request.
also repeat the exercise for the 90% and 99% VaR and obtain qualitatively similar findings.
empirical findings in Tables IA21 through IA24 also remain robust to recessionary and expansionary periods identified by the National Bureau of
ic Research. For brevity, these additional results are omitted in this paper but are available from the authors upon request.
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the Fama and French (2015) five-factor model, the Barillas and Shanken (2018) six-factor model, and the Fama and French
(2018) six-factor model are the best for capturing the systematic return covariation, as reflected in the magnitudes of the
out-of-sample portfolio variances. By extending our empirical analyses to the different versions of the minimum tracking
error portfolios, we also observe that the Barillas and Shanken (2018) six-factor model and the Fama and French (2018)
six-factor model maintain their performance as the best models. All these findings remain qualitatively the same when
we address the effect of transaction costs on model performance, conduct a recursive comparison of models, evaluate eco-
nomic gains from using factor models, and conduct sensitivity and subperiod analyses. Taken together, our empirical results
have important implications not only for academic researchers but also for investors and professional fund managers who
may consider using asset pricing models as a parsimonious way to evaluate real-time uncertainty when making investment
management decisions and/or modeling future risk exposure.

Appendix A. Forecasting covariance matrices

In what follows, we use Diag �f g to represent the function that transforms a vector into a diagonal matrix. We also omit the
factor model subscript i from our notation for convenience.

LetWt ¼ w2
1;t ; . . . ;w

2
K;t

� �0
2 RK be a vector of conditional variances of the factor return innovations, f t , and Qt 2 RK�K be the

conditional covariance matrix of the devolatized factor return innovations. To characterize the dynamics of the factor covari-
ance matrix, Xt , we employ the DCC(1,1) model of Engle (2002). In particular, for each w2

k;t (k ¼ 1; . . . ;K) we use the GARCH
(1,1) specification
w2
k;t ¼ kk;0 þ kk;1f

2
k;t�1 þ kk;2w

2
k;t�1; ðA1Þ
where kk;0; kk;1, and kk;2 are the (factor-specific) model parameters. The evolution of Qt over time is modeled as
Qt ¼ 1� c1 � c2ð ÞQ þ c1~f t�1
~f 0t�1 þ c2Qt�1: ðA2Þ
In Eq. (A2), c1 and c2 are scalars, and Q is the unconditional covariance matrix of ~f t , where ~f t ¼ f 1;t=w1;t ; . . . ; f K;t=wK;t

� �0 2 RK is
the vector of devolatized factor return innovations. Generating z-step ahead forecast of Xt from this representation involves
the following steps:

Step 1: Using data from day t � Lþ 1 to t, estimate the DCC model parameters in a standard fashion, through a two-step
maximum likelihood (ML) procedure.

Step 2: Obtain one-step ahead forecast for each factor k as
ŵ2
k;tþ1 ¼ k̂k;0 þ k̂k;1f

2
k;t þ k̂k;2w

2
k;t; ðA3Þ

where k̂k;0; k̂k;1, and k̂k;2 are, respectively, the ML estimates of kk;0; kk;1, and kk;2. Then, generate z-step ahead factor vari-
ance forecast (z � 2) as follows:

ŵ2
k;tþz ¼

Xz�2

f¼0

k̂k;0 k̂k;1 þ k̂k;2
� �f

þ k̂k;1 þ k̂k;2
� �z�1

ŵ2
k;tþ1: ðA4Þ

Step 3: Compute one-step ahead forecast for the conditional covariance matrix of the devolatized factor return inno-
vations asbQ tþ1 ¼ 1� ĉ1 � ĉ2ð ÞQ þ ĉ1~f t~f 0t þ ĉ2Qt; ðA5Þ

where ĉ1 and ĉ2 are the ML estimators of c1 and c2, respectively. Next, using the approximation proposed by Engle and

Sheppard (2001), that is, bQ tþ1 � bRtþ1 and Q � R, we forecast the z-day ahead (z � 2) matrix of conditional quasi-
correlations as

bRtþz ¼
Xz�2

f¼0

1� ĉ1 � ĉ2ð ÞR ĉ1 þ ĉ2ð Þf þ ĉ1 þ ĉ2ð Þz�1bRtþ1: ðA6Þ

Note that in practice, the diagonal elements of bQ tþ1 can deviate slightly from one, so before it is used for the estimation

of bRtþz every row and every column has to be divided by the square root of the corresponding diagonal entry. The same
adjustment has to be applied to Q as well.
Step 4: Equipped with the variance and correlation forecasts from Steps 2 and 3, obtain z-step ahead (z � 1) factor covari-
ance matrix forecast as
X̂tþz ¼ Diag Ŵtþz

n o1=2bRtþzDiag Ŵtþz

n o1=2
: ðA7Þ
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For the constant (across factor models) diagonal matrix Vfull
t , we obtain z-step ahead forecast for each n;nð Þ th entry by

following Steps 1 and 2 above.

Appendix B. Proof of Proposition 1

The proof is the same as that given for Theorem 1 in Engle and Colacito (2006), with some minor modifications. In par-
ticular, we can rewrite Eq. (12) as
Li ¼ 1
T�L

X
d

X
z

10N Ri
dð Þ�1

Rz Ri
dð Þ�1

1N

10N Ri
dð Þ�1

1N

� �2 � 10N Rdð Þ�1Rz Rdð Þ�11N

10N Rdð Þ�11N½ �2
 !

¼ 21
T�L

X
d

10N Ri
dð Þ�1

Rd Ri
dð Þ�1

1N

10N Ri
dð Þ�1

1N

� �2 � 1
10N Rdð Þ�11N

 !
;

ðB1Þ
where Ri
d is the covariance matrix estimator implied by model i. Let #d be a vector of random variables such that E #d#

0
d

� � ¼ Rd

and define
ud ¼ 10N Ri
d

� ��1
#d � 10N Ri

d

� ��1
1N 10N Rdð Þ�1

1N

h i�1
10N Rdð Þ�1

#d:
Because
E u2
d

� � ¼ 10N Ri
d

� ��1
Rd Ri

d

� ��1
1N � 10N Ri

d

� ��1
1N

� �2
10N Rdð Þ�1

1N

h i�1
� 0; ðB3Þ
it follows that Li � 0. When P ¼ IN , we have
10N Ri
d

� ��1
Rd Ri

d

� ��1
1N ¼ 10N Ri

d

� ��1
1N

� �2
10N Rdð Þ�1

1N

h i�1

¼ 10N Ri
d

� ��1
1N

¼ 10N Rdð Þ�1
1N ;

ðB4Þ
so that Li ¼ 0. This completes the proof of Proposition 1. h

Appendix C. Supplementary material

Supplementary data associated with this article can be found, in the online version, at https://doi.org/10.1016/j.jimonfin.
2023.102865.
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