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STABLE MAPS TO LOOIJENGA PAIRS BUILT FROM THE PLANE

MICHEL VAN GARREL

Abstract. Choosing a normal crossings anticanonical divisor of P2 leads to four log Calabi–Yau

surfaces, three of which are Looijenga pairs. In this survey article, I describe how to count rational

curves in these that intersect each component of the divisor in one point of maximal tangency.
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1. Introduction

A log Calabi–Yau surface (Y,D) is a surface Y with a choice of normal crossings divisor D such

that the complement is Calabi–Yau. (Y,D) is a Looijenga pair if in addition, D has a dimension 0

stratum. Starting with Y = P2, D is of degree 3 and there are 4 ways of building a log Calabi–Yau

surface: D = Dtoric, the toric divisor given as a union of 3 lines; D = D1 +D2, the union of a line

D1 and a conic D2 not tangent to D1; D = D3 a nodal cubic; and D = E a smooth cubic. All but

the last are Looijenga pairs.

Figure 1.1. The toric divisor Dtoric and the divisor D1 +D2 formed of a line and

a conic.
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Figure 1.2. The divisors formed by resp. a nodal cubic D3 and a smooth cubic E.

Denote by l ≤ 3 the number of irreducible components of D and let P1[l] be the complement of l

points in P1. Up to automorphism, we have that P1[1] = A1, P1[2] = C∗ and P1[3] = C∗ \ {1}. A

surprisingly intricate question is to study the geometry of Y \D by counting pseudo-holomorphic

maps

P1[l] −→ Y \D

of degree d ∈ Z>0 that pass through l − 1 fixed points. For example, in degree 1 and for D = E,

there are 9 such A1-curves corresponding to the 9 inflection lines of E.

The modern formulation of this count is as the genus 0 maximal tangency log Gromov–Witten

invariant Nd(P2, D) [1, 20, 33]. These invariants, more generally the punctured invariants of [3],

play a crucial role in the mirror constructions of intrinsic mirror symmetry [34,35]. In this survey,

I describe the methods used to compute the Nd(P2, D). For the case of D = D1 +D2, I provide a

full proof, which may serve as an extensive introduction to the scattering diagram methods of [15],

see also [17] for an introduction emphasing the links with physics.

For the toric (P2, Dtoric), we can make use of tropical correspondence results [39,40,42], which turn

Nd(P2, Dtoric) into a count of weighted tropical curves. A special case of [14, Theorem 3.2] then

states that

Nd(P2, Dtoric) = d2, (1.1)

reproven in Proposition 3.3 below.

In the case of a line and a conic, Nd(P2, D1 + D2) is obtained by degeneration. The result of

[15, Example 3.1], or Proposition 4.3 below, is that

Nd(P2, D1 +D2) =

(
2d

d

)
. (1.2)

The invariants Nd(P2, D3) are encoded by the wall-crossing function of the central ray of a local scat-

tering diagram. The terms of this function are conjectured in [31, Equation (1.3)], which is proven

in [43]. Applying [32], the invariants are given by the equality of power series expansions

∞∑
d=1

dNd(P2, D3)x
d = 3 log

( ∞∑
k=0

1

3k + 1

(
4k

k

)
xk

)
. (1.3)
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The structure of the invariants of (P2, E) carries similarities with the structure of invariants of K3

surfaces [16, 22] and thus sometimes (P2, E) is called a log K3 surface. The computation of the

Nd(P2, E) is outside of the scope of this survey. It has a long and rich history. It was studied for

the first time in the landmark [44], who stated and provided evidence for 3 influential conjectures

regarding (P2, E). The first one is the first appearance of the log/local correspondence, which

expresses the Nd(P2, E) as the genus 0 local Gromov–Witten invariants of the local surface given as

the total space Tot (OP2(−E)). This conjecture was first proven in [28], subsequently generalised

in [24], and then extended in [7, 13–16, 41, 45]. The second conjecture is a BPS version of the

log/local correspondance for (P2, E), that is, a correspondence between the integer-valued counts

that govern the genus 0 log and local theories. It was proven through the succession of works

[11,12,18,36].

The article [44] also introduces log mirror mirror symmetry of (P2, E). The author builds a mirror

family and computes the periods on the mirror family. The third conjecture then states that

the second order period written in canonical coordinates is a generating function of the Nd(P2, E).

Building on [18,35,36], a geometric proof of this prediction is given in all dimensions in the upcoming

work [25], see also [26] for a self-contained proof for the case of (P2, E).

1.1. Methods. The approach I take in this survey is to degenerate to toric models for the Looi-

jenga pairs. These are other – toric – Loiijenga pairs (P2, D) such that (P2, D) is a logarithmic

modification of a blow-up of (P2, D) in smooth points of D. Concretely this is a diagram

(P̃2, D̃)

ϕ

zz

π

$$

(P2, D) (P2, D)

such that ϕ is a sequence of blow-ups in singular points of (the total transform of) D and π is

a toric model, i.e. a sequence of blow-ups in smooth points of (the proper transform of) D. By

[29, Proposition 1.3] such toric models always exist. By [5] ϕ preserves the log Gromov–Witten

invariants.

The next step is to perform a sequence of standard degenerations to (P̃2, D̃). Applying the degener-

ation formula [2,4,19,37,38], the outcome is that the invariants Nd(P2, D) are computed in terms of

the log Gromov–Witten invariants of (P2, D), which are calculated by tropical correspondence, and

the log Gromov–Witten invariants of some standard pieces, which are known. This very general

algorithm was formalised in terms of scattering diagram algorithms in [32].

One goal of this note is to unwrap the constructions of [29,30,32] for the examples of (P2, D1 +D2)

and (P2, D3). For a full treatment, the reader is invited to consult [15].

There are other approaches to computing these invariants, all interesting in their own right. Work-

ing at the level of moduli spaces these include [6, 21–24, 27, 41] and working with Givental-style

mirror symmetry [7, 8, 45,46].
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2. Genus 0 log Gromov-Witten invariants of maximal tangency

For each Looijenga pair (P2, D), endow P2 with the divisorial log structure determined by D. The

log structure is used as a combinatorial tool to impose tangency conditions along the components

of D. For a map

f : P1 −→ P2 (2.1)

this is achieved by requiring that the pullback map on log structures at marked points is given by

multiplication by the tangency imposed at that point. Compactifying the space of maps as in (2.1),

[1, 20, 33] construct the moduli space M
log
m (P2, D, d) of genus 0 maximally tangent basic stable log

maps with m marked points, and its virtual fundamental class

[M
log
m (P2, D, d)]vir ∈ H2(l+m−1)(M

log
m (P2, D, d)).

I suppress in the notation the l marked points that carry a tangency and keep track of the m

interior points that do not carry a tangency condition. The notion of basicness/minimality selects

a universal log structure needed for algebraicity and compactness of the moduli space.

For j = 1, . . . ,m, the moduli space admits evaluation maps at the jth marked points

evj : M
log
m (P2, D, d) −→ P2.

Imposing passing through a fixed point in P2 corresponds to capping the virtual fundamental class

with ev∗j ([pt]). Doing this l − 1 times leads to the invariant

Nd(P2, D) :=

∫
[M

log
l−1(P2,D,d)]vir

l−1∏
j=1

ev∗j ([pt]).

Other insertions may be imposed. For example, for the class toric varieties for which each toric

divisor is nef, [14] computes all invariants with point and psi classes.

Example 2.1. Fixing a point P , there are two lines in the plane that pass through P , intersect

D1 in one point of order 1 and intersect D2 in one point of order 2, see Figure 2.1.

3. Tropical correspondence and the invariants Nd(P2, Dtoric)

The Looijenga pair (P2, Dtoric) is toric, thus is its own toric model, and we can computeNd(P2, Dtoric)

by enumerating weighted tropical curves in the fan Ξ of (P2, Dtoric).
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Figure 2.1. The two lines passing through a point and meeting a conic, resp. a

line, in a point of order 2, resp. 1.

Definition 3.1. A degree d genus 0 maximal tangency tropical curve Γ in Ξ is a graph Γ that may

have unbounded edges such that:

(1) The vertices v of Γ are elements of the support of Ξ separated by edges e, which are line

segments of rational slope ∈ Z2 that carry weights w(e) ≥ 1.

(2) Balancing condition: For a vertex v of Γ with adjacent edge e, denote by u(v,e) its primitive

outgoing vector. Weighted by w, these sum to 0:∑
v∈e

w(e)u(v,e) = 0.

(3) Writing Dtoric = T1 + T2 + T3 for the toric divisors Ti, Γ has exactly one unbounded edge

of weight d parallel to the ray of Ξ corresponding to Ti, and no other unbounded edges.

(4) The first Betti number b1(Γ) = 0.

For our purposes, a tropical curve can be thought of as keeping track of the tangency behaviour of

stable log maps.

Definition 3.2. For a trivalent vertex v ∈ Γ with outgoing edges e1, e2, e3, the weight of v is

w(v) := w(ei)w(ej)
∣∣det

(
u(v,ei) u(v,ej)

) ∣∣
where i 6= j and {i, j} ⊂ {1, 2, 3}. This is well-defined by the balancing condition. The weight of

Γ, w(Γ), is given by the products of the weights of each trivalent vertex.

Proposition 3.3. Fixing two general points P1, P2 ∈ Ξ, there is only one genus 0 degree d maxi-

mally tangent tropical curve in Ξ that passes through P1 and P2. It carries weight d2 and hence

Nd(P2, Dtoric) = d2.

Proof. The only such tropical curve is given in the following diagram. It has weight d2. The result

follows from the tropical correspondence [39,40,42].
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T2

T3

T1

•

•

P1

P2

d

d

d

d2

�

4. Degeneration and the invariants Nd(P2, D1 +D2)

4.1. The toric model. Denote by p one of the two points of intersection of D1 and D2 and denote

by L the line tangent to D2 at p. I describe a log modification that is obtained by successively

blowing up points which are dimension 0 strata of the (total transform) of the divisor D = D1+D2.

I choose D1 and L to be toric divisors and describe a series of modifications that turn D2 into a

toric divisor as well (of a different surface). Every blow-up and blow-down is toric.

Convention 4.1. I denote by the same letter divisors on different surfaces which are related by

strict transforms under blow-ups and blow-downs. This process alters the self-intersection numbers.

Blow up p which leads to the exceptional divisor F1. Then blow up the intersection of F1 with D2

and write F2 for the exceptional divisor. This gives a log Calabi-Yau surface (P̃2, D̃), where D̃ is

the total transform of D1+D2, see Figure 4.1, and where H denotes the pullback of the hyperplane

class of P2.

Proposition 4.2. The Chow group CH1(P̃2) is generated by [H], [F1] and [F2] with relations

[D1] = [L] + [F2], [H] = [D1] + [F1] + [F2], [D2] = [H] + [L],

[H] · [D1] = [H] · [L] = 1, [L]2 = −1, [H]2 = 1, [D1]
2 = 0, [D2]

2 = 2, [D2] · [L] = 0.

Proof. Immediate either by construction or by the toric relations determined by the fan. �

The toric model (P2, D) then is given by blowing down the strict transform of L, which is a (−1)-

curve, resulting in P2 = F2. This leads to the fan on the left-hand side of Figure 4.2. Then

D = D1 + F1 + F2 + D2 with F1 the (−2)-curve, D2 a 2-curve, and D1, F2 the toric fibres of the

bundle projection F2 → P1. Applying the fan automorphism(
1 0

1 1

)
∈ SL(2,Z)
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D1F2 F1

L

H

Figure 4.1. The log modification (P̃2, D̃).

we obtain the fan on the right hand side of Figure 4.2. In addition, I label the boundary divisors

with their self-intersections and I keep track of L by adding a × on the ray of F2 indicating that we

blow up a smooth point of F2 in order to obtain a log Calabi–Yau surface logarithmically equivalent

to (P2, D1 +D2).

N.B.: Through this process, D2 became a toric divisor.

D2

D1F2 F1+

−→

·

(
1 0

1 1

)

D2(2)

D1(0)F1(-2)

F2(0)
×

Figure 4.2. The toric model of (P2, D1 +D2).

Remark 4.1. Note that the fan of a smooth toric surface is uniquely determined by the self-

intersections of its toric divisors. Indeed, if ρ1, ρ2, ρ3 are primitive generators of successive rays in

the fan corresponding to toric divisors T1, T2, T3, then ρ1 +(T2)
2ρ2 +ρ3 = 0. The collection of these

equations determines the fan up to multiplication by an element of SL(2,Z).
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4.2. Calculation by degeneration. By invariance of log Gromov-Witten invariants under log

modifications, N log
d (P2, D1+D2) is the genus 0 degree d[H] log Gromov-Witten invariant of (P̃2, D̃),

passing through one interior point, meeting D1 in one point of tangency d and meeting D2 in one

point of tangency 2d and with no other conditions.

I describe a suitable degeneration of (P̃2, D̃) into two components. One component, (P2, D), is

toric and thus tropical correspondence results apply. L specialises into the other component, which

however will be simple enough so that we can compute its Gromov–Witten invariants.

Start with the trivial family F2 × A1. The blow up (degeneration to the normal cone)

X ′ := BlF2×{0}
(
F2 × A1

)
has general fibre F2 and special fibre F2 ∪F2 F0, where F0 = P1×P1 = P(NF2/F2

⊕OF2). Denote by

H1, H2 the two effective curve classes generating H2(F0,Z). F2 is glued to F0 by identifying F2 with

one of the toric divisors of F0 of class H1. Denote by F the strict transform of F2 × A1. Choose a

section S of F → A1 whose image lies in the smooth locus (interior) of F2. Then

X := BlS X ′

has general fibre (P̃2, D̃) and special fibre F2 ∪F2 Y , where Y = Blpt(F0) is the blow-up of F0 at a

smooth point of the other toric divisor in class H1. If L is the exceptional divisor of the family X ,

by abuse of notation I denote by L the fibre-wise exceptional divisors.

Figure 4.3. The two components of the central fibre.

The degeneration formula is a virtual way of keeping track of counts of curves in the degeneration.

The first step is to understand the behavior of curves as they specialise from the generic fibre to the

special fibre. Start with a curve C in P̃2, or more generally an element in Chow α ∈ CH∗(P̃2). Then

[9,10] construct the prelog Chow ring CHprelog
∗ (F2∪F2Y ) along with a specialisation morphism

σ : CH∗(P̃2)→ CHprelog
∗ (F2 ∪F2 Y ).

The ring CHprelog
∗ (F2 ∪F2 Y ) is defined as the quotient of tuples (α1, α2) ∈ CH∗(F2)⊕CH∗(Y ) that

satisfy α1|F2 = α2|F2 under the identification of classes on both components which are equal as

elements of CH∗(F2 ∪F2 Y ).
8



Proposition 4.3. The prelog Chow ring CHprelog
∗ (F2 ∪F2 Y ) is generated by the classes

• [(F2, Y )] in degree 2;

• [(D2, H2)], [(F2, 0)] = [(0, H1)] and [(0, L)] in degree 1;

• [(pt, 0)] = [(0,pt)] in degree 0,

and with intersection products

[(D2, H2)] · [(F2, 0)] = 1, [(D2, H2)] · [(0, L)] = [(F2, 0)] · [(0, L)] = 0.

Proof. The degrees 2 and 0 are clear. In the case of curves, CH1(F2) is generated by D2 and F2.

CH1(Y ) is generated by H1, H2 and L. Moreover, the gluing F2 ∪F2 Y identifies the classes F2 and

H1. Then the classes are determined by the tuples that agree on the intersection between both

components. Moreover, the intersections can be computed by choosing representatives on each of

the components, see [10, Definition 2.2]. �

Proposition 4.4. The specialisation of [H] ∈ CH1(P̃2) is

σ([H]) = [(D2, H2 − L)] ∈ CHprelog
1 (F2 ∪F2 Y ).

Proof. By Proposition 4.2, [H] = [D1] + [F1] + [F2]. By construction

σ([D1]) = [(F2, 0)], σ([F1]) = [(F1, H2)] = [(D2, H2)]− 2[(F2, 0)],

σ([F2]) = [(0, [H1]− [L])] = [(F2, 0)]− [(0, L)].

Since σ is a ring homomorphism, we thus have that

σ([H]) = σ([D1]) + σ([F1]) + σ([F2]) = [(F2 +D2 − 2F2 + F2, H2 − L)] = [(D2, H2 − L)].

�

Remark 4.2. One may explicitly check that σ is a ring homomorphism, at least with respect to

intersections with the class [H].

Let d ≥ 1. Assume we have two genus 0 curves C1 and C2 in F2 and Y respectively, of classes

[C1] = d[D2] and [C2] = d([H2] − [L]). Then C1 ∪ C2 can be smoothed to the generic fibre if and

only if C1 and C2 have the same intersection pattern with F2, i.e. if and only if C1 and C2 meet

F2 at the same points with the same intersection multiplicities. This is called the pre-deformability

condition.

Proposition 4.3.

Nd(P2, D1 +D2) =

(
2d

d

)
.

Proof. The degeneration formula [2, 4, 19, 37, 38] states that virtually counting genus 0 curves C

of class d[H] ∈ CH1(P̃2) satisfying a list of properties is the same as virtually counting genus 0

curves C1 and C2 of class ([C1], [C2]) = d[(D2, H2 − L)] ∈ CHprelog
1 (F2 ∪F2 Y ) that satisfy the

pre-deformability condition as well as the specialisation of the list of properties. For us the list of

properties is to meet D1, resp. D2, in one point of tangency d, resp. 2d, and to pass through a

point in the interior of P̃2. Furthermore, the degeneration formula has an additional multiplicity
9



factor that keeps track of the fact that several different curves in the generic fibre may specialise

to the same curve in the special fibre.

As (−1)-curves admit no infinitesimal deformations, there is only one curve in Y of class H2 − L.

It is the strict transform of the fibre in class H2 of F0 that meets the point S(0) ∈ F0. As a

consequence, the only contributions coming from Y are unions of multiple covers over this fibre.

The precise expression of the degeneration formula (see [32, Proposition 5.3]) is that

Nd(P2, D1 +D2) =
∑
m`d

d∏
`=1

`m`

m`!

(
(−1)`−1

`2

)m`

Nm(F2).

• The sum is over the partitions m = (m1, . . . ,md) of d so that d =
∑d

`=1 `m` with m` ≥ 0 and

the convention that 0! = 1. This keeps track of the intersection profile of C1, equivalently

C2, along F2. In this notation, C1, equivalently C2, has m` points of intersection multiplicity

` for 0 ≤ ` ≤ d (m` may be zero).

• Since H2 −L is a (−1)-curve, C2 decomposes as a union of multiple covers of degree ` over

H2 − L, each meeting F2 in multiplicity ` at the unique point of intersection of F2 with

H2 −L. In order to lead to a genus 0 connected curve (more precisely a genus 0 connected

stable map), these are glued to a single connected curve (more precisely a connected stable

map) C1 in F2. For each m, there are m1 + · · ·+md multiple covers over H2 − L that are

glued to C1 according to the ramification profile determined by m.

• The factors `m` are the multiplicities coming from the degeneration formula.

• The 1/m`! are the symmetry factors corresponding to the permutations of the m` multiple

covers of degree ` over H2 − L. This adjusts for the over-counting that resulted from

counting each constellation separately.

• The (−1)`−1/`2 are the Y -contributions coming from degree ` covers of the fibre of class

H2 − L, see [32, Proposition 5.2].

• Nm(F2) is the genus 0 log Gromov–Witten invariant of F2 of class d[D2], counting rational

curves that pass through one fixed point in general position in F2 and have

– one point of contact of order 2d with D2,

– one point of contact of order d with D1,

– for every 1 ≤ ` ≤ d, m` contact points of contact order ` with F2, at the same fixed

position on F2 corresponding to the intersection of F2 with the unique fibre of Y of

class H2 − L.

The invariant Nm(F2) is computed tropically. See Figure 4.4 for d = 2 and m = (2, 0).

There is only one tropical curve contributing to Nm(F2). It has m1 + · · ·+m` + · · ·+md infinite

edges coming from fixed F2-directions, grouped according to `. The nth such curve, for 0 <

m1 + · · · + m`−1 < n ≤ m1 + · · · + m` ≤ d carries weight ` corresponding to the intersection

multiplicity at that point. The tropical curve has one infinite edge for each of D1 and D2, of

weights d and 2d. Requiring the curve to pass through a point in the fan, all other edges and
10



D2(2)

D1(0)F1(-2)

F2(0)

4

1

1

2

1

4

4

•

•

•

Figure 4.4. For d = 2, the only tropical curve with m = (m1,m2) = (2, 0). The

numbers indicate the weights of the edges and vertices. The bullets indicate that

we fix a point in the interior of F2 and twice the same point on F2.

multiplicites are determined by the balancing condition. Then

Nm(F2) =
d∏
`=1

(
1

`
(2d`)

)m`

=
d∏
`=1

(2d)m` .

The factors 2d` are the multiplicities of the vertices. The factors 1/` come from the fact that the

positions of the contact points with F2 are fixed. Finally, we obtain

Nd(P2(1, 4)) =
∑
m`d

d∏
`=1

1

m`!

(
2d

(−1)`−1

`

)m`

.

This is the coefficient of xd in the power series expansion of exp(2d log(1 + x)) = (1 + x)2d, hence

the result. �

5. Scattering and the invariants Nd(P2, D3)

We come to the Looijenga pair formed by the nodal cubic D3. Denote by P the point of self-

intersection. First we get a toric model. To do so, blow up P leading to an exceptional divisor E,

and keep track of the two tangent lines L1 and L2. Blow up the intersections of E with the proper

transforms of both L1 and L2 and denote the two new exceptional divisors by F1 and F2.

The proper transforms of L1 and L2 are now (−1)-curves, which we may both blow down to obtain

the Hirzebruch surface F3. This determines a scattering diagram [32], which is obtained from the

fan of the Hirzebruch surface by adding two focus-focus singularities on the two toric fibres.

The two walls that meet are directed by vectors v1 and v2 that have | det (v1 v2) | = 3 6= 1. As a

consequence, there is infinite scattering as described e.g. in [31]. Each wall carries a wall-crossing

function, which identifies the ring of functions on each side of the wall. Scattering is a process of
11



x
y

D3(3)

F1(0)E(-3)

F2(0)
×

×

1+tx−1

1
+
tx
y
3

Figure 5.1. The toric model of (P2, D3).

inductively adding rays to the scattering diagram in order to make it consistent order by order.

Consistency means that the sequence of automorphisms of a loop around the origin gives the identity

up to a given order.

The rays are wall-crossing functions whose coefficients are log Gromov–Witten invariants as shown

in [32]. The invariant Nd(P2, D3) has one point of contact with D3. As a consequence, by the

correspondence results of [32] between wall-crossing functions and log Gromov–Witten invariants,

Nd(P2, D3) is encoded by the wall-crossing function of the central ray of the scattering diagram

leading to (1.3).
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[9] C. Böhning, H.-C. Graf von Bothmer, and M. van Garrel, Prelog Chow groups of self-products of

degenerations of cubic threefolds, Eur. J. Math., 8 (2022), 260–290.

12



[10] , Prelog Chow rings and degenerations, Rend. Circ. Mat. Palermo (2), Special Issue: Rationality Prob-

lems, to appear (2023). Preprint available at arXiv:1911.08930.

[11] P. Bousseau, Scattering diagrams, stability conditions, and coherent sheaves on P2, J. Algebr. Geom., 31 (2022),

593–686.

[12] , A proof of N. Takahashi’s conjecture on genus zero Gromov–Witten theory of (P2, E), Duke Math. J.,

to appear (2023). Preprint available at 1909.02992.

[13] P. Bousseau, A. Brini, and M. van Garrel, Stable maps to Looijenga pairs: orbifold examples, Lett. Math.

Phys., 111 (2021), 37.

[14] , On the log–local principle for the toric boundary, Bull. Lond. Math. Soc., 54 (2022), 161–181.

[15] , Stable maps to Looijenga pairs, Geom. Topol., to appear (2023). Preprint available at

arXiv:2011.08830.

[16] P. Bousseau, H. Fan, S. Guo, and L. Wu, Holomorphic anomaly equation for (P2, E) and the Nekrasov-

Shatashvili limit of local P2, Forum Math. Pi, 9 (2021), 57.

[17] A. Brini, Enumerative geometry of surfaces and topological strings. Preprint available at arXiv:2211.11037.

[18] M. Carl, M. Pumperla, and B. Siebert, A tropical view on Landau-Ginzburg models. Preprint available at

2205.07753.

[19] Q. Chen, The degeneration formula for logarithmic expanded degenerations, J. Algebr. Geom., 23 (2014), 341–

392.

[20] , Stable logarithmic maps to Deligne–Faltings pairs I, Ann. of Math. (2), 180 (2014), 455–521.

[21] J. Choi, M. van Garrel, S. Katz, and N. Takahashi, Local BPS invariants: enumerative aspects and

wall-crossing, Int. Math. Res. Not., 2020 (2020), 5450–5475.

[22] , Log BPS numbers of log Calabi-Yau surfaces, Trans. Am. Math. Soc., 374 (2021), 687–732.

[23] , Sheaves of maximal intersection and multiplicities of stable log maps, Sel. Math., New Ser., 27 (2021),

51.

[24] M. van Garrel, T. Graber, and H. Ruddat, Local Gromov–Witten invariants are log invariants, Adv. Math.,

350 (2019), 860–876.

[25] M. van Garrel, H. Ruddat, and B. Siebert, Enumerative period integrals of Landau–Ginzburg models via

wall structures, to appear (2023).

[26] , Intrinsic enumerative mirror symmetry: Takahashi’s log mirror symmetry for (P2, E) revisited, to appear

(2023).

[27] M. van Garrel, T. W. H. Wong, and G. Zaimi, Integrality of relative BPS state counts of toric del Pezzo

surfaces, Commun. Number Theory Phys., 7 (2013), 671–687.

[28] A. Gathmann, Relative Gromov-Witten invariants and the mirror formula, Math. Ann., 325 (2003), 393–412.

[29] M. Gross, P. Hacking, and S. Keel, Mirror symmetry for log Calabi–Yau surfaces I, Publ. Math. Inst. Hautes
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