UNIVERSITYOF
BIRMINGHAM

iversit}/]ofBirmin am
esearch at Birmingham

Ramsey numbers with prescribed rate of growth

Pavez-Signé, Matias; Piga, Simon; Sanhueza-Matamala, Nicolas

License:
Creative Commons: Attribution (CC BY)

Citation for published version (Harvard):
Pavez-Signé, M, Piga, S & Sanhueza-Matamala, N 2022 'Ramsey numbers with prescribed rate of growth'.

Link to publication on Research at Birmingham portal

General rights

Unless a licence is specified above, all rights (including copyright and moral rights) in this document are retained by the authors and/or the
copyright holders. The express permission of the copyright holder must be obtained for any use of this material other than for purposes
permitted by law.

*Users may freely distribute the URL that is used to identify this publication.

*Users may download and/or print one copy of the publication from the University of Birmingham research portal for the purpose of private
study or non-commercial research.

*User may use extracts from the document in line with the concept of ‘fair dealing’ under the Copyright, Designs and Patents Act 1988 (?)
*Users may not further distribute the material nor use it for the purposes of commercial gain.

Where a licence is displayed above, please note the terms and conditions of the licence govern your use of this document.

When citing, please reference the published version.

Take down policy
While the University of Birmingham exercises care and attention in making items available there are rare occasions when an item has been
uploaded in error or has been deemed to be commercially or otherwise sensitive.

If you believe that this is the case for this document, please contact UBIRA@lists.bham.ac.uk providing details and we will remove access to
the work immediately and investigate.

Download date: 08. May. 2024


https://birmingham.elsevierpure.com/en/publications/0a99a3b5-a06b-4133-abdd-13d9c9b11884

arXiv:2209.05455v2 [math.CO] 28 Sep 2022

RAMSEY NUMBERS WITH PRESCRIBED RATE OF GROWTH
MATIAS PAVEZ-SIGNE, SIMON PIGA, AND NICOLAS SANHUEZA-MATAMALA

ABSTRACT. Let R(G) be the two-colour Ramsey number of a graph G. In this note,
we prove that for any non-decreasing function n < f(n) < R(Ky), there exists a
sequence of connected graphs (Gr)nen, with |V(Gr)| = n for all n > 1, such that
R(Grn) = ©(f(n)). In contrast, we also show that an analogous statement does not
hold for hypergraphs of uniformity at least 5.

We also use our techniques to answer a question posed by DeBiasio about the
existence of sequences of graphs whose 2-colour Ramsey number is linear whereas
their 3-colour Ramsey number has superlinear growth.

1. INTRODUCTION

For a graph G and r > 2, the r-colour Ramsey number R,(G) of G is the smallest
number n such that every r-edge-colouring of the edges of the complete graph K,
contains a monochromatic copy of G, that is, a copy of G with all its edges in the same
colour. For r = 2 we will simply write Ro(G) = R(G) and refer to this as the Ramsey
number of G. The most notorious open problem here is to determine the Ramsey
number of cliques. The classical bounds on R(K,,) by Erdés [Erd47] and Erdés and
Szekeres [ES35] imply that v2" < R(K,) < 4", so R(K,) is exponential in n, but
despite tremendous efforts its exact behaviour remains unknown.

In general, if a graph G on n vertices has m edges, then 22(m/m) < R(G) < 20(Vm),
where the lower bound follows from a probabilistic construction and the upper bound
was shown by Sudakov [Sud11]. Given additional structure on G, there are many cases
where we can even obtain R(H) = O(n). This holds, for instance, for graphs with
bounded maximum degree [Chv+83], bounded arrangeability [CS93], and bounded
degeneracy [Leel7]. We recommend [CFS15] for a survey in the area.

As we have seen, the Ramsey number of an n-vertex graph can vary between linear
and exponential in n. A natural question is thus to ask which values (between n
and R(K,)) can be attained as the Ramsey number of some n-vertex graph. The
aim of this note is to study this question, and, in particular, to determine which
functions f : N — IN, with n < f(n) < R(K,,) for all n € IN, are the rate of growth of
the Ramsey numbers of some sequence of n-vertex graphs.

It is natural here to restrict our analysis to connected graphs. Note that after
adding n—r isolated vertices to an r-vertex graph H, we end with an n-vertex graph H
satisfying R(H') = max{n, R(H)}. This means that we can obtain values for the
Ramsey number of n-vertex graphs which in essence correspond to the Ramsey number
of r-vertex graphs; restricting to connected graphs rules out such constructions. Our
first result is that every function can be attained as the rate of growth of some sequence
of graphs, up to a multiplicative factor.

Theorem 1. There exist positive constants C' and ng such that for every non-decreasing
function f : N — IN, with n < f(n) < R(K,), there exists a sequence of connected
graphs (Gp)nen such that for all n = ng, |V(Gy)| =n and f(n) < R(Gy) < Cf(n).
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In other words, we have R(G),) = O(f(n)), where the implicit constants do not
depend on the function f. We remark that by a result of Burr and Erdés [BE76]
on the Ramsey number of trees, it is known that every n-vertex connected graph G
satisfies R(G) > [%n} — 1; thus taking the function f(n) = an for any 1 < a < 4/3
shows that the conclusion of Theorem 1 cannot hold with R(G,) = (1 + o(1))f(n)
instead. We discuss the structure of these ‘gaps’ further in Section 5.

Our second result concerns k-uniform hypergraphs. A k-graph H is a pair H=(V, E)
where V' is the set of vertices of H and every edge) e € F is a k-element subset of V.
vertices such that every k-element subset of vertices is an edge. Given a k-graph H,
the Ramsey number R(H) of H is the smallest number n such that every red-blue
colouring of the edges of Ky(Lk) yields a monochromatic copy of H.

We prove that an analogous of Theorem 1 fails for k-graphs if k > 5 (even without

For n € N, the k-uniform clique on n vertices K,gk is the hypergraph consisting of n

any kind of connectivity restrictions).

Theorem 2. Let k > 5. There exists a non-decreasing function f : N — IN with
n < f(n) < R(K,gk)), such that for all ¢, C >0 and any ng, there is an n>ng such that

R(H) <cf(n) or R(H)>Cf(n)
for every n-vertex k-graph H.

Using our techniques we can also answer a question posed by DeBiasio [DeB],
who asked about the existence of a sequence G,, of graphs where Rs(G),) is linear
whilst R3(G,,) is superlinear. Similar differences in behaviour depending on the num-
ber of colours have been observed before in infinite graphs (see [CDM20, Section 10.1])
and in k-graphs with £ > 3 (see [CFR17]). We answer DeBiasio’s question in the
affirmative.

Theorem 3. There exists a sequence (Gp)new of graphs such that |V(G,)| = n,
Ry(Gr) = O(n) and R3(Gy,) = Q(nlogn).

The graphs we construct for Theorem 3 have isolated vertices. If we insist on
sequences of connected graphs, we can get the following.

Theorem 4. There is a sequence (G, )nen of connected graphs such that |V (G,)| = n,
Ry(G,) = O(nlogn) and R3(G,) = Q(nlog?n).

2. PROOF OF THEOREM 1

Conlon, Fox and Sudakov [CFS20] proved that the Ramsey number of a dense graph
cannot decrease by much under the deletion of one vertex. A graph on n vertices has
density d if it has d (%) edges.

Lemma 5 ([CEFS20]). There exists a constant ¢ > 0 such that for every graph H of
density at least d and any graph H' obtained by deleting a single vertex from H, we
have R(H) < (clog(1/d)/d)R(H").

The following is an immediate corollary.

Lemma 6. There exist c1,ca > 0 so that for any n > 1,
(i) R(Kns1) < alR(Ky),
(ii) R(Knt1,n+1) < 2R(Knp)-

We also need bounds on the Ramsey number of a path P, with n edges, which is
due to Gerencsér and Gyarfds [GG67].
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Lemma 7. For everyn > 1, R(P,) = [(3n +1)/2].

We shall also use a lower bound on the Ramsey number of complete bipartite graphs,
which follows from a standard probabilistic construction.

Lemma 8. Fort>1, R(K;,) > 2!/%.
We are now ready for the proof of our first result.

Proof of Theorem 1. Let f : IN — IN be a non-decreasing function such that n <
f(n) < R(K,) for all n € N. Fixing a large n € IN, we will construct an appropriate
n-vertex graph G,. We will split the proof into two cases, depending on how large
f(n) is. In fact, the two ranges we consider are not disjoint, but they are enough to
cover all possibilities between n and R(K,,).

Case 1: n < f(n) < 2/8. We construct the graph G,, as follows. Let t be the
minimal number such that R(K;;) > f(n). We note that by the choice of ¢, we have
R(K; 141) < f(n) < R(K;;). By Lemma 8, we have 2(=1/2 < f(n) and thus
t < 2logy(f(n)) + 1. Since f(n) < 2"/8, we certainly have 2t < n. Construct G,, by
taking K;; and joining it to a path on n — 2t new vertices, so |V (G,)| = n.

The lower bound on R(G,,) follows from the fact that K;; C G,, and the definition
of t, as

R(Gn) 2 R(Ky) > f(n).

Now we show that R(G,) < 6caf(n), where ¢ is the constant appearing in Lemma 6.
Let N = 6¢yf(n) and consider any red-blue colouring of the edges of K. By Lemma 7,
K must contain a monochromatic path P on at least 2N/3 > 4c¢a f(n) vertices, which
we may assume is red. Let P’ C P be obtained by removing n vertices in one of its
extremes, so that P’ is a red path on at least 4cof(n) —n = 3ca f(n) vertices.

Let S = V(P'). Note that if S contains a red monochromatic copy of Ky, then we
surely obtain a red copy of G,,. Hence, we may assume that S contains no red copy
of K;;. Note that by Lemma 6, we have

R(Kit) < coR(Ky—14-1) < caf(n).

Thus we can greedily find vertex-disjoint blue monochromatic copies K!, ..., K* of Ky
in S until less than cyf(n) vertices remain uncovered. Note that these copies cover
together at least |S| — caf(n) = 3caf(n) — caf(n) = f(n) = n vertices.

For all 1 < i < s, let A;, B; be the two classes of K*. Given 1 < i < s, note that not
all edges between B; and A;;1 can be red, as that would yield a red monochromatic
copy of K;; in S. Therefore, there are blue edges ey, ...,es_1 where each e; has one
endpoint b; € B; and other endpoint a;11 € A;11. Let a3 € A; be arbitrary. For
all 1 <i < s, take a blue path P, C K* which spans V(K*) and has endpoints a; and
b;. Thus, the concatenation P, + ey + --- 4+ Ps_1 + es_1, together with K*, forms a
blue copy of G,,, as required.

Case 2: 2nlogyn < f(n) < R(K,). Take t minimal subject to R(K;) > f(n). Clearly,
such t always exists and is at most n. Thus, we have R(K;—1) < f(n) < R(K).
Moreover, since R(K,) > 2"/ holds for all r, we know that t < min{n,2log, f(n)}.
By Lemma 6, we also know that R(K;) < ci1R(Ki—1) < c1f(n).

Let G,, be the graph consisting of K; joined to a path on n — ¢ new vertices, so
that G, is a connected graph on n vertices. We know that R(G,) > R(K:) > f(n).

Let N = 6¢1 f(n) where ¢; comes from Lemma 6. We want to show that R(G,) < N.
Suppose there is no monochromatic copy of G, in Ky. As before, we may find a
monochromatic path on at least 2N/3 = 4¢; f(n) vertices, and suppose it is red. We
remove n vertices from the beginning of the path to obtain a set S on at least 3¢y f(n)
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vertices. Since there is no red copy of K; in S, all monochromatic copies of K; in S
are blue. As R(K;) < c¢1f(n), we can find vertex-disjoint blue copies of K; in S until
at most ¢1 f(n) vertices remain. These copies together cover at least 2c; f(n) vertices
of S. Let Q',...,Q" be the r copies of K; found in this way.

Define a cliqgue-path P to be a sequence of vertex-disjoint blue cliques Q', ..., Q"
such that for each 1 < i < [ there is a blue edge e; between Q° and Q'*', and the
edges e; are vertex-disjoint for all 1 < i < [.

Claim 9. There is a set of at most t — 1 clique-paths that together cover all cliques
QL. ..., Q" exactly once.

Proof. Suppose otherwise and let P, ..., P,_1 be t—1 clique-paths which use pairwise-
disjoint sets of cliques and together use the maximum possible number of cliques. Let
Py = @Q° be a clique-path consisting of any clique not used by any P;, and for each
1 <i<t—1,let Q be an “end-clique” of each P;. In each Q°,...,Q" !, we select
a vertex ¢; which is not in any of the edges of the clique-paths. Since S contains no
red K, there must be a blue edge between some pair ¢;q;. But then we can merge F;
and P; into a longer clique-path using the blue edge ¢;q;, and thus we have found a
set of t — 1 clique-paths covering one more clique, a contradiction. O

Therefore, there is a clique-path which uses at least r/(t — 1) > r/t cliques. In
such a clique-path we can easily find a blue clique K; together with a blue path which
together use at least ¢ - (r/t) = r vertices. Thus we are done if r > n. Indeed,
since the cliques use 2¢1 f(n) vertices in total and each clique has ¢ vertices, we have
at least 7 > 2c1f(n)/t > f(n)/min{n,log, f(n)}, where in the last inequality we
used ¢; > 1 and ¢ < min{n,log, f(n)}.

If f(n) < 2" then min{n,log, f(n)} = logy f(n), and therefore the bound in the
previous paragraph becomes r > f(n)/logy f(n) > 2nlogyn/logy(2nlogyn) > n, as
required. Otherwise, if f(n) > 2", then min{n,logy f(n)} = n, in which case we
obtain r > f(n)/n = n. O

3. PROOF OF THEOREM 2

For k-graphs, the so-called ‘stepping-up lemma’ by Erdés, Hajnal, and Rado [EHR65]
allows us to deduce a tower-type lower bound for the Ramsey number R(K,Sk)) for ev-
ery k > 3, namely

2" < log* I (R(KM)), (1)

where a > 0 is a constant depending only on k£ and log(i)(-) denotes the ith iterated
logarithm.

Proof of Theorem 2. Let k>5. We find a function g: N — IN, with n<g(n) gR(K,(f))

as follows. For every n € IN, let I,, = [logn,log R(Kr(f))] be an interval in R. Note
that, since k > 5, inequality (1) implies that

log R(K®) —logn > 2*" —logn.

Since the number of k-graphs on n vertices is at most Q"k, by averaging we find a
sub-interval I/ C I,, which does not contain log R(H) for any n-vertex k-graph H, and
such that I has length at least

22" _logn

S > 2n,
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where we used that n is sufficiently large. Let m,, € I}, be the middle point of I},.
Then, for large n and every n-vertex k-graph H, we have

log R(H) < my, —n or log R(H) > my, + n. (2)

Let g : N — IN be defined by g(n) = 2™". Since m,, € I, for large n, we have
n < g(n) < R(K,(f)). Then, due to (2) we deduce that for every n and every n-vertex
k-graph H,
R(H) <2 "g(n) or R(H) = 2"g(n).

In particular, for every two positive constants ¢,C' > 0 and for every a sufficiently
large n, we have R(H) < cg(n) or R(H) > Cg(n), as required.

Note that g might decrease. To overcome this, we define f : IN — IN by setting
f(1) =g(1) and, for n > 2,

e if g(n) > f(n— 1),
J(n) {f(n—l) if gln) < f(n—1).

Thus, it is straightforward to check that f is non-decreasing and satisfies the desired
conditions. O

Notice that the proof of Theorem 2 relies on the fact that log R(K¥) = w(2”k) for
every k > 5. Erdés, Hajnal, and Rado [EHRG65] conjectured that the lower bound in
inequality (1) can be improved to log(kfl)(R(Kr(Lk))) for every k > 3, in which case
our proof of Theorem 2 works for 4-uniform hypergraphs as well. The situation for
3-uniform hypergraphs is not clear, even if this conjecture were true.

4. PROOF OF THEOREMS 3 AND 4
We shall use the following simple lemma.

Lemma 10. For every graph G and connected H C G, we have
R3(G) 2 (x(H) = 1)(R2(H) = 1) + 1.

Proof. Let N = (x(H) — 1)(R2(H) — 1). We construct a red-blue-green colouring of
Ky as follows: partition V(Ky) into x(H) — 1 sets V1,..., Vi (g1 of size Ra(H) — 1
each. Inside each V; use colours red and blue in such a way that the colouring does
not contain a red-blue copy of H; and colour every other edge green.

This colouring does not contain a monochromatic copy of G. Indeed, an hypothetical
such copy cannot be red or blue, as otherwise there must exist a red or blue copy of
H. Since H is connected, such a copy of H must lie inside one of the sets V;, but
we have chosen the red-blue edges so that this does not happen. Also, there are no
green copies of G, since the graph formed by the green edges is (¢t — 1)-partite but

X(G) = x(H) > t. We conclude that R3(G) > N. O

Proof of Theorem 3. Given n, let t be the least integer such that n < Re(K;). By
choice, we have Ro(K;—1) < n and, by Lemma 6, we have Ro(K}) < ¢1Ro(Ki—1) < e1n.
Let G, be the graph obtained from K; by adding n — ¢ isolated vertices. Therefore,
[V(G,)| = n and Ra(Gy,) = max{n, Ro(K;)} = Ra(K:) < can = O(n). On the other
hand, since n < Ro(K3) < 4%; by the choice of t we know that t > % log, n and therefore
by Lemma 10 we have R3(G,) = Q(nlogn). O

Proof of Theorem /. Asin Case 2 of the proof of Theorem 1, by taking f(n) = 2nlogyn
we construct a sequence of connected graphs G, with |V(G,)| = n and Ry(G,) =
O(f(n)) = O(nlogn).
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Note that in Case 2 the graphs G,, are formed by attaching a path to a clique.
More precisely, they contain a clique on ¢ vertices with ¢ > %logzn and a path of
length n — ¢t. Thus, we have x(G,,) = Q(logn) and therefore, by Lemma 10, we have
R3(Gp) > (x(Gpn) — 1)(R2(Gr) — 1) = Q(nlog?n), as required. O

5. CONCLUDING REMARKS

For n € IN, let us consider the sets

Rn ={R(G): [V(G)| =n},

R, = {R(G): G does not contain isolated vertices and |V (G)| =n}, and

R;, = {R(G): G is connected and |V (G)| = n}.
It is clear that RS, C RS C R, C [n, R(K},)]. Observe that n € R,, since R(K,,) = n,
where K,, corresponds to an independent set on n vertices. Furthermore, consider
a disjoint union of two stars ¥, = Ki o, U K. A result due to Grossman [Gro79]
implies that R(X,4-;) = 3a—2i for i € {0,1,2}. Thus, by adding n— (2a —i+2) extra

isolated vertices to X, q—; and letting the value of a vary from |n/3] to [(n — 2)/2],
3(n—2)
2

we can deduce that [n, | —3] € R,,. Other families of sparse graphs can also be
used to show other inclusions of this kind.
As mentioned in the introduction, R(G) > [%n] — 1 holds for every connected

graph G on n vertices, and this bound is tight. In particular, it implies that
R, < |[4n] = 1, R(K,)] -

In a similar fashion, Burr and Erdés [BE76] showed that R(G) > n+logn—O(loglogn)
holds for every G € R, which is almost tight as shown by Csdkany and Komlés [CK99].
It would be interesting to get a better understanding of the structures of R,, R,
and Rj,.

Given a constant ¢> 1, we say that a € [n, R(K,,)] is a c-gap for R}, if [a, ca] "RE, = 0.
It is not difficult to see that Theorem 1 is equivalent to the existence of a constant ¢ > 1
for which R, has no c-gaps for every sufficiently large n. In this direction a proper
(but non-empty) subset of the authors of this paper believe that the answer to the
following question should be affirmative.

Question 11. Does there exist an ng € IN such that for every n > ng
R, =[n,R(K,)] and Rf=[[3n]—1,R(K,)]?

Observe that the first equality would imply that for every function f: N — IN
withn < f(n) < R(K,) there is a sequence of graphs (G, )nen such that f(n) = R(G,,).
An analogous statement would hold for connected graphs if the second identity was
true.

Finally, observe that the proof of the first case of Theorem 1 can be modified by
replacing the role of K;; with a complete k-partite graph K; ;. In this way, we may
ensure that every graph in the sequence (G, )nen has an arbitrarily large chromatic
number.

Theorem 12. For every k>2, there are positive constants ¢, C', and ng € IN such that
for every non-decreasing function f: :IN — IN, with n < f(n) < R(K,), there is a
sequence of connected graphs (G, )nen with |Gy =n such that cf(n) < R(G,) < Cf(n)
for alln € N. Moreover, x(Gy) = k for every n > ng.

It would be interesting to ensure other properties for the graphs in this sequence.
In particular, we believe the graphs can also be taken to have large connectivity.
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Conjecture 13. For every k > 2 and for every non-decreasing function f : N — IN
with n < f(n) < R(K,,) there is a sequence of graphs (G, )nen with |G| =n such that
R(G,) =0O(f(n)), and G, is k-connected for all n sufficiently large.
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