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Abstract

Let A be a finite-dimensional algebra over an algebraically closed field. We use a functorial
approach involving torsion pairs to construct embeddings of endomorphism algebras of
basic projective A—modules P into those of the torsion submodules of P. As an application,
we show that blocks of both the classical and quantum Schur algebras S(2, r) and S, (2, r)
in characteristic p > 0 are Morita equivalent as quasi-hereditary algebras to their Ringel
duals if they contain 2p* simple modules for some k.

Keywords Torsion pairs - Ringel duality - Schur algebras

Mathematics Subject Classification (2010) 16D90 - 16G10 - 20G42 - 16T20

1 Introduction

The classical Schur algebras S(n, ) and their g-analogues S, (n, r) are finite-dimensional
algebras which arise naturally in algebraic Lie theory. Viewing them as quasi-hereditary
algebras allows tools from the representation theory of finite-dimensional algebras to be
used in their study, which has led to new insight, including the discovery of tilting modules
in algebraic Lie theory.

The endomorphism algebra of a full tilting module 7 of a quasi-hereditary algebra
is again quasi-hereditary. It is called a Ringel dual of the quasi-hereditary algebra, and
is unique up to Morita equivalence (see [16]). In [10], the main result classifies when a
classical Schur algebra S(2, r) is Morita equivalent to its Ringel dual, as an algebra.
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412 K. Erdmann, S. Law

In this paper, we study blocks of both classical and quantum Schur algebras from the
perspective of torsion pairs. More generally, for any finite-dimensional algebra A, we show
that under suitable conditions the endomorphism algebra of a basic projective A-module
P embeds into that of the torsion submodule of P. We apply this result to show that a
block of S(2,r) or §4(2, r) with 2 pk simple modules is Ringel self-dual. This proof has the
advantage of being functorial.

Along the way, we review and extend symmetry properties for decomposition numbers
for Schur algebras, as well as multiplicities of standard modules in tilting modules, provid-
ing block versions of these results. A recent theorem by Coulembier [2] shows that for a
quasi-hereditary algebra with a duality fixing simple modules, there is essentially a unique
quasi-hereditary structure. With this, we deduce that the blocks with 2p* simple modules
are in fact Ringel self-dual as quasi-hereditary algebras.

The paper is organized as follows: we start with torsion pairs and our result on embed-
dings of endomorphism algebras described above (Theorem 2.4). We then recall preliminary
material on quasi-hereditary algebras, and in Section 3 we discuss blocks of S,(2,r)
and S(2,r). In Section 4 we prove a number of combinatorial identities on decomposi-
tion numbers and multiplicities for tilting modules, exhibiting symmetry properties in the
decomposition matrix and the corresponding matrix for tilting modules. In Section 5 we
apply the embedding to give a functorial proof that blocks of Schur algebras with 2p¥ simple
modules are Ringel self-dual as quasi-hereditary algebras.

2 Preliminaries

Throughout, let K be an algebraically closed field, and in Section 2 the characteristic of K
is arbitrary. All modules considered will be finite-dimensional. In Sections 2.1 and 2.2, A
is an arbitrary finite-dimensional K —algebra. We denote by A-mod the category of finite-
dimensional left A—-modules.

2.1 Torsion Pairs

We follow the notation of [1, Chapter 4], and refer the reader also to [15, §4.1] for further
detail. Recall that a module M is generated by a module G if it is isomorphic to a quotient
of a direct sum of copies of G.

Definition 2.1 A torsion pair is a pair (G, F) of full subcategories of A-mod such that

F ={M € A-mod | Hom(G, M) =0} and G ={M € A-mod | Hom(M, F) = 0}.

Modules in G (sometimes also T in the literature) and F are often referred to as forsion
and rorsion-free modules respectively.

Proposition 2.2 [15, §4] Let G be a fixed projective A—module. Then (G, F) is a torsion
pair, where

F :={M | Hom(G, M) = 0}, and
® G :={M| M is generated by G} = {M | top M € add(top G)}.
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Torsion Pairs and Ringel Duality for Schur Algebras 413

Note here add(V') denotes the full subcategory of A-mod consisting of modules which
are direct sums of direct summands of V, and top G = G/ rad G refers to the top (or head)
of the module G, its largest semisimple quotient.

2.2 The Algebra Map

Let G be a (basic) projective A—module, so G = Ae for some idempotent e of A. Defining
module categories (G, F) as in Proposition 2.2 gives a torsion pair. Furthermore, we have
the additive functor

t: A-mod — A-mod, M +— AeM,

thatis, (M) = AeM is the largest submodule of M generated by G. For a homomorphism
0 : M — N, the map #(0) is the restriction 0| : t (M) — t(N). The following says that
any module can be written uniquely as the extension of a torsion-free module by a torsion
module.

Proposition 2.3 [1, VI Proposition 1.5] For any A-module M, there is a short exact
sequence

0—t(M)—>M—>M—0 1)

where t (M) € G is the largest submodule of M generated by G, and M= M/t(M) € F.
It is unique up to isomorphism of short exact sequences.

Let {L(A) | » € A} denote a complete set of pairwise non-isomorphic simple A—
modules, with corresponding indecomposable projective modules P (A). When clear from
context, we write LX and PA for L(}) and P(A), and similarly omit other parentheses, to
ease the notation.

Theorem 2.4 Let e and t be defined as above. Suppose A’ is a subset of A. Assume that
for all . € A" we have soc P(A) = Aesoc P(A). Thent : Enda(P) — Ends (¢ (P)) is an
injective algebra homomorphism, where P = @, cpr P(M).

Note that the assumption on the socle implies that 7 (P A) is non-zero. Given an arbitrary
choice of G = Ae, one may take A’ to be the largest subset of A such that the socle
condition holds. Alternatively, we may start with a set A’ C A and then take e to be a
(smallest) basic idempotent such that the socle condition holds.

Proof of Theorem 2.4 That the map is an algebra homomorphism is clear. Let A, u € A’.
We show that each component

try : Homa (P, Pu) — Homy (t(P), t(Pp)) (2)

is injective. That is, for 0 # 6 € Hom4 (PA, Pu), we show that 0];(p;) # 0.

Since 6 is non-zero, there is a simple submodule S € soc P(u) such that S € im 6 (note
that the socle is semisimple). By the assumption, S = AeS and eS C S is non-zero. Hence
there is some 0 # w’ € im@ with w’ = ew for some w € S. Say ew = 6(v) for some
v e PA. Then0 # ew = 2w = e(0(v)) = O(ev), where ev € AePA = t(PL). O
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414 K. Erdmann, S. Law

We focus on the case A’ = A. If we choose G to be the full basic projective module
D, s P (1) then the above theorem simply gives the identity map. However, choosing G to
be a different (basic) projective module gives us a non-trivial embedding of algebras. In our
main application, G is the direct sum of all indecomposable projective-injective modules in
a block of a Schur algebra where char(K) = p > 0, and an application of the combinatorial
results in the rest of the paper is the identification of the module #(P) for this choice of
G. When there are 2p* simples in the block, Theorem 2.4 allows us to show that the basic
algebra of the Schur algebra embeds into its Ringel dual, from which we can deduce Ringel
self-duality of the block, in Section 5.1.

2.3 Quasi-Hereditary Algebras and Ringel Duality

Assume S is a finite-dimensional algebra over K and that (A, <) is a poset labelling the
simple S—modules. For A € A, let L()) be the corresponding simple module, and let P ())
and Q(X) be its projective cover and injective hull respectively. The standard module A(A)
is defined to be the largest quotient of P (i) such that all its composition factors are of the
form L(w) with 4 < X. Dually, one defines the costandard module V(1). We will also

refer to A as the highest weight of the modules just introduced. With these, the algebra S is
quasi-hereditary if for all A € A,

(i) the simple module L (X) occurs only once as a composition factor of A(A), and
(i) the projective module P(A) has a filtration with quotients isomorphic to A(u) for
A< u.

Recently, Coulembier showed that a finite-dimensional algebra with simple preserving
duality admits at most one quasi-hereditary structure [2, Theorem 2.1.1], which we will see
in Section 3.1 is the case for Schur algebras.

For a module M we write [M : L(})] for the multiplicity of L(X) as a composition factor
of M. If M has a filtration whose quotients are standard modules then the multiplicity of
A(A) in such a filtration is independent of the filtration (see for example [8, §A1 (7)]); we
denote this multiplicity by [M : A(A)]. Similarly, if M has a filtration whose quotients are
costandard modules then we write [M : V(A)] for the filtration multiplicity.

If the simple modules have 1-dimensional endomorphism algebras, which will hold in
our setting of Schur algebras from Section 3 onwards, then we have the following reciprocity
relation:

[P : Aw]=[V() : LA)] YA, pneA.
Let .7 (A) be the category of S—modules which have a filtration by standard modules,
and similarly define .% (V). For each A € A there is a unique indecomposable module in
F(A) N Z (V) with highest weight A, and we denote this module by 7 (1). We have short
exact sequences

0—-AN) ->TA) - XA =0 and 0->YAX) —=>TA) > VA) =0

where X (1) € % (A) has a standard filtration consisting only of quotients A(u) where
u < A, and similarly Y (1) € % (V) has a costandard filtration consisting only of quotients
V() where u < A.

Any direct sum of such indecomposable modules is called a tilting module. Let T be a
full tilting module, that is, each 7' (1) occurs as a summand. Then the endomorphism algebra
of T is again quasi-hereditary with respect to (A, <°P) [16]. This endomorphism algebra
is a Ringel dual S’ of S, and is unique up to Morita equivalence. Moreover, (S’)’ is Morita
equivalent to S.
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Torsion Pairs and Ringel Duality for Schur Algebras 415

3 Schur Algebras S(2,r) and S4(2,r)

In the remainder of this article, we consider classical Schur algebras S(2, r) and quantum
Schur algebras S, (2, r) for g a fixed primitive £-th root of unity with £ > 2, over K of
characteristic p > 0. Where arguments for the classical and quantum cases are very similar,
we will illustrate only one in detail and describe how to obtain the analogous argument for
the other. In general, the characteristic p and the parameter ¢ are unrelated, except that they
should be coprime in order for a primitive £-th root of unity ¢ to exist.

3.1 The Algebras

We refer the reader to [6, 8, 12] for further background on Schur algebras. One construction
of Schur algebras is as follows: consider the bialgebra A(2), resp. A, (2), with algebra gen-
erators ¢;j, 1 < i, j < 2. These are graded with |¢;;| = 1, and can be written as the direct
sum @, A2, r), resp. ,~ Aq(2, ), of subcoalgebras where A(2, r), resp. A4(2, 1),
is the cor?lponent of degree r.Then S(2,r) = A(2, r)* and S4(2,r) = A4(2,r)*, each an
algebra of dimension (3‘3‘”).

Let d; = cj1¢22 — c12¢21 be the g-determinant. Then the localization of A, (2) at dy is
a Hopf algebra, and G,(2) is the quantum group whose coordinate algebra is equal to this
Hopf algebra. This is an appropriate setting for homological techniques analogous to those
for group representations to be applied.

The set A := A1 (2, r) of partitions of  with at most two parts labels the simple modules
of both §(2,r) and S,(2,r). For each A € A, there is a costandard module V(1) with
simple socle L(A). As in the classical case, a costandard module is also isomorphic to a
g-symmetric power of the natural module, up to tensoring with the g-determinant (see [5,
2.1.8]). There is also a contravariant duality (—)° fixing each simple module (see [8, p. 83]).
The standard module A(A) is defined by A(A) := V(A)°, and we note that T (1)° = T (1)
and P(L)° = Q()).

These standard modules and costandard modules define a quasi-hereditary structure on
the algebras, and hence their blocks, in both the classical and quantum cases (see [7] and
[14]). The partial order is the dominance order of partitions.

3.2 Twisted Tensor Products and Short Exact Sequences

The notation for weights as used in [3] is as follows. Consider a restricted partition A =
(A1, Ap), i.e. a partition of the form

A=(G{+95,8), where § =Xy and i = A1 — A»

suchthat ) <i < £ —1and$ > 0. Let p := (1,0) and @w := (1, 1). We focus on such
weights where 0 <i < ¢ — 2. Definei byi +i = £ — 2, and let

N=ip+(—C+1+8w

When A is restricted, note that A(A) and A(’Xlare simple. In fact, we may parametrise
weights A by their difference i = A1 — A and A will correspond to i=40—2—i, aswe
now describe, showing why these are particularly useful partitions to consider.

We may relate the algebras S, (2, r) and S, (2, r — 2) for r > 2 as follows. Let ¢ = &)
(following the notation of [8, §4.2] ), a certain idempotent in S := S;(2, r). There is an
isomorphism of algebras

§/SeS = 8,2,r—-2) 3)

@ Springer



416 K. Erdmann, S. Law

(see [8, §4.2 (18)], and for the classical case [9, 1.2]).

The inflation functor identifies the simples, standard and costandard, and tilting modules
of § with highest weights A # (r) in A*(2, r) with those with highest weight A — = in
AT (2,7 — 2). Iterating this allows us to ignore factors of the g-determinant, and therefore
in explicit calculations we will identify a weight u© = (w1, u2) with w1 — up. Note that if
A and p are partitions of the same size, then A > p in the dominance order if and only if
Al — A2 = p1 — 2.

There is a Frobenius morphism F' : G4(2) — G(2) [3, §1.3]. We also denote the clas-
sical Frobenius map G(2) — G(2) by F, and G4(2) by G and G(2) = GL,(K) by G.
We recall from [4] short exact sequences and isomorphisms crucial for computing decom-
position numbers and filtration multiplicities (see also [11, §3]). We state these using our
convention on the labelling of weights, and write L,A,V, T for the simple, standard,
costandard and tilting modules for the classical Schur algebra when it is useful to distin-
guish them from modules for the quantum Schur algebra. The tensor products below are
over the field K, that is, ® = ®k throughout.

Note that we only interchange the order in tensor products between classical factors.
Within twisted tensor products where one factor is classical but the other is not, we always
have the twisted factor to the right, as in [3].

Proposition 3.1 [4,83] Letn e N. Let0 <i <[ -2 and i be such thati +i =1 —2. Then
we have non-split short exact sequences

00— AORAM - DI — AlUn+i) — AOQAMT — 0 4)
and
0— AlUn+i) — TU+D)®An— DI — At —1) +i) — 0. (5

Moreover, we also have isomorphisms

AUn—1DZ=ACL-1)® AR - DF, (6)
Tn—D=TU-1DRTwH - DF, €
TUn+i)=TE+i)®TH—DF. ®)

We also have the analogous short exact sequences and isomorphisms for the corresponding
classical modules and 0 < i < p — 2, replacing each occurrence of £ by p (see [10]).

Remark 3.2 Recall that the indecomposable tilting modules belong to .% (A); the above
can be used inductively to determine their A-quotients. In particular, the sequence Eq. 5
immediately gives the A-quotients of 7 (£ 4 i). Furthermore, by Eq. 5 and Eq. 7, the total
number A-quotients of an indecomposable tilting module is a power of 2, and hence so is
each diagonal Cartan number for the Ringel dual of a block of a Schur algebra.

It is also known precisely which standard modules are irreducible; the classical analogue
also holds, replacing £ by p (see [10]).

Theorem 3.3 [3, Corollary 2.1.2] Let n € Ng. Then A(n) is irreducible if and only if
ne{0,1,....l—1YU{ap* —1:a€{2,3,..., p}, k e NgL.

There is also a g-analogue of Steinberg’s tensor product theorem [8, §3.2 (5)].
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Torsion Pairs and Ringel Duality for Schur Algebras 417

The indecomposable tilting modules, as well as other twisted tensor products that we
will consider, have simple tops, by [10, Lemma 11] in the classical case and its g-analogue
which we state below. This may be proved using Frobenius kernels as in the classical case.

Lemma 3.4 Let V be a module for G, and ). = €m + i where 0 < i < £ — 2. Then

Homg (V, L(m)) ifi+j=10-2,

0 otherwise.

12

Homg(T (¢ + j) ® VE, L(0))

3.3 Blocks

From now on, a block will always refer to a block of a Schur algebra, either classical or
quantum. A block will be viewed either as an algebra, or as the set of weights for its simple
modules; it will be clear from the context what is meant. For the rest of the article, unless
otherwise stated, we fix an integer a such that 2 < a < p. Let B, denote a block with w
weights. (In other words, B is a block of size | B| = w, meaning that B contains exactly w
simple modules.) Our focus will be on blocks with ap* weights where k € N, as later we
will show in Lemma 4.7 that blocks B,, with w not of form ap* cannot be Ringel self-dual.

From [3, §4.2], a quantum block is primitive if no weight in it is congruent to —1 (mod
£). Thus, by Eq. 4, primitive blocks of S, (2, r) are of the form

{s<r|s=2kf+iors=Qk+1l+1i, keNpy

where 0 <i < ¢ —2andi+i = £ — 2. The same holds for primitive classical blocks,
replacing £ by p.

Moreover, any two classical blocks with the same number of simple modules are Morita
equivalent as quasi-hereditary algebras [10, Theorem 13], and using this combined with
[3, Proposition 4.2.4], so too are any classical block and imprimitive quantum block with the
same number of simple modules. By an analogous argument, two primitive quantum blocks
with the same number of simple modules are also Morita equivalent as quasi-hereditary
algebras, and so it will suffice for our main results to consider blocks B as only dependent
on their size, as well as to assume that B is primitive.

In order to prove results for B = B, ,«, many of our arguments will involve induction
on k, and so it will be necessary to describe the above Morita equivalences explicitly as
the smaller blocks involved in the induction may themselves be imprimitive. Also intrinsic
to the combinatorial patterns found in decomposition numbers and tilting multiplicities is a
partitioning of B« into intervals of p* weights each. We describe these general features in
the following section.

3.4 Intervals

Consider the (quantum) primitive block B with lowest weight i where 0 < i < £ — 2. (The
classical case is entirely analogous.) Write i = £ — 2 — i. Each weight of B is of the form
A = m + i* for some m € Ng and i* € {i, i} depending on the parity of m. (Note that we
allow the possibility that p = 2 or £ = 2, but of course these cannot occur at the same time
since ¢ is a primitive £-th root of unity in K.)

Definition 3.5 Forc € {0, 1, ..., p — 1} and k € Ny, define the pk-interval

10 = =tm+i*eB|cp* <m < (c+1)ph).
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418 K. Erdmann, S. Law

We remark that the above intervals should include an extra subscript i depending on the
lowest weight in the block, but we omit this to lighten the notation and interpret Iék) to
depend on B itself. Letting B be a block such that | B| = ap¥, we observe that

_ 0 ® ®)
B=1urPu. .o,

We now describe the different cases of blocks B that will appear in our inductive
arguments.

(i) If B is primitive, then its weights and intervals are as described above. We will with-
out loss of generality always assume that its lowest weight is i, forsome 0 <i < £—2
(or 0 <i < p — 2 in the classical case).

(ii)) In the inductive steps of our proofs, arbitrary classical blocks will occur, namely
when we apply inductive hypotheses on blocks or intervals of smaller size. For a
weight L = €m +i* € Ic(k), we have that m = cpk +mg with 0 < mg < pk — 1.

(@ Ifmg # —1 (mod p), then m lies in a primitive classical block B, 1.
Namely, we can write m = p(cp*1 + mg) + j forsome 0 < j < p —2,
and m belongs to the interval I§k71).

(b) Ifmg= —1 (mod p), then m lies in an imprimitive classical block. Suppose
that m = —1 (mod p?) but m # —1 (mod p'*!) for some 1 < r < k.
(Note that (a) corresponds to t = 0, while # = k would hold if and only if
m=(c+ l)p — 1, in which case A(m) is simple.)

Then we can write m = (p' — 1) + p (cpk "'+ my) where m; #% —1
(mod p). Thus, m belongs to a block APt =1 ® BF" which is Morita
equivalent to B as quasi-hereditary algebras (see [10]), and B is a primitive
block of size ap*~1~".

Moreover, m maps to Pt 4 my e I} jk=1=0 C B. (Note the lowest
weight of B is not necessarily equal to i nor i.)

(iii)  Take two (quantum) blocks B’ and B” which both have 0 < i < £ — 2 as lowest
weight, and write 'y, T, for the weights of B’, B” respectively. If |I'y| < |T3|,
then I'; € T, and every B’—module can be viewed as a B”-module. Namely, B’
is isomorphic to B”/B”eB” as quasi-hereditary algebras, for some idempotent e,
which follows from iterating the isomorphism (3) and projecting onto blocks.

3.5 The Socle of A())

In this section, let ¢ € {1,2,..., p — 1} and k € Ny. Let B = B, be a (primitive) block
of a Schur algebra. For 0 < i* < £ —2, leti* = £ — 2 — i*, replacing £ by p in the classical
case.

The socles of standard modules are simple: as remarked in Section 3.2, the top of T'(X) is
simple, so by the contravariant duality 7(1) = T (1)° we have that top T (1) = soc T (1) =
soc A(A). The following gives an explicit description, and this will be an important input
when describing the symmetry of decomposition numbers later.

Definition 3.6 (a) [Classical weights] Suppose n = cpk +npand —1 < ng < pk —2.
Define

o(n):= cpk — 2 —np.
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Torsion Pairs and Ringel Duality for Schur Algebras 419

Note that if A = pm +i* with0 < i* < p —2and m = ¢p* + mg with 0 < mg <
pk—l,then

G(h) = plept —mo — 1) +i* = p&(m — 1) + i*.

(b)  [Quantum weights] Suppose A = €m +i* where 0 <i* < ¢ —2andm = cp* +myo
with 0 < mg < p¥ — 1. Define

o(h) = LcpF —mo— 1) +i* =5(m — 1) +i*.
The following is clear by Definition 3.6; we remark that the classical analogue also holds.

Lemma 3.7 The map o gives an order-reversing bijection IL(.k) — Ic(i)l foralll < c <
p — 1. In particular, every weight ju € Iék) for0 <d < p —2is of the form u = o (L) for

a unique A € I[yf:l.

Lemma 3.8 [10, Lemma 3] Suppose n = cpk—{-no and —1 <ng < pk—2. Then soc A(n) =
L(& (n)).

Lemma 3.9 (a) Suppose . = pm + i* with0 < i* < p —2 and m = cp* + mg with
0 <mg < p* — 1. Then soc A(L) = L(GA).

(b)  Suppose h = m+i* where 0 < i* < {—2andm = cp* +mo with0 < mg+ p* — 1.
Then soc A(L) = L(o)).

Proof Part (a) f0110\ys from Lemma 3.8. For part (b), we have by Eq. 4 that the socle of
A(A) equals that of A(m — DF ® L(i*), which is L(£5 (m — 1) +i*). O

We make two more observations useful for our investigations into decomposition
numbers and tilting multiplicities later.

Lemma 3.10 Let p be the largest weight in I}k) where 1 < ¢ < a — 1. Then L(op) is the
unique composition factor of A(p) with highest weight in Ic(li)l.

Proof Wehave p = £s+i* withs = (c+ 1) p¥ — 1. From Eq. 4, we have the exact sequence

0> LG QA — DI = A(p) = LGH @ As)F — 0.
The last term of the sequence is the simple module L(p), by Steinberg’s tensor product
theore:m. Le_tting wr = (c+1)p' —2for0 <t < k, then the first term of the exact sequence
is L) @ A(uo’.
Moreover, for any ¢ > 1 the classical version of Eq. 4 gives the exact sequence
0= A" = Au) = L(p =) @ A + Hp'™ = DF -0

where the last term is isomorphic to l_,(_ut). Furthermore, we have A(Mo) = L(c — 1). This
shows that the composition factors of A(ug) have highest weights

ks PRk—1. P tk—2. ... P*po.
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Therefore the composition factors of LG ® A(s — )T have highest weights €p’ —; + i*
forO <r <k.

Now observe that p’ ui_, = (c + D)p* —2p' = cp* + (p*¥ —2p"), and p*¥ —2p' > 0
if and only if t < k — 1. Also, p*ug = p*(c — 1). Hence £p’ pux—; + i* belongs to Ic(k) if
t <k-—1,andto Ic(li)l if t = k. This shows that o (p) = Epk,uo + i* is the only highest

weight of a composition factor of A(p) which is in / c(]i)l. O

Lemma 3.11 Let A be in B, and assume L & I(gk). Then T ()) has precisely two A-

quotients if and only if ) is the smallest weight in Ic(k) for some ¢ > 1.

Proof Let A = €m + i*. By Eq. 8, we have that T(A) = T({ +i*) ® T(m — DF. By
Eq. 5, modules of the form T (£ +i*) ® A(n)¥ each have two A-quotients. Thus if 7 (1) has
precisely two A-quotients, then T (m — 1) has precisely one A-quotient and so is simple.
Therefore m — 1 = cpk — 1 forsome 1l <c¢ < p—1,and hence A = Zcpk + i* which is the
smallest weight in Ic(k). The converse is clear. O

4 The Decomposition Matrix and the Tilting Matrix of a Block

Throughout Section 4, fix B a primitive block of a Schur algebra of size ap*, where a €
{2,3,..., p} and k € Np. Let its lowest weight be i € {0,1,...,¢ — 2} and let i* =
¢ — 2 —i*, replacing £ by p in the classical case. Letc € {1,2,...,a — 1}.

The decomposition matrix of B is defined to be the ap* x ap* matrix indexed by weights
A, 4 € B whose (A, u)-entry is the decomposition number [A(X) : L(w)]. Here we order
the weights X, p by the natural order on integers. By the tilting matrix of B, we mean the
apk X apk matrix indexed in the same way whose (A, w)-entry is [T (1) : A(u)]. We refer
to these quantities as tilting multiplicities.

While the classical decomposition numbers [A(L) : L(w)] are known in terms of the
p-adic expansions of A and p (see [13, Theorem 2.1]), their values can be calculated by
straightforward induction on the short exact sequences and isomorphisms introduced in
Section 3.2. The same is true of the tilting multiplicities (see [10, Lemma 6] and [8, §3.4
(3)D), but we remark that in proving the following propositions we do not need to use the
explicit formulas: it will turn out to be natural to prove these combinatorial patterns by
induction using only Eqs. 4-8, which is the approach we take.

We illustrate these patterns for p = 5 in Figs. 1 and 2 below. In both figures, the part
of the matrix shown corresponds to those rows and columns indexed by 1, (2), and the five

subdivisions indicate the intervals Iél), . il). As evident in these figures, we remark that
[A) @ L(w)] and [T'(A) : A(w)] € {0, 1}.

We give an example of such inductive arguments using the short exact sequences in the
proof of the following result.

Lemmad4.1 Letp € Ic(k) andy € B. If[A(p) : L(y)] > 0O, then y € Ic(li)l u Ic(k).

Proof We proceed by induction on k. When k = 0, the claim follows immediately from
Eq. 4 and Theorem 3.3 since ¢ > 1. Now suppose k > 1. For the inductive step, suppose
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Fig. 1 Decomposition matrix for p = 5. The (m, n)-entry denotes [A(A) : L(u)] where A = €m + if,
u = €n + i} in the quantum case, or [A(A) : L(w)] where A = pm + if, 0 = pn + i} in the classical case
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Fig.2 Tilting matrix for p = 5. The (m, n)-entry denotes [T (1) : A(u)] where A = €m + i}, u = €n + i3
in the quantum case, or [T'(A) : A(u)] where A = pm + if, o = pn 4+ i} in the classical case
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p=4In+i*e Ic(k), S0 cpk <n < (c + l)pk._By Eq. 4, the composition factors of A(p)
are precisely those of A(n — DF @ L(i*) and A(n)F @ L(i*), namely

Llu+i*) st. [A(n—1): L@w)] > 0, and
L(lv+i*) st [A@m): L()] > 0.

First consider L(¢v + i*). If n # (¢ + 1)pk — 1, then as described in Section 3.4 (ii),
n=p'—14p'(ni+cp*~") for some 0 <t < k withnj+cp*~' € I where x = k—1—t.
By the inductive hypothesis, [A(n) : L(v)] > 0 implies that v = p’ — 1 + p’w for some
we I Ul Hence tv +i* € 1%, LU I® as (¢ — HpF < v < (¢ + 1p.

If n = (c + 1)p* — 1 then & (n) = n, so A(n) is simple by Lemma 3.9. Thus [A(n) :
L(v)] > 0 implies v = n, and s0 £v + i* = p € IV,

Now consider L(fu + i*). If n + cpk then £(n — 1) + i_’_k € Ic(k) is not the maximal
weight in this interval, so by a similar argument to the above, [A(n — 1) : L(«)] > 0 implies
Lu+i* € Ic(,]i)l I_IIC(k). Ifn = cpk, theng (n—1) = n—1,s0 A(n—1) is simple by Lemma 3.9.

Thus [A(n—1) : L(u)] > 0implies u = n—1,and so bu+i* = £(cpF—1)+i* € IV, O

We now proceed with the main results of this section, which relate the decomposition
numbers of B to the tilting multiplicities of B.

Proposition 4.2 Assume X\ € Ic(k). Let p be a weight in B. Then
[T() : A(p)] =T[A(p) : L(oM)].

The proof of the proposition is postponed to Section 4.2. We first describe some
properties of decomposition numbers and tilting multiplicities that we can deduce from this.

Remark 4.3 (a) If this multiplicity is positive, then oA < p < A.

(b) Moreover, Proposition 4.2 shows that the column of the decomposition matrix corre-
sponding to L(o X) is the same as the row in the tilting matrix corresponding to 7°(}).
In particular, the number of non-zero entries in the column for L(c 1) is a power of 2,
since it is the total number of A-quotients of 7 ().

Corollary 44 If A € Ic(k) , then T (L) = P (o)), the indecomposable projective B—module
with simple top L(o )A).

Proof Note top T (1) = soc A(L) = L(oA), so there exists a surjective map & : P(oA) —
T()).But [A(p) : L(cA)] = [P(cgA) : A(p)] by reciprocity, so P(oA) and T (1) have the
same A-quotients by Proposition 4.2. Hence 7 is an isomorphism. O

This corollary shows that P () has simple socle L() whenever u € B\ 1,_1. Namely,
if uelywithO <d <a-—1,then u = o for Ain I;41, and notice T (1) has simple socle
and top isomorphic to that of A(X), which is L(o'X) by Lemma 3.9.

e (k) (k)
Proposition 4.5 Let € 1.~ andlet ), p € I.". Then

(@) [A(p): L(w)] =[A(op) : L(w)], and
(b) [T(o):Alop)] =[A(p) : L]
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Remark 4.6 Proposition 4.5(a) shows that the entries in the column corresponding to L ()
in the decomposition matrix are symmetric about the horizontal line between Ic(li)l and Iﬁk)
(see Fig. 1, for example). Proposition 4.5(b) shows that o is a bijection from the part of the
decomposition matrix indexed by weights in Iﬁk) to the part of the tilting matrix indexed by
weights in 511)1 (see Figs. 1 and 2).

The proof of Proposition 4.5 is postponed to Section 4.3. We first use the results intro-
duced thus far to show that blocks B with | B| not of the form ap* always have at least one
diagonal Cartan number which is not a power of 2. By Remark 3.2, such a block therefore
cannot be Ringel self-dual, as each diagonal Cartan number for the Ringel dual of a block
is a power of 2.

Lemma 4.7 Assume B is a block kvith |l§| = apk + s wherek > 0and 1 < s < p*. Then
some diagonal Cartan number of B is not a power of 2.

Proof Observe that B« C B C B where B = Biype if a < p, and B = By e+
otherwise.

Let A € B be the smallest weight which is not in B. Note that A € Iék) (respectively
A€ 11(k+1)). Then u:=oX € Ia(k_)1 (respectively € IékH)) and hence u € B. We claim that
the diagonal Cartan number ¢, , = [P(u) : L(n)] corresponding to the weight u € Bis
not a power of 2. -

By Remark 4.3, in the decomposition matrix of B in the column corresponding to L (i),
all entries equal to 1 lie between the rows indexed by p and A, and the total number of 1s is a
power of 2, say 2. It follows that in the decomposition matrix of B, the number of 1s in the
column corresponding to L () it 2/ —1, since soc A(A) = L(oA) andso [A(X) : L(w)] = 1.

Assume that all diagonal Cartan numbers of B are powers of 2, and so that 2" — 1 is
a power of 2. Thus r = 1. From Proposition 4.2, [A(p) : L(ocA)] = [T(A) : A(p)]
for all p € B, hence T(A) has precisely two A-quotients. By Lemma 3.11, A must
be the smallest weight in 1,5’” (respectively Il(k+])). But this implies that B = By, a
contradiction. O

For the proofs of Propositions 4.2 and 4.5, we present the arguments for a quantum block;
for classical blocks it is the same, replacing £ by p. We proceed by induction on k, starting
with k = 0.

4.1 TheBlock B of Sizea < p

We consider the case k = 0 of Propositions 4.2 and 4.5.

The weights in B are {i, £ + i2041i,..., (a — 1) + i*}, where i* =i or i depending
on the parity of a. The decomposition matrix of B is the top left a x a submatrix of the
following p x p matrix

100...0
11 .0
011...0
0...0 11

@ Springer



424 K. Erdmann, S. Law

and the tilting matrix has the same form. We observe that Propositions 4.2 and 4.5 clearly
hold when k& = 0, since:

] IC(O) = {€c +i*}, where i* depends on the parity of c; and
e forc > 1, wehave that o (bc +i*) = €(c — 1) + i*.

4.2 Proof of Proposition 4.2

We now present the inductive step of the proof of Proposition 4.2: let k > 1 and assume that
Proposition 4.2 is true for all x such that 0 < x < k. (In fact, we only need the inductive
hypothesis for classical blocks.) We want to prove

[A(p) : LeM] =[TR) : A(p)]

forall A = ¢m +i* € I with epF < m < (c + 1)p¥, and all p € B.
Proof Suppose A = ¢m + i* with m = cp* +mg and 0 < mg < p* — 1. By Definition 3.6,
we have that _ B

orh=L(cp" —mog— 1) +i*=ta(m—1)+i*
ByEq. 8, T(W) =T+ *Z ® T(m — 1), which has a filtration with quotients given by
T+ AwF ~where A(u) runs over the quotients of a A-filtration ot: T(m —1). By
Eq.5, T(¢ +i*) ® A(w)" has A-quotients A(£(u + 1) + i*) and A(fu + i*).

Write p € Bas p € {£(v+ 1)+ i*, v + i*} for some v. Then
[T : A(p)] = [T(m —1) : Aw)]

A() : L(6(m — 1)]
AF @ LG : L(Gm - 1) ® L)
A(p) : L(eM)],
where the second equality follows from the inductive hypothesis, and the final equality
follows from Eq. 4 and observing that L(ocA) = I:(& (m — 1))F Q L(™). O

[
[
[
[

4.3 Proof of Proposition 4.5

We now present the inductive step of the proof of Proposition 4.5: let k > 1 and assume that
Proposition 4.5 is true for x such that 0 <x < k. Letu € 1 c(]i)l.
(a) We want to prove
[A(p) : L(cM)] = [A(op) : L(oA)]

forall p € Ifk) and 4 € Itff)l.

Proof We may assume without loss of generality that u = ¢m+i where m = (c—1) p¥4+myg
and 0 < mo < p* — 1 (the argument is identical if u = €m +i). Let p = £s + i* where
i*e{i,i}and s :cpk + 50 for some 0 < 59 < pk — 1.

First suppose that p is the largest weight in Ic(k), that is, s) = p* — 1. Then op is the

smallest weight in Ic(li)l. Hence

1 ifop=u, 1
0 otherwise.

[A(op) : L(W)] = {

By Lemma 3.10, this is equal to [A(p) : L(n)].
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From now on, we may assume sg < pk — 1. We have L(n) = L(m)* ® L) by
Steinberg’s tensor product theorem. By Eq. 4, A(p) has a filtration with quotients A ®
L(i*) and A(s — ¥ ® L(i*). Hence

) cex
[AG) 1 L] = {[é“) Pl =1
[A(s —1): L(m)] ifi*=i.

When i # i (mod ¢), this follows from Steinberg and considering the residues modulo ¢
of the highest weights involved. If i = i (mod ¢), then we take [A(s) : L(m)] if m and s
have the same parity, and [A(s — 1) : L(m)] otherwise, since weights in the same block
must have the same parity. A similar remark applies in all cases below where cases arise
depending on i or 7, and henceforth we will not distinguish whether i = i or i # i (mod £).
On the other hand, we have op = K(cpk —so— D +i* Observing that cpk —so— 1=

o (s — 1) and that cpk —s0—2=o0(s)as sy < pk — 1, we similarly have that

[A(G(s—D): Lm)] ifi*=i,

[Alop): LGT = {[A(és) - L(m)] Wi =1

The inductive hypothesis now directly implies our claim. O

(b) We want to prove
[T(oh): Alop)] =[A(p) : L(A)]

forall 1, p € Iék). We may without loss of generality assume that A = ¢m +i; the argument
for . = ¢m + i is identical.

Proof First assume that A is the largest weight in Ic(k). That is, A = €m + i where m =
cpk + pk — 1. Since p < A, we have that

(AG): Loy = | TP=2
P " ]0 otherwise.

1Y

c—

By Lemma 3.7, o A is the smallest weight in yand oA < op. Thus

1 ifp=A,
[T} : Aop)] = p=
0 otherwise.

The claim follows.

From now on, we may assume that A is not the largest weight in Ifk). Thatis, A = m +i
where m = cpk + mgo with 0 < mg < pk — 2. Let p = £s + i* where i* € {i,i} and
K :cpk—l—soforsomeOSSO < pk — 1.

We have that L(A) = L(m)¥ ® L(i), and by a similar argument to part (a) using Eq. 4,

[A(s) : L(m)] if i*

[Alp) : L(A)] = {[A(s —1D:Lm)] ifi*

=0 ©)
=1.

On the other hand, oA = o (m — 1) + i, and since —1 < mo—1< pk — 2 we have that
5(m—1) =cp* —mog—1.Asc > 1 and mg < p* — 2, we have 5(m — 1) > 1 and so
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T(or) = T(Z +i)® T(cpk —mg —2)F by Eq. 8. Furthermore, my < p — 2 implies
o(m) = cp —mo—2,andhence T(oA) E T +1)QT(Em)F. By Eq. 5, the A-quotients
of T (o A) are precisely A(Z(u +1)+ z) and A(fu + i) as A(u) varies over the A-quotients
of T(5m). Hence

[T(em): A(G(s — 1) —1)] ifi* =1,
o v - (10)
[T(em): A(G(s —1))] ifi* =1i.

[T(oAr): A(op)] =
If either i* = i but p is not maximal (i.e. sg < pk — 1)sothat a(s) = cpk —s50—2 =
o(s—1)—1,ori* = i, then the claim follows from the inductive hypothesis combined
with Egs. 9 and 10.

Finally, suppose i* = i and p is maximal (i.e. so = p¥ — 1). In particular, 5 (s) = s so
A(s) is simple by Lemma 3.8. Since p # A, we have m # s and so [A(s) : Lm)] = 0.
By Eq. 9, this implies [A(,o) : L(A)] = 0. On the other hand, Eq. 10 gives [T (cA) :
A(op)] = [T(om) A(n)] wheren :=&6(s — 1) — 1 = (¢ — 1)pk — 1. Observe that
&(n) = n, so A(n) is simple. However, 5 (m) # n, so [T(6m) : A(n)] = 0. Therefore
[A(p) : L(A)] = [T (o)) : A(op)] = 0 as desired. O

4.4 Relating Projectives and Tilting Modules

Recall for 1 € I3 with 0 < d < a — 1 that we have P (1) = T'(1) by Corollary 4.4, where
u=ocl)and A =1 ; +)1 In particular, such an indecomposable projective B—module P (1)
has a twisted tensor product factorisation by Eq. 8, since T(W\) =T +i) ® T(m — DF if
A =4{€m +i. We now consider P(u) where u € Ia(li)l

As usual, we proceed by induction on k. We will need to keep track of which block our
projective modules come from, since the projective cover of a fixed simple module L (u)
may change when L () is viewed as a By,—module for different values of w. Thus we will
write Py, (u) for the projective cover of L () in the block B,,. (Indeed, we may also observe
from reciprocity [P () : A(A)] = [A(X) : L(w)] that the number of A-quotients of P,y (i)
may be larger than that of Py, (u) if w’ > w.)

Definition 4.8 Suppose A € Ifk) and X is not the largest weight in this interval. Then
A =Ltm+i* for some cp¥ <m < (¢ + 1)p*¥ — 1. Since m # (¢ + 1) p*¥ — 1, there exists
tef{0,1, — 1} such that m = —1 (mod p') but m # —1 (mod p”‘l) As described in
Section 3. 4 (11) we may writem = (p' — 1) + p (cpk "+ m) e A(p -H® BF" where

B is a primitive block of size ap*~1~!, and m corresponds to cpk~" 4+ m; € Ic(k 0 Let
x =k —1—rtandnote that x € {0, 1, ...,k — 1}. We write
me ™

to denote that A and m have the above form.

Lemma 4.9 Suppose A € Ic(k) and ) is not the largest weight in this interval. Let A =
Im +i* withm € I_fx). Ifp e Ic(.k) is such that [A(p) : L(A)] # 0, then A(p) occurs as a
quotient in a A-filtration of

T+ i*) ® Pietypr(m)F.
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Iiroof We remark that T(¢ + i*) ® f_’(c+1)px (m)F indeed belongs to .#(A), since
P(c+1)pr (m) € F(A) and then we may identify the A-quotients using Eq. 5.

Write p = €5 + j with j € {i,i} = {i*,i*}. Since A = &m + i* € I with ¢ > 1,
then m > 1. Moreover, [A(p) : L(A)] # 0 implies p > X, so s > m > 1. Then by Eq. 4,
A(p) = A(¢s + j) has a filtration with quotients A(s — 1)F ® L(j) and A(s)F ® L(j).
Since L(A) = L(m)¥ ® L(*), we have that

[A(s) : L(m)] if j =i*,

[Ap) : LW] = {[A(s —1):Lm)] ifj=i*

By reciprocity, this implies

[Pesnpr(m): AT i j =i%,
[Petnypr(m) : A(s — D] if j =i*.

We abbreviate P(CJr 1)p*(m) to P(m). If j=i*then T (£ + i*)® P(m)¥ has a filtration with
one of the quotients isomorphic to T(£ + i*) @ A(s)¥, since T(£ + i*) ® (—) is an exact
functor. Since s > 1, T(£ 4+ i*) ® A(s)F has A(¢s +i*) = A(p) as a A-quotient by Eq. 5.

If j = i* then [A(p) : L(})] # 0 implies that T(£ 4 i*) ® P(m) has a filtration with
one of the quotients isomorphic to 7 (£ + )@ A(s—1F. Also by Eq.5, T (£+ M) QA(s)F
has A(¢s +i*) = A(p) as a A-quotient, which concludes the proof. O

[A(p) : L(WV] = {

Definition 4.10 For y € I}k), the indecomposable projective module in the block B, )
with highest weight y is denoted by P )« (¥).

Proposition 4.11 Suppose A € Ic(k)

A=4Lm+i* withm € [L@ . Then P, +1)p (X) has a twisted tensor product factorisation

and A is not the largest weight in this interval. Let
Pk ) =T+ %) ® Pleyrypr (m)F.

Proof Note when k = 0, the interval IC(O) consists of only one weight, so we may assume
k> 1.

Step 1. Suppose k = 1. Then . = €m + i* where m = cp +mpand 0 <mg < p — 2 as
A is not maximal in I°. Also m € I'?, so we wish to show that T(€ + i*) ® Peyy(m)F =
Pier1yp(A). _ _ _ _

Observe that T(£ + i*) ® P.y1(m)¥ = T(€ +i*) @ A(m)F has simple top L(X1) by
Lemma 3.4 (or by Eq. 5, since it has A-quotients A (€(m+1)+i*) and A(€m+i*) = A(L)).
Hence there exists a surjective homomorphism 7 : Pc41)p,(A) — T (£ + i) ® A(m)F.

If p is a weight such that [P11),(2) : A(p)] > 0, then p > A. Moreover, A € Ic(l) and
0 € Begyp = I(gl) U---u IC(I), thus p € Ic(l) also. By reciprocity, [A(p) : L(A)] > 0, so
then by Lemma 4.9 we find that A(p) is also a A-quotient of T (¢ + ") ® A(m)¥ . Thus 7
is an isomorphism, and T'(€ + i*) ® Pey1(m)F = Piey1yp(R).

Step 2. We now describe the inductive step. Assume k > 2, and since A € Ic(k)

is not
maximal, A = €m + i* where m = cpk +mpand 0 < mg < pk — 1. Moreover, m € I_C(X)
as in Definition 4.8. We split into two cases depending on whether m is maximal.

Step 2a. Suppose m is not maximal. (Specifically, m corresponds to cp*~* + m; €
I_C(kflft) = I_C(x) and cp*~" + m is not the maximal weight of this interval.) Then we may
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apply the inductive hypothesis. By a similar argument to that in Step 1, we deduce from
Lemma 4.9 that

T(C+i%) ® Pieitypr (m)" = Piyy) k().

In particular, the A-quotients of T+ " ® f_’(c+ 1p* (m)¥ are those of T(g—H_*) ®Aw)F as
A(u) runs over the A-quotients of P(t1)p+(m), which are A(€(u+1)+i*) and A(€u +i*)
by Eq. 5. B _

Step 2b. Finally, suppose that m is maximal. Then Pc1)p+(m) = A(m). Observe that
T(£+i*)® Pcy1)pr (m)F has A-quotients A(€(m +1)+i*) and A(1), and in particular has
simple top L(2). Then P, )« (1) surjects onto T (€ + i*) ® P(e+1)pr (m)F . By Lemma 4.9
(since X is not maximal, and there is no restriction on whetber m i_tself is maximal), every
A-quotient of P(C+1)pk (A) is also a A-quotient of T(£ + i*) ® Pcy1)pr (m)F, so in fact
Piepnypt @) ZT U +i%) ® Pesnypr (m)' =T+ @ Am)". O

5 A Torsion Pair for B-mod

Fix B a primitive block of size |B| = apk where a € {2,3, ..., p} and k € Ny. As before,
the following will be stated for the quantum block; the classical case is similar. In this
section, we abbreviate P(u) := P, ok (w)and I, := Iék) when clear from context.

We fix the multiplicity-free projective B—module

G:= @ P(p)

MEB:
P () is tilting
Since P(u) is a tilting module if and only if it is projective and injective, G is the basic
direct sum of all indecomposable projective-injective modules. We define G, F, e and ¢ as
in Sections 2.1 and 2.2, setting A = B. First, we investigate (P ) for u € B.

Lemma 5.1 (a) G=,cp\, , P(W). Inparticular, top G = D\, , L)

(b) Ifuelgwith) <d <a-—2 thent(Ppn) = P(u) = T(A) where . € 1341 and
w=o(r).

(c) Let )\, be the largest weight in B. Then t (P)y) = L(o,y). This is a tilting module
ifand only if a = 2.

Proof (a) From Corollary 4.4, if u € B \ I,—1 then P(u) = T (A) where © = o A. Thus
if w € I,—1 and P(u) is a tilting module, then P(u) = T (v) for some v € Iy, but this
is impossible given the ordering on the weights. Therefore P () is tilting if and only
ifueB\I—.

(b)  This follows immediately from (a) and the definition of ¢.

(c) That t(PAy) = L(oAy) follows from Lemmas 3.10 and 4.1. The simple module
L(oAp) is a tilting module precisely when oA, is the smallest weight in the block
(or equivalently, when A(oA,,) = L(oXy), which follows from Theorem 3.3). This

(k)

is equivalent to o A,,, =i € I, ", in other words @ = 2, since A, € I,_; and oA, €

1.
O
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Proposition 5.2 Let A € I](k) and suppose ) is not the largest weight in this interval. Let
P(A) = Py (M). Then

(a) there exists an injective homomorphism T (o 1) — P (L), and
(b) T(o)X) =t(P)).

Proof Let & = &m + i* where m = p* + mg and 0 < mg < p* — 1. By Proposition 4.11
we have the factorisation

PO ZTE+i*) @ Pope(m)F an

where m € I_C(x) as in Definition 4.8. Since 0 < mg < pk — 2, we have thata(m) + 1 =
o (m — 1) (see Definition 3.6 (a)).

(a) We use induction on k, starting with k = 1 since 2 is not the largest weight in its
ipterval. Thenm = p +mgwhere 0 <mog < p—2,x =k—1=0,and Py(m) =
A(m). By Lemma 5.1 (c), we have an exact sequence

0— L(om) = T(6m) — Py(m).
Applying the (exact) functor 7' (£ + ) ® (=), we obtain
0— TU+i*)@T(Em" — Pyp().
Now T(L+i*)®T (6m)* = T(£(Gm+1)+i*) by Eq.8,but ok = €5 (m—1)+i* =
L(om + 1) 4 i*, so the proof for k = 1 is concluded.

For the inductive step, with notation as in Eq. 11, if m is maximal in I_C(X) then we
proceed exactly as in the case k = 1. If m is not maximal, then the inductive hypoth-
esis gives an injective homom_orphism T(&;_n) — Pypr (m). As above, we obtain an
inclusion of T(€(Gm + 1) +i*) X T(¢ +i*) @ T(Gm)F into P,k (1), so the proof
of part (a) is concluded since oA = £(6 (m — 1)) + i*.

(b) By part (a) and since T (o A) has only composition factors with highest weights in
I(gk), we may identify 7 (o A) with a submodule of #(P1), since G = @uelo P(w) by
Lemma 5.1. Let u € Ip. We will show that

[T(or): L] =T[PR) : L(pw)]. (12)

Assuming Eq. 12, it follows that the factor module P (})/ T (o A) has only composition

factors with highest weight in I*). Therefore Be(P(%)/T (o'4)) = 0, that is, 1 (P1) =
BeP()) is contained in BeT (oA) C T (o)), and so T (oA) = t(PX) as claimed.
To show that Eq. 12 holds, we note that o : I,"" — 15" is a bijection, and so

[T(ox) : L(w)] = Z[T(ff?») tA(op)] - [Alop) : L(w)]

pel

= Y [A(p) : L] [A(p) : L()]
pel;

= D PO : A -[AG) : LG)] = [PO) : LW,
pel

where the second equality follows from Proposition 4.5 and the third by reciprocity.

O
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5.1 Ringel Self-Duality

From now on, we focus on blocks B of Schur algebras containing 2p* simple modules.
We choose an orthogonal primitive idempotent decomposition of the identity in B, and for
each A € B, we take from this a primitive idempotent e, such that P(L) = Be,. Then let
G = Be wheree = ) uely € In preparation for applying Theorem 2.4 with our choice of
e and ¢, we have the following result.

Lemma 5.3 Leta =2 and A € B. Then Be soc P()) = soc P(}).

Proof If & € Iy then P(A) is a tilting module by Corollary 4.4. Hence P(}) is a self-
dual module with socle L(A). The claim follows since BeL(A) = L(X). Now suppose
A € I1 and A is not maximal in /. By Lemma 3.4 and the factorisation in Proposition 4.11,
soc P (1) is simple, and so soc P(A) = soc T (o 1) by Proposition 5.2 (a). But all composi-
tion factors of T (o 1) have highest weight in Iy, so Be soc P(A) = soc P(}). Finally if A
is the largest weight in 7, then soc P(A) = soc A(A) = L(oA). The claim follows since
oA € . (I

Lemma 5.3 shows that blocks B with |B| = 2p* satisfy the conditions of Theorem 2.4,
and so we have an injective algebra homomorphism

¢ : Endg(P) —> End(t(P)) (13)

where P = €D, p P(A). Observe that Endg(P) is the basic algebra of B, which in
particular is Morita equivalent to B, and moreover as quasi-hereditary algebras by [2].

Theorem 5.4 If a = 2, then t(P) = @, T(}). Moreover, the map t in Eq. 13 is an
isomorphism, and B is Ringel self-dual.

Proof Let A, denote the largest weight in B. By Lemma 5.1 (c), we have that t (P (A,,)) =
T (i) where i is the smallest weight in B. For A € I} and A # X,, we have that
t(P(L)) = T (o A), by Proposition 5.2. These give all of the indecomposable tilting modules
with highest weights in Iy, and Corollary 4.4 shows that ¢ (PA) for A € Iy give the remain-
ing indecomposable tilting B—modules, namely those with highest weights in /;. Hence
t(P) =D, TR).

A Ringel dual of B is thus given by Endp(¢#(P)), so to complete the proof it suf-
fices by Eq. 13 to show for all A,u € B that we have dimHompg(PXA, Pu) =
dim Homp (¢ (P1), t(Pu)), since each component #;, is injective (see Eq. 2).

This is clear if A, u € Iék) since then PA = ¢t(PX) and Pu = t(Pu), as G =
EByeIO P(y). If » € Iy and u € Iy, then P(A) = t(PA) and t(Pu) = T(on) (by
Proposition 5.2 if p is not maximal in /;, or by Lemma 5.1 if u is maximal). Since
op € Iy, T (o) has only composition factors with highest weight in /. Using that P())
is projective with top L(A), we see that dim Hompg (PA, T (o)) = [T(op) : L(A)], and
dimHomp(PXA, Pu) = [P(w) : L(M)]. By Eq. 12 (with A and p interchanged), these two
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multiplicities are equal. Using duality we get for free the case when A € I and u € I.
Finally, suppose A, i € I1. Recalling that o : I} — I is a bijection, we have

dimHompg (T (014), T (o)) = Z[T(G)») tA(op)] - [T(ow) : Alop)]

pel;

= Z[Ap:LA]-[Ap:Lu]
pel;

= Z[Pk cAp]l-[Ap: Lul
pel

= [PX: Lu) =dimHompg(PA, Pu)
by Proposition 4.5 and reciprocity. O
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