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FOCUSING GIBBS MEASURES WITH HARMONIC POTENTIAL

TRISTAN ROBERT, KIHOON SEONG, LEONARDO TOLOMEO, YUZHAO WANG

ABSTRACT. In this paper, we study the Gibbs measures associated to the focusing nonlinear
Schrédinger equation with harmonic potential on Euclidean spaces. We establish a dichotomy for
normalizability vs non-normalizability in the one dimensional case, and under radial assumption
in the higher dimensional cases. In particular, we complete the programs of constructing Gibbs
measures in the presence of a harmonic potential initiated by Burg-Thomann-Tzvetkov (2005)
in dimension one and Deng (2013) in dimension two with radial assumption.

1. INTRODUCTION

In this paper, we investigate the issue of constructing the Gibbs measure associated with
the nonlinear Schrodinger equation (NLS) with harmonic potential on Euclidean spaces. This
measure is a probability measure p on S’ (R%), the space of Schwartz distributions on R?, formally

written as
dp(u) = Z e Wy, (1.1)
Here Z is a normalizing constant (the partition function), and H is the Hamiltonian of
i = (—A + |z)*)u + olulP~2u, (t,z) € R1FY, (1.2)
where p > 2 is a real number, and o € {—1, 1} encodes the nature of the nonlinearity (focusing
when o = —1 and defocusing when o = 1). Namely, H is given by
1 1
H(u) = —/ Vul2de + —/ 22 uf2ds + g/ lufPdz. (1.3)
2 Rd 2 R4 P JRrd

Motivated by the statistical point of view on the nonlinear Schrodinger dynamics, the con-
struction and invariance of Gibbs measures of the type (L) has received a lot of attention in
recent years, and we refer to [12, 13| 18], 19} 20] 211 22| 23| 31, 30}, B2} [44], [45, [46] and references
therein for a further account on the subject. In turn, this statistical point of view on nonlinear
Schrodinger equations, which dates back to the seminal papers [31I] by Lebowitz, Rose, and
Speer, and [12] by Bourgain, was inspired by the developments during the 70’s and 80’s of the
probabilistic approach to Euclidean quantum field theory (EQFT). The latter approach proved
indeed very powerful to construct relativistic quantum field theories in the Minkowski space-
time RM(@=1) gatisfying the so-called Wightman axioms; again we point to 12, B, 28, 27, 42]
for more detailed discussions on the matter. One of the main strategy to define an EQFT on
R? has been to regularize both small scales (“ultraviolet cut-off”) and large scales (“infrared
cut-off”) by considering the Gibbs type measures (1)) with a “truncated” Hamiltonian, consid-
ering for example either a lattice approximation (small scale truncation in physical space), or
a regularization by a convolution with an approximation of the identity (small scale truncation
in frequency space), and with R? replaced by a compact domain (large scale truncation). Then
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one first proves convergence (up to adding diverging renormalization constants if necessary) of
theses approximate measures when removing the small scale truncation on the Hamiltonian, and
then convergence from the finite volume case to the infinite volume measure. In this regard, one
of the motivations of studying the construction of the Gibbs measure (1) associated to the
Hamiltonian (3] is that, thanks to the confining potential |x|?, we can directly construct the
infinite volume measure without the need for an infrared cut-off.

The first guess to try and give a meaning to the formal expression (LLI) consists in interpreting
the measure e H®dy as the measure

dp(u) = 271 et My ), (1.4)
where 1 is the Gaussian measure formally given by
du(u) = Z-1em 2 Je (W“'z“w‘z'“‘z)dxdu. (1.5)

One can then interpret u as a Gaussian free field on R?, with the Green function of the harmonic
oscillator in place of the usual Green function of the Laplacian as correlation kernel; see (L19))
below for a proper definition of this measure. One then hopes to show that the expression (L))
defines a probability measure with density with respect to the Gaussian measure p in (L), for
some appropriate range of p, depending on the sign of o.

To set our expectations about the constructibility of the measure (L4]), let us first discuss
the construction of the Gibbs measure in the case without harmonic potential and with infrared
cut-off, namely on the d-dimensional torus T¢ instead of the Euclidean space R%:

dp(u) = 215l luld gy ) (1.6)
WithE
dp(u) = 27 Le 3 Jra(Vul*+ul)dz gy,

First, in the defocusing case o = 1, as pointed out in [12], there is no issue in dimension d = 1
in making sense of p in (L@). Indeed, in this case one has that

1
V(u) = —/ |ulPdx < +o0,
bJr

p-a.s. for any p > 2E Since this potential energy is bounded from below, one directly concludes
that e~V () ¢ L'(p) for any p > 2 in the defocusing case ¢ = 1, allowing indeed to give a
meaning to p as a measure with density with respect to the Gaussian measure p.

However, as soon as the dimension d > 2, one faces the issue that V(u) = 400 p-a.s. for
any p > 2. This is the starting point of the ultraviolet cut-off and Wick renormalization.
Namely, one needs to replace the infinite potential energy V (u) with a truncated renormalized
energy :Vi:(u) = [y Fp n(u)dx, where N € N is a regularization parameter, and Fy, y is both
a truncation and a renormalization of | - |P, and subsequently take a limit as N — oo. For
example, when d = 2 and p = 2k, F, y(u) = (=1)*k!L(|H<nu|?;cn). Here L, denotes the
k-th Laguerre polynomial, II<y is the projection of u on Fourier frequencies smaller than N,
and cy = E de < Nul|?dz Njgo 400 is a renormalization constant. Then one can show that

V(u): = imy_se0 :Viv(u): is well defined p-a.s., and that e=7*V®): ¢ L1(y), allowing to make

INote that we added the mass ||lul|22 to the quadratic part of the Hamiltonian in the definition of the Gaussian
measure p in [L6]). This is to avoid a lack of integrability of the density coming from the zero frequency of wu,
making the following discussion substantially simpler.

2Actually for any p > 0, but recall from (2] that we limit our discussion to the case p > 2.
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sense of p. See for example [39] for the case d = 2 and all even integers p. In particular, note that
contrarily to the case d = 1, in the case d = 2, the renormalized potential :V'(u): is not bounded
from below. Therefore, one has to give extra arguments to get the exponential integrability of
—o0:V (u):, see also [33,142] 27]. The case d = 3 is even more singular, and the Gibbs measure ([L.6)
can only been constructed in the case p = 4E In this case the construction of the corresponding
Gibbs measure requires a further renormalization procedure to get a convergent sequence of
approximate measures. Moreover, in this case the limiting measure is singular with respect to pu,
see [2, B, 28] 27]. In the higher dimensional case d > 4, the support of u becomes too singular,
eventually leading to the Gibbs measure p being trivial (i.e. Gaussian) in this case [I} 26], even
for the smallest possible value p = 4.

In the focusing case 0 = —1, the situation changes radically. Indeed, even in the case d = 1,
it was observed by Lebowitz, Rose, and Speer [31] that as it is, the Gibbs measure (L.0) is ill-
defined for any p > 2. Indeed the potential energy —oV (u) is not exponentially integrable with
respect to p in this case. Notice that this is not an infinite dimensional phenomenon. Indeed,
one can easily check that the measure on R

1 1
exp (—\x]p — —]az\2>daz
D 2

is not finite for p > 2, hence it cannot be normalised to a probability measure. To get around

this issue, it was proposed in [31] to add a mass cut-off, namely to replace the density e~V

for p in (L6) with
dp(’LL) = Z_l]-{fT lu|2de<K} €XP ( - aV(u))d,u(u), (17)

for some parameter K > 0, in order to try and recover the integrability of the density with
respect to p. The introduction of the mass cutoff is justified by the fact that the mass is
a conserved quantity for the flow of the periodic NLS, hence (I.7)) represents a (generalized)
grand-canonical ensemble for this equation.

It was then shown in [31] that the measure is indeed normalisable for any 2 < p < 6 and any
K > 0, and also for p = 6 and K < HQ||2L2, where @ is the ground statd] for the quintic NLS
on R, while in the case p =6 and K > [|Q||7, or p > 6 and any K > 0, the measure (L7) also
becomes ill-defined. Subsequently in [12], another proof of this result was given by Bourgain,
that corrected an issue in the original paper [3I]. More recently, the third author, together
with Oh and Sosoe, showed in [37] that the measure remains well-defined up to the end-point
for the mass threshold K = ||Q||3,. This shows a phase transition for the one-dimensional
focusing Gibbs measure at criticality: the partition function Zx = [ 1|, - < K}e_"v(“)d,u(u)
is not analytic with respect to K when p = 6. Similar phase transitions at critical exponents
between strongly/weakly nonlinear regimes have been observed in other focusing models, see
[35] [36]. The situation is even more dramatic in higher dimension: in d = 2, Brydges and Slade
showed in [16] that even for p = 4 and with the same Wick renormalization as in the defocusing
case, the measure is still ill-defined. See also [15] 32, 37, 41l 45] 46], [48] for generalizations of
these results to d = 2 on the unit disc or d > 1 with fractional dispersion.

3The Gibbs measure has been constructed only for real-valued u, contrary to the two-dimensional case where
both real-valued [33] [42] 27] and complex-valued [39] u are dealt with. Impossibility of the construction for p > 6
is expected in view of the result [I], but as far as the authors aware, a rigourous proof is not available yet.

4Namely, the (unique up to symmetries) minimizer of the Gagliardo-Nirenberg-Sobolev inequality on R with

QN Z6 &) = 31Q |2 (z)-
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Notice that here we only discussed the construction of the Gibbs measure with infrared cut-off;
however removing this cutoff in order to study the measure on the euclidean space is a highly
non-trivial endeavour. See for example the recent works [4] 28] [40 [5].

As mentioned before, besides the physical relevance of (I.2)) to describe Bose-Einstein conden-
sates [7, 24], one of the interests in adding the harmonic potential to the Hamiltonian (L.3)) is
that it allows to work directly without infrared cut-off in constructing the Gibbs measure (L)
However, compared to the previous discussion, much less is known regarding the construction
of the measure (L4) in this case.

The issue of constructing the Gibbs measure ([.4]) was initiated by Burq-Thomann-Tzvetkov
[18] in dimension d = 1. As in the case of the defocusing Gibbs measure without harmonic
potential on the circle (LG, there is no issue in making sense of (4] in the defocusing case
o =1 for any p > 2 since it still holds [ |u[Pdz < +o0 p-a.s. (see for example Corollary 2.4 (i)
below), and since the potential energy —% fRd |u|Pdz is bounded from above in this case, thus
exponentially integrable with respect to p. However, one faces the same issue as for (L6]) in the
focusing case 0 = —1: the potential energy is no longer bounded from above, and in particular
one can show that it is not exponentially integrable anymore. Thus, as in (7)), one needs to
consider instead the measure with a mass cut-off in the density

_ g
o) = 271 sy v — 2 [ lPde ) dutw), (1.9

with the Gaussian measure p as in (L5). However, an important difference with (L7)) is that
even for d = 1, [ |u|?dz = +00 p-a.s. in the case with harmonic potential. This is why the
cut-off in the density in (L.8]) is defined with respect to the Wick-ordered mass, namely for a
renormalized version of ||u\|%2(R) as discussed above; see (L26]) below for the proper definition.
This is reminiscent of what happens for (6] in higher dimensions d > 2, where the mass, and
actually any nonlinear functional of u, becomes ill-defined p-a.s. and needs to be renormalized.
Let us stress that in our case, though, only the L? norm is p-a.s. infinite and needs to be renor-
malized, while the potential energy [ |u[Pdz is p-a.s. finite for any p > 2; see Corollary 2.4] (i)
below. Thus the model (L) with Hamiltonian (I3]) in dimension d = 1 has an interesting
behavior in between the d = 1 and d = 2 cases for the measure ([.6]) in finite volume without
harmonic potential.

Then in the one-dimensional focusing case d = 1,0 = —1, the measure with Wick-ordered
mass cut-off (IL8]) was first constructed by Burq, Thomann, and Tzvetkov [I8] in the case p = 4,
and they also prove its invariance under (I.2]). However, the whole picture was left incomplete
as their argument does not work for general p > 2. The main purpose of this paper is to
complete the program initiated in [I8] of constructing the focusing Gibbs measures p in (L.8]).
In particular, we identify a sharp threshold p* = 6, such that when 2 < p < p* the focusing
Gibbs measure (L.8)) is normalizable, while it is not normalizable when p > p*. See Theorem
[[4] below for a detailed statement. Note that in the case p = p* the Gibbs measure (L8] is
not normalizable, as opposed to the situation for (I.6]) on the one-dimensional torus. We also
remark that our argument, which is based on a variational formula, is different from the one in
[18].

In the two-dimensional case d = 2, the construction of the focusing measure (L§]) with
o = —1 was first studied by Deng [20] under a radial assumption. Namely, he replaced the
Gaussian measure y in (L35)), defined on &’(R%), by a Gaussian measure defined on the space of
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radial Schwartz distributions S/, ;(R?), and showed that the focusing Gibbs measure (with Wick-
ordered L2-cutoff) can be constructed when 2 < p < 4. He also showed that in the defocusing
case o0 = 1, the measure (L4)) can be constructed for any even p > 4, and that in both cases the
Gibbs measure is invariant under (I.2]). In this paper, we shall complete this line of research by
also showing the non-normalizability of the focusing Gibbs measure with Wick-ordered L?-cutoff
for p > 4. It turns out that our argument extends to higher dimensions, still under the radial
assumption. In particular, we show that there is a critical index p*(d) = 2 + % such that the
focusing Gibbs measure with Wick-ordered L?-cutoff is normalizable when 2 < p < p*(d), but
non-normalizable when p > p* (d)E

Without the radial assumption, the only result that we are aware of is that of [10] constructing
the measure ([L4) in the two-dimensional cubic defocusing case d = 2,0 = 1, and p = 4, and
proving its invariance under (.2]). In this case one also needs to renormalize the potential energy
as in the two-dimensional finite volume case without harmonic potential (L.6l).

To conclude this introduction, let us stress one more time that the one-dimensional focusing
Gibbs measures (L.8) and (L.G) with d = 1 share many common features, but that our study
shows that their behaviors at the critical exponent p = 6 are quite distinct: the former is not
normalizable while the latter exhibits phase transition. A similar situation appears in the two-
dimensional case with radial assumption. In this case the focusing Gibbs measure defined on
radial functions on the unit disc By with the Dirichlet boundary condition is formally given by

1
d =2z11 —/ Pq >d : 1.9
p2p(u) = 25, (el 5, <K} XP <p . [ulPdz | dpa(u) (1.9)

where o is the corresponding Gaussian measure, namely the law of the Dirichlet Gaussian free
field on Bsy. Bourgain-Bulut [15], Oh-Sosoe-Tolomeo [3§], and Xian [48] showed that there is a
phase transition at the critical nonlinearity p = 4. In particular, they constructed the measure
(L9) provided (i) 2<p<4and (i) p=4and 0 < K < HQ|]2L2(B2), where @ is the minimizer of
the Galiardo-Nirenberg-Sobolev inequality on R?, while (I.9) is not normalizable for (iii) p = 4
and K > HQ||2L2( B, and (iv) p > 4. As a sharp contrast, we will show that there is no phase
transition occurring at the critical nonlinearity p = 4 for (I.8) with d = 2 defined on radial
functions.

1.1. Harmonic potential. To state more precisely our results, we start with a discussion on
the one dimensional Laplacian with harmonic potential on R:

L=-02+12% (1.10)

associated with the following positive quadratic form @ defined on C°(R) by

Q(f) = /R | ()] 4 22| f () | d.

Let us collect some facts related to the operator £. The operator £ has a positive self-adjoint
extension on L?(R) and has eigenfunctions {hy},>¢ with

22 d" 2

hp(z) = (=1)"cpe= d;p—"(e_x ) (1.11)

5As a matter of fact, there will be a further restriction p < dQ—fQ when d > 3. See Theorem [I.4] below for the
detailed statements.
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1

and ¢, = (n!)_%2_%7r_1. Then {h,}n>0 is a complete normal basis of L?(R). Let A2 be the
corresponding eigenvalues, i.e. Lh,, = A2h,,. Then it is known (see for example [I8]) that

An = V1 2n. (1.12)

We will need the following estimates on the eigenfunctions h,, from [49].

Lemma 1.1. With h,, defined in (ILI1]), we have the following estimate

1 2

_,J’_i
A2 if2<p<4

hn(2) |y S 3 " =P=" (1.13)
An if p>4.

uniformly inn € N, p > 2.
We then define the Sobolev spaces associated to the operator L.

Definition 1.2. For 1 < p < oo and s € R, we define the harmonic Sobolev space W*P(R) by
the norm

[ullwsrmy = [1£2ul| Lo @)
When p = 2, we write W*3(R) = H*(R) and for u = S50 cphy, we have Hu||%{s(R)
Z;O:O )‘%8|Cn|2-

From the above definition, we see that || f|yo®) = || fl|z2®) and

1120 ) = QUF) = /R /(@) + 22| f () Pda. (1.14)

We recall the following characterization of harmonic Sobolev spaces.

Lemma 1.3 ([25]). For any 1 < p < oo, s > 0, there exists C > 0 such that

1 S S
5”““1/\/54)(11@) < {Dz)?ull ey + [{2)*ull o) < Cllullwsr(w) (1.15)
We also recall the Gagliardo-Nirenberg-Sobolev inequality on R,
1+2
[l ) < HUHHWR lll 22 gy » (1.16)
for p > 2, which together with (I.14]) implies
1+2
Il e @y < IIUHHl wylull 2 Gy (1.17)
®) (R)

for p > 2.

1.2. Measure construction and main results. In this subsection, we describe the procedure
we use to construct the Gibbs measures (I.I]) and (L8]) with d = 1, and make precise statements
of our main results for the one dimensional case. We postpone the higher dimensional radial
cases to the next subsection.

With the above notations, the Hamiltonian (I.3]) can be rewritten as

- %/R]ﬁéu(x)\zda;—%/R\u(a:)]pda: (1.18)

In particular, using the eigenbasis {h,}n>0 of the previous subsection, we can decompose any
u € S'(R) as

u= Zunhn, Up = (U, hn) 12 (R)-
n=0
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Then, under the coordinates u = (uy,), the Hamiltonian (II8]) has the form

H(u) = H(ni::ounhn) = %g)\%]unlz — % /[R ‘ gunhn(:ﬂ)‘pdm.

From the above computation, we may define the Gaussian measure with the Cameron-Martin
space H'(R) formally given by

o0
dp = 271l gy = 21 H e_%’\%|“"|2dun, (1.19)
n=0

where du,, is the Lebesgue measure on C. We note that this Gaussian measure p is the induced
probability measure under the map

weEQrsu = gnlw), (1.20)
n>0 An
where {g, }nen is a sequence of independent standard complex-valued Gaussian random variables
on a probability space (2, F,P). From (.12 we see that
= 1
EflulF2@)] =D 53 = (1.21)
n=0""
which implies that a typical function u in the support of u is not square integrable, and thus a
renormalization on the L?-norm Jz |u|?dz is needed. On the other hand, a computation similar
to that in the proof of Corollary 24 (i) yields that E[||u®||z»®)] < 0o when p > 2. See also [29].
Therefore, the potential energy % fR |u|Pdx does not require a renormalization.
To define the Gaussian measure p in ([L19) rigorously, we start with a finite dimensional
version. First define the spectral projector Py by

Pyu = PN<iunhn> = f:unhn,
n=0

n=0
whose image is the finite dimensional space

Eyn = span{hg,hq, -+ ,hn}.

Through the isometric map

N
(Un)ho = Y tnhn, (1.22)
n=0

from CN*! to Ey, we may identify Ey with CN*1. Consider a Gaussian measure on CV*! (or
on R?V+2) given by

N

A2 a2,
v = [ e dundin,

n=
where N > 1. The Gaussian measure uy defines a measure on the finite dimensional space FExn
via the map (L22]), which will be also denoted by py. Then, this py is the induced probability
measure under the map

N
WU =Y g’;(“)hn. (1.23)
n=0 n
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Given any s > 0, the sequence (u%) is a Cauchy sequence in L?(€2; H™*(R)) converging to u*
given in (L20)). In particular, the distribution of the random variable u* € H™* is the Gaussian
measure p. The measure p can be decomposed as

[= 1N ® Py, (1.24)
where the measure uﬁ, is the distribution of the random variable given by

u%l(:n) = Z gn)\(w)hn(x).

n=N+1 n

Recall from the discussion in the introduction that, inspired by Lebowitz-Rose-Speer [31], to
define the focusing Gibbs measure (L8]), a proper mass cut-off is necessary. But as we pointed
out before, from (LZI)) we see that u* ¢ L?(R) p-a.s., which motivates us to introduce a Wick-
ordered L2-cutoff as in [T4} [I8 38]. Given z € R, uy () in (L23)) is a mean-zero complex-valued
Gaussian random variable with variance

2 X
on(@) = B[ @] = Y M) (1.25)

from which we have
1
Ellun|?: = / on(z)dr = Z "~ log N — oo
R n<N 1
as N — oo. Here oy depends on z € R as the random process u® given by (L[20) is not
stationary. We can then define the Wick power :|uy|?: via
:‘UNPZ = ‘UN’2_0'N' (1.26)
It is also known, see for instance [I8, Lemma 3.6], that [, : lun(x)[? : dz is a Cauchy sequence
in L*(H*(R), dp) and converges to a limit, denoted by [ : |u(z)[* : dz, for any s > 0.
The main purpose of this paper is then to define the focusing Gibbs measure (L&) with o0 = —1
under the Wick-ordered L?-cutoff K > 0. We start with a finite dimensional approximation.

1 P
dpn(u) = Z[_(,lNl{\fR:\uN(m)P:dw\gK}ep”uN”Lp(R)dNN(uN) ® dpp (uy), (1.27)
where uy = Pyu, u]lv = u — Pyu, and the partition function Zx y is given by
1 p
ZKN = /1{fR:IuN(x)|2:dx<K}ep||UN”Lp(R)d:u(u)' (1.28)

The main result of this paper is to show the sharp criterion so that ([27]) converges to a
probability measure as N — oo.

We now state our first main result.

Theorem 1.4. The following statements hold:

(i) (subcritical case) Let K > 0. If 2 < p < 6, then we have the uniform exponential
integrability of the density: given any finite v > 1, then we have

1 P
jux]
10, | plev o ) < o0. 1.29
;‘é%” {1 Jiilun (@) 2:dal <K Y€ by =% (1.29)
Moreover, we have
li 1 %”UN“ILP(R) =1 %HUHIL),P(R) 1.30
L o (@) <K )€ = 1) folu(a)2:dr|<K}€ (1.30)
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in L" (). As a consequence, the Wick-ordered L*-truncated Gibbs measure py r in (L27)
converges, in total variation, to the focusing Gibbs measure p defined by

Ll
dp(u) = Z[_(ll{\fR:\u(x)P:d:c\gK}ep” 1@ dpa (). (1.31)

Furthermore, the resulting measure p is absolutely continuous with respect to the base
Gaussian free field p in (L24).
(ii) (critical/supercritical cases) Let p > 6. Then, for any K > 0, we have

1
E”“‘N”ip(]}g)

= o0, (1.32)

sup Zg, N = Sup Hl{\fR:\uN(x)P:dx\gK}e L)

NeN NeN
where Zg N is the partition function given in (L28). The same divergence holds for Zy,
i.e.

BRI
o= / Ly sty Psasl <y e dp = 0. (1.33)

As a consequence, the focusing Gibbs measure (L)), even with a Wick-ordered L?-cutoff,
i.e. (IL31)), can not be defined as a probability measure when p > 6.

When p = 4, Theorem [[4]- (i) provides an alternative proof of the normalizability result for
the focusing measure (IL.3I)) by Burq-Thomann-Tzvetkov [18], whose proof is based on a Fourier
analysis approach developed by Bourgain [12]. Our proof of Theorem [[4]- (i), however, is based
on the variational approach due to Barashkov-Gubinelli [2], which is robust enough to treat
all subcritical nonlinearities 2 < p < 6 simultaneously. See Lemma 2.1 for the Boué-Dupuis
variational formula [I1] [47], which plays a key role in this argument. As a matter of fact, we
will only show the uniform bound (L.29). Once the uniform bound (L.29]) is established, the
L"-convergence (L30) of the densities follows from the convergence in measure of the densities.
See Remark 3.8 in [46].

The proof of Theorem [[4]- (ii) is inspired by the recent works by the third author and collabo-
rators [35] [36] [44] and by Oh, the second and third authors [37], where other non-normalizability
results are shown for different measures. The main step is to construct a drift term which approx-
imates a blow-up profile, such that the Wick-ordered L2-cutoff does not exclude this blow-up
profile for any cutoff size K > 0. In particular, when p > 6, we show that the Wick-ordered
L?-cutoff does not exclude the blow-up profiles, which drives the energy functional to blow up.
See Section [4] for more details.

Theorem [[.4] completes the program initiated by Burq-Thomann-Tzvetkov [I8] on construct-
ing the focusing Gibbs measure (L31]) by providing a sharp criterion. In particular, we show
that the focusing Gibbs measure with a Wick-ordered L?-cutoff is normalizable when p < 6 and
non-normalizable when p > 6. The main novelty of our result lies in the critical case p = 6,
where we show the non-normalizability of the focusing Gibbs measure. Again, we point out that
our result provides a sharp contrast with the recent work of Oh-Sosoe-Tolomeo [38], where they
show the phase transition occurs at the critical case p = 6 for the Gibbs measure on T.

We shall prove Theorem [I[4] (i) in Section Bl and (ii) in Section @ All the proofs are done by
exploiting the variational approach by Barashkov-Gubinelli in [2]. In the critical /supercritical
cases, we show the blow up of the partition function Zx ny by constructing a drift term along
the blow up profiles. Similar argument appeared in [32], 35 [37, [41].
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1.3. Higher dimensional cases. We can extend the main result Theorem [[.4] for dimensional
one to higher dimensions with radial assumption. In this subsection, we explain the higher
dimensional analogue of Theorem [[L4l Recall the Laplacian confined with harmonic potential

L=—A+|z]? (1.34)

where A = ZZ | 02 is the Laplacian operator on R? and |z|? = 2?21 ¢ is the harmonic potential.

We define the radial Sobolev spaces Wfai(]Rd) of radial functions in higher dimension induced
by the norm:

||U\|Wsm(Rd) = HE%UHLP(Rd)'
We also write Wi;d(Rd) s 1(R?). Similar to Lemma [[3], we have

1 S S
EHUHWS»P(Rd) < KV ull Lo may + (@) ull o ray < Cllullyyspray- (1.35)

Analogously to the one dimensional case (ILI7)), we have the Gagliardo-Nirenberg-Sobolev in-
equality on R? for d > 1: let (i) p > 2 if d = 1,2 and (11)2<p<de1fd>3 then we
have

p=2)d 2+222(2—d)
HuHip(Rd N ||uH’H1(Rd HUHLQ de) . (136)
It is known [29] that the symmetric operator £ has a self-adjoint extension on ’Hrad(Rd) with

eigenvalues

N —4n +d
for n > 0 and associated eigenfunctions h,,, i.e. Lh, = A2h,,. Here we abuse notations by using
An and h, to denote eigenvalues and eigenfunctions of the radial harmonic oscillator (I.34]). We
will need the following dispersive estimate on the radial eigenfuncsions h,. For more details,
please see [29] and reference therein.

Lemma 1.5 (Proposition 2.4 in [29]). Let d > 2. Then we have the following estimate

—d(i-1
An (37 p), for p € [2, Qle),
1
1hnllLe®ay S 4 An 2log%)\n, for p = 2_‘11 (1.37)
11y
)\n(2 2 , for p € (24, 00].

Here the implicit constant only depends on d.

Similarly to (LI9), we may define the Gaussian measure with the Cameron-Martin space
Hrad(]Rd) formally given by

o
1 2
du =z te 2" qu = 271 T e 2% quyda,, (1.38)
n=0
where u,, = (u, hy,) and du,du, is the Lebesgue measure on C. We note that this Gaussian
measure p is the induced probability measure under the map

w € Qr—u” gn

(1.39)
n>0

which converges in H_* (R?) almost surely for any s > 0. In particular, u¥ € ’Hr_aZ(Rd) for any

s> 0.

rad
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Given z € R and «* in (L39), then uy = P<yu® is a mean-zero complex-valued Gaussian
random variable with variance

hi ()

on(e) =Bl ()] = Y (1.40)
0<n<N
We define the Wick powers :|ux|?: via
Jun|?: = |un|® — on. (1.41)

Similarly as in the one-dimensional case, one can show that [p, :|uy () |?:dx is a Cauchy sequence

in L2(H,.%(R?), dp) and converges to a limit, denoted by [gq :|u(z)[*:dz, for any s > 0. We then

rad
define the finite dimensional version of the Gibbs measure of radial functions on R¢,

Llunl?
dpn(w) = Z3' 0 sy @)dsl<iye” P E dp (un) © dpy (uy), (1.42)
where uy = Pyu, uﬁ = u — Pyu, and the partition function Zy is given by
Sllunll?
N = /l{fRd Jun (2)|2:da| <K }E" " EPED dp(u). (1.43)

As in the 1-dimensional case, we give a sharp criterion so that (I.27]) converges to a probability
measure as N — oo.

We now state our second main result.

Theorem 1.6. Given d > 2, define p*(d) =2+ %. Then, the following statements hold:
(i) (subcritical case) Let K > 0. Given 2 < p < p*(d), for any finite r > 1, then we have

Hlunll?, oa
1 P LP(RY) < 00. 1.44
;‘é%” {1 Jpailun (@) 2:dal <K Y€ by =% (1.44)
Moreover, we have
lim (1 el Woga) ) — 4 eIz me (1.45)
Noseo \ Al fpailun (2)2:de]| <K} {I Jpa:lu()|?:da| <K} :

in L" (). As a consequence, the Wick-ordered L*-truncated Gibbs measure py  in (L42)
converges, in total variation, to the focusing Gibbs measure p defined by

- llull?
dp(u) = ZKll{\fRd:\u(x)P:dx\SK}ep LPED dyu(u). (1.46)

Furthermore, the resulting measure p is absolutely continuous with respect to the base
Gaussian free field p in (L38).

(ii) (critical/supercritical cases) Let p > p*(d) when d = 2, and p*(d) < p < 75 when d > 3.
Then, for any K > 0, we have

Slun?

= P LP (rd) =
;%%ZKN Sup Hl{\fRd Jun (2)[2:dw | <K} L = (1.47)
where Zg n s the partition function given in (L43]). Moreover,
Sl
K= /1{fRd Ju(x)|?: dx\<K}ep Lp(Rd)dN Q. (1'48)

In particular, the focusing Gibbs measure (1)) defined on radial functions, even with
a Wick-ordered L?-cutoff, i.e. (L40)), can not be defined as a probability measure when

p > p*(d).
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When d = 2, Theorem - (i) provides an alternative proof of the normalizability result for
the focusing measure ([L46]) by Deng [20], whose proof is based on a Fourier analysis approach
developed by Bourgain [12]. Our proof of Theorem [[4]- (i), however, is based on the variational
approach due to Barashkov-Gubinelli [2]. The main novelty of Theorem lies in (ii), which
implies that the normalizability result by Deng [20] is sharp in the dimension d = 2. Furthermore,
the higher dimensional d > 3 cases are also new.

The proof of Theorem is almost identical to that of Theorem [I.4] whose proofs will be
shown in Sections 3 and @l

Remark 1.7. (i) Theorem (ii) only provides the non-normalizability in the critical and
supercritical cases up to p < dQsz when d > 3. This is due to the fact that, when p > dQsz, the
potential [ |u[Pdz becomes infinite p-a.s. and needs to be renormalized. We believe that our
construction would still provide the non-normalizability of the Gibbs measure in this case, even
after having Wick-ordered the potential energy.

However, we chose to restrict to a non-singular case in this paper, where only the mass cut-off
needs to be renormalized, to stay closer to the previous works [I8, 20] and complete the picture
on normalizability vs non-normalizability in the focusing non-singular case.

The same remark holds for the defocusing case: we explained in the introduction that the
Gibbs measure is well-defined in the non-singular defocusing case due to the upper bound on

2d

the density exp ( — % fRd |u|pd:17) when p < 75, d > 3. However, the constructibility of the

defocusing Gibbs measure in the singular case p > dQsz is an interesting open problem.

(ii) Without radial assumption, a renormalization would be needed for any p > 2 as soon as
d > 2. It would also be very interesting to study the construction of the renormalized Gibbs
measure in the defocusing case d = 2, p > 4 in order to complete the picture from the results
in [10]. On the other hand, in the focusing case, even with a renormalization of the potential
energy, we expect the Gibbs measure to be non-normalizable, similarly as in [16]. Indeed, we
already explained that the Gibbs measure p in (4] is more singular, for the same dimension,
than its finite volume anharmonic counterpart in (LG)).

2. PRELIMINARY

In this section, we collect some useful tools.

2.1. Variational formulation. In order to prove Theorem [[.4] and Theorem [[.6, we recall a
variational formula for the partition functional Z), g, similarly to [2] 3] 35} 36, 37, [32]. Let W (t)
denote a cylindrical Brownian motion in L?(R) (respectively L2 ,(R%)) defined by

rad

W(t)=>_ Bu(t)hn, (2.1)
n>0
where {hy,}n>0 is the sequence of normalized eigenfunctions of the operator £ given in (L.I0)
(or (L34) under the radial symmetry assumption) in the previous section, and {By}n,>0 is a
sequence of mutually independent complex-valued Brownian motions. We define a centered
Gaussian process Y (t) by

y(t) = ctwiry = 3 By, (2.2)
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Then, Y (t) is well-defined in H~%(R9) for any s > 0 and d > 1, see Corollary 2.4] below. But
Y (t) is not in L2(R?), since we have

E[| B, (t)[? 2t
B (O] ~ 3 2o iy (0) oy = 3 -2 = o0
n>0 n>0

unless ¢t = 0. From (2:2]), we see that

Law(Y (1)) = p, (2.3)

where p is the Gaussian free field given in (L24]). In what follows, we set Y (1) = P<yY(1)
and thus Law (Y (1)) = (P<n)«p, i.e. the law of the random variable Y (1) is the pushforward
of p under the projection P<y. Furthermore, we note that

E[[Yn(D)P] = on(),

where on(z) is as in ([L25]).
Let H, be the space of drifts, which consists of progressively measurable processes belonging

to L%([0,1]; L?(RY)), P-almost surely. One of the key tools in this paper is the following Boué-
Dupuis variational formula [I1] [47], see also [37, Lemma 3.1].

Lemma 2.1. Let Y (t) be as in 22) and Yy(t) = P<nY (t). Suppose that F : C®°(R?) — R
is measurable such that E[|F(Yn(1))P] < oo and E[|leFONW)|9] < oo for some 1 < p,q < oo
with % + % = 1. Then, we have

1
—logE[eF(YN(l))] = inf E[F(YN(l) +PnI(0)(1)) +1/ ||9(t)||2Lz(Rd)dt}, (2.4)

9cH, 2 Jo E
where 1(0) is defined by

¢

10)(t) = / £o30(r)dr

0
and the expectation E = Ep is respect to the underlying probability measure P.
In the following, we shall choose
1
F(YN) = EHYNHZP(Rd)l{\fRd:\YN(x)\zzdﬂgK}y

and then the main tasks in Section Bl and Section [l are to estimate the right hand side of (24]).

We see that I(6)(1) enjoys the following pathwise regularity bound.

Lemma 2.2. For any 0 € H,, we have

1
116) (V)20 gy < /0 1001)]13 dr. (2.5)

Proof. From Minkowski’s inequality and Definition [[L2, we have
1
_1
IOy < [ €400 e

1
- /0 1007

which gives (2.5]). O
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2.2. Wiener chaos estimate. In this subsection, we recall the Wiener chaos estimates, which
plays a key role in our analysis in Section [l and Section Fl

For convenience, we first recall the Khintchine inequality, which is a special case of the Wiener
chaos estimates and has an elementary proof, see [I7, Lemma 4.2].

Lemma 2.3 (Khintchine inequality). Let {g,(w)} be a sequence of independent, complex, nor-
malized Gaussian random wvariables. Then, there exists C' > 0 such that for all p > 2 and

{en} € (N),
Z Cngn(w)

n>0

)scw(Z\cnP)%.

n>0

Lr(Q

We then have the following consequence of Khintchine inequality.
Corollary 2.4. (i). Given 2 <p < oo whend=1,2 and 2 <p < d2Td2 when d > 3, we have
E[||Yn(1) <

||ip(Rd)j| P 1,

where the constant only depends on p.
(ii). Let 6 >0 and 1 < p < co. Then, we have

E[[Yn (D2, s o] S 1

(iii). Let p,d be as in (i) when || -||x = | - |zr, or p,d,d as in (ii) when || - ||x = | - |-
respectively. Then Y (1) € X, the sequence Yn(1) is Cauchy in LP(2; X), and we have that

E[lY(1) - Yn(I%] $p N7,
for some v = ~(p,d,d) > 0.

Proof. We start with proving (i). Recall that {B,(1)} is a sequence of independent, complex,
normalized Gaussian random variables. Therefore, by ([2:2]) and Lemma 2.3 we have

Bl ) = [, 2| S 2 gy
n=0 "

N P
hZ(z)\ 2
< _n\v"/
< (X557

Since p > 2, we use Minkowski inequality to deduce that

p

N (@), g\ 2
n (R)
< (Z 2 > |

n=0

We then insert Lemma [[.1] and Lemma to get

o0 P
1 2

< - -
~ (Z <n>1+6(d,p)> ’

n=0



FOCUSING GIBBS MEASURE 15

where
%_%7 ifd=1and 2 <p<4,
%, ifd=1 and p > 4,
ﬁ(d,p): d%_%), 1fd>2and2<p<d 1
L ifd>2andp= 2%,
1_d(%_%), if d>2and p> 2L

In particular note that 5(d,p) > 0 if and only if p > 2 when d = 1,2; or 2 < p < d 2 when
d > 3. Thus we finish the proof of (i).

Then, we turn to the proof of (ii). We only consider the case when p > 2, as the case of p < 2
follows from Hoélder inequality together with the case of p = 2. Similar computation as in (i)
with Lemma 23] yields

L? (Rd):|

p

BN (DI, s o) = [HZ 2L

52
H h2( ))é P

2420
n=0 An

L@z e

L2(RY)
= (Z 2-1+25)g < 00,
n=0 An

where in the last step we used the fact that A2 ~ 1+ n and § > 0. Thus we finish the proof of
(ii).

Now we move to the proof of (iii). Let M > N, and note that

M
V() - vun = Y Zoll@),

n=N+1 n

Therefore, proceeding as in the proof of (i)-(ii) respectively, we obtain that

3 1 T
< Z W) SN in case X = LP,

BlIVi() - YIS 8 m

Z W) < NP in case X = H 9.
n=N-+1

This shows that Yy is Cauchy in LP(2; X). We complete the proof by taking the limit in the

estimate as M — oo. O

To state the general version of the Wiener chaos estimate, we need to recall some basic
definitions from stochastic analysis; see [§] for instance. Let (H, B,pu) be an abstract Wiener
space, where p is a Gaussian measure on a separable Banach space B with H C B as its
Cameron-Martin space. Let {e;};jen be a complete orthonormal system of H* = H such that
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{ej}jen C B*. We define a polynomial chaos of order k of the form

I Ek, (e
§=0

where x € B, k; # 0 for only finitely many j’s with k = Z]‘?’;O kj, Hy, is the Hermite polynomial
of degree kj, and (-,-) denotes the B-B* duality pairing. We then define #; as the closure
of polynomial chaoses of order k under L?(B,u). The elements in H;, are called homogeneous
Wiener chaoses of order k. We also write

k
Her =P H;
7=0

for £ € N. Then we have the following Wiener chaos estimate,
Lemma 2.5 (Wiener chaos estimate). Let k € N. Then, we have
k
[XNzr@) < (0= 1)2 [ X 22(0)
for any p > 2 and any X € H<y,.

It is easy to see that the Khintchine inequality Lemma [2.3] follows from the Wiener chaos
estimate Lemma with £ = 1. The proof of Lemma follows from the hypercontractivity
of the Ornstein-Uhlenbeck semigroup. See [42, Theorem 1.22] for more details.

Recall the definition of the Wick power :|Yx(1)|?: defined in (IL26)), which are homogeneous
Wiener chaos of order 2. Therefore, we have the following corollary of Lemma 2.5]

Corollary 2.6. Let p > 1, we have

H /Rd 1Yo (D)Pede]

where the constant only depends on p. Moreover, the sequence fRd YN (1)

LP(Q), and
| /R (U)Fder - /R Yo (1) e

Proof. By using Holder inequality for p < 2 and Wiener chaos estimate Lemma, for p > 2,

we have
:Y12:dH <H/:Y12:d‘ .
| [ o], o 5| [ b,
Then from the definition of Wick order (I.26]) and (L.25]), it follows that

[ = / e R

-y Bt
As the random variable {B,,(1)} are normalized and independent, thus we have

E[(IBa()[* = 1)’] = E[|Ba()|*] = 2[| B ()] + 1 = 2

< 1
e ~P

|2:dx is Cauchy in

Lr(Q)

and

E[(|Bn, (D]* = 1)(|Bro (VP = )] =0
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for all ny # no. Therefore, we have
N

EU /Rd:|YN(1)|2;d$ﬂ _ Z E[(|Bn(241|2 ~1)2
N

n=0
2 &2
S PE T
1 1
n=0 )\" n=0 )\"
We now move to the second part. Proceeding similarly, for M > N, we have that
p M 5
A Yar(1 2:dx—/ YN (1 2:d:EH < < )\_4)2 §N‘§,
| [ vuupaae— [ P s, PIR:

which shows that the sequence [pq:|Yn(1)[*:dz is Cauchy in LP(£2). We conclude the proof by
taking a limit as M — oo. O

Finally, in the proof of Theorem [[LZ}(i) and Theorem [LGH(ii), in order to show convergence
in total variation of the indicator functions, we will need the following Lemma.

Lemma 2.7. Let :jun|?: be the Wick power defined in (L20), and let :|u|?: be its limit. Then,
for every K € R, and for every e > 0,

P(/ Jun|?:(x) de € [K —6,K—|—6]> Se, (2.6)
Rd
where the implicit constant is independent of K € R and €. As a consequence, we obtain
]P’</ Jul?:(z) do € [K—E,K+E]> Se. (2.7)
R4

Proof. By the L?-orthogonality of the eigenfunctions h,, and the definition (28] of :|uy|?:, we
have that

N 9 ) N
. 2, _ |9n| 1 o |90| -1 |9n -1
/Rd.\uN] .(a;)da:—z PR v 4 27)\2
n=0 " n

Because of independence of the Gaussians {gy, }nen, the random variables Ay and Ay are inde-
pendent as well. Denoting by dA the Lebesgue measure on R, let opdA be the law of Ay and
ondX be the law of Ay. Since

) =: Ay + An.

|90|2d— 1)7

and g is a normal Gaussian, then oy € L*°(R). Therefore,

H dLaw (fRd :|uN|2:(:E)d:E>
)

ood)\ = Law <

_||dLaw(Ag + An)
N H d\ HLOO(R)

L>(R)
= ||oo * oN || Lo (w)
<llooll L) llon |1 (m)
= ||JO||L°°(R)

<1,

~

from which (2.6]) and hence (27]) follow. O
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3. NORMALIZABILITY

In this section, we show the integrability part, i.e. Theorem [[4] (i) and Theorem (i).
Namely, we prove the boundedness of Zg n in (L28) with 2 < p < 2 + % for all K > 0. We
first start by showing (L.29]) and (I.44]). We will then complete the proof of Theorem [[.4] (i) and
Theorem (i) in the end of this section. The two statements (L[.29]) and (L.44]) correspond to
the following bound:

SljlvPEu exp(Rp(un)) - 1| . gfun (0)|2:de| <K} | < OO (3.1)
where uy = P<yu and R,(uy) is the potential energy denoted by
Ri(ux) i= - /R ()P dr. (32)
Observing that
EH[GXP(Rp(UN)) : 1{\fRd:|uN(x)|2:dx\§K}] < Eu[exp (Rp(uzv) : 1{fRd:uN(w)|2:dw§K})} (3.3)
then the bound (B]) follows once we have
sup Lo [GXP (Rp(UN) : 1{|fRdz|uN(x)|2:dx|<K}>] < 0. (3.4)
From (2.3) and the Boué-Dupuis variational formula Lemma 2] it follows that
—logE, {GXP (Rp(uN) ' 1{|fRd:|uN|2:d:c|§K}>}
- logE[exp (Rp(YN) : 1{\fRd:|YN|2:dz|§K}>]

= eielga E[ — Rp(Yn + PonI(0)(1)) - Ly fouvn 4P oy 10)(1)2:da] <K}
/ 160:)13,t).

where Yy = P<yY (1) and Y (1) is given in (2.2). Here, E, and E denote expectations with
respect to the Gaussian field p and the underlying probablhty measure P respectively. In what
follows, we will denote

On =P<nI(0)(1) (3.6)

for simplicity. In the rest of this section, we show that the right hand side of (3.5)) has a finite
lower bound.

Proof of B.). In this case, we prove ([B.4]) with a Wick-ordered L2-cutoff of any finite size K.
By duality and Young’s inequality, we have

‘/ :’YN—F@NF:dx‘
Rd
:(/ :\YNy2zda;+2/ YN@—Ndx+/ y@Nde\
Rd Rd Rd (37)
2_(/ :|YN|2:d:n‘—2||YN||H5H@N||H5—|—/ R

> | [ oPida] = CYi B s gy — <lON iy + [ 1O
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where 0 > 0 and p1,q; > 1 such that
1 1
—+ — =1
P11 @1
Furthermore, by interpolation, we have

1 6 J
1O ey < ClON| Saty + ClON 55 zay:

where we choose § € (0,1) and p2, g2 > 1 such that
1 1
— =1
P2 Q2

We may then choose § < 1, ¢ = 14, and ps = 2+, such that ¢;(1 — §)pa = 2. It also follows
that

dq1g2 < 1 (3.8)
as gg = 2—. Therefore, with the parameters chosen as above we have
[
1ON113}5 g4y < ClONIT2ray + ClONII Ra- (3.9)

We remark here that the constant C' is independent of N and ¢, and may vary from line to line.
By choosing eC < 1, from (B7) and (33), we conclude that

{y/dﬂﬁv+@NPuM‘§K}
R
:{L/;D@an+2/‘mJXMx+/ @NﬂmkgK}
Rd R4 Rd

c {H@Nniw) < g | [ o] Y B
3.10
510N o + <ClON R | (310)

)
20020, }
=: Q.

We then recall an elementary inequality, which is a direct consequence of the mean value theorem
and the Young’s inequality. Given p > 2 and ¢ > 0, there exists C. such that

|21 + 22P < (1 4 ¢)|z1|P + Cc|22|P (3.11)
holds uniformly in 21,29 € C. Here C., which may differ from line to line, denotes a constant
depending on e but not N. We conclude from (3.2)), (8.11]), (3:10), (II7), and (I.36]), that

Ry(Yn +On) - 14| fsivy+on 2ds|<K}
< (1 +€)Rp(On) - 1| fosvyt0n Pudai<i) T CeRy(YN)
g(r+@R(®N)JﬂK+47R(YN)

1+¢ p=—2)d d(p—2)
CGNSH@NHHI Rd) H@N||L2(Rd) "

IA

g, + C-Ry(Yy)
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where Cgns is the implicit constant in ([LI7) or (L36) (depending on the dimension) and the
set Qg is given in (3I0). Noting that % < 2 when p < p*(d) =2+ %, we apply Young’s
inequality to continue with

4(p 2)

T 1
< C|]@NHL2 wy Lo+ gH@NH%um + CRy(Yn). (3.12)

Then from (B.10]), interpolation, and the Young’s inequality, we have

4(p—2)

+7
IO Lo gay - Lok

_2(p=2) 1+ 2(1)772) 1+ 2(p 2)
< CK\Firsaar + C‘/ :]Ylezdx‘ 4 oc, ”YN”H( P 7)
d

) e (3.13)
(ECH@N”;?%E]HQ@ ) Ir2d—dp
| m (1+2972) .
< i+ | [ vnpada] T 4 ORI s 4+ <ClON B
R

where 0, < 1 and ¢1, g2 € R are real numbers such that (3.8 holds. Here we remark that the
constants C, Ck in ([B.I3]), which may differ from line to line, are chosen to be independent of e
(but the latter depends on K). From Corollary 2.4, we have

2(p—2)
(1+4+2d dp

supEH/ Y| :dm‘ ] —I—SupE[HYNHH 5 (R) ] < 00, (3.14)
N Rd N

provided 2 < p < p*(d) = 2 + 3. By collecting (3.5, (312), B13), and (314), and Lemma 2.2

we arrive at

—logE, [exp (Rp(UN) : 1{fRd:uN<x>|2:dxsz<})}

. +4i(2pd 2;;)

> €1€an E CH@N”LQ(Rd 1o, — CRP(YN)
1 ) 1/t )
— 218~ gey + 5 ; 16@) 172 dt
2+ 190 1! 2 (3.15)

3 P
> ot B = ClONIEd ™ dog + 1 [ 1000zt~ CR,)

. 14202 14 20=2)
> glenﬂiE[_cK_o‘/Rd vl d:n( i _oc. ||YN||H(5(R§”‘1 i)

# (5 -09) [ 1000 - omyr)|

Then, by choosing € > 0 sufficiently small such that Ce < %, from (3I4) and (BI5), we obtain

—log Eu [exp (RP(UN) ) 1{|fRd:|uN(:c)2:d:c|<K}>:|

14-2(=2)
> —Ck — CE[R,(Yn)] — CEU/ |Yiv|:d ( e d”] (3.16)

2(p—2)
_cc E[HYNHH (de d")]

> —Cx — CE[R,(Y)].
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We note that p*(d) < oo for d = 1,2, and p*(d) < dsz2 when d > 3. Therefore, Corollary 2.4]
can be applied for p < p*(d). By applying Corollary 24 with p < p*(d), we conclude that (B.15)
is uniformly bounded from below. Therefore, we finish the proof of (8] and so of (L29) and

(T44). O
We now complete the proof of Theorem [[.4] - (i) and Theorem [L6]- (i).
Proof of Theorem - (i) and Theorem - (). First of all, notice that the quantities

P
LP(RD)

are equiintegrable in L"(u). This is a direct consequence of ([29]) and (I.44]) applied to some
7 > r (and the fact that p is a probability measure). Therefore, by Vitali’s convergence theorem,
we just need to show that

lim e%”uN”i”(Rd) = e%”u”i”(Rd), (3.17)
N—oo
A L)y (@)l <K} = L] fpatfue) el <K} (3.18)

where the limits are intended as limits in probability. We have that

e (3I7) is a direct consequence of the convergence of Corollary 2.4 (iii) with Yx(1),Y (1)
replaced by uy,u respectively.
e (BIR) follows from the convergence of [pq:|un(x)[*:dx to [pa:|u(z)|*:dz and @2T).

O

4. NON-NORMALIZABILITY

In this section, we present the proof of Theorem [[4] - (ii) and Theorem - (ii). Namely,
we prove the divergence (L32) with p > p*(d) = 2+ 2 for any cut-off size K > 0. Most of this
section is dedicated to showing (L32]) and (L47), we will prove (IL33]) and (L48) at the end of
the section.

In order to show (L32) and (I.47]), it suffices to prove the following divergence: given p > p*(d),
for every r > 0
lim E#[GXP(RP(UN)) : 1{|fRd:\uN(m)\2:dm|§K}:| = 00, (4.1)

N—oo

where Rp(u) is as in (3.2]) and uy = Pyu.
First we notice that

E, [exp (Rp(uN)) : 1{\fRd :|uN|2:d:E|SK}:|

(4.2)
> EM [exp <RP(U’N) ’ 1{‘fRd :\uN|2:d:C|§K}>} -1
Therefore, the divergence (4.1 follows once we prove
Jim B, [GXP <Rp(UN) Ly :\uN\z:d:c|§K}>] = 00, (4.3)

for p > p*(d).

6Strictly speaking, we only need r = 1 in order to show (L32) and ([I47). However, the general case r > 0 will
be helpful in showing (L33) and (L48)).
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By the Boué-Dupuis variational formula (Lemma 2.7]), we have
- lOgEu |:eXp <RP(UN) ’ 1{\ Jrd :\uN|2:d:c|§K}>:|

= oielga E [ — Rp(Yn + eN)l{\ Jad: YN 242 Re(YNON)+|O N [2dz| <K} (4.4)

1 (! )
+3 160724t ],
0

where Yy and Oy are as in (3.6). Here, E, and E denote expectations with respect to the
Gaussian field p in (L24]) and the underlying probability measure P, respectively. In the follow-
ing, we show that the right-hand side of (44]) tends to —oco as N — oo as long as p > p*(d).
As in [44), [35] 36, [37], the main idea is to construct a series of drifts # € H, such that ©y looks
like “—Yny+ a perturbation”, where the perturbation terms are approximations of a sequence
of blow-up profiles, which are bounded in L? but have large LP-norm for p > 2. In particular,
when p > p*(d), the LP-norm of the sequence of perturbations grow fast enough driving ([@.4]) to
diverge as N — co. The key observation is that the Wick-ordered L?-cutoff | [pq :Jun|*:dz| < K
does not exclude such blow-up profiles for any given K > 0.

4.1. Blow-up profiles. In this subsection, we first construct a profile which stays bounded in
L? but grows in LP with p > 2.

Fix a large parameter M > 1. Let f : R? — R be a real-valued radial Schwartz function with
| f1l L2 (ray = 1 such that the Fourier transform £ is a smooth function supported on {3<l¢g <1}
Define a function fj; on R? by

d
2

fua) = M4 [ e = M (), (4.5)

where fdenotes the Fourier transform on R? defined by

~

JO=c| flae de.

Then, a direct computation yields the following lemma. See Lemma 5.12 in [35] and Lemma 3.3
in [37] for similar constructions on the torus T¢.

Lemma 4.1. Let s € R. Then, we have

fidr =1, (4.6)
Rd
[ (€8 s < 2, (47)
Rd
P pd_g
| fu|Pda ~ M2 (4.8)
Rd

for any p >0, M > 1.

Proof. Tt is easy to see that (4.6) and (48] follow directly from the definition (Z.35]).
Now we turn to (7). We first consider the case s < 0. From ([LI5)) and (L35]), we have

HUHH*S(Rd) S HUHH*S(Rd)'
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Then the desired estimate (£.7) for s < 0 follows from duality. As for s > 0, we have
12 farll 2 ey S 1000)* farll 2 ay + 1) farll 2 oy
< MO futll gy + 102 (@)° F (M) | 2oy
< M2l farll 2y + IKM ™ 2)° £ (2) ] 2 (o
SME+1,
provided M > 1. Therefore we finish the proof of (4.7)) and thus the lemma. O

4.2. Construction of the drift terms. In the next lemma, we construct an approximation
Zy(t) to Yn(t) in (B6) by solving stochastic differential equations. Note that there are similar
stochastic approximations in [38, Lemma 3.4] and [32, Lemma 3.5] on T? with the standard
Laplacian.

Lemma 4.2. Given N > M > 1, define Zy; by its coefficients in the eigenfunction expansion
of L as follows. Forn < M, Zy(n,t) is a solution of the following differential equation:

{ dZy(n,t) = AWM (Y (n,t) — Zag(n,t))dt
- (4.9)
Znli=0 = 0,

where
Vo) = [ Vn(t.)h(a)da,
]Rd

and we set Zy;(n,t) =0 for n > M. Then,

Zy(t) =Y Zu(n,t)hn(z)

n<M

is a centered Gaussian process in L*>(R?), which satisfies PoyiZy = Zy. Moreover, we have

E[HZMH%z(Rd)] ~ log M, (4.10)

E 2Re/ YNEda:—/ |ZM|2dx} ~ log M, (4.11)
L R4 R4
I 2

E ‘:HYN—ZMIEQ(W): ] < M~ 'log M, (4.12)
I 2 2 3

E ‘/ YNfde‘ } +EU/ ZMfMda;( ] < M3, (4.13)
L' JRd R4

E| | Z C s\ <M 4.14
/o |7 M(s)‘wmd) S} ~ (4.14)

for any N > M > 1, where Zy = Zy(1) and

(Y — ZMH%z(Rd): = [|Yn — ZMH%z(Rd) —E[||Yy - ZMH%z(Rd)] (4.15)
Proof of Lemma [{.2 Let

Xo(t) = Yn(n,t) — Zar(n,t), 0<n <M. (4.16)
Then, from (2:2]) and (£9), we see that X,,(¢) satisfies the following stochastic differential equa-
tion:
{ dX,(t) = AWM X, (8)dt + X7 1d By (t)
X,(0) =0
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for 0 < n < M. By solving this stochastic differential equation, we have

t
Xo(t) = AL / e NVIE-9 4R (o). (4.17)
0
Then, from (416 and [@IT), we have
~ ~ t —
Zy(n,t) = Yy (n,t) — AL / e~ VM=) B (s) (4.18)
0

for n < M. Hence, from ([£I8]), the independence of { B, }nen, [to’s isometry, and (2.2]), we have

~ 1
E[”ZMH%Q(Rd)] = Z <EUYN(H)‘2] — 2)\;2/ e—)\nl\/M(l—s)dS
0

n<M
1
-2 —2A, VM (1—5)
~log M +0( Y ATIME)
n<M
~ log M

for any M > 1. This proves (Z.I0).
By the L? orthogonality of {h, }nen, EIR), (EIQ), and proceeding as in ([@I9), we have

E[2Re/Rd YNEda;—/Rd \ZMFda;] :E[2Re Z Y (n)Zas(n) — Z ’ZM(H)‘2:|

n<M n<M

_ E[ S Zum+ 3 Re <2A;1/01 e—Ale—s)dBn(s)) ZM(n)}

n<M n<M
~log M +0( Y AT M7E)
n<M
~ log M

for any N > M > 1. This proves (@I).
Note that Yy (n) — Zar(n) is a mean-zero Gaussian random variable. Then, from (£I8) and
Ito’s isometry, we have

B[ (¥ () — Zarl? ~ B[Tv() ~ Zau(P] )|

< (E¥() — Zum)P))’

2
- )\E4</1 6_2>\"1m(1_s)d8>
0

~ )\;2M_17

(4.20)

for 0 < n < M. Hence, from Plancherel’s theorem, (#I5), the independence of {By, }nen, the
independence of {|Yy(n)]* — E[|Yn(n)[?] }M<n<N and

{IYn(n) = Zu ()] = E[|[Yn(n) = Zu ()]}, < -
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(22)), and (4.20), we have

E([{1Yx = Zarl3aay:l?]

> E[(!?Nm)r? - EU?NW”QDT

M<n<N
+ 3 E| () - Zu(w)l — E[T(w - Zu ()]
n<M
< Y N Y A M TS M log M.

M<n<N n<M

This proves (£12]).
From (47) and (22]), we have

E“ /) YNfMd:ﬂ _ E[1§V?N<n><fM,hn> ] = 3 Mol

g/ \,c—%fM(;n)\Qd;L«gM—?,
Rd

(4.21)

where in the last step we used Lemma [Tl From (A.I7), Ito’s isometry, and (£.7]), we have

Z <)\;1/1 e—/\nlx/ﬁ(l—s)dBn(s)> (fars Bn) 2]

n<M 0
_1 —
< M2 Y A fars o) P (4.22)
n<M '

_1 _1
5 M 2H£ 2fM”%2(Rd)
<S M3,

Hence, (£13)) follows from (£21]) and ([@22]) with (AIS).
Lastly, from (£9)), (£16]), (£17), and Ito’s isometry, we have

=] S x| =

n<M

E 1 d g ME 1 Py (Y, Z ? 4
[ gz ] = vm] [ [Pantvnion - 2o
1
:MIE[/ > |Xn(s)|2ds}
0 n<M
1
:MZ/ E[| X, (s)[2] ds
n<m 0
[ et
n<M 0 0
<MY A M
n<M
S M,

yielding (d.I4]). This completes the proof of Lemma O
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We now define ajr,n by

E QRGIRYNEdQE—fR|ZM|2d$

o = 4.23
N Jga P<nfu?dz (423)

for N > M > 1. Then, from ([&6) and (@II]), we have
am,N ~ log M (4.24)

provided N > M and N is sufficiently large. We are now ready to prove the divergence (4.3]).
For M > 1, we set far, Zyr, and ap n as in (45), Lemma 2] and ([£23]). For the minimiza-
tion problem (&4)), we set a drift = 6° by

00(t) = L2 < - %ZM(t) + \/me> (4.25)
such that
1
0% =1(0"(1) = / L720°(t) dt = —Zn + Janin fur- (4.26)
0

As a consequence of Lemma [£2] we have

Lemma 4.3. Let 0° as in ([£25), then we have

/01 E[[16°(t)|[72 ga) ] dt S M?log M,
uniformly in N > No(M) > M > 1.
Proof. From (£I4]) and (4£.25]), it only suffices to show that
OéM,NHfMH?.{l(Rd) < M?log M,
which follows from (A7) and (£24]) provided N > M. Thus we finish the proof. O

In what follows, we abuse the notation and denote

OX =P<n0° = —Zy + anurn(P<nfu) (4.27)

for N > M > 1. We remark that \/m(PS ~fu) acts as a blow-up profile in our analysis, and
0° € H, is the stochastic drift such that Yy + ©%; approximates Var N (P<n fu), which drives
the potential energy R,(Yn + @?V) to blow up. More remarkably, due to the construction, the
Wick-ordered L? norm of this approximation Yy + @?V can be made as small as possible, i.e. the
cutoff in the Wick-ordered L? norm does not exclude the blow-up profiles.

Lemma 4.4. For any K > 0, there exists My = My(K) > 1 such that

P((/ ;\YN(:C)P;dH/ (2Re(YN@_9V)+\@9Vy2)dx( §K> > % (4.28)
R4 R4
uniformly in N > No(M) > M > M.

Proof. First we note that the condition N > Ny(M) > M guarantees that

/d Pon ful*dz 2 1,
R
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which further implies that ays,n ~ log M. From (£26]), we have

_ 2
E ‘/ :|YN(x)|2:d:17—|—/ (2Re(YN@9V)+|®9V|2)dx‘
Rd R
:E“/ :|YN(:E)|2:dx—2Re/ YNde—I—/ | Zyr|2da (4.29)
R4 R R4

2
+ N /d P<yfulPde + 2/ N Re/ (Yv — ZM)fde‘ }
R

R4

From (£24]) and (£13) in Lemma [£2] we have
E[‘\/m/Rd(YN - ZM)fdeﬂ < M™% log M. (4.30)
On other hand, from ([€.23)) and (£I3]), we have
/Rd:\YN(g;)y?:dx —2Re /Rd YnZyrde + /Rd | Zyr|Pdx + aar /Rd P n fur|*de

= /d Yy — Zu|* —E[|YNy — Zu[?]dz (4.31)
R

Hence, from ([@.29), (£30), and (4£.31)) with (£12]) in Lemma 2] we obtain
_ 2
EU/ ;yYN(g;)y2;da;+/ (2Re(YN@9V)+!@9V\2)da;( ] < M~'log M.
R4 R

Therefore, by Chebyshev’s inequality, given any K > 0, there exists My = My(K) > 1 such that

— M= llogM 1
P ‘/ :|YN(:1:)|2:d:1:+/ (2Re(YN@9V)+|@?V|2)dx(>K <ot %7 -
R4 Rd K2 2

for any M > My(K). This proves (£28]). O

4.3. Proof of (&I)). Let us recall that @ = —Z,; + vaou,Nfu. Therefore, using the mean
value theorem and Young’s inequality, we have for any ¢ > 0,
|R,(Yn +©0%) — Ry(y/anrn fu)|
< [ 1= 2ul(¥ — Zul + @i ul)?do (432
R
< ERp(,/aM,NfM) + CaRp(YN —Zy)-
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Moreover, proceeding as in the proof of Corollary |ﬂ|, we have

E[R,,(YN—ZM)]:%/WE“ PRI

M<n<N n<M :|

S/Rd<E“M<Zn<N n(1)h +%:4X D_dx
[0X o

M< <N"

(X A—Quhnu%ﬁ% Wuhnu%p)

M<n<N T

1 ) 1
< - -
~ <M<Z:<N )\2-',-6 +n§4 )\iw(p)m)
S

) (4.33)

2
2

P
2

where 6(p) > 0 provided p < oo when d = 1,2, and p < 445 when d > 3, uniformly in M. Here

we use the fact that X, (1) is a Gaussian random Varlable Wlth variance ~ (A, v/ M)~
We are now ready to put everything together. It follows from (@4]), (£32]), [A33]), Corollary
2.4 and ([@27) that there exist constants C7,Cq, C3 > 0 such that

—1logE, [exp (Rp(UN) : 1{\fRd1|“N|2:d‘C|SK}>}

0 0
= E[_RP(YN T O L salidot (2 Re(vn @ 4103 sl <k} / o7t ”L2dt]

1
= E[_ T (VOLNIM) Ly [ vyi2ido o 2 Re(vn @) +10 2)del<K)

+ Gy =z + 3 [ 10010
<——R (/N fur) - (‘/ |YN|2dx+/ (2Re(YyOY) + [0% 2 dm‘<K>

1 1
+ CE[R,(Vx = Zun)] + 5 | ELI6°0)1]
0
then from Lemma [44] (433]), and Lemma 3], we may continue with
—ClM%_d(log M)% + CoM?log M + Cs
provided N > No(M) > M > My(K). Therefore, it follows that
lim inf E,, [exp (By(un) - 1, unizasl<ney ) |
> exp (C’lM%_d(log M)g — CyM?log M — 03),
which diverges to infinity as M — oo, provided that p > p*(d) =2 + %. This proves (4.3)).
4.4. Proof of Theorem 1.4 - (ii) and Theorem - (ii). Recall the decomposition (.24))
dp(u) = dpn (un) © dpy (uy),
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where uy = P<yu and uﬁ, = u — P<yu. Moreover, by (23], we have that
Law (Vi (1), Y (1) = Ya (1)) = v ® ik
Define the set

K1
0% = {uﬁ; : ‘/ :|uﬁ;|2:d:p‘ < —, —/|uﬁ|p < 1}, (4.34)
R4 2'p
where we defined
/ ‘|UJ_|2‘dl‘_ i |gn|2_1
. N . —_— - < .
Rd n=N-+1 )\n

Notice that we need to define only the integral of the Wick power, and not the Wick power itself.

/ :|ufv|2:d:17:/ :|u|2:dx—/ Jun |:de.
R R R4

From Corollary 2.4 (iii) and Corollary 2.6] we obtain that

This is chosen so that

1
nn (%) 2 5 (4.35)
for N > 1. From the elementary inequality
1
jat b > Sal? ~ Clop
for some constant C' > 0, we deduce that
1 C 1
exp <—/ ]u\pdaz> > exp < - —/ \ufvlpdx) exp <—/ ]uN]pdx). (4.36)
P JRrd P Jrd 2p Jra
Therefore, by ([@34]), (A30]), (£35]), and (£I) with r = 1, we obtain

1
Zg = /eXP <]—9 /Rd |U|pd<17> Lo 1o (o)) 2:dz < 1y ()

1

:L/exp<5/£J“N'*“ﬁwdx>1{ﬁvwwwn%n+&:wwwzﬂx<Krh“ﬂ“Nﬁﬁdﬂ“ﬁ)
cro. 1
> v P 2 P
> /exp< , /]Rd luy] da;) exp<2p /Rd\uN] dx)
X L) o cfu (@) 2t fy cuk (@)[2:de| <K} Lok (u ) dpn (un)dpy (upy)
_ 1

> /6 exp (% /Rd \UN\pd@’) 1{|fR:\uN(x)\2:d:c|§%}1QJR(UJJ\_/)dNN(uN)dNJJ\_/(u]J\_/)

_ 1
=e CNJJ\_T(QJI?)/eXp <% /]Rd ’UN’pdx) L0 fy e (a) e < 5y AN (U)

_e’ = Pdx)1 d
~ 2 )P (% g 2) L4 g o nt <yl ()

— 00 as N — oo.

This concludes the proof of (L.33]) and (I.48]), and hence of Theorem [[.4] and Theorem
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