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Abstract

A procedure for model reduction of stochastic prdinary differential equations with additive
noise was recently introduced in [CDM22], based on ghe Invariant Manifold method and on
the Fluctuation-Dissipation relation. A g@eneral question thus arises as to whether one can
rigorously quantify the error entailed by the wse of the reduced dynamics in place of the
original one. In this work we provide explicit formulae and estimates of the error in terms
of the Wasserstein distance, both in the presence orrin the absence of a sharp time-scale
separation between the variables to béretained or eliminated from the description, as well as
in the long-time behaviour.

Keywords: Model reduction, Wasserstein distance, error estimates, coupled Brownian
oscillators, invariant manifold, Fluctuation-Dissipation relation.

1 Introduction

The notion of scale separation\l}largely invoked in multiscale modelling and homogeneization
methods (including modél redaction and operator splitting techniques) [GKS04, PS08], and has
also found far-reaching applications in different areas of science and engineering, e.g. in climate
dynamics [GL20], biochemicalisystems [SS17], chemical reaction networks [KK13], smoldering
combustion [[OMF14],"and so on. A neat illustration of this notion can be traced in the preface
of Haken’s seminal book on Synergetics [Hak04], where the author writes: “In large classes of
systems that are originally described by many variables, the behavior of a system is described and
determined by only few variables, the order parameters. They fix the behavior of the individual
parts via the slaving principle”. A physical rationale behind the slaving principle amounts to the
assumption of decomposition of motions: there exists a short time-scale during which the slow
variable doeesnot change significantly, while the fast variable rapidly settles on a value deter-
mined by the'slow one. The evolution of the latter, in turn, takes place on a much longer scale.
A specific form of such principle is realized through the method of adiabatic elimination of fast
variables, which underlies the derivation of the Smoluchowski equation from the underdamped
Langevin equation. A sharp distinction between slow and fast variables is also a prerequisite for
application of the Mori-Zwanzing method [Zwa01] in the derivation of reduced equations from

*eorresponding author: matteo.colangelil@Qunivaq.it
Th.duong@bham.ac.uk
fadrian. muntean@kau.se
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higher dimensional stochastic dynamics, where the Markovian structure of the original precess
is preserved in the reduced description by stipulating a perfect time-scale separation. Thesame
guiding principle underpins, in kinetic theory, the Grad moment method [Gra49, CKK07]jrand
has also been exploited in the derivation of linear hydrodynamics from the Boltzmann lequation
using the framework of the Invariant Manifold [GK05, CKOO09]. It is worth recalling that the
latter method paves the way to an exact summation of the Chapman-Enskog{expansion; which
makes it possible to circumvent the onset of short wavelength instabilities that are khown to hinder
the hydrodynamic description beyond the Navier-Stokes approximation, see e.g.” Ref." [EKKO7]
and references cited therein.! The same approach has also been exploited in{[€DM22] to char-
acterize the deterministic component of the contracted description in a system of'two coupled
(underdamped) Brownian harmonic oscillators. The structure of the noise ferm of the Markovian
reduced dynamics, in turn, was determined via the Fluctuation-Dissipation relation: A general
question, then, concerns the derivation of a quantitative estimate of thé error stemming from the
use of the reduced dynamics in place of the original one. A first attempt; i this direction, was
proposed in [CM22], and it was based on the study of the equilibrium correlation functions in the
reduced and in the original processes. A uniform-in-time type of convergenee of the correlations
evaluated in the two processes was proven to hold in the so-called overdamped limit, where the
friction parameter diverges.

In this work we take a step further, and compute expli¢itly the Wasserstein distance between
the laws of the original and reduced processes. This paves the way to explicitly quantify the error
inherent to the contracted description. We focus on two classical models thoroughly studied in sta-
tistical physics and molecular dynamics, namely theainderdamped Brownian harmonic oscillator
and a system of two coupled overdamped Brownian harmonic¢ieseillators. In the more traditional
approach based on the slow-fast decomposition of motions, a/reduced description can be achieved
by passing the parameter to a certain limit; thus establishing a perfect time-scale separation, see
e.g. [Zwa0l, GLCG21]. In the present work, instead, we derive the reduced dynamics in a regime
characterized by a finite time-scale separation, which is controlled, in the two considered models,
by either the friction parameter or thereoupling parameter. We show that the reduced and original
dynamics are exponentially close at any time, and they coincide if we pass the parameter to the
corresponding limit. We also prove that the two dynamics have the same equilibrium measure
and, furthermore, they exponéntially convergento the equilibrium measure with the same rate.
This notable property is a direct consequence of the proposed reduction scheme, in particular of
the selection of solutions to the invariance equation obtained from the Invariant Manifold method.
As a consequence of this, the spectrum ofithe reduced drift matrix is a subset of the spectrum
of the original drift matrix. Tb,gmodels and precise statements of the results are presented in
Section 3 and Section 4.

The work is structured as§ follows. In Sec. 2 we review the definition of the Wasserstein
distance between two/probability measures and introduce the basic notation used throughout the
manuscript. In Sect 3 we compute our error estimate based on the Wasserstein distance for a
Brownian harmoni@ oscillator, for which the laws of the original and the contracted descriptions are
analytically known. In See. 4 we apply our method to a slightly more involved model, constituted
by a pair of coupled overdamped Brownian harmonic oscillators. Conclusions and a final outlook
are finally drawn in Sec./5.

2 /(Preliminaries

In this Section we introduce the Wasserstein distance between two probability measures and also
fix the notation used throughout the manuscript.

IFurther details (regarding e.g. the stability and the saturation of dissipation for short waves) on the contracted
description resulting from the exact summation of the Chapman-Enskog expansion are discussed in [GK13].

Page 2 of 16
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2.1 Wasserstein distance

In this section we recall the definition of the Wasserstein distance between two probability mea=
sures and its explicit formula when the two probability measures are Gaussian distributions. The
Wasserstein metric plays an central role in many research fields such as optimal transport, partial
differential equations and data science. For a detailed account of the topics, we, refer the reader
to Villani’s monograph [Vil03].

Let P»(RY) be the space of probability measures p on R¢ with finite second moments; namely

/ |z|?1u(dx) < oo.
Rd

Let ;1 and v be two probability measures belonging to P»(R?). The L?-Wasserstein distance,

Wa(p, v), between p and v is defined via
~

W22(,u, v):= inf / |x — y|2 ~v(dzedy)s (1)
YEL(1,v) JRd xRE

where T'(u, ) denotes the set of all couplings between p and, v, i.e., theyset of all probability
measures on R? x R? having p and v as the first and the second,marginals respectively. More
precisely,

D(i,v) = {y € PR? x BY) : y(A x R?) = ) and y(B” x 4) = v(A)},

for all Borel measurable sets A C R<. .
In particular, the Wasserstein distance between two/Gaussian measures can be computed ex-
plicitly in terms of the means and covariange,matrices [[GS84], see also e.g., [Tak12]

Wa (N (u, U), N (0, V))? = |u =02 %t2U + trV — 2trVV2UV 2, (2)

where u, v are the means and U,V areéwhe covariance matrices. In a one dimensional space, the
above formula reduces to

W (N (ugy07), N (uz, 03)3= (u1 — u2)® + (01 — 02)°. (3)

2.2 Linear drift-diffusion equations

We recall here a well-known result.concerning the explicit solution of a general linear drift-diffusion
where the initial data is afGausstandigtribution. In the subsequent sections, we will apply this
result to our models of (c¢oupled) Bfownian oscillators.

To set the stage, we consider the following general linear drift-diffusion equation

drp = — div(Cap) +div(DVp), p(0) = po. (4)

In the above equation, the unknown is a probability measure p = p(t, z) with (¢t,z) € (0,00) x R%;
C and D are two, constant matrices of order d representing the drift and diffusion matrices; the
initial data pgris-a probability measure on R<.

The following lemmayprovides the explicit formula for the solution of (4) when the initial data
is a Gaussian distribution, gee for instance [GP18].

Lemma 2.1. Suppose the initial data is a Gaussian, pg ~ N (1(0),3(0)), then the solution to (4)
is giwen by

1 1 .
plts2) = s b | = 5 (@~ W) (0w — (e) (5)
where p(t) and 3(t) are given by
u(t) == eCu(0),  (t) = e C8(0)eC" +2 / 5 pes g, (6)
0
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Under suitable conditions on C' and K, we have pu(t) — 0 and X(t) — X where
Yoo 1= 2/ e*CDesC” ds.
0

Note that Yo satisfies the so-called Lyapunov equation

2D = C%¥p + 2.C7.

2.3 Exponential of a 2 x 2 matrix

Lemma 2.1 provides the explicit form of the unique solution to the linear drift-diffusion equation
(4) when the initial data is a Gaussian. However, in general the formula.(6),is analytically hard
to compute since it involves exponential of matrices. The following Jemma provides an explicit
formula for the exponential of a 2 x 2 matrix, which will be used in the subsequent analysis.

Lemma 2.2. Let a,b,c,d € R be taken arbitrarily with a® + b +¢2+ d2> 0. The following

identity holds
a b\ 1 (my; mi2
P <c d) A <m21 mag )’ ©
where A := \/(a — d)? + 4bc and
(a+d)/2 1 . 1
mii=e [Acosh §A+(a—d)smh§A},
1
myg = 2bel9TD/2 ginh EA,
1
Moy = 2cel*t /2 sinh iA’
1 1
Mgy = el ¥ [A cosh EA + (d — a) sinh iA} .

Proof. We refer the reader to [BS93] for a justification of the formula (7). O

3 Model reduction of a Brownian oscillator

To start off the discussion,we beginywith the investigation of a simple model of an underdamped
Brownian oscillator considered{in [€M22], which is amenable to an explicit analytical solution.
The original dynamics readsas follows:

dz(t) = v(t) dt
() = —w?x(t) dt — yu(t) dt + /295~ dW (t),
(2(0)v(0)) = (0, vo)

Exploiting/the Tnvariant Manifold method and the Fluctuation-Dissipation relation (for a short
summary of thé method; see Section 4 below, where the same reduction procedure is applied to a
system_of coupled overdamped Brownian harmonic oscillators), the reduced dynamics attains the
formu

U

dz(t) = —ax(t) dt + /2D, dW(t), z(0) = o,
where
oy =/ - dw? o«
- 2 9 r WQB'
The reader is referred to [CM22] to see the details of the calculations. The main result of this
section is the following theorem.

Page 4 of 16
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Theorem 3.1.

(i) (exact solutions of the original and the reduced dynamics) p: and fiy are Gaussian measures

pe = N(m(t),o(t), pe=N(m,a(t)), (8)
where
)\16—>\2t _ )\26—/\1t e—AQt _ e—)\lt
t) =
m(t) SV PR W W
W At A 4 (A A2t L oneme L eonst
t) = 1tA)t 1) ity < 2
0( ) (/\1—)\2)2{ A1 Ao +)\1+)\2(6 ) )\16 )\26 ]’
m(t) = e 2!z,
~ 1 —2Xy ~
where

\ Y+ - dw? N, = 1™ 72 —4w? 20, ©)
1= 2 ) 2 = 2 _fy_t'_ _—72_4w2.

(ii) (Exact Wasserstein distance between the laws of the origimal and reduced dynamics) The
Wasserstein distance between p; and fiy can be computed explicitly via

W3 o) = (m(t) ~ m(e)f + (Weal® — V/5(0)) (10)

(i1i) (explicit rate of convergence in the high-friction limit){t holds that

4
W (s fir) < h(olalgt luol)? + 5| ve > 0. (11)

V2 — 4w? 8

As a consequence,
Win, W3 (uur, fir) = 0.

y—+00

Note that (11) is a much stronger statement providing an explicit rate of convergence.

(iv) (Common rates of convergence to equilibrium) There exists a constant C' > 0, which can be

found explicitly, such that
N P —at
WZ(:UM:UOO)7 W2(ﬂt7/1“00) <Ce ™ )

where

uw:uw:N(o,ﬁ).

This result{ shows that the original dynamics and the reduced one not only share the same

equilibrium,. they have the same rates of convergence to equilibrium in the Wasserstein dis-
tance.

(v) (long-time behaviour) It holds that

wl|zo| + |vol n 10 } gt
VA2 —dw? By - dw?)

Asva_consequence of this, we also have

Wg(ﬂtvﬁt) < {

tiiﬂo Wa(pe, fie) = 0,

which is already obtained in the previous part. Estimate (12) is a stronger statement, showing
that the two dynamics are exponentially close at any time t > 0.
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(vi) Suppose that the initial data xo is randomly distributed according to an even probability
measure pg € L*(R) then the estimates in parts (iii) and (iv) still hold true.

Proof. (i). The law p; of z(t) = (igg) satisfies the kinetic Fokker Planck equation

8tpt = g*/)t, P|t:0 = 6(x0,v0)7

where £ p := —v0,p + w?x0yp + [0y (vp) + B710%,p].
According to [Risken, Section 10.2] g is a bivariate Gaussian measure withimean M (t) € R?
and covariane matrix $(¢) € R?*2. They are t dependent objects given by

e = (). o= () By

~
where
m (t) _ )\16—>\2t _ )\26—A1tx + e—kzt _ e—)\ltv
x - )\1 — AQ 0 )\1 — )\2 05
e—Alt _ e—)\gt Ale—Alt _ )\26—)\2t
My t :WQ To + Vo5
®) A=Ay A — Ao 4
BTN A+ A 4 ~ (4 Xa)t by one 1 ong
. t) = 1 2)t 1) — it T 2 ,
Oaa(t) (/\17>\2)2{ e T v Ao }
87t “Ait —Xaty2
wll) = v - 2 ) v
Tanlt) = e e
8! { AMADL (e —2X1t —2x t]
t)y= ———— 1| A —_— ITAE_]) — A A 2
Tuu(t) Or — h)? 1+ A2+ Nt (e ) 1€ 2€ )
where
/~2 — 4p? _ 20 152
)\1 = w#, )\2 = %, thus )\1+)\2 =, )\1)\2 = UJ2, )\1—)\2 = \/72 — 4w2.

(13)
Note that, since in the overdampediregime v > 2w, we have
7?2 —dwty 4? 4?

< — =w.
& 27+ V2 —4w?) T A

Since z(t) is a bivariate Gaussian, it follows that the law of z(t), which is the first marginal of
2(t), is a univariate Gaussian‘measure, p; = N (m(t),o(t)), with mean m(t) = m,(¢) and variance

Ay = 1=

o(t) = 04z(t), where'm, (t) and«@,.(t) are defined above. Using (13) we can re-write m(t) and
o(t) as follows
6_>\2t - e—)\lt
m(t) = e 22t + ———— X2z + v0), (14)
Al — Ao
_4 B8 Ao Ay o 1 o
o) ok [w2 bl 1)~ g o | (15)
1 B 7/3—1 4 _ 6—2A1t _ 6—2A2t
A 1— 2ot = vt _ e - 1
P o e Y R

where in the last equality we have used the following equality

i672)\1t + i€72)\2t _ (>\1 + )\2)672)\215 (672)\1t _ 672)\2t)
)\1 )\2 )\1)\2 )\1
—2Xat —2\1t —2Xat
e & — e
L ( )
w )\1

Page 6 of 16
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The reduced dynamics is an Ornstein-Uhlenbeck process, therefore its law is a Gaussian measure,
fis = N (m(t),52(t)), with mean

m(t) = e “ag = e 'y, (17)
and variance
o(t) = 2r(1 - ety = 11— 2ty (18)
o w?p '

(#i) Using the general explicit formula for the Wasserstein distance between two univariate Gaus-
sian measures, we obtain the Wasserstein distance between the original dynamiecs andithe reduced
dynamics, W2 (i, ji¢), as follows

W3 e)? = (mal) () + (Vorall) ~ VA0 o0 (19)

(iii) We now provide estimate for W3 (u, fiz) in the high-friction fégime, which corresponds to a
large time-scale separation, since the difference A\; — Ay = /72 — 4w? grows with ~ for fixed w.
We have

e—)\gt _ e—klt

A — Az

Therefore, since |[e™*2t — e~ Mt < |e7A2f| 4 e~ M1t < 2,

m(t) — m(t) = (\gg0t Vo) (20)

Im(t) —m(t)| < ﬁ(&ﬂﬂd + |wol) £ #(W\xd + |vol)

Next we estimate |o(t) — 6¢|. Since

|e—’yt _ 1| S e—’yt + 1 S 2’ 16—2)\1t _ 6_2)\2t, S e—2>\1t + e—2>\2t S 2, T 2 %
we have
22Xt —2)Xot —2X\1t __ ,—2Xat
]ﬁ(e*vtnfie it PP T T -
y A1 y A1 Y
Therefore,
1— —2Ast 1 -1 4 —2X\1t _ ,—2)Xat
o) - a0 = | =B | ] [ gy e
Bw 1 —4(w/v) (72 — 4w?) Ly A
(21)
_ ‘1 _enRe 40/ s [é(e,w - et — 6*2/\2'5]
B T/ (- Ly M
o 40 12 16
S B2 —Aw?) B —4w?) By —4dw?)
It follows that
_ _ 2 — 2
W3, 1Y = om(t) — ()" + (Vo) - V(D))
_ 2 _
< (mx(t) - m(t)) + |0z (t) — U(t)|
16 4 4
< 2 _ 2 7}
=2 — 42 (ol + Jeol)” + B(12 —4w?) 4% —4u? (@lzol +fvol)”+ 31,

where to obtain the second line from the first line, we have used the inequality (a —b)? < |a? — b?|
for a,b > 0.
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(iv) We have

: P L oo - 1 =
tlggo m(t) = tlgglo m(t) =0 Vo, vo; tlgglo o(t) = Gz Ooo} tlggo a(t) = Bz Tod = Ooot

Thus the original dynamics and the reduced one share the same equilibrium meéasure
Hoo = Hoo :N(OaUOO)~
Furthermore, we compute the rates of convergence explicitly

W (it o) = (m(t) — moo)? + (Vo (t) — /ooo)?

Sm()+la()—aoo| ~
—Xat _ —Ait 2 1 1
_ (et e € A ) Vﬂ ’_ _ o o2t _ -2
S v vt LU ) B o X
1— e MaA)t 2 q671 4 1 1
—2Xot —2Xat —2)t —2(A1—A2)t
o )+ A Pt o]
¢ (mo * A=A (oo +v0) ) + (v*' = 4w2)e ’Ye )\16 A2
S C€_2A2t7

for some constant C, which can be computed explicitly(but it.is not the focus of this part), where
we have used the fact that Ay > A > 0. Thus

. 4
Wa(pighoo) < Ce2!
Similarly
Woa(fit, fioo ) = ()= +(Vo(t) — Vi)’
< m(t)? +|0()—Uoo|
1
__—2)Xot 2
=e [xo + ﬂw2}

Thus we also obtain
S (i, i) < Ce 2

(v) Now we estimate W3(ji, jiy) in the large time regime. We only need to estimate the
difference between €he variances | (t) — 7 (t)|. According to (21), we have

B p 1 — e 2Nt 1 ’75 1 4 e~ 2A1t _ o—2Xat
ot)—aolt) 3 Bu? [1 —4(w/v)? 1} T2 —dw?) (72 — 4w?) [ (7= 1)~ A ]
~ e~ 22t 1 ’75 1 4 e~ 2Mit _ o—2Xat
S [1—4«»/7)2 -1+ 7 —4w2>[ -

where, to obtain the second line, we have used the following cancellation

1 —1} (WN 4 0

1
W[l —4(w/v)? 72— 4w?)
Therefore, it holds

672)\2t 1

—2Xat _ o—2)1t
o(t) — o) < =5 = T e e

~1] 2 s 4;2) [467% +- A J
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1

2

3

4

5

6 (vi) Now, we can estimate the Wasserstein distance W2 (us, jiz) to explore the longntithe
; behaviour, viz.

9

0 W2 g fe) = (m(t) — m(0)” + (Vo) - /50

> < (ma(t) = () + | (1) = ()|
— Aot — A1t 72)\2t —1 —=2Xot —2X1t
13 <€ —e wle [ 1 ] vB {4 Ly € —e
<—F + v — 1|+ 55| e+
14 Vs vl L e ST (72 —4w?) by M
15 _ 4 R [wlxol + vl 4 N gl ]e;m
1? B(y* — 4w?) V2 —dw? B —4w?) By —Aw?)
18 N [w|930| + [vol gl }e—m
19 VA2 —dw?  BA(Y? — Aw?) o
20 < [wlxo\ + |vo] . 8 _ 27 . :|6—A2t
21 VA2 —4w?  B(Y? —4w?)  BA(7? - dw?)
22
23 < [w|:z:0\ + |U0| 10 ]67)\2?
24 a \/"}/ —4(,02 B’y _4w2)
25
2
26 Here we have used the fact that v > Ay and /\ll = Wﬁ—ﬁ <2
27 (vi). Suppose that zg is randomly distributed following aneven distribution pg. Then the laws
28 of z(t) and Z(t) are given by IS
29
g? pe = N(m(t),o(t)) €po,  pe =N(t),5(t)) * po.
32 Since N'(m(t),o(t)),N(m(t),a(t)) € P2(R), aceording to [Sanl5, Lemma 5.2] we have
33
34 W3 (ke fir) = W3 (N (m(t), (1)) * Pos N@t), 7 (8) * po) < W2(N (m(t), o (), N (m(t), 5 (1)),
35
36 thus the upper bound estimates in the two previous parts are still true. O
37
38
39 4 Model reduction of twe coupled underdamped Brownian
40 .
41 oscillators ~
42
43 We now proceed with the computation of the Wasserstein distance for a slightly more elaborate
44 model, corresponding 4o a system of two coupled overdamped Brownian harmonic oscillators. The
45 dynamics of the model ean conveniently be written as follows:
46 . .
47 1 = ary +k(.’£2—.’b1)+0’1W1 (22&)
48 To = —k(l‘g — £C1) + dxo + UQWQ, (22b)
49
50 where W denotés the formal derivative of a Wiener process, corresponding to a white noise, a,d < 0
51 are parameters characteristic of the individual oscillator (without loss of generality we also assume
52 a > d), 01,02 >0'denote the noise strenghts, and finally, k£ > 0 is the coupling parameter.
53 The system) (22) represents the overdamped version of the coupled underdamped Langevin
54 dynamics of the two oscillators. A contracted description for the deterministic case (i.e., with o1 =
55 02 = 0) under a suitable assumption of scale separation is studied, with applications to relaxation
56 dynamics in proteins, in [SMR11]. We can derive a reduced system by eliminating the variable x5,
57 inn(22), awsing the procedure introduced in [CM22, CDM22]. This consists of two distinct steps:
58 (1) the deterministic component of the dynamics is obtained using the Invariant Manifold method,
59 then (ii) the diffusion terms are determined via fulfilling the Fluctuation-Dissipation relation.
60
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4.1 Deterministic evolution
Let (O) denote the average over noise of the variable O. The original dynamics can be written as
z=Qz, (23)
where z = ((x1), (x2)) and
Q=Qk) = (“;k ,fk;d) (24)
The characteristic polynomial of Q is
M — (a+d—2k)\+ (ad — ak — dk) = 0.
Thus Q has two real negative eigenvalues:
(a+d—2k)++/(a—d)? + 4k>
9 )
In this model, the time-scale separation is encoded in the difference Ay=A_ = \/(a—d)w ,
which grows with increasing k, for fixed parameters a,d. Wé seek a closure of the form (z3) =

a(x1), hence, following [CDM22], we define a macroscopicatime derivative of (x2) via the chain
rule:

A= As (k) =

(25)

0 ) = D) (i

(1)
= (ala —[k) HO2E) @

<

which expresses the slaving principle mentioned in See. 4. Furthermore, we also define the
microscopic time derivative of (x2) in terms of the vector field given in Eq. (23), where (x2) is
expressed through the aforementioned closure. We thus set:
Ok () + (d — k) (x2)
= (k+ald—k))(z1) .
The Invariant Manifold method requires that microscopic and macroscopic time derivatives of

(x9) coincide, independently of the values of the observable (x1). Thus, we obtain the following
invariance equation

ala — k) H@Pk=ktald — k) < ka’+(a—d)a+k=0, (26)

which has two solutions

~(a—d)+ lo—dP T4

= k =
ax =ax(k) T
The reduced dynamics for the deterministic part is
(1) = (@ =k + ka)(z1) , (27)

where & €{a, «_} which will be specified later. It is noticeable that

(a+d—2k)++/(a—d)*+4k> _
2 =

Looking at (27), we notice that the coefficient multiplying (x;) coincides with one of the eigen-
values of thematrix Q. To pick up the right eigenvalue, we use the following criterion. We select
& from solutions ay to the invariance equation (26) that satisfies a —k + k& — a <0 as k — 0,
that is k& — 0 as k — 0. Since we assume that a > d, we take

a—k+kag = At

—(a—d)+/(a—d)? — 4k
2k ’

OAé:Oé+:

10
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4.2 Incorporating the noise

To characterize the noise term, we employ the methodology proposed in [CDM22]. Therefore, we
first define the diffusion matrix D as
N % 0
D- ( 4 02) , (28)

W = (W, Wa) .

and we also denote

The solution of Egs. (22) reads:

t
z(t) = eQzg +/ Q=)D Wds - (29)
0
We thus find
= 1 1 1
1 21 — — —
tlgroloE[Zl(t) I=%n 2(a—2k+a>'
The full reduced system takes hence the form
di(t) = Ay i@(t) dt +DdWp, (30)
where the drift coefficient A\, is defined in (25) and the diﬁusion’ coefficient D is given by
D==)\. %, . (31)

4.3 Quantification of errors and the long-time behaviour

In this section we will compute explicitly the Wasserstein distance between the laws of the original
dynamics of 21 and of the reduced dynamics (30) and study their long-time behaviour. The Fokker
Planck equation associated to‘%he. full original dynamics (22) is given by the following linear-drift
diffusion equation

Orp = =div(Qp) + div(DVp), (32)

where p = p(t,x1,z2) is thegjeint probability density of (x1,xs), the drift matrix @ and the
diffusion matrix D are given in (24) and (28) respectively. Note that the above system is a special
case of the general drift-diffusion equation introduced in Section 2.2.

Since we are foeusing on the role of the coupling parameter, for simplicity of presentation, we
consider identical oscillator, that'is a = d < 0 and normalising 01 = 02 = 1, so that

a—k k
Q—( k a—k)’ and D =1.

The main result of this'section is the following theorem.

Theorem 4.1. Let p;(t) be the distribution of x1(t) of the original coupled dynamics (30) starting
at a deterministictinitial data (x1,22)(0) = (z1,22), and p1(t) be the distribution of the reduced
dynamics (30)\starting from x1. Then there exists a constant C' > 0 such that the following
statements hold

(i) Wap1(t), p1(t))* < Ck.
(i), max {Wa (p1(t), poo ), Wa(pr(t), poc)} < Ce®, where po = N(0,%11)

(iii) Wa(p1(t), p1(t) < Ce®.

11
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Proof. According to Lemma 2.1, the solution to (32) is given by p(¢, z1,z2) = N (u(t), 2(t))Gwhere

t
p(t) = e'® <x1> , X)) = 2/ e*QesQ" g,
0

T2
Since QQT = Q7 Q and Q = Q7 we have

e5QesQ" _ os(Q+QT) _ ,25Q

Thus, we can simplify X(¢) as
¢
3(t) = 2/ e ds.
0

Applying lemma 2.2, we compute

etQ:l myip Mi2 A =2kt
A \mo1 Mmoo

1 1 1
My = Mo = e A cosh §A = 56(“*]“)’5A(ekt +enkl) = §A(e(“*2k)t + )

1 1 1
Myg = ma; = 2kte® Mt ginh §A = §Ae(a7k)t(ekt - efkt). = iA(eat - e(af%)t).

Thus &

q 1 ela=2k)t | cat > oat _ o(a—2k)t
e = 5 e“t . e(a—Qk)t e(a»Qk)t +eat .

Similarly
€2tQ _ 1 (eQ(a—Qk)t + e2at  2at _ e?(a—Qk)t) '

5 e2at _ e2(a—2k:)t e2(a—2k)t + e2at

Therefore,

¢ 1 e2la—2k)t n Q2011 20ty 2(a=2M)t_g
2s — —
E(t> = 2/ € Q ds = 5 e2ata_12k e2(a—2k)%_1 52(g—2k)t_1 aez%ﬁ_l .
0

a a—2k a—2k a

It follows that

1 1 e2((17216)15 —1 e2at _1
_ — = (a—2k)t_ _at at _ (a—2k)t -
pl(t) —N(ﬂl(t),Eu(t)) N<2<(€ +e )I1+(6 e ).IQ), 2( a_ % + )),

Since Z is an OU process, we obtain

~

pLVE N (NS, (1)) = N(e’\+tx1, —Aﬁu _ e%t)) - N(emxl, Tl - e%t)),

+
recalling that, with'a = d
(a+d—2k)++/(a—d)? + 4k? = 1 1 1
4 2 o Tu=-3(=5*3)
The Wasserstein distance between p; and p; is given by
" 2
Walpr(t), 51 ()% = (1 (8) = (1) + (VE () = y$1(0)) (33)

12
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(i) We compute

. 1 a u
() = i (O] = 5| (47 4 e + (e = ele)ay) - ol

1
— §|(eat _ €(a_2k)t)($2 _ $1)|

1
= §eat|x2 —z1|(1 — e 2kt (34)

< wg — m1|keatt

< k ‘.’EQ — (El‘ | ‘
where in the first inequality we have used the elementary inequality 1 —e_% < « for all z > 0, and
in the last inequality we have used (noting that a < 0)

1

g ret |a|e (35)

~

We also estimate

A 1 1
Si(t) — S1(t) = 5 [ k;( 2(a—2k)t _ 2A+t> o, - <e2at /) 62A+t>]
1 a—2k)t 2at)
saan(
1 1 2at (1 _ —4kt> v
T 2% —a° (1 @ (36)
2k 2at
= me t
L
~ a2e/

where to go from (36) to the next line, we have used 1 — e~%¥* < 4kt and (35) again (with a
replaced by 2a). Therefore, we have

Wa(p1(t), prlE)) < (pa(t) — fun(t))* + |S11(t) — Sa(t)

for any bounded k.
(#i7) Since a < 0,

1 1 1 =
lim ,ul(): lim ﬂ1<t):0, lim Ell(t):_f( —1—5) 2211.

t—00 t—00 t—00 2\a — 2k
it implies that -
Hm pi(t) = lim py(8) = poo = N(0, X11).

We can also‘compute explicitly the rates of convergence of these limits in the Wasserstein distance.
We have

Waloulh). p)* = (07 + (V) - VE) <@+ [2u@-Su| 67

We estimate each term on the right hand side of (37). For the first term, we get

1
Nl(t) _ 5((e(a—2k)t + eat)xl + (eat _ e(a—Zk)t)x2)
1

— §eat ((1 + e—2kt)$1 + (1 _ B_th)$2>

< Ce*™. (38)

13
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For the second term, we have

2(a—2k)t 2at —4kt
lie e 1

e

121 (t) — 20| = sl T | = %e""” —F—| = Ce?t, (39)
Substituting (38) and (39) to (37), we obtain
Wa(p1(t), poc) < Ce™,
thus p; exponentially converges, with a rate a, to poo. Similarly,
Walpa(t), p)” = pa(1)? + (/51— VEur)
</ t)2+‘21(7§)—§11‘ ~

Hence p; exponentially converges with the same rate a to poo.
(iv) According to (34) and (36) we have

. 1., A a
|1 (6) = (D)) = 5e™ a2 —1](1 28 ) <'Cett,

A 1 1
¥ - _ 2 2at(q _ —4k:) < Ce2at.
Pul) = 0] = e (12t < ce
Thus
Wa(p1(t), p1(t))? < (pa(t) =) + [S11(t) — T ()| < Ce®™,
that is

Wa(pu(t), p1 (8) < Ce*.

This completes the proof of this theorem."We remark that we have assumed deterministic initial
data, but the theorem can alséybe extended tonthe case where the initial data follow symmetric
distributions as in Section 3. O

5 Summary and ol{clook

In this work we have employed the reduction scheme recently introduced in [CM22, CDM22],
which suitably combines the Invariant Manifold method with the Fluctuation-Dissipation rela-
tion, to derive a contracted description for two classical models of statistical physics, namely the
underdamped Brownian harmonic oscillator and a system of two coupled overdamped Brownian
harmonic oscillators. The present work significantly extends the previous results: we succeeded
here to quantify explicitly \the error between the original and the reduced dynamics, as well as
their rates of convergence to equilibrium. The technical tool we used is the Wasserstein distance,
which is widely employed in the theory of optimal transport. We have thus shown that the two
dynamics lare exponentially close at any time, share the same equilibrium measure, and expo-
nentially_converge to the same equilibrium measure with the same rate. Furthermore, the two
dynamics are also found to coincide if the relevant parameter controlling the time-scale separation
of the original model is sent to infinity. The linearity of the considered models has clearly played
animportant role in the analysis of this work, enabling the explicit computations of their solutions
and of theinvolved Wasserstein distances. A key challenge for future developments is to generalize
our analysis in order to deal with non-linear models, where explicit solutions and computations
are.not_accessible. Another direction of research points toward the investigations of systems with
a large numbers of degrees of freedom, e.g. models relevant to climate dynamics [HAK23], or small
systems of interest in modern nanotechnologies, such as biomolecular motors [WKST16].
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