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Abstract

Many biological materials such as cervical mucus and collagen gel possess a fi-
brous micro-structure. This micro-structure affects the emergent mechanical proper-
ties of the material, and hence the functional behaviour of the system. We consider
the canonical problem of stretching a thin sheet of transversely-isotropic viscous
fluid as a simplified version of the spinnbarkeit test for cervical mucus.

We propose a novel solution to the model constructed by Green & Friedman
by manipulating the model to a form amenable to arbitrary Lagrangian—Eulerian
(ALE) techniques. The system of equations, reduced by exploiting the slender
nature of the sheet, is solved numerically and we discover that the bulk properties
of the sheet are controlled by an effective viscosity dependent on the evolving angle
of the fibres. In addition, we confirm a previous conjecture by demonstrating that
the centre-line of the sheet need not be flat, and perform a short timescale analysis

to capture the full behaviour of the centre-line.



1 Introduction

Fluids can be classified as isotropic, or anisotropic, depending upon whether the mechan-
ical properties of the fluid are uniform in all directions, or not. Most common fluids
such as water are isotropic. However, there are many examples of fluids that arise in
biology and industry which contain fibres or elongated particles, for example, collagen
gels [13], cervical mucus [6], and nematic liquid crystals [5]. The presence of fibres or
particles within the fluid creates an underlying structure that causes the fluid to exhibit
anisotropy. The anisotropy of biological fluids means that they can display interesting
behaviours and possess unusual and evolving mechanical properties, which influence how
they perform their particular functions. For example, the anisotropy of cervical mucus is
suspected to play a role in fertility, by controlling how easily sperm can migrate through

to the egg [4].

One of the first models of an anisotropic viscous fluid was formulated by Ericksen
[11]. He considered a type of anisotropy known as ‘transverse isotropy’ where the mate-
rial possesses a single preferred direction which may vary both spatially and temporally;
its physical properties are symmetric in all directions normal to this preferred direction.
Whilst in general, for a fibrous material, one would need to consider the evolution (in
time and space) of a probability distribution describing the alignment of a fibre along a
particular direction, the Ericksen model simplified the problem by assuming that there is
a unique fibre alignment at each point in space. Examples of materials that have been
modelled using this approach include fibre-reinforced composites [29], entanglements of
textile fibres used in the carding process [20] and a number of biological materials — colla-
gen gels [13], the extra—cellular matrix [8], and primary plant cell walls [9]. A significant
number of studies motivated by problems in composites manufacturing include the addi-
tional assumption that the fluid is inextensible in the fibre direction [19, 27, 29]; these are

termed ‘ideal’” incompressible fibre-reinforced fluids.



In this paper, we consider the extensional flow of a thin sheet of transversely isotropic
viscous fluid. One motivation for studying this problem is that it provides a simplified rep-
resentation of the ‘spinnbarkeit’ or ‘spinnability’ test, which is applied to cervical mucus as
a means of assessing fertility [12]. The test entails taking a sample of mucus and stretching
it. Around ovulation, the mucus has a lower pH, a higher concentration of water (which
has the effect of lowering the viscosity of the mucus), and the fibrous reinforcement takes
a more parallel alignment that allows sperm to migrate. At this point the mucus can be
stretched the furthest, i.e. the fluid exhibits maximum spinnbarkeit. Conversely, during
the most infertile parts of the menstrual cycle, the mucus does not stretch and simply
breaks [21, 31]. Understanding the dynamics of stretching a transversely isotropic sheet
can provide some basic insights into how factors such as fibre concentration and alignment
influence spinnbarkeit. A second motivation for studying this problem is that it provides
a simple prototype situation for investigating how the feedback between the macroscopic
fluid flow and the microstructure influences the mechanical behaviour of anisotropic flu-
ids. In particular, as shown in [13], the model can be reduced to one-dimension, with the

changing orientation of the fibres specified by a single angle.

Extensional thin film flows of incompressible Newtonian fluids, which arise in a number
of industrial and biological applications, have been extensively studied. The problem of
a two dimensional thin film was considered by Howell [18], who employed an asymptotic
expansion of the Navier-Stokes and mass conservation equations in powers of an inverse
aspect ratio, to obtain a reduced model (termed the Trouton model) which involves only
the leading order longitudinal fluid velocity and sheet thickness. Additionally, the roles
of inertia and surface tension have been considered, as well as the complementary prob-
lems of fluid threads (i.e. slender cylinder) or drops [10, 30, 18]. In order to capture
the full behaviours of the centre-line of the fluid of the sheet, a short timescale analysis
is carried out [2, 17, 18]. These models are not valid for sheets undergoing deformation

by bending, and led to the development of a general theory for thin viscous sheets that



undergo deformation by stretching, bending, or an arbitrary combination of both, by
Ribe [25, 26]. This work was able to explicitly quantify relations between bending and
stretching of the sheet. A complimentary study considered sheets with an inhomogenous
viscosity, [22]. One of their main results was that ‘necking’ of the sheet, where regions of
the sheet thinned faster than others, could be induced by in—plane variations of viscos-
ity throughout the fluid. However, for a transversely isotropic fluid, we are only aware of
three studies of extensional flow: those of [3, 9], wherein both works modelled the primary
plant cell wall as a thin axisymmetric fibre-reinforced viscous sheet supported between
rigid end plates, and that of [13], who used a similar approach to that of Howell [17] to
derive a transversely isotropic version of the Trouton model. The model presented in [13]
is referred to throughout as the Green & Friedman model and is of particular relevance
to this paper. They presented some analytical results for cases in which the equations
simplify (e.g. when some of the anisotropic stress terms are negligible) but did not tackle

the general case — a problem we pursue in this paper.

A number of studies have investigated transversely isotropic fluid flows in other ge-
ometries to gain insight into how their behaviour is affected by the microstructure. These
include studies of the stability of a transversely isotropic fluid in a Taylor—Couette de-
vice with the aim of understanding the behaviour of suspensions of bio-molecules, as
well as treating the problem of Rayleigh-Bernard convection [15, 16]. It was found in
both works that transversely isotropic effects delay the onset of instabilities, primarily
through the incorporation of an anisotropic shear viscosity. In the context of modify-
ing transversely isotropic fluid models to incorporate active swimming suspensions, as in
[6, 14] transversely isotropic effects are also capable of increasing the size of a developing
instability, in particular where translation diffusion is neglected. Other studies have fo-
cused on prototypical flows, to give more generic insights into fluid-fibre interactions. For
example, Phan—Thien and Graham studied both the flow of a transversely isotropic fluid

around a sphere [24], and the squeezing flow of a layer of fluid compressed between two



fixed plates [23] (this latter problem was studied independently for the case of an ideal
fibre reinforced fluid [27]).

This paper uses a combination of analysis and numerical simulations to significantly
extend the previous work of [13] to include cases where all of the anisotropic terms in the
fluid stress are non-negligible, and the fibre alignment within the sheet may vary with
depth. One issue of particular interest was to verify their conjecture that, in contrast to
the Newtonian case, the centre—line of a transversely isotropic fluid sheet need not always
be straight. As preliminary simulation of the model indeed produced results with non-flat
centre—lines, we sought to confirm this prediction by additionally investigating the short
timescale behaviour of the sheet, similar to the work by [2, 18] on the Newtonian problem.

The paper is organised as follows. In Section 2 we briefly recap the thin film approach
and governing equations as given in [13], as well as introducing a short timescale. In
order to present the first solutions to the full Green & Friedman model, the equations
are manipulated so that they become amenable to numerical strategies in Section 3. We
then present the arbitrary Lagrangian—Eulerian techniques we use to solve the model in
Section 4, and validate the numerical techniques by comparison with analytical results for
short time, and further present new results primarily for a passive transversely isotropic
fluid. In Section 5 we present results for the behaviour of the fluid on a short timescale.

We conclude with a discussion and suggestions for future work in Section 6.

2 Mathematical model

We consider the extensional flow of an inertialess thin sheet of incompressible, transversely
isotropic, viscous fluid. As shown in Figure 1, we use the 2D Cartesian coordinates (z*, y*)
to describe the horizontal and vertical axis respectively, with ¢* denoting time (through-
out this paper asterisks denote dimensional quantities). The upper and lower boundaries
of the fluid sheet are denoted by y* = H* = H* + %, where H*(x*,t*) is the position of

the centre—line and h*(z*, t*) is the thickness of the fluid sheet. The left— and right— hand



side boundaries are given by z* = 0, L*(¢*). The right-hand of the sheet, at x* = L*, is
pulled in the z* direction; we prescribe either the speed of pulling, L*, or the tension T

applied to the sheet.

We let u* = (u*,v*) be the fluid velocities in the z*,y* directions respectively, and
denote the stress tensor by o*. The equations of conservation of fluid mass and momentum

are thus

V*-u* =0, (2.1)
V*.0"=0. (2.2)

The constitutive law for o* is
05 = =D i + 207 e + paia; + poaiaiagaer + 2u§(aiale;fl + ajamer,:), (2.3)

where p* is the pressure, a is a unit vector describing the orientation of the fibres within
the fluid and e* is the rate of strain tensor. This relationship was derived by Ericksen [11],
as the most general stress tensor that is linear in the rate of strain tensor e*, invariant
under the transformation —a — a, and satisfies 6* = ¢*7. The constants p*, u}, i3, are
all viscosity-like parameters and u is the active tension in the fibre direction [3, 13, 28|.
In the context of suspensions, pj has been interpreted to model the contributions to stress
caused by the active behaviour of suspended particles [14].

We note first that by setting puj = p5 = p5 = 0, one immediately recovers the stress
tensor for an incompressible, isotropic Newtonian fluid, with p* as the familiar dynamic
(shear) viscosity. The physical interpretations of 3 and u} can be identified by considering
three deformations of a 2D sheet of fibres in a Cartesian plane, as illustrated in [9, 13, 15].
In the same way as previous work, we interpret p5 as the anisotropic extensional viscosity,
and p3 the anisotropic shear viscosity. For the case of a dilute suspension of ellipsoidal

particles, Holloway et al [14] were able to give relations for p*, ps and g in terms of the
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Figure 1: Schematic of extensional flow of a sheet. The fluid is fixed to two plates at
x* =0, L, by a no-slip boundary condition. The plate at * = L* is moved at a prescribed
speed L*. The centre-line of the fluid is given by H*(z*,¢*) and the thickness of the film
by h*(x*,t*), so that the free boundaries of the film are located at y* = H* + ]’2—* Note
that this figure is not to scale, as we model the thin film behaviour of the sheet.

solvent viscosity, particle volume fraction and aspect ratio. Similarly, asymptotic values
(in terms of the particle volume fraction and aspect ratio) were given for rod-like, disk-
like and nearly-spherical particles by Phan-Tien and Graham [23]. However, as far as we
are aware, the accuracy of these predictions have never been tested against experimental
results for any type of transversely isotropic fluid / fibre suspension. Finally, we observe
that there is no velocity component to the pj term, indicating that there exists stress in
the fluid even when at rest and that this stress must be a tensile stress as no stress is

induced in the fibres when the fluid is compressed.

In addition to the constitutive law for o*, we require an equation governing the evo-
lution of the fibre direction. We use the form given by Green & Friedman (for derivation,

see [13]), which results from allowing the fibres to advect with the fluid flow

da

o T (u*-V*a+ ("a = (a-V*)u*, (2.4)




where
(2" y5t) =a- (a-Vu), (2.5)

is the fractional rate of extension of the fibres. The first two terms are the convective
derivative of the fibre orientation, the third is the fractional rate of extension of the fibre
in the direction of the fibres, all of which balances with effect of the fibres upon the flow
velocity field on the right hand side. Equation (2.4) corresponds to the specific case of
Ericksen’s equation in the long fibre limit [6, 11, 13]. Since a is a unit vector and our
model is two dimensional we write @ = (cosf,sinf), where 0 (z*,y*,t*) is the angle the

fibre direction makes with the x*-axis.

In order to close the model, we must impose suitable boundary and initial conditions.

At the ends of the sheet, we set

u* (07 y*7t*) = 07 u* (L*7y*?t*) = L*7

H*(0,t*) =0, H* (L*,t*) = 0.
On the upper and lower free surfaces, we apply a no-stress boundary condition
oc*-n=0; ony*:H*:i:%h*,
together with the usual kinematic condition

*

(%

OH* 10h* (6H* 19h*
= Uu

* * 1 *
= Taor = 5%)7 ony" = M7+ 5k (2:6)

Initial conditions must also be prescribed, however, since the number of initial conditions

required depends upon the timescale considered, this will be discussed later.



2.1 Thin film approximation

We now introduce the assumption that the sheet is thin, which allows considerable sim-
plification of the governing equations. Full details of the derivation can be found in [13],
but for the sake of completeness, we recapitulate the main points here and give the model
equations in full in Appendix A. We let Ly and hg be the initial length and typical initial
thickness of the fluid sheet, respectively, and let U be a typical value for the velocity
of the fluid at the pulled boundary. We then introduce the parameter ¢ = hy/Ly < 1,
which is the initial inverse aspect ratio of the sheet. We are interested in the behaviour
of the sheet as it undergoes significant changes in length, and so consider the timescale

t* ~ Lo/U. Following [13, 17] we nondimensionalise as follows:

(x*,y") = (xLo,eyLo), (u*,v") = (uU,evlU), p*= R A———

(H*,L*,h*) = (eLoH, LoL,eLoh) .

These scalings introduce the dimensionless material parameters

_ piL Ho H3

H1 7 M2 =, M3 = —.
wu Iz I

At this point, we exploit the thin geometry of the sheet by expanding all of the dependent

variables as power series in terms of the inverse aspect ratio ¢, that is
u=u"+euV + .

with similar expressions for the other dependent variables (here, unlike in Howell [17], we
encounter terms involving odd powers of ). After some lengthy algebra, full details of
which are given in [13], we obtain a system of one dimensional equations for the quantities
RO, HO 4O M @ 9O As a consequence of the analysis, it is found that the leading

order longitudinal velocity satisfies u(® = u(©(x,¢) only (i.e. the flow is extensional).



Conservation of mass yields:

oh® 9
ot ' ox

(hOu®) = 0. (2.7)

Taking a depth-averaged force balance over the sheet leads to the following equation for

¥
o o o 1)
0 0 0 1 0
p / 41+ ps) ux +111 cos 209 + 1, (0082 26 gx + 1 sin 40 ;y > dy =
HO)™

(2.8)

In the case of prescribing an applied tension, 7'(¢), to the ends of the sheet in place of
L(t), taking the first integral of equation (2.8) equals this tension in the same way as the
Newtonian Trouton model [17]. Consideration of the momentum equations and associated
no-stress boundary conditions on the upper and lower boundaries of the fluid at higher

order gives an equation governing the centre-line of the fluid, H©

e 9u®)
g / g / 1+u3 + 11 cos 260
HO)~ H0)~
ou® 1 HuV
+ o (0082 26 g$ + 1 sin 40 gy ) dsdy = 0. (2.9)

We note first that s is a dummy variable, we are integrating over the second argument of
the functions in the integrand twice, so that the quantities in the integrand of equation
(2.9) are 0O (2, 5,t) ,uV) (z,s,t) and u? (x,t) (to emphasise this, the dummy variable is
not used in [13]). Additionally, we note that equation (2.9) is a particularly unusual form
of an integro-differential equation, wherein one of the variables of integration appears in

the limit of one of the integrals. The equation (2.4) yields

090 © 990 © 090 _ 0 ou® 2 n(0) ouV

BN +u o +v By = — 25in 0 cos 6 %—sin 0 9y

(2.10)

10



as an evolution equation governing the behaviour of the fibre director field. The lead-
ing order transverse velocity is found by integrating the incompressiblity condition and

applying the kinematic condition (2.6)

ou©

0
©_0HY 0 .
or

i (0),,(0)
o T ge HuY)

v

(2.11)

consideration of the z-momentum equation at O (¢) with its associated boundary condi-
tion supplies

ou® 2sin 200 sin 40©) ou®

oy Mat Az + pg sin® 20000 s 413 + pg sin? 20000 Oz

: (2.12)

as the next-order correction term for w. In this form, one can observe that in the case
of 1 = ps = pz = 0, we return to the Trouton model for a Newtonian fluid. In the
case of p; = e = 0, the fluid behaves very similarly to a Newtonian fluid, with the only
modification being a modified Trouton ratio, which effectively only changes the tension
required to be applied to the sheet to achieve the same behaviour as a Newtonian fluid.
In these cases, the model can be solved by means of a Lagrangian transformation, as

detailed in [13, 17].

The boundary conditions for the leading order longitudinal velocity are then

u(0,t) =0, wO(L,t)=L. (2.13)

We assume that the sheet is being extended in the = direction and that the end points of

the centre-line remain fixed to y = 0, thus

H(0,t) = HO(L,t) = 0. (2.14)

11



The kinematic boundary condition yields

0 0 0 0
v<0>:aH()i18h()+u<0> 3H()ilah”
ot 2 Ot Ox 2 Ox

) cony=H?+ %h“’). (2.15)
We will need to prescribe initial conditions for the thickness, 2(?), and the fibre direction,
0 in the sheet. As in the Newtonian problem (see [17]), we do not need to prescribe
an initial condition for H®) as we are unable to satisfy an arbitrary initial condition for
H©  as noted in [13]. In order to study the behaviour of sheets that do not initially obey
equation (2.9) we must consider a shorter timescale than %. We turn to such a timescale

in the next subsection.

2.2 Short timescale model

Similarly to the Newtonian problem, we have a singular perturbation problem for H(®
in ¢, the outer solution of which is determined by the solution of (2.9). As suspected by
Green & Friedman [13], we discover that the centre-line is not necessarily straight (unlike
the Newtonian case). In order to study the evolution of a sheet with an arbitrary initial
condition for H®, we follow a similar approach to Howell and Buckmaster et al. [2, 17]

L
by considering a timescale of 5230

We note from (2.15), that in addition to rescaling time, we must also rescale the

velocity v; hence, we introduce

ot Y (2.16)

As in the previous section, we exploit the slender geometry of the sheet by expanding

variables as a power series of €. At leading order the continuity equation gives

=0, (2.17)

12



which, combined with the kinematic condition at the same order

OH®  19n®
= +

0) -
v or 2 Ot

ony = H*, (2.18)

tells us

OH®O) on)
VO — -0 2.19
or ’ or ’ (2.19)

since if V(© is independent of y, it must take the same value on the upper and lower free
surfaces. Hence, we have an expression for V(© in terms of H®, and note that there is

no thinning of the sheet on this timescale. Additionally we obtain the equation for §(°)

20 9H© 9p©)
+ =0
or or 0Oy

(2.20)

Consideration of the z-momentum equation and the associated no-stress boundary con-

dition at O (¢) yields a result for u(?):

92 H0)
oroz’

u® = (z, 1)+ (HO —y) (2.21)

where u(z,t) is an as yet unknown function arising from integration. This is precisely
the same result as for a Newtonian fluid [17]. Consideration of the y-momentum equation
at the same order yields an identity which is already satisfied. Next, the y-momentum
equation at O (¢?) yields an expression for pressure
O PVO v 9 9
— + + + 1= (sin? 0O 4 pg— ( sin? 00 cos? 4
dy 0x? 0y? = ( ) H2 dy

Ay
1) 1) (2)
+ cos 0 sin® #© Qu’ + o + sin? QaV
dy ox y

(2) (M )
+ 2#3(% <2 sin? §(©) —m@/y + cos 0 sin 6©) (a;y + agx )> =0, (2.22)

ou©
ox

13



with the associated boundary condition

V@ (0)
—p@ 4 2a + 1y 5in? 09 gy ( sin? 0 cos? 9O Ou
oy ox
(1) (1) 2)
+cos 00 sin® 9@ (815 + ag ) + sin* 08‘8/ )
Y z Y
() (1) (1)
+ 243 ( 2sin® G(O)aL + 5in 09 cos 9@ Ou + oV =0; ony=HO" (2.23)
oy oy Oz

A number of terms involving H™) arise in the calculation of (2.23), these terms are
multiplied by a term that is identically zero and are thus omitted. We can directly

integrate (2.22) and apply (2.23) to obtain an equation for pressure

ou®) ou®
P =2 u + gy 5in2 0O+ gy ( sin? 0 cos? IO R
Ox Ox
ou® oM
+cos 00 sind 9O | 22
dy ox

9u© ou©® ouV v
4 9 —94in2 9O 0 0(0) (0) 2.24
sin”* 0 pe >+ /Lg( sin“ 0 pe + sin 0% cos 6 oy + o7 ,( )

where O (¢2) continuity has been used to eliminate the V2 terms. This result for pressure
is essentially a Newtonian pressure enhanced by the presence of the fibres; should we
choose 1 = ps = pz = 0, we recover the Newtonian pressure. We have also introduced

u and V) terms, which must now be eliminated. The O (£?) z-momentum equation is

9% 0 0 ou®
bl “ 0) «iry 9(0) Y 3 9(0) ;1,2 g(0)

P + 'ulay (0089 sin 0 ) + Lo By (COS 6" sin” 0 o

1) 1) (2)

+ cos? 09 sin? 9©) Ou + v + cos 6@ gin3 Q(O)av_

y ox dy
o (ouM v
+M36—y < By + or > =0, (2.25)

14



with the associated boundary condition

W Hyw 9
du - + 11 c0s 0 sin 0@ + p1y ( cos® 8@ sin? IO R
oy ox ox
ou® oy oV 2
+ cos? 0 sin? 9 u + + cos 0@ sin® 9O ——
dy ox y
oud oy
+u3( S + 5 ):0, ony=HO" (2.26)
Yy x

Combining these yields the following compatibility condition

ouV oy
< g + 5 ) (1 + 115 cos® 00 sin? 9O + ,u3) + 111 cos 09 sin 6
Y x
Ou©
+t2 5 (cos® 0 sin 9 — cos 6@ sin? «9(0)) = 0. (2.27)
x

We note that in the analysis, the terms VI, «(Y) only appear together. We can thus view
(2.27) as an expression which allows us to eliminate both V) and u"). Hence, we can

now write leading order pressure in terms of #) and 4 only.

In order to close the model, we must go to yet higher orders in order to obtain equations
for @ and H®. Our approach is similar to Green & Friedman, [13]: we integrate the
relevant equations over the depth of the sheet and apply the no-stress boundary conditions
at y = H ©F " The expressions involved are rather cumbersome, but substituting for
previously-determined quantities produces considerable simplification; full details can be

found in Appendix D. We finally obtain the following equation for @

gt @ (0)3 9 (0) (0)
0 [ e 200 + (4 s+ ) (3 + (Y —o) oo + 252500 )
O 4+ dpiz + pig sin? 20(©) y="=
HO)™
(2.28)

15



The equation for H© is

HOT

_ 3
e / / 108 200 + (4 -+ dps + ) (5 + (HO — y) 250
2 4 + 4p1g + p1gsin” 2000

dsdy
H©O)™ )~
gt

~ 0a? A 4 4413 + p1g sin® 20(0)

0~

We have now derived a system of equations for 8, @, and H®, namely (2.20),(2.28),(2.29)
PHO

respectively. We note that (2.29) now includes a ————
alors

more boundary conditions for H® in addition to the those discussed in the previous

term. We must prescribe two

section. We set

OH©) OH©O

Much like the Green & Friedman model, the equations (2.20),(2.28),(2.29) must be
solved numerically. The numerical approach to the short time-scale problem is more
straightforward than that used for the Green & Friedman model (the details of which we

will present in Section 3).

3 Arbitrary Lagrangian—Eulerian Methods

Although the Green & Friedman system, (2.7)—(2.12) and the short timescale system,

(2.20), (2.28)—(2.29) are both significant simplifications compared to the full two-dimensional

problem, they are too complex to allow significant analytical progress and must be solved
numerically. In this section, we reformulate the Green & Friedman and short-timescale
equations into an arbitrary Lagrangian—FEulerian (ALE) formulation. ALE methods in-
volve the construction of a reference domain together with mappings from this domain to

both the Lagrangian and Fulerian descriptions of the flow. Unlike numerical techniques

16

@ (0)3 (0) 52 7(0)
9] ( (0)+> / pa €0 200 + (4 + Ay + pio) (37 + (H” =) Gozgr + %o uor >d

Y

(2.29)



based on either a purely Lagrangian description, where the nodes of the computational
mesh follow an associated material particle throughout the motion, or upon a purely Eule-
rian description, where the computational mesh is fixed and the motion of the continuum
is with respect to the grid, ALE methods allow freedom in moving the mesh in a way
that is not necessarily fixed to a material particle. This can provide accurate solutions
when modelling greater distortions of a flow problem than can ordinarily be handled by
numerical techniques upon a Lagrangian description, with more resolution than is often

attainable by a purely Eulerian description [7].

Our approach largely follows [7], but we outline the details here for completeness.
We introduce Lagrangian, Eulerian, and reference domain variables which we denote by
X =(X,Y), z = (z,y) and &’ = (2/,y'), respectively. Converting between Eulerian and
Lagrangian descriptions of flow fields is well established, and has been employed in New-
tonian extensional flow problems [13, 17, 32]. We define the map ¢ from the Lagrangian

to the Eulerian descriptions such that

(x,1) = (p (X, 1), 1),
where the material velocity v is given by

o _

£ = (X.1), (3.1)

so that the familiar material time derivative of an arbitrary scalar field (e.g pressure) is

Df(X.1) _0f(wt) Of(0)dp _Of ,
Di = ot + Ox E = E + ('U Vm) f (32)

Now, it remains only to define the map from the reference domain to the Eulerian domain,

which we denote by ®. This satisfies

(x,t) = (®(2,1),1).
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The mesh velocity, Upesh, is given by

8_<I>
ot~

Umesh (CL", t) -

We obtain the relations between physical quantities, such as pressure, in the reference
and Eulerian descriptions in the same way we do between Lagrangian and Eulerian de-
scriptions. In particular, the time derivative of an arbitrary scalar field f is

of (x',t)  Of (x,t)
o ot

+ (Umesh - Vaz) f, (3.3)

so that the transformation from the reference to the Eulerian description behaves very
much like a familiar transformation between Lagrangian and Eulerian frames. For conve-

nience, we rewrite (3.3) as

0 ‘) ox’ 0 ,
I 0 gy 5= o

As a final note, if ® = ¢, then the reference description is the same as the Lagrangian
description and thus wye, = v. If ® = x’, then the reference description is the same as
the Eulerian description, and wy,en = 0. For further explanation of ALE techniques, we

direct the reader to [7].

3.1 Employing ALE upon the Green & Friedman model

Henceforth we drop the superscript notation on leading order terms. We first employ
L
ALE techniques upon the equations governing the ¢ ~ FO timescale, equations (2.7) —

(2.15). We define the reference domain, Dy, to be

(/,4f) € Dut = [0,1] x [—%%] | (3.5)
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We define the mapping from the reference variables to the Eulerian variables ® : D, —

[0, L] x [H~, H"] such that

L' La’
=® (2, y)=(La',H | —=,1 h{—=,t]y]. 3.6
(z,y) = @ («,y) ( @, (L(O),)+ (L(O) )y) (3.6)
This choice of map maintains equidistant spacing in the mesh in both horizontal and
vertical directions. Therefore, our discretisation of D, can be a simple equidistant grid.

As already discussed, the mesh velocity is readily obtained by differentiating the mapping

® with respect to time. Written in terms of Eulerian variables, we have

oe _(:;x v (OH y— H(x,t)Oh 0H
E—umesh_ <LE’LZ (%<x7t)+wa_x(xut>) _’_E(J;?t)
y— H(x,t)Oh

Ho.D a@,t)) . (37)

We now account for the introduction of the moving mesh by using (3.4) and (3.6),
we first modify the equation for @, (2.10). Using (2.12) to eliminate u*), this equation

becomes

ox’

o " L h -

00 U — Umesh \ OO n UV — Umesh | 00 sin 260 (2,u1 sin?6 — % (1 + 29 sin? 9) %)
oy 4+ 4dpz + pig sin® 20 '

(3.8)
This form of (3.8) allows us yet further simplification. As explicitly demonstrated in
Appendix B, this equation corresponds to advection purely in a horizontal direction on
the reference domain, which significantly eases implementation. We note that this also
decouples 6 from H, and since v does not arise in any other equation, we need not prescribe

an initial H and can simply compute the transverse velocity on demand. To summarise
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the model in the ALE form, we have

%_'_(U—Umesh)@_i_l%zo

ot L ox' Loz ’

o0 U — Upesn \ 00 sin 20 (2p1 sin? § — % (4 + 413 + 2419 sin? 9) %)
ot <T) or 4+ 4z + pp sin® 26

Jun

2
i u100329+%(4+4u3+uz)%hd,_O
ox’ 4 + 4ps + pg sin® 260 Y ’

N|=

1 ’
2 Y 1 ou
0? / / [ cos 26 + I (4 + 4z + M2) e h2d5’dy'

ox"? 4 + 4pg + po sin® 260

ol
ol

1
82H+132h /2u1c0829+%(4+4u3+u2)%hd,
ox? 2027 4 + 4ps + p10sin% 20 v

[N

for (',y") € Dyer. The associated boundary and initial conditions now become

u(0,) = 0, u(l,t) =1,
H(0,) =0, H(1,) =0,
h(z',0) = h; (2'), 02",y ,0)=0;(«",y).

?

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
(3.14)

(3.15)

We exclude the equation for the transverse velocity v, since this quantity is readily cal-

culated from (2.11) at any (z’,y',t) once the model (3.9)—(3.12) is solved.

In order to solve this model we use the following algorithm. Given initial conditions,

equation (3.11) is solved to obtain u (z’, 0), using the trapezoidal rule and a finite difference

approximation. We note that this particular equation can be approached in either ALE

or Eulerian variables, since applying the trapezoidal rule to solve the integral (3.11)

effectively decouples H from the system (see Appendix C). Once solved, equations (3.9)

and (3.10) can be used to update h, d to the next time-step, at which point the process is

repeated until the required end time is reached. The quantities v, H can then be computed
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at any time using (2.11) and (3.12), respectively, as well as any other quantities of interest.
In our implementation, we solved equations (3.9)—(3.12) in the ALE form given above.
Since the ALE framework acts like a simple substitution on the integral equations, it
is equally possible to discretise and solve equations (3.11) and (3.12) in their Eulerian
forms, and indeed the discretisation is similar. We include the discretisations of equations

(3.11),(3.12) in Appendix C.

3.2 Validation of numerical method

In order to validate the approach, we consider the early—time behaviour of the sheet for
which an analytical expression is available [13]. Introducing the short timescale ¢ = §~¢,
where ¢ < § < 1, assuming constant initial film thickness, h;, and alignment angle, 6;,

and performing a Taylor expansion on the variables so that

h=h;+ht's + O (6%,

0 =0;+0t'5+0 (),

where iL,é are the changes in thickness and fibre direction respectively, it is possible to
derive an analytical expression for the evolution of the fibre angle in the sheet for constant
initial conditions for thickness and fibre direction, see [13]. The result is:

2sin? 6;

44+ 4ps + po sin® 26, a

0 — —2sin20; + | sin 26, + % sin 46; | (3.16)
where #6 is the total change in the fibre angle over the short time 7, and 6; is the constant
initial condition. In [13], the authors note that a consequence of this analysis is that so

long as 1, po, T' are all sufficiently small, the fibres will align with the direction of pulling

T 3w

%» 5 - In Figure 2 we plot the numerical solution of (3.9) — (3.12) against

as long as 0; #
equation (3.16) up to t" = 0.05. The maximum absolute error in Figure 2b is 0.0033, and

occurs at 6; = 1.4556, 1.6860, for uy = 10.
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Figure 2: Comparison of the analytical result for 6 at ¢ = 0.05, with 6; € [0,7] for a)
p1 = 0,1,10 (blue, red, yellow respectively) with ps = puz = 1 fixed and b) pus = 0,1, 10
(blue, red, yellow respectively) with 1 = pus3 = 1 fixed. The analytical results from (3.16)
are solid lines, the dotted lines are numerical results obtained by solving (3.9)—(3.12).
The absolute errors between the numerical and analytical results are given for c) varied
p1 and d) varied pg, with step sizes given by Az = 0.0033, At = 0.000167.

3.3 Employing ALE to the short timescale

We again define the reference domain and mapping from the reference to the Eulerian
domain by (3.5) and (3.6). In Section 2.2 we determined that on the short timescale there

is no extension or thinning of the sheet, which gives the simpler mesh velocity

Wpnesh = (o, %—]:(x,t)) . (3.17)
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The fibre director equation on the short timescale, (2.20), becomes

a0

hence there is no evolution in  in the ALE framework on this timescale. Next, equation

(2.28) gives,

1

5, /N1C0529+(4+4M3+M2)3¢ By + 1 0 | 0H 0°H (4 + 4ps + p2) b
o' 4 + 4pg + pg sin® 20 L@:E’ Ox' 0x'0t | 4+ 4ug + pg sin® 20

1 1
2 2

N

O3H 444 !
02201 | 4+ 4uz + po sin® 26

N|—=

with the momentum equation (2.29) becoming

cos 20 + (4 + 4us + 10u
g / / . ot B L0 gy
8x 4 + 4y + pig sin® 20
10
2 2

H 0*°H 4+4 (444
8 0 / / + 3 —|—,U22 h2d~/dy a / / + 3 + MZ)y hng/dgj
8:76 ox'oT 4 + pz + g sin® 20 0x"0T 4 + 4pz + pg sin® 20

M\»—‘
to\»—‘

1

:(32]_[ 182h> ]u1c0s29+(4+4u3+u2)%%hdg

Ox"? * 2 01 4 + 4y + pip sin® 20
1
: :
OH 0*H 4+ 4us + _ PH 4+ 4dps + o)y _
498 O LR RSP : / (4 + 4p Hz)zy h2dj
0x' 02’01 | 4+ 4o + g sin® 20 0x"?01 | 4+ 4us + pgsin” 20
1 1

2 2

(3.20)

As the equation for 6, (3.18), tells us that there is no evolution of 6 in the ALE framework,
P

we now need only to solve (3.19), (3.20) for w and H respectively. As a—u depends on only
x

x’, 7, it can be removed from the integrals, the integral coefficients are pre-computable at

each time step, which significantly eases the numerical implementation.
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The strategy is as follows: given an initial condition for 6, H, we simultaneously solve
for u at the current time step, and H at the next time step using a forward time centred
space finite difference discretisation. We repeat this until we reach the desired time. We
give the discretisations of equations (2.20),(3.19),(3.20) and details of the construction of

the resulting linear system in Appendix E.

4 Results on the extensional flow timescale

We first examine the behaviours of the sheet on the ¢ ~ % timescale. Green & Friedman
considered special cases where further analytical insight into the behaviour of the model
is possible. They considered two cases: where the sheet is not extending (L = 0), in
which the fibres tend to align parallel to the y-axis, and the case of an extensional flow
with gy = e = 0. In the second case, the equations imply that H = 0, and are amenable
to further progress via Lagrangian transformation. It is found that the fibres align with
the direction of extension (i.e parallel to the x-axis) [13]. Throughout the next section we
assume that p; = 0 in order to examine the contributions of the anisotropic viscosities

2, 13 to the behaviour of the sheet.

4.1 Solutions for initially-uniform transversely-isotropic sheets
with ;1 =0

We now aim to study the effect of the anisotropic viscosities ps, 3 upon the fluid as the
sheet is stretched. We first turn our attention to transversely isotropic sheets that have
an initially constant thickness and p; = 0. For clarity of exposition, we introduce the

quantity

/

y 1 Ou
h Ou /N1C0329+(4+4M3+M2)3W

Gy, t)=hG+ ——Gy =
(2,9, 1) 1+ 2 4+4M3+M2sin229

' 4.1
T 5 hdy’, (4.1)

N
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so that

!

Y

20
G (2, t :/ F1 OO dy, 4.2
1@y 0) 4 + 4y + pip sin® 20 Y (42)
1
T4t
Gatet ) = [ Ut gy (43)
4 + 4ps + po sin® 260

=

The definitions of G; and G5 are readily obtained in the physical domain by performing
the inverse of the transformation ® and reintroducing dimensional parameters. We start
by considering sheets with no tension in the fibre direction when the fluid is at rest, that

is, p1 = 0, in which case the equation for u in ALE variables, (3.11), becomes

0 ou , 1
v (155 (v.50)) =0 (1.4)

This is of the same form as the longitudinal momentum equation in the Trouton model,
with G5 playing the role of a spatially-varying viscosity (setting po = ps = 0 gives Gy = 4,
the Trouton ratio for a Newtonian thin sheet [17]). We interpret Go as a heterogeneous,
time-dependent, ‘effective viscosity’. As we shall show, we see the effect of G is to induce
‘necking’ in the sheet (the sheet undergoes thinning at a greater rate in some areas of the
sheet than others, generating a ‘neck’). This behaviour has been observed in Newtonian

fluids which possess an inhomogenous viscosity.

We also note that if the fibre angle is independent of 2/, or if 3 = pe = 0 [13], then G
as it appears in equation (4.4) does not possess x’ dependence. Hence, a fluid that does
not possess tension in the fibre direction when at rest, and has a uniform fibre direction
will behave like a Newtonian fluid, with a modified viscosity. In this case, the centre-line
of the fluid is always a straight line, and the model can be solved by transforming to

Lagrangian variables, as detailed in [13, 17].
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A first integral of (4.4) yields,
ou 1
h%GQ (I/, 57 t) =T (t) s (45)

where 7 is the tension applied to the sheet. Directly from (4.5) we see that G5 may induce
non-linear behaviours in u. For a Newtonian fluid, or a transversely isotropic fluid where
only us # 0, choosing an initial condition of constant thickness across the sheet yields
that « must be linear in z’. In that case, as shown by Howell, u = Lz for all time, and
h is a function of ¢ only [17] (using a similar approach, the same result was shown for a
fluid with g1 = s = 0, [13]). However, for a transversely isotropic sheet with uy # 0,
the existence of the trigonometric terms inside Gy prohibits this. When uy > 0, with
h(z',0) constant, if 8(x’,y’,0) depends upon z’, this will result in u becoming nonlinear
in 2/, and by (3.9), this will cause h to become spatially non-uniform. In Figure 3, we
illustrate the early evolution of the thickness of the sheet and the behaviour of 1/G5, for
h(x',0) =1,0(2",y,0) = cos (4rx’y’) — 0.1, 11 = pg = 0, us = 5. Notice that the sheet
thickness immediately becomes non-uniform, and the location of the peaks and troughs
in 1/G, correlates with the locations of local minima and maxima of the thickness of the

sheet when ¢ # 0.

4.1.1 Effect of varying the extensional and shear viscosities ps, u3 with p; = 0.

In this section, we continue to use the initial conditions h(z/,0) = 1, 6 (z/,y',0) =
cos (4mx'y’) — 0.1, uy = 0, but now vary ps and ps and compare the state of the sheet at
t = 5. First, we note that varying us with uo = 0 simply changes the value of the constant
obtained from GG5. We plot in Figure 4 the thickness and velocity u in the sheet for varied
2 and notice that for these choices of 6(2’, 4, 0) and h(z’,0) that we see a global increase
in the longitudinal velocity for increasing ps. Additionally, we see that there are regions
of the sheet that thin more quickly for increasing ps, and other regions that thin more
slowly. Intuition based upon the behaviour of a pipe flow would lead one to expect that

in regions where the sheet is thicker, the velocity would be lower. This is not true here,
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Figure 3: The evolution of a) the thickness of the sheet and b) the function reN at the

2
times ¢t = 0,0.125,0.25,0.375,0.5, pulling at L(t) = 1 + ¢, with the initial conditions
0 (z',y,0) = cos (4mz'y’) — 0.1 (plotted in (c)), h(2/,0) = 1, and parameter values py =
ps =0, ug = 5.

and as in the previous subsection, this behaviour is linked to the behaviour of G5 as we

shall now demonstrate. Integrating (4.5) and using that u(L) = 1, we may write

L 1
=T - da. 4.6
/0 hG2(x/a%7t> ! ( )

We note that by (4.3) and (4.6), as the fibres within the fluid sheet flatten out, G5 increases

everywhere and hence so does the tension, T'. In addition, the tension will increase with
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increasing jo. Eliminating tension from equation (4.6) gives a result for w,

J:,

1
[ ———ds
hG =t
U — 0 2(3727 ) : (47>
L 1
d /
thaz(xf, Dh

D=

and so u behaves as a cumulative integral. If G5 is fixed, the longitudinal velocity does
behave as a pipe flow intuition would expect (in regions where h is small, 1/h is large,
and u will increase). However, when G is not fixed (i.e py # 0), the behaviour of the
longitudinal velocity is more complex. The derivative u, is dependent on the behaviour of
hG5. We see this in Figure 4, where we give results for u3 = 0 and see that for increasing
2, hGo decreases (despite the increase in Gy), which leads to a greater w, on the left
hand side of the domain. Where h(Gs is larger, around z = 3, we see the gradient of u

decrease below that of po = 0.

If we allow g, ug # 0, we find that increasing ps has the effect of globally increasing
the value of Go and hence the tension applied to the ends of the sheet, and inhibits the
uniformity-breaking behaviour of ps.

That is, increasing the pu3 term drives the fluid to behave in a ‘more Newtonian’ man-
ner, albeit with a higher tension, whilst increasing po drives the non-Newtonian behaviour
of breaking the uniformity of the sheet previously discussed. As an illustrative example, in
Figure 5 we plot the behaviour of the sheet at ¢ = 5 for varying p3 with pus = 5 and initial
conditions h(z’,0) = 1, 8(2’,y',0) = cos (4rx’y’) — 0.1. Notice that increasing ps causes
the thickness of the sheet to exhibit less deviation from uniformity, and the longitudinal

velocity to tend towards u = 2/, the solution for a Newtonian fluid.
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Figure 4: Comparison of a) thickness, b) longitudinal velocity and c) Gy at t = b,
pulling with L(t) = 1 +t, for us = 0,1,2,3,4,5,10,15, with the conditions h (2’,0) =
1, 0(2',y',0) = cos (4mz'y’) — 0.1, uy = uz = 0. Notice that more extreme behaviour in
(G5 correlates with greater change in the thickness and velocity profile across the sheet
and increases with ps.
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Figure 5: Comparison of a) thickness of the sheet, and b) longitudinal velocity of the
sheet at t =5 and ¢) Gy at t =5, 0(2,y/,0) = cos (dwz'y’) — 0.1, for g = 0, pe = 5, and
pus =0,1,2,3,4,5.

4.2 Behaviour of the fibres
4.2.1 Uniform initial fibre director field

We now turn our attention to the fibre behaviour within the sheet. In [13], Green &
Friedman considered two special cases that validate our results. It is found that for the
case of an extensional flow with py, e = 0 the fibres align with the direction of extension

(i.e parallel to the z-axis) and that for the special case of not extending the sheet (L = 0)

with py, po, 3 # 0, the fibres tend to align parallel to the y-axis.

For p; = 0, we start by extending the results obtained for early-time with a constant
initial fibre direction described in Section 6 of Green & Friedman [13]. If h;, 6; are uniform,

0
then we can see from equations (3.10) and (3.11) that a_u/ = 1, and # and h must be
x
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functions of time only. Moreover, (3.10) yields

dg  —sin2f (4 + 413 + 2419 sin® 9) %
dt 4 + 4piz + pg sin® 20

, (4.8)

which implies that the behaviour of the fibres is determined by the sign of sin26. For
0<0< g, we have % < 0, whilst for g <0 <m, % > (. Therefore, much like the
case 11 = jo = 0 studied in [13], the fibres tend to orient themselves with the direction
of extension, regardless of the value of s, given uniform initial conditions for h and 6.

Additionally, we note that ¢ = %7 are unstable fixed points of equation (4.8), whilst

0 = 0, are stable fixed points.

We now consider the case p; # 0, for an initially constant h; and ¢;. We again have

that g 1 and h, 6 remain uniform for all time. However, equation (3.10) now yields

ox’

df  sin26 (2u1 sin? 6 — (4 + 41z + 2419 sin® 0) %)
dt 4 + 4y + pip sin® 20

: (4.9)

and so the evolution of the fibre direction is less clear. By again considering the cases

™ T
0<bl<—, =
272

align along the z axis with time, we require

<0 <m, —g <0<0,—m<h< —g we find that in order for the fibres to

sin? 0 (L — po) < 2+ 2u3. (4.10)

If this condition is satisfied, fibres with angles between —g <0< g will rotate towards
the positive z-axis, with fibres outside of this range rotating towards the negative z-axis,
similarly to the above. However, since this expression includes L(t), it is possible for
fibres that initially rotate towards the longitudinal orientation to reverse their evolution
as Lyy grows with time to violate (4.10). We illustrate this behaviour in Figure 6. For
the choices of 0; = 5, L; = h; = 1,11 = 5,2 = 0, u3 = 1, we give the evolution of the

fibre angle and evolution of the left hand side (4.10).
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Figure 6: Evolution of a) the fibre angle 6, and b) the left hand side of (4.10) (blue), with
the threshold 2 + 23, (red), for the choices of 6; = 5, L; = h; = 1,11y = 5, = 0, i3 = 1.
Note the reversal in the direction of rotation when Ly sin® 6 > 2 4 2pus.
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Figure 7: a) The initial thickness of the sheet and orientation of the fibres, and b) the
thickness of the sheet and orientation of the fibres at ¢ = 5, for the initial conditions
h(z',0) =1,0(z',y',0) = cos(4wz'y’) — 0.1 and choices of 1y = pg =0, g = 5.

4.2.2 Non-uniform initial fibre angles

Consider now the extension of the sheet with 0(z',y’,0) = cos(4mz'y’) — 0.1, h(2’,0) =1
and L(t) = 1+ t. We see in Figure 7 that as the sheet is stretched, the fibres evolve
towards alignment in the direction of the sheet when p; = 0. We also note that the rate
at which the fibres align in this direction is enhanced in the regions of the sheet that

undergoes fastest thinning of the fluid.
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4.3 Special cases for sheets possessing active behaviour

Here, we briefly examine two special cases for the sheet for which p; > 0. We start by
prescribing L(t) = 1+t, h; = 1, iy = 5, ps = u3 = 0, and we test two choices for the initial
fibre angle, 6; = 0, corresponding to the fibres being aligned in the direction of extension,
and 6; = g, corresponding to the fibres being aligned in the transverse direction in the
sheet. In Figure 8 we plot the tension required to be applied to the sheet to achieve the
prescribed rate of pulling for these two choices. First, we note that there is no evolution
in 6 with time. Next, we notice that for fibres arranged in the transverse direction of
the sheet, the tension applied to the sheet is negative. To explain this we begin with the

equation for u in spatial variables,

Ht+ du

20 + (4 + 4pz + pg) 2

T:/ e ( s 5 ta) 9z dy. (4.11)
- 4 + 4p3 + po sin® 20

Now since # has no evolution for these particular choices of 6; as they are fixed points of

equation (3.8), then for §;, = g’

1 ou
T=———((4+4 —_— — h. 4.12
i (@ e 3 - ) (4.12)

It is possible that p; > (4 4 4pus + p2) u, and hence T' < 0. We interpret this as being
due to the fibres in the transverse direction attempting to contract the sheet, which due
to mass conservation, would generate a compression in the longitudinal direction, as the
sheet attempts to extend longitudinally. If we define the total tension required to move
the sheet at the prescribed speed as T}, the tension caused by the fibres as Ty and the

tension applied to the sheet as T', then we expect that
T, =T+ 1Ty. (4.13)

If the rate of extension is too slow to compensate for the compression generated by the

fibres pulling in the transverse direction, then T < 0. As discussed by Howell for the
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Figure 8: Evolution of the tension applied to the sheet for two initial choices of fibre
direction, a) 6; = 0, and b) 6, = g up to t =5 with h(z/,0) =1, ug =5, pe = uz = 0,
and prescribed pulling L =1 + ¢.

Newtonian case, [17], when the sheet is in compression we expect buckling to occur, and
that the curvature of the centre-line will in time become significant. Thus, in this case,
the nearly-straight centre-line scaling assumed in the Green & Friedman model may be

violated, and the model will no longer be valid.

4.4 Behaviour of the centre—line
4.4.1 Conditions for a flat centre—line

In the Newtonian problem, it was shown by Howell [17] that the centre-line of the sheet
straightens on a timescale shorter than % 2, 17] (and is therefore generally taken to
simply be H = 0). This is not necessarily true for a transversely-isotropic fluid. It is
noted in [13] that should 6 = 6(2',t) and u; = pe = 0, then equations (3.11) and (3.12)
together with the requirement that H(0,t) = H(L(t),t) = 0, imply that the centre-line
must be flat. We will now demonstrate that this is also true when g, s # 0. Supposing

0 = 0(«',t), the integrand of equations (3.11) and (3.12) can be evaluated explicitly,
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yielding

0

2 (1, PH 1 0%h
81’2 (§h f) - 8.15,2 + 58.17/2) hf? (415)

where
o ,LL1COS29—|— % (4+4/L3 +/L2> %

't
@ t) 4 + 4pig + pg sin® 26

(4.16)

Expanding the second derivative on the LHS of equation (4.15) and using (4.14) yields

that

PH
o' -

(4.17)

and therefore H must be a straight line. It is then possible to choose our co-ordinate

system such that H(z',t) = 0.

Now, let us consider what happens when 6(z',vy',0) = 60;(v'), and p; = 0. In this

case the equation of the centre—line can be written as

1

H 10% | 8? Foo
(8‘75,2 + 5(%,2) hGs (5,15) =53 hz/Gg(y,t)dy . (4.18)

1
2

We recall that, from Section 4.1, if we choose 6; = 6;(y') only and the initial thickness h;
to be uniform, then G5 will not possess z’-dependence and A will also remain uniform for
all time. As a result we once again obtain (4.17), so that asymmetry in the fibre angles
over the centre-line is not sufficient to cause an initially uniform sheet with p; = 0 to
deflect. We will now consider the conditions under which the centre-line of the sheet will

not be straight.
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Figure 9: Evolution of the centre-line of the sheet under the initial conditions h(z’,0) =
1, (2',y,0) = sin(4ra’y’) — 0.1 with puo = 5, uy = pg = 0. Plotted at ¢
0,0.25,0.5,0.75, 1.

4.4.2 Conditions for a nonzero centre—line

For sheets possessing p1 = 0 and a uniform condition for the thickness of the sheet, h;,
the choice of 0(2',y',0) = 6;(2',y’) being a prescribed function that is non-symmetric
(i.e. g—ye,]yxzo # 0) is required to obtain centre-line deflection. In Figure 9 we give a plot
of the centre-line evolution for the initial conditions 6(z’,y’,0) = sin (472'y’) — 0.1 with
o =5, up = puz = 0. We see that the centre—line initially possesses deflection and tends
to 0. This behaviour is driven by the right hand side of (4.18) becoming small. Once
this occurs, the behaviour of the centre-line is then dominated by the % term, which
itself possesses an implicit dependence on G5 through u. Additionally, for a transversely
isotropic fluid with p; = 0, the deflection is small and decays quickly. Since the centre—
line does not instantaneously collapse to 0, this suggests that considering the behaviour
of the fluid on a short timescale may yield some interesting behaviour that is markedly

different from a Newtonian fluid.

If we consider a condition for h(z’,0) that is not uniform, we find that there will exist
a small deflection when 6(z',y’,0) = 0;(y) only, since endowing h with z’-dependence will
impart z’-dependence on g—g through equation (3.11), and hence 6 will gain z’-dependence

after the first time step through equation (3.10).
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5 Results on the short timescale

We now examine the behaviours of the sheet over a short timescale of ¢ ~ 52%. For a
Newtonian fluid, it was demonstrated by Howell [17] that the leading order equations for
the extensional flow of a slender, viscous, Newtonian sheet predict that the centre-line
of the sheet is straight. Hence, the model cannot satisfy an initial condition in which
the centre-line is not straight. In order to study the behaviour of initially curved sheets,
a short timescale analysis is performed. The required timescale must be 52% [2]. In
the transversely isotropic problem it is similarly impossible to satisfy an arbitrary initial
condition for the centre—line and, as we have demonstrated, there exist choices of the key
parameters and initial distribution of fibre angles that give rise to a centre-line that is

non-zero on the flow timescale. This indicates that there may exist interesting behaviours,

different from the Newtonian case, over a short timescale.

5.1 Short-time evolution of the centre—line

First, we check that the long-time behaviour of the short time model is consistent with
the Green & Friedman model. In Figure 10, we give the evolution of the centre-line
over the short timescale for the initial conditions of u; = ps = 0, s = 5, L(0) = 1,

(0) (0)
o wm) = (L) =0,

0(z,y,0) = sin(4rry) — 0.1, HO(0,7) = HO(L,7) =
up to 7 = 200000, and compare the values of H(x,7 = 200000) with H(z,t = 0). We
see that the short time-scale result closely matches the result produced by the solver for
the Green & Friedman model. In Figure 10b we give the evolution of the centre-line over
7. Notice in Figure 10b the centre-line converges to the Green & Friedman model fairly

quickly, and there is a small absolute difference between the centre—line at 7 = 10000,

and 7 = 200000.

For a Newtonian fluid, Howell was able to obtain a analytical expression for the decay
of the centre-line of an initially curved sheet undergoing stretching by use of eigenfunction

expansions [17], assuming the same boundary conditions we use in this section, H(0,7) =
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Figure 10: Position of the centre-line a) at ¢ = 0, the initial time in the Green & Fried-
man model (red) and 7 = 200000 (blue) and b) at 7 = 100, 500, 1000, 2500, 10000, 200000,
where 7 = 0 is omitted as H(z,0) = 0, In ¢) we plot the maximum of the absolute differ-
ence between the evolving centre-line on the short timescale and the Green & Friedman
result and in d) we give the centre-line at 7 = 2.5,5,10,15,25. The conditions for all of
the above are H(z,0) =0, h(x,0) =1, 0(z,y,0) = sin(drzy) — 0.1, g3 = u3 =0, pg = 5,
L(0) =1.

H(l,7)= %—Z(O, T) = %—Z(l, 7) = 0. It is found that the centre-line decays exponentially
to H = 0. The behaviour for a transversely isotropic fluid is more complex. The results
plotted in Figure 10 began with the initial condition H(x,7 = 0) = 0, and we immediately
see from Figure 10c that the convergence to the Green & Friedman centre-line is not
exponential for all time. Indeed, there is an initial lag, as the centre-line evolves away
from the flat initial condition to adopt a similar shape of the centre-line predicted by
the Green & Friedman model, before decaying to the expected result. As an illustrative

example, we include Figure 10d. This figure shows the formation of the peaks and troughs

of the general shape of the centre-line given by the Green & Friedman model.
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Figure 11: The decay of the maximum value of H(x,7) for us = 0 (blue) and uz = 10

_ (2—0.5)2

(red) with the conditions H(x,0) = gze™ o001, py = pp =0, h(x,0) =1, L =1.

5.2 Effect of key parameters upon convergence

In this subsection we discuss the effect of increasing ps, 3 upon the convergence of the
short timescale centre-line to the result from the Green & Friedman model. First we
note that if pus = 0, ug has no effect upon convergence. In Figure 11 we give a plot
of the decay of the maximum value of H(x,7) for the initial conditions of H(z,0) =

1 (z—0.5)2

e o0 ,0(x,y,0) = sin(4rzy), h(x,0) = 1, L = 1. There is no difference in the decay

of the centre-line to flat between the Newtonian case and u3 = 10.

Now choosing p2 > 0, in Figure 12 we plot the maximum absolute difference across the
sheet between the centre—line on the short timescale and the result obtained by solving
equation (3.12) for varied values of psg, 3 with the conditions h(z,0) = 1,0(z,y,0) =
sin(4drxy) — 0.1, 47 = 0, up = 5, L(0) = 1. First, in Figure 12a, we fix yuz3 = 0 and vary
2 (note the case of uy = 5 corresponds to the example given above). We see that as
o increases, the difference between the flat initial condition of the centre-line and the
result of the Green & Friedman model also increases. This is due to the deepening of the
trough around x = 0.5 seen in Figure 10a. We note that changing ps does not appear to
affect the length of the lag as the centre—line is adopting the correct general shape before

decaying, but as ps increases, the decay is faster. In Figure 12b, we fix uy = 5 and vary
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Figure 12: Maximum absolute difference across the sheet between the centre-line on
the short timescale and the result obtained by solving equation (3.12) for a) ps = 0,
pe =1,2,3,4,5and b) uy =5, us = 1,2, 3,4, 5, with the conditions H(z,0) = 0, h(z,0) =
1,0(z,y,0) = sin(4rzy) — 0.1, 1y = 0, L(0) = 1.

ps (as before, the case of uz = 0 corresponds to the example given above). Once again,
we see that the effect of increasing 3 has little affect upon the timing of the convergence

of the centre-line, and that the behaviour we see here is a consequence of the role of s

in moderating the effects of o in the Green & Friedman model as discussed in Section 4.

6 Discussion

In this paper we have constructed and employed a numerical strategy to solve the model
proposed by Green & Friedman for the extensional flow of a thin two-dimensional sheet
of a fibre-reinforced fluid, first reducing the model by eliminating (! and then employ-
ing an arbitrary Lagrangian-Eulerian method. We have shown how the distribution of
fibres within the fluid can cause interesting non—-Newtonian behaviours such as driving
non-uniformity in the development of the thickness of an initially uniform sheet and de-
flection of the centre-line even with the implicit assumption that the centre-line is nearly
straight. Our results also show that the bulk properties of a passive transversely isotropic

fluid sheet are controlled largely by the behaviour of a derived ‘effective viscosity’.
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As far as the behaviour of an active transversely isotropic fluid is concerned, prelimi-
narily we have seen that allowing p; # 0 allows the fibres to develop towards alignments
that are not in the direction of extension of the fluid. However, if the fibres are aligned in
the longitudinal direction of the sheet and possesses active behaviour, the tension within
the sheet is increased. Active behaviour giving rise to greater tension has been observed
in the seeding of hydrogels with a suspension of self-aligning cells [1]. Future work in
this area could include constructing a more biologically realistic multiphase model that
incorporates the work in this paper as a fibrous extracellular matrix or hydrogel, with
the cells exhibiting active behaviour instead of the fibres. This could result in a model of
how different experimental setups lead to different alignment patterns of cells and could

determine the best conditions to grow neural tissue.

There are a number of other avenues for further work related to this paper. We model
sheets that are nearly straight, with the employment of a Cartesian co-ordinate system
restricting the model to examining sheets which are initially slightly curved, i.e. — is
small. Where this is not the case, future work could entail the use of a Curvilinearoco—
ordinate system to approach sheets with curvature in the centre-line, in works similar to
Ribe [26]. As the sheet starts to become very thin, there may be a new regime where
the iy term in (3.11) dominates the % term. Perhaps the behaviour of the sheet in this
regime may shed light upon how the active behaviour of the fluid may drive breakup of
the sheet. Simpler modifications could include prescribing the tension applied to the ends

of the sheet, rather than prescribing the length. Furthermore we could also modify the

model to include the effects of surface tension, inertia, and body forces.
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A Model equations in full
To briefly summarise, the dimensionless equations are

ou Ov

i T Al
8x+(9y 0, (A1)

for conservation of mass, with the momentum equation (2.2) yielding in the z-direction:

_ g]; + g vy 2222 +¢ ulaa (cos?6) —i—s,ulagy(cosGsinH)
+u2§ {z—: cos 6’2 + cos 981119( (;Z —1—832—;) +EQCOS2HSin292—Z]
—I—Q,u:aaa [25 cos Gg —{—Cos@sm@(gg—y—l— gz>]
—I—M26% {Cos&sin@ (escos 9% + cosfsin @ (gz +e gj;) + esin 92—;)}
+uga% {?jt gZ] =0, (A.2)

whilst in the y direction we have:

0 0? 0? a . 0 )
_ga_]; + 838_1:2 + gayz + gulay(sm2 0) + 82’1“8_(603931119)
0 ou ou , OV ov
+M28—y {esm 6 cos? 9% + cosfsin® 0 (8 +e 83:) + esin Gay}

0 . 9,0 . ou  ,0
+2/L38—y {2551n208—z+008951n9<8y+ U)}

ox
U

0 ou 0 30V ov
+,LL28 [5 sin f cos® 9%—1—008 6 sin” 9( 8y+8 ax> + % cos @ sin® Hay}

0| Ou 50v
+M38_[E [€a—+€ %:| 0, (A 3)
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with the fibre director field being given by

0
5% + eu% + evg—y = —esin 6 cos Qa—z — sin? Qa—Z + &2 cos? 98—; + esin 6 cos Qa—z.
(A.4)

B Simplification of the equation for 6

In the main text, we claimed that equation (3.8) permitted great simplification by noting
that the equation corresponded only to advection in a purely horizontal direction the
reference domain. To demonstrate this simplification, suppose 0 (z',1/,t) is a function
defined over D, that satisfies the advection equation

00 00

Ay A B.1

ot ox' / (B.1)
where @ (2/,t) and f (2/,t) are a horizontal advection velocity and forcing term respec-
tively. We can relate 0(z,y,t) = é(x(x’, t),y(x',y',t),t), and using the mapping ®, which

gives

a_é—%+ﬁ@+ 3_H+ y_H %_’_E (9_H+ y_H @ % (BQ)
ot ot L ox ot h ot L \ oz h ox ) | oy’ '

o0 o0 OH [(y—H)\ 0h\ 06

Substituting (B.2)-(B.3) into (B.1), then yields

@_{_% L~+E _|_% 8_H+ ﬂ @4_ a_H_|_ y_H % L~_|_E
ot or \"" T L) Tay ot n ) \ox n )or )\ L
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00

x
we now choose u(x,t) = Lu + 7 in order to recover the correct coefficient of e
x

00
Examining the coefficient of the — term we note that

dy
a5 a5 () %) )
:a—HJru— < )( gg (B.6)
aa—fj aﬁ(ﬂ) (93(: — (B.7)

where we have used the equation for conservation of mass, (2.7), to obtain (B.6). Here,
we have demonstrated that the coefficient of 0, is precisely v when mapping back from

D, ¢y to the original domain. Therefore, we have shown that the advection of 6 is purely

u— L1 U — Upes
horizontal upon the reference domain, with velocity u (2/,t) = 7 = 7 h

C Discretisation of the Green and Friedman integral
equations

In what follows, the treatment of the integral equations is in the Eulerian framework.
The integral equations (3.11),(3.12) require further treatment before being discretised

and solved. We discretise with
00 (i, y;, ) = Qﬁj, etc (C.1)

where i =1: M+1,7=1: N+1,k=1:T+ 1 where M, N are the number of steps
in the x, y-directions and 7" is the number of time steps. The Green and Friedman model
was typically solved with Az = ﬁ Ay = %, At = %, M = N = 800,T = 1600, with the

Courant—Friedrichs—Lewy condition checked at each time step. Now, introduce

1 cos 20 + (4 + Az + po) Uy

F t) =
(z,9,1) 4+ 4pz + pg sin® 20
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it will be convenient to write F' = F; + u,F5, where

41 cos 26 4+ 4dps + po
F1: ) 5 F2: ) ;
4+ 4ps + g sin® 260 4+ 4ps + o sin® 260

(C.3)

in much the same way, we also introduce notation for the integrals of F', by defining

G = Gy 4+ u, G4, where
)

G (z,y,t) = /Fm (x,s,t)ds, (C4)

H-

for m = 1,2. Equation (3.11) can now be written as

0= (G (o H 1) + e (0, G (2, HY 1)) (C5)

using the trapezoidal rule,

h(2,)  Fo (2,90,8) + Fr (2, yn-1,1) Ni
+ o ’ ) ) ) ) .

where N is the number of nodes in the y-direction. We note that upon substituting the
trapezoidal rule into (C.5), the result does not depend on H. That is, its presence in
the integration limits is redundant and effectively just describes a vertical translation.
Therefore, H is decoupled from the rest of the system and we can solve the equations for
u and 6 and then compute H as required at a desired time. For completeness, we include

the discretisation for equation (C.5). First, introduce the notation
(Gl 1 = Gon (23, HE + BE/2,1) (C.7)

now (C.5) gives us, through centred finite differences,

[Gl]f—l,Nfl - [Gl]fﬂ,NA - [GZ]ZA,NA - [G2]f71,N71 Ufﬂ - Uf
2L/ (M —1) B 2L/ (M —1) 2L/ (M — 1)
uf —2uf +ul
Ly (Pl (9
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where N, M are the number of nodes in the vertical and horizontal directions respectively
sothat i =0: M —1,j = 0: N — 1. Noting that uf = 0, u5,_, = L (t;,), and that G,, is
readily precomputed at each time-step k, yields a tri-diagonal system for u*. If we now
consider the equation for H, (3.9), this is the only equation in the model that is indeed
easier to treat in the Eulerian framework than the ALE. Using equation (2.12) and the

Leibniz rule we may write equation (2.9) as

H+
2
0=— <Hm + %) G (m, HT, ) + % / G(z,y,t)dy, (C.9)
-

in order to proceed, one must apply the trapezoidal rule twice to each G,,. Applying it

once yields

H+
_h(x,t) [ G (2,90,t) + G (T, yn—1,t 2
H-

(C.10)

then, for each j > 0,

h(z,t) [ Fn(x,y0,t) + F (2, y;, -
Gm<x,yj,t>—]\,(_f( (o t) o (0! Z (@, ) 1)

for the case j = 0, Gy, (x,yo,t) = 0. Substitution of (C.11) into (C.10) yields

h \?/2N -3 1
/Gm(l’ Y, )dy_ (N—l) ( 4 Fm(xay()vt)—l—ZFm(xuyN—lvt)
N-—-2
+ Y (N =1 j) Fu (2,9, )). (C.12)
7=1

Finally, we require the introduction of the notation

HT

1G]} = /Gm (24, y, t) dy, (C.13)

H-
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for m = 1,2. Clearly, we use (C.12) to precompute [IG,,] at the required nodes as

necessary. The discretisation of equation (C.9) is then

P20 (t) /(M = 1)
hE - 2nf Rk <[ I+ ub, — b, [ 2],?) [IG)E, —2[IG)F + 1G4k,
2 (L(ty)/ (M — 1)) "O2L(ty) /(M —1) (L (t) /(M —1))?
u§+2 - 2u§+1 + 2“5'21 - Uflz 1G ]Iy+1 u§+1 - 2“? + Uf& [IG2]f+1 - [IG2]§11
2(L(tr) / (M = 1))° T (L) /(M- 1)) 2L () /(M 1)
[]G2]f+1 —2 [IG2]Z'€ + [IG2];€—1 u§+1 - uf—l
(L (t) / (M — 1)) 2L (ty) / (M — 1)

HF , —2HF + sz+1 k ui‘chl —uf k
(L(t)] (M = D)’ ([ it M‘)

(C.14)

Equation (C.14) contains wholly precomputable quantities on the RHS. Therefore, similar
to the equation for u, this creates a tri-diagonal system to be solved for H. For the specific
cases of i = 0, M — 1, we have the boundary condition that HY = H%, |, = 0. For the
cases of © = 1, M — 2, the discretisation must be modified slightly as the stencil for .,

is too wide. This can be done in a number of ways and is omitted.

D Derivation of the short timescale integral equa-
tions

In order to close the model, we must go to yet higher orders in order to obtain equations
for u(®, H®_ Our approach is to integrate the relevant equations over the depth of the
sheet and apply the no-stress boundary conditions at y = H (0% We find that a number

of higher order terms in the boundary conditions will be eliminated by substitution of
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previously obtained quantities. The O (¢*) z-momentum equation is

ou©
ox
(2)

1% ou©
> + 243 (2 cos? 90 ; + cos 0 sin §) (
Y

0

ou® ou oy
+ i1 cos® 0@ 4y ( cos* @ g + cos® 0 sin 6© u +
ox dy ox
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X

and its associated no-stress boundary condition is

ouV Ou®
1 CcoSs +u2 | cos S1n u_ —+ CcOS — JsIn CcoSs u_
41,00 cos 200 390 ¢in p© 5 o) 490) _ 34in29© g2 90
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x Y x

We note that the remaining terms outside of the derivatives in (D.1) cancel due to the

continuity equation at O(g?). Integrating equation (D.1) over the depth of the sheet yields

o 2) @) y=H 0"

0 ou ov B

90 dy — — D.3
[ e = |G G et 03
HO)~
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where ¢, go are functions containing the collected pq, po, 13 terms from (D.1) and are

readily obtained by inspection. Application of (D.2) now yields

zO" (0) (0)
o oOH 10h
/ o (00 +a) dy = ( or 2 0s >(—P(°)+91)y:mo>—
H(O)~™

OH®  19n©
(% ) e ©)

and hence by use of the Leibniz rule, we now obtain an equation for @

HOT
%) ou® ou® 1 ou v
— 4 26 290 — sin40
Ox / ( R T2 | Co8 or 1" oy oz
HO)™
Ou©)

A similar process at O (¢*) yields an equation for H,

HOT

) Y
0 0 ou® ou® ou gy
il il 4 290 29p(0) 72 n4p©
B / B / ( B + pq cos 20% + g cos” 260 o + 4s.m 0 Dy + B
HO)™ HO)~
ou©
g gx )dg/dy_o. (D.6)

We note that these equations are of the same form as equations (2.8) and (2.9), with the
difference being that u(®) now possesses y-dependence. Substitution of (2.12) and (2.27)
into both (D.5) and (D.6) and use of the Liebniz rule upon (D.6) yield equations (2.28)
and (2.29).

E Discretisation of the short timescale model

In this section, we give the discretisation of the integral equations in the system of the short
timescale equations, namely (3.19), (3.20). As before, we drop the superscript notation for

leading-order quantities. We discretise using the same notation as detailed in Appendix C.
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As before, the short timescale was typically solved with Az = ﬁ Ay = %, M = N = 800,

with the Courant—Friedrichs—Lewy condition checked at each time step. The length of

1

eog for 7 < 100 up

the timestep was varied. The range of size of time step was A1 =
to A7 = 100 for 7 = 200000. Similarly to the discretisation of the Green and Friedman

model equations, we define

Y

41 cos 26 .
Z = hd E.1
1(%,3/,7') /4+4H3+N281n229 Y, ( )

4+ 4pz + o .
A = hd E.2
Q(xvva) /4+4M3+H251n229 Y, ( )

@ N|=

[NIES
=

2

4+4 h%y
J(z,t) = / (44 dpss + o) a5, (E.3)
4 + 43 + po sin® 26

N

we note that the definitions of Z;, Z5 here are similar to G, G5 in Appendix C, but are
not precisely the same. It is possible to obtain Gy, G5 from Z;, Z5 by undoing both the
transformation y = H + hy and the short-timescale. Since the ALE transformation in
Section 3 acts as a linear transformation on the integral equations, one may treat 7, Z,
as the integrals in ALE form on the short-timescale. We may now rewrite equation (3.19)

as

ST en T s as T wor Fra S T
83H( 1 0H aJ)_ OH 0Z\(x,5,7)

+ 0x20T 2(7, 5’7—)% Oz or3or or - (B4)

1 0*u  0Zy(x,5,7)0u O*H (822(95,%,7)811[ 1 82H)
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We choose to use a FTCS finite difference method, hence the discretisation of (E.4) is

_k ko ok k _ k —k k
Ui — 2uf +uy [ZQ]i—f—l,N—l [Z2]i—1,N—1 Uiy — Uiy

7.1k
[ Q]Z’N_l Ax? 2Ax 2Ax +
(Hfﬁl - Hfjll) - (Hik-i-l - Hik—l) [Z2]§+1,N—1 - [Z2]§—1,N—1 sz+1 B Hz'k—l
2ATAx 2Ax 2Ax
HF , —2HF + HF
+[Z2]§N_1 i+1 22 7 1)
: Az
(B 2B ) — (b 2 L) (A
ATAx? 2liN-1 2Ax
T T\ (Y 28 2 - HEY) — (Hi, — 20, 4+ 21 — Hi)
2Ax ! 2ATAZ?
I A R Rl AN (£5)
2Azx ’ ’
This discretisation can be written in the matrix form
ATAZ’b + MgHF = MgH*"! + ArAzMgu”, (E.6)
where H* = (Hf, HY ... ,H]’ﬁ,H)T, uh = (ﬂ’f, uk, ... ,ﬂfVH)T, and My, Mg are matrices

whose entries are the coefficients of the H**! and @* terms respectively, and are dependent

upon the choice of discretisation of the z-derivatives of H,u. We note that the left hand
4

oH"
o0x30T

stencil must be adjusted at the ends of the domain, by using biased finite differences.

side of (E.6) is known and precomputable at each time step. Due to the term, the

Next, we define more functions for notational convenience:

39
{41 cos 20 9 1t e
17 = h*dy'd E.7
1(,7) //4+4u3+uzsin229 y'dy, (E.7)
_1_ 1

j
4+4,L[’3+/-‘L2 21~ 1~
[Zy(z.7) = h2didj, E.8

2(2,7) //4+4u3—|—ugsin229 yay (E.8)

4+4 h3y
K@ﬂZ//(+W+mBy®M. (E.9)
4 4 4ps + pg sin® 260
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With the introduced functions, we may express (3.20) as

O*u  0IZy0*u Ou (9*1Z, O*H  10°h
[Z28x3+2 Ox 8x2+%( Ox? _Z2<83:2 +§@))
OPH N O*H 0H _0K
Ox*dr  0x30T1
O*H O*H  _01Zy0H O*H  10%h PK
" oor (M— M P ( o2t 5@) >

- K

0x? Oor Ox +

g2
n 0’H 17 33H+231Z232H+321223_H_Z8_H 32]:7_'_1@
0xO0T 2 93 Oor 0z2 o0x? Ox 20z \ 0r2 ' 20x2
0’H 10%h 0?17,
=7 <ax2 +§ax2) o (E.10)
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(T1°3)
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As before, we may write (E.11) in the form

ATAz*c + MH = MyH**! + ArAzMa®*, (E.12)

where the coefficients of all H**!, @* terms are entries within Mp,, MY, respectively.

In our implementation, the matrices Mf;, My, are a quintuple banded matrices. The
additional derivative in H does not change the size of the stencil. We include the boundary
conditions for H in the first two and final two lines of both matrices, so that it is not
necessary to adjust the stencil near the endpoints of the domain. Hence, we can construct

the linear system

My ATAzMg HFL ATAz*b + MyH* (E.13)
My ATAzMp a” ATAz%c + MyyHF

This linear system is solved at each k, with equation (2.20) requring H**! in order to

update % — gF+1,
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