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𝑛 𝑚 𝑓 : 𝑋 → 𝑍
𝑋 ⊆ R𝑛 𝑍 ⊆ R𝑚

𝑥 ∈ 𝑋 𝑧 ∈ 𝑍
𝑧 = 𝑓 (𝑥) = (𝑓1 (𝑥), ..., 𝑓𝑚 (𝑥))

𝑧, 𝑧′ ∈ 𝑍 𝑧 𝑧′

𝑧 ≺ 𝑧′ 𝑖 ∈ {1, ...,𝑚} 𝑧𝑖 ≤ 𝑧′𝑖 𝑗 ∈ {1, ...,𝑚}

𝑧 𝑗 < 𝑧′𝑗 𝑥, 𝑥 ′ ∈ 𝑋 𝑥

𝑥 ′ 𝑓 (𝑥) 𝑓 (𝑥 ′) 𝑧
𝑧′ ∈ 𝑍

𝑧′ ≺ 𝑧 𝑥 ∈ 𝑋 𝑓 (𝑥)

𝑁 𝐾

𝑓𝑗 𝑥𝑖
𝑐𝑖 𝑗 (𝑥𝑖 , 𝑥𝑘𝑖 𝑗1 , . . . , 𝑥𝑘𝑖 𝑗𝐾 )

𝑘𝑖 𝑗1 𝑘𝑖 𝑗 𝑥𝑖 𝑗

max 𝑓𝑗 (𝑥) =
1
𝑁

𝑁∑

𝑖=1

𝑐𝑖 𝑗 (𝑥𝑖 , 𝑥𝑘𝑖 𝑗1 , 𝑥𝑘𝑖 𝑗2 , ..., 𝑥𝑘𝑖 𝑗𝐾 ), 𝑗 = 1, ...,𝑚
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𝑐𝑖 𝑗
[0, 1)

{0, 1}(𝐾+1) 𝑘𝑖 𝑗

𝐿 = (𝑉 ,𝐶)
𝑉 = {𝑣1, . . . , 𝑣𝑛} 𝑛 𝐶 = {𝐶 𝑗 : 𝑗 ∈

{1, . . . ,𝑚}} 𝑚 (𝐶 𝑗 : 𝑉 ×𝑉 )

𝑚
𝑚

[0, 1)

𝑥 𝑦

𝛿 (𝑥,𝑦) =

∑𝑛
𝑖=1 |𝑥𝑖 − 𝑦𝑖 |

𝑛

𝑛 𝑥𝑖 , 𝑦𝑖 ∈ {0, 1}

0 1

0.5

𝛿 (𝑥,𝑦) =
𝑛 − |𝐸𝑥

⋂
𝐸𝑦 |

𝑛

𝐸𝑥 𝐸𝑦 𝑥 𝑦
𝑛

0 0.4
1

𝑥 𝑦

𝛿 (𝑥,𝑦) =

∑𝑛
𝑖=1

|𝑥𝑖−𝑦𝑖 |
𝑈𝑖−𝐿𝑖

𝑛

𝑥𝑖 , 𝑦𝑖 ∈ [𝐿𝑖 ,𝑈𝑖 ] 𝐿𝑖 𝑈𝑖
𝑖 𝛿 (𝑥,𝑦) ∈

[0, 1] 𝛿 (𝑥,𝑦) = 0
𝛿 (𝑥,𝑦) = 1

0
1

𝑃 = {𝑝1, 𝑝2, ..., 𝑝𝑁𝑃 } 𝑄 =
{𝑞1, 𝑞2, ..., 𝑞𝑁𝑄 } 𝑁𝑃 𝑁𝑄

Δ(𝑃,𝑄) =

∑𝑁𝑃
𝑖=1 𝛿 (𝑝𝑖 , 𝑄) +

∑𝑁𝑄
𝑖=1 𝛿 (𝑞𝑖 , 𝑃)

𝑁𝑃 + 𝑁𝑄
,

𝑝𝑖 𝑄

𝛿 (𝑝𝑖 , 𝑄) = min
𝑞∈𝑄

𝛿 (𝑝𝑖 , 𝑞) .

𝑃 =
{0000} 𝑄 = {0011} Δ(𝑃,𝑄) = 1/2

0001 𝑃 𝑃 = {0000, 0001} 𝑄 = {0011}
1/3 Δ(𝑃,𝑄) = (1/2 +

1/4 + 1/4)/3 = 1/3
𝑃 𝑄

0000 𝑄 𝑃 = {0000, 0001}
𝑄 = {0000, 0011}

1/8 Δ(𝑃,𝑄) = (0 + 1/4 + 0 + 1/4)/4 = 1/8
0000

305



-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

d

c

b

Dimension 1

D
im

en
si

on
2

a

𝑎 0000 𝑏 0001 𝑐 0010 𝑑 1100
𝛿 (𝑎, 𝑏) = 𝛿 (𝑎, 𝑐) =

1/4 𝛿 (𝑎, 𝑑) = 𝛿 (𝑏, 𝑐) = 1/2 𝛿 (𝑏, 𝑑) = 𝛿 (𝑐, 𝑑) = 3/4

𝑎 0000 𝑏 0001 𝑐 0010 𝑑 1100
𝛿 (𝑎, 𝑏) =

𝛿 (𝑎, 𝑐) = 1/4 𝛿 (𝑎, 𝑑) = 𝛿 (𝑏, 𝑐) = 1/2 𝛿 (𝑏, 𝑑) = 𝛿 (𝑐, 𝑑) = 3/4

𝑎 𝑏
𝑎 𝑐 𝑑 𝑏

𝑑 𝑐 𝑎 𝑑
𝑏 𝑐

𝑐
𝑑 𝑐 𝑎

𝑎 𝑑 𝛿 (𝑐, 𝑑) = 3/4 𝛿 (𝑐, 𝑎) = 1/4
𝛿 (𝑎,𝑑) = 1/2 𝑐 𝑑

𝑐 𝑎
𝑎 𝑑

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

c2
c1

b1
b2

a1a2

D
im

en
si

on
2

Dimension 1
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

c2

b2

a2

c1

b1

a1

D
im

en
si

on
2

Dimension 1

𝐴 {𝑎1, 𝑎2}
𝐵 {𝑏1, 𝑏2} 𝐶 {𝑐1, 𝑐2} 𝑎1 00000000 𝑎2 10000000
𝑏1 01111000 𝑏2 01111100 𝑐1 00001111 𝑐2 00011111

𝐴 {𝑎1, 𝑎2} 𝐵 {𝑏1, 𝑏2} 𝐶 {𝑐1, 𝑐2}
𝑎1 00000000 𝑎2 11111111 𝑏1 10000000 𝑏2 01111111

𝑐1 01000000 𝑐2 11111111

𝑎2 𝑐2

𝑁
𝐾 𝑁

100

1/𝑛 𝑛

1/𝑛

1/𝑛
20

306



𝑁 = 50, 𝐾 = 10

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

𝑁 = 50, 𝐾 = 10

𝜖 𝜖 = 0.01

𝜖

𝜖

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

𝑁 = 50, 𝐾 = 10

(10
2
)
= 45

307



0
1

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

𝑁 = 100

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.1 0.2 0.3 0.4 0.5 0.6
Objective 1

0

0.1

0.2

0.3

0.4

0.5

0.6

O
bj

ec
tiv

e
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.1 0.2 0.3 0.4 0.5 0.6
Objective 1

0

0.1

0.2

0.3

0.4

0.5

0.6

O
bj

ec
tiv

e
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.1 0.2 0.3 0.4 0.5 0.6
Objective 1

0

0.1

0.2

0.3

0.4

0.5

0.6

O
bj

ec
tiv

e
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.5 1 1.5 2 2.5
Objective 1

0

1

2

3

4

O
bj

ec
tiv

e
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.5 1 1.5 2 2.5
Objective 1

0

1

2

3

4

O
bj

ec
tiv

e
 2

-0.5 0 0.5
Dimension 1

-0.5

0

0.5

D
im

en
si

on
 2

0 0.5 1 1.5 2 2.5
Objective 1

0

1

2

3

4

O
bj

ec
tiv

e
 2

0.7
70%

308



D
is

ta
nc

e

Problem size (N)
20 30 100 20050 15080

0

0.2

0.4

0.6

0.8

1

2 3 4 5

D
is

ta
nc

e

Objective number

0

0.2

0.4

0.6

0.8

1

8 10 12 15
Ruggedness level (K)

2 5
0

0.2

0.4

0.6

0.8

1

D
is

ta
nc

e

0.0025

𝑁
𝐾

∈ [0, 1]

𝐾
𝐾
𝐾 = 2, 5, 8, 10, 12, 15

𝐾 = 2

𝐾

𝐾 = 8

309



á
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