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Highly irregular separated nets.

Michael Dymond, Vojtéch Kaluza

In 1998 Burago and Kleiner and (independently) McMullen gave examples
of separated nets in Euclidean space which are bilipschitz non-equivalent to
the integer lattice. We study weaker notions than bilipschitz equivalence and
demonstrate that such notions also distinguish between separated nets. Put
differently, we find occurrences of particularly strong divergence of separated
nets from the integer lattice. Our approach generalises that of Burago and
Kleiner and McMullen which takes place largely in a continuous setting. Ex-
istence of irregular separated nets is verified via the existence of non-realisable
density functions p: [0,1]¢ — (0,00). In the present work we obtain stronger
types of non-realisable densities.

1 Introduction

The question of whether two separated nets of a Euclidean space may carry
inherently different metric structures has been considered by many authors.
Indeed, Gromov’s 1993 question [18] of whether any two such nets are ne-
cessarily bilipschitz equivalent! remained open for several years, before being
resolved negatively by McMullen [26] and Burago and Kleiner [7] in 1998.
Whilst the aforementioned works provide examples of separated nets in R,
d > 2, which are not bilipschitz equivalent to the integer lattice, the present
article focuses on the extent to which this divergence can occur.

The first insight on this question comes from McMullen [26], who measures
divergence between separated nets by introducing the notion of homogeneous
bi-Hélder mappings. To permit finer description of how much separated nets
may differ we generalise McMullen’s notion of a homogeneous Holder mapping
from [26] in the following way:

This work was done while both authors were employed at the University of Innsbruck and enjoyed the
full support of Austrian Science Fund (FWF): P 30902-N35.
!Several sources, e.g. [7], [19, p.63], 9, p.80], state that this question arose first in the work of Fursten-
berg in the 1960’s in the context of ergodic theory and dynamical systems, but we are not aware of
any reference for that.
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Definition 1.1. Given two separated nets X, Y C R% and a modulus of con-
tinuity” w, a mapping f: X — Y is called a homogeneous w-mapping if there
are constants K >0 and a € (0,1) such that

R

for all R > 0 and z1,z2 € X N B(0,R) with ||zo — x|, < aR. The net X
1s said to be w-regular with respect to Y if there is a bijection f: X — Y
so that both f and f~' are homogeneous w-mappings. Otherwise, we call X
w-irregular with respect to Y. In the case that Y = Z%, we shorten these
terms and just say that X s w-reqular or w-irregular respectively.

I1f(x2) — f(z1)|l < K Rw <M>

For Hélder moduli of continuity w(t) = t? with 8 € (0,1), our notion of
w-regularity refers to the existence of a homogeneous bi-Hélder bijection in
the sense of McMullen [26, Thm. 5.1]. In the case of the Lipschitz modulus
of continuity w(t) = ¢, it reduces to bilipschitz equivalence. Clearly, for
moduli of continuity w satisfying lim;_,q @ = 00, w-regularity is weaker than
bilipschitz equivalence to the integer lattice, at least formally®. Accordingly,
determining the moduli of continuity w with respect to which a separated net
X is w-regular provides a finer comparison of its metric structure with that
of the integer lattice.

McMullen [26] proves that any separated net in the Euclidean space R? is
w-regular for some Holder modulus of continuity w. Since the composition
of two homogeneous bi-Hélder bijections (in the sense of [26, Thm. 5.1]) is
again a bi-Holder bijection, this provides an upper bound on the divergence
between any two separated nets in Euclidean space: for any two separated
nets X,Y C R? X is w-regular with respect to Y for some Holder modulus
of continuity w. McMullen’s result leads naturally to the question of whether
this Holder bound is tight. Indeed, alongside the existence of bilipschitz non-
equivalent separated nets, it invites the question of whether there are any
moduli of continuity w asymptotically greater than Lipschitz which admit w-
irregular separated nets. The present article initiates the study of w-regularity
for the ‘missing range’ of moduli w not treated by McMullen, Burago and
Kleiner, that is, those moduli w lying in between Lipschitz and Holder. We
will provide the first examples of such w admitting w-irregular separated nets.

Theorem 1.2. Let d > 2. Then there is ag = ap(d) > 0 and a separated net
X in R? such that X is w-irreqular for any modulus of continuity w such that
there is a > 0 for which w(t) = t(log +)®° for all t € (0, a).

2The notions of the separated net and the modulus of continuity are defined in Section 2 in Definitions 2.1
and 2.2, respectively.

3In a new preprint [15] we verify that for the moduli of continuity w of Theorem 1.2, w-regularity is
indeed strictly weaker than bilipschitz equivalence. Although this appears to be intuitively true, the
only proof of which we are aware is rather long.



The ultimate aim of continuing research in this programme will be to estab-
lish a sharp threshold for existence of w-irregular separated nets: a reasonable
conjecture, given the state of the art, is that w-irregular separated nets exist
in multidimensional Euclidean space if and only if the modulus of continuity
w is asymptotically smaller than all Holder moduli, that is, if and only if
limy_,q % = 0 for all 5 € (0,1). We emphasise that the validity of both
implications in this conjecture are open questions.

In a wider setting, the present work contributes to a large amount of re-
search interest in separated nets. Motivation for the study of separated nets
comes from geometric classification problems such as for Banach spaces or
metric groups (see, e.g., [6, Sec. 10.3] and [18, 14]), from the study of dy-
namical systems (e.g., [19]) and quasi-periodic structures in mathematical
physics (e.g., [5, 3, 4]). The work [7] of Burago and Kleiner has been further
studied, refined and extended in [17, 23, 10, 16]. In [8] Burago and Kleiner
establish a sufficient criterion for two separated nets in R¢ to be bilipschitz
equivalent. Moreover, Magazinov [23| proves that the number of bilipschitz
equivalence classes of separated nets in multidimensional Euclidean space has
the cardinality of the continuum.

Let us be more specific about how the notion of w-regularity provides a
deeper insight into the metric structures of separated nets. Bilipschitz non-
equivalence of two nets X and Y may be naturally ordered according to the
optimal asymptotic growth of the Lipschitz constants Lip(f|p(o,r)nx) and
Lip(f_1|B(0,R)my) as R — oo among bijections f: X — Y. Intuitively, if
two nets X and Y are bilipschitz non-equivalent, but see slow asymptotic
growth of (Lip(f|p(0,r)nx)r>0 and (Lip(f~!|p(0,r)ny ) r>0 for some bijection
f: X — Y, it means that high distortion is only seen by comparing very
large portions of X and Y. We note that for concave and increasing moduli
w, which are the only moduli that we consider, a control on the growth of
(Lip(9|B(0, R)ndomain(g))) R>0 for g € {f, ffl} is a necessary condition for X
to be w-regular with respect to Y. This follows from the easy observation
that, in this case, whenever X is w-regular with respect to Y via f: X = Y,
we have

. a
Llp(g’B(O,R)ﬂdomain(g)) < KRw (E) (11)

for g € {f, ffl}, all R > 1 and some constants K > 0 and a € (0,1). Given
this connection between the notions of w-regularity and the rate of growth of
restricted Lipschitz constants, one might ask whether it is possible to formu-
late Theorem 1.2 in the language of restricted Lipschitz constants. A natural
expectation is that for the separated net X given by Theorem 1.2 and any
bijection f: X — Z? we have the failure of (1.1) with w(t) = ¢ (log 1)“°, that
is, that the restricted Lipschitz constants Lip(g|p(o,r)ndomain(g)) for ¢ = f
or g = f~! grow asymptotically faster than (log R)* as R — oo. How-
ever, our methods do not appear sufficient to obtain such a statement. This
is because, although the w-homogeneity of a bijection f: X — Y implies



the growth condition (1.1) on its restricted Lipschitz constants, the opposite

implication is not formally valid. Instead, for g € { 7 ffl} and x # y €

B(0, R) N domain(g), Theorem 1.2 provides information about the growth
(y)—g(z)

of the quotient llg o=zl l2 535 R — o0 in comparison to the growth of the
2

quotient ﬁ In this vein, Theorem 1.2 can be reformulated as follows:
2

Theorem (Restatement of Theorem 1.2). Let d > 2. Then there is ag =
ao(d) > 0 and a separated net X in R? such that for every bijection f: X —
7% and somet a € (0,1) the following holds with g = f or g = f~!

lim sup sup lgty) = g(x)}lb a5 = 00. (1.2)
R—oo z#yeB(0,R)Ndomain(g), — (] —>
ly—z|ly<aR ly = =l {log 7=z

@0
If one removes the factor (log ﬁ) in the expression (1.2), the con-
2
clusion of the restatement of Theorem 1.2 yields

limsup max Li ; =0
R~>oop gelh -1} p(g|B(O,R)ﬂdoma1n(g))
and then it simply asserts the existence of a separated net X which is bilipschitz
non-equivalent to the integer lattice Z¢. This is precisely the result of Bur-

ago and Kleiner |7, Thm. 1.1] and McMullen [26]. Since <log ﬁ)ao >

(log 1)** > 0 for z,y € B(0,R) with 0 < ||y — ||, < aR and a € (0,1), The-
orem 1.2 is a stronger statement than [7, Thm. 1.1] and the corresponding
result of [26].

In the context of McMullen’s and Burago and Kleiner’s work on separated
nets, the restatement above can be compared to a consequence of McMullen’s
result [26, Thm. 5.1]: namely, that any separated net X C R? admits 3 €
(0,1) and a bijection f: X — Z? satisfying

lg(y) = g(@)ll, (Hy —x\b)ﬁ e

lim sup sup
R—o0 z#yceXNdomain(g) Hy - x||2
for both g = f and g = f~L.
To verify this, take a homogeneous a-bi-Holder bijection f: X — Z% and
apply (1.1) to deduce the inequalities above with 8 =1 — a.

R

Connection to the notion of displacement equivalence.

Theorem 1.2 may be of interest for the study of bounded displacement equi-
valence of separated nets; two separated nets X,Y C R? are bounded dis-
placement equivalent if there is a bijection f: X — Y such that the quantity

sup || f(z) — z|,
zeX

“Clearly, (1.1) holds true for some a € (0,1) if and only if it holds for all a € (0,1).



is finite. Equivalence of nets under mappings with bounded displacement
was studied in the work of Laczkovich [22], who characterised separated nets
X bounded displacement equivalent to Z% in terms of the density of X in
bounded subsets of R%. In several subsequent works, such as [30, 1, 31] or
[21], researchers were mainly interested in determining whether separated
nets from some natural class are bounded displacement equivalent to Z?. On
the other hand, it is easy to see that bounded displacement equivalence is a
stronger notion than bilipschitz equivalence. Therefore, a separated net in
R9 bilipschitz non-equivalent to Z? (such as the ones provided by [7]) is, in
particular, non-equivalent to the integer lattice in the sense of bounded dis-
placement. In this direction, however, Theorem 1.2 provides us with stronger
information:

Proposition 1.3. For any separated net X C R% satisfying the assertions of
Theorem 1.2 and any bijection f: X — Z¢ we have that

limsup  sup I/ G@) = xlly = 00. (1.3)

R—oo z€B(0,R)NX (10gR)a0

In other words, any bijection f: X — Z? displaces points inside the ball
B(0, R) by much more than (log R)®° for arbitrarily large R.

It is easy to find separated nets in R? for which a stronger condition than
(1.3) holds. Indeed this is true for any separated net not having natural
density one. Given a separated net X C RY its natural density is defined as
the limit .

XNB(O,R
i X0BOR)| (1.4)
% L(B(0, R))
provided that the limit exists. By an easy comparison of volumes®, one can

see that if the natural density of X is not defined or does not equal to one,

then
e s @) =l

>0
R—oco 2z€B(0,R)NX R

for any bijection f: X — Z?. This is a stronger property than (1.3).
Therefore, Proposition 1.3 is interesting only if there are separated nets

X C R? satisfying the conclusion of Theorem 1.2 which have natural density

one (i.e., the natural density of Z?%). We verify that this is indeed the case:

Proposition 1.4. For every d > 2 there is a separated net X C R? satisfying
the assertions of Theorem 1.2 with natural density one.

®Say, limg_ oo {XﬁE(O,Rk)’ / {Zd ﬂE(O,Rk)’ =: A > 1 for some (Ry),cy, Bk — oo. Then there is
¢ :=c(d,\) > 1 such that | X NB(0,Ry)| > !Zd N B(0,cRy)| for all k large enough. Consequently,
every bijection X — Z¢ must map some point from X N B(0, Rx) outside B(0,cRx), and hence,
displace it by at least (¢ — 1) Ry, for all k large enough.



We show using Lemma 3.6 that the separated nets arising in the proof
of Theorem 1.2 can always be modified so that they additionally have well-
defined natural density (1.4). Proposition 1.4 then follows by observing that
w-regularity of separated nets is invariant under scaling; thus, we can scale
any separated net with well-defined natural density to a separated net with
natural density one without affecting whether it is w-regular or not. Details
are included at the end of Subsection 3.2.

Parallel results in the continuous setting.

Our approach to proving Theorems 1.2 follows the strategy established by
McMullen [26] and Burago, Kleiner [7], where existence of bilipschitz non-
equivalent nets is established via the construction of non-realisable density®
functions. McMullen [26] and Burago, Kleiner [7] constructed examples of
bounded measurable functions p: [0,1]¢ — (0, 00) with inf p > 0 that do not
admit any bilipschitz solution f: [0,1]¢ — R? to the pushforward equation

Jarl = ﬁ’f([o,ud)- (1.5)

In fact, Burago and Kleiner [7] produced p that is, in addition, continuous.
These examples answered another long-standing open question, reportedly
posed by Moser and Reimann in the 1960’s (see [8, p.1]), and fall into a lar-
ger area of research in which the solvability of (1.5) is studied under various
regularity assumptions on p and/or imposing restrictions on the solution f;
see, e.g., [27, 28, 12, 33, 29, 2, 11]. Accordingly, the present work also con-
tributes to this setting; more specifically to the question of solvability of (1.5)
for f of a prescribed regularity.

Riviére and Ye [29] prove that (1.5) admits a Holder solution f whenever
p € L>=([0,1]%). If p is in addition continuous, such a solution f may be found
in the intersection of all bi-Holder classes. Given that Burago and Kleiner [7]
construct continuous p for which (1.5) has no bilipschitz solutions, this result
appears close to optimal. It suggests that the class of bilipschitz mappings
may be the largest class of homeomorphisms in which solutions to (1.5) do
not always exist for continuous p. However, the aforementioned results leave
open the question of solvability of (1.5) inside classes of homeomorphisms f
lying in between bilipschitz and bi-Ho6lder. This provides strong motivation
for examining moduli of continuity w lying asymptotically in between the
Lipschitz and Holder moduli, such as w of the form of Theorem 1.2. For such
w, we show that the corresponding class of homeomorphisms, which is larger
than the bilipschitz class, may fail to provide solutions to (1.5) for continuous
p. Thus, we narrow the gap left open by the results of Riviére and Ye and
Burago and Kleiner.

By a density we mean a non-negative integrable function. Sometimes such functions are called weights
in the literature.



To state this result formally, we need to introduce additional definitions.
We will use the notation f: A < B to signify an injective mapping A — B.
For such a mapping we write f~! for the inverse mapping f~': f(4) — A.

Definition 1.5. Given a strictly increasing function w: (0,a) < (0,00) with
lim; ,ow(t) = 0, we call a mapping f: A € R — RF an w-mapping or
w-continuous if there is a constant K > 0 such that

vyeAly—zly<a = 1/ (y) = f@)lly < Kw(lly — 2[y)-

We call a mapping f: A C R? < R¥ a bi-w-mapping if both f and f~! are
w-continuous.

Theorem 1.6. Let d > 2. Then there is ag = ag(d) > 0 with the following
property: let w: (0,a) = (0,00) have the form

wo(t) = t (log %)ao .

Then there is a continuous function p: [0,1] — (0,00) for which the push-
forward equation (1.5) admits no bi-w solution f: [0,1]¢ — RY.

We show that Theorem 1.6 implies Theorem 1.2 in Section 3, Lemma 3.4,
following the approach used by Burago and Kleiner |7].

In what follows, we will call a function p: [0,1]¢ — (0,00) which admits
a bi-w solution f to (1.5) bi-w realisable. In the particular case of w(t) = t,
we call a bi-w realisable function bilipschitz realisable. In [16] the authors
and Kopecki strengthen the bilipschitz non-realisability results of Burago
and Kleiner [7] and McMullen [26] in a direction different to that of The-
orem 1.6. They show that there are continuous densities on [0, 1]¢ for which
the pushforward equation (1.5) admits no Lipschitz solution f: [0,1]¢ — R
In fact, [16] establishes that the set of those continuous functions inside the
space C([0,1]%) that admit a Lipschitz solution f to the pushforward equa-
tion (1.5) is o-porous”. In this sense, almost all continuous functions are not
Lipschitz realisable, and thus, also not bilipschitz realisable. The same paper
[16] also shows that the set of L°°([0,1]?) densities that are bilipschitz realis-
able in the sense of (1.5) is o-porous. Independently, results in this direction
were also obtained by Viera [32].

In this work, we show that Theorem 1.6 allows for the stronger conclusion as
in the aforementioned result of [16], establishing that bi-w realisable densities
for w as in the statement of Theorem 1.6 form a negligible subset of the whole
spaces of continuous/integrable densities.

"The definition of porosity and o-porosity appears in Section 2. For the time being, it suffices to know
that every o-porous set is meagre (of first Baire category), and thus, in a complete metric space,
cannot contain any non-empty open set. From this it follows that Theorem 1.7 is stronger than
Theorem 1.6.



Theorem 1.7. Let d > 2. Then there is ag = ag(d) > 0 with the following
property: let w: (0,a) <= (0,00) have the form

w(t) =t (log %)ao .

Then the set of functions p € C([0,1]4) for which the pushforward equa-
tion (1.5) admits a bi-w solution f: [0,1]¢ < Re forms a o-porous subset of
the space C([0,1]%) of continuous functions with the supremum norm.

The analogous result is true in the space L>=([0,1]%) as well.

Remark. For functions p € C([0,1]%) attaining negative values the left hand
side of the pushforward equation (1.5) should be understood as the signed
measure

fapl = fap™ L — fyp™ L.

Of course any function p € C(]0,1]%) attaining negative values cannot admit
any injective solution f of the pushforward equation. Therefore, the set of
functions p € C([0,1]%) referred to in Theorem 1.7 is contained in the set of
positive valued functions in C([0,1]%).

The proof of Theorem 1.7 is based on geometric properties of bi-w-mappings
investigated in Section 4. This part of our work is an extensive refinement of
the similar investigations of properties of bilipschitz mappings in [16], which
in turn, were extracted from the work of Burago and Kleiner [7].

2 Preliminaries and Notation.

We write B(z,r) for the open Euclidean ball of radius r centred at z; the
corresponding closed ball is denoted by B(z,7). Moreover, if B = B(z,r),
then by ¢B we mean B(x,cr). We extend this notation to tubular neigh-
bourhoods of sets in a natural way. We write A,int A and dA for the closure,
interior and boundary of A, respectively. The expression diam(A) stands for
the diameter of the set A. Let k € N; we denote by [k] the set {1,...,k}.
We write I¢ for the unit cube [0,1]¢ and 0 for the origin in RY. We use the
symbol := to signify a definition by equality.

We use the standard asymptotic notation O, €2 and ©. Formally, for two
positive functions ¢, ¢ defined on (0, a) for some a > 0 we say that ¢ € O(¢)
if limsup,_,o ¥ (x)/¢(x) < oco. Moreover, ¥ € Q(¢) if ¢ € O(v)) and O(¢) :=
O(¢)NQ(¢). Occasionally we will use the same notation for sequences of real
numbers (z;);cn instead of functions, in which case the classes are defined
analogously, but according to the asymptotics as ¢ — oc.

Throughout the article we use expressions of the type ¢(z,y, z) to denote
a parameter ¢ depending only on z, y and z, but in some cases these depend-
encies are suppressed after the first appearance.



Moreover, we use the notation poly (¢) to denote a function of type ©(t%),
where the particular power a > 0 is irrelevant, may depend on other objects
present and change from occurrence to occurrence. In order to emphasise on
which parameters the function of the form poly (¢) may depend and of which
it is independent, we sometimes use the extended notation poly?"¥ (t). This
denotes a function of ¢ in ©(¢%), where the value of @ can depend only on
x and y and the implicit multiplicative constant may depend on x, y and
z but not on any other parameters present. The lists of the parameters in
the super- and subscript can also have different sizes than in the previous
example or be empty.

Given a mapping f defined on a set A and B C A, we denote by f|p the
restriction of f to B. We use the same notation for restrictions of measures as
well. We write L4 for the d-dimensional Lebesgue measure. If the dimension
is understood, we usually drop the subscript and write just £. Given an
integrable function p: A C R% — [0, 00), we write pL for the measure defined
via the formula

pL(S) == / pdL, S CA.
S

We refer to such a function p: A — [0,00) as a density. Given a measurable
mapping f: A — R%, we define the pushforward of a measure v as fav(S) =
v(f71(S)), where S C R%.

Let A C R We write C(A) for the space of continuous functions A — R
with the supremum norm. We denote by L°°(A) the space of essentially
bounded functions A — R with the L*°-norm.

Let (X, d) be a metric space. We call a set P C X porous if for every z € X
there are g9 > 0 and « € (0,1) such that for every € € (0,ep) there exists
y € X satisfying d(y,z) < e and B(y,ae) NP = (. A set E C X is called
o-porous if it may be expressed as a countable union of porous subsets of X.
For the original definitions and more background on these sets, see [34].

Definition 2.1. Given A C X in the metric space (X,d) and a number
r > 0, we say that A is r-separated if d(a,a’) > r for every a # o € A.
We say that A is an r-net of X if d(x, A) <r for every x € X. If there are
r,s > 0 such that A is an s-separated r-net, we call A a separated net.

We write ey, ...,eq for the standard basis of R%. For A > 0 we let le\
denote the standard tiling of R? by cubes of sidelength \ and vertices in the
set AZ?. We call a family of cubes tiled if it is a subfamily of Q&l for some
A > 0. We say that two cubes S, S’ € 04 are ej-adjacent if S' = S + Ney.

Moduli of continuity.

Definition 2.2. We use the term modulus of continuity to refer to a strictly
increasing, concave function w: (0,a) < (0, 00) with lim;_,ow(t) = 0.



The exact value of the parameter a in the preceding definition will mostly
be immaterial; for instance, Theorems 1.2 or 1.7 do not refer to w described
there with a specific value of @ in mind, but include all possible choices of
the parameter a. Thus, to simplify the formulas and improve readability,
we introduce a general convention that whenever any modulus of continuity
w appears in a logical statement, the statement implicitly applies only to
arguments of w that are smaller than a. As a simple example of use of our
convention, we can write the condition in Definition 1.5 in a shorter form
as ‘w,y € A= ||f(y) — f(z)||, < Kw(|ly — z||,)’. Our convention dictates
that this condition should be interpreted as void for pairs x,y € A with
ly -l > a.

For a modulus of continuity w and a mapping f: A C R — R* we let

—aup d W) = f@lly il < q
Lu(f): p{ ol =2l WEAO<y—z|, < }

In the case that f is injective, we further define

bif.(f) == max {€,(f), Lu(f 1)}

Note that f is an w-mapping (see Definition 1.5) if and only if £,(f) < oo.
Moreover, in the simplest case of w(t) = ¢ the quantity £,(f) coincides with
the Lipschitz constant of f; in this case, we use the standard notation Lip(f)
and biLip(f) instead of £,(f) and biL,(f), respectively.

Remark. We defined the notion of a homogeneous w-mapping in Defini-
tion 1.1 only for mappings of separated nets because we will not use it for any
other domains, but it extends naturally to mappings of arbitrary subsets of R%
to R*. However, we caution the reader that the terms w-mapping and homo-
geneous w-mapping can then be misleading. Although the terminology might
suggest that the notion of homogeneous w-mapping is stronger than that of an
w-mapping, the two notions are actually incomparable.

We will restrict our attention to moduli of continuity with various special
properties. However, we show that this class of moduli is still diverse (see
Lemma 2.5).

For 0 < a <1 we call a function ¢: (0,a) — (0,00) submultiplicative if

o(st) < ¢(s)o(t)

for all s,t € (0,a). Similarly, we call ¢ as above supermultiplicative if

o(st) = ¢(s)o(t)

for all s,t € (0,a). Observe that for a strictly increasing ¢ the function ¢ is
submultiplicative if and only of ¢! is supermultiplicative.

10



Definition 2.3. Let M denote the set of strictly increasing, concave and
submultiplicative functions

w: (0,a) — (0,00)

with a < 3, limy_,gw(t) = 0 and w(t) >t for all t € (0,a). Given w € M,
we will denote by a,, the upper end of the domain of w. Occasionally, we use
w(ay) as a convenient abbreviation for supte(o,aw)w(t).

Note that whenever w € M, then also w|qy) belongs to M for every
b € (0,a,). However, the classes of w- and w](07b)—mappings coincide on many
domains A C R% in the case where A is convex, this follows easily from
Definition 1.5 by the triangle inequality and the concavity of w. For more
general domains A C R?, the equality of the classes follows from the convex
case whenever any w-continuous mapping A — R* can be extended to an
w-continuous mapping on conv(A), the convex hull of A. The existence of
the extension in the only case in which we will need it is established in the
next lemma and follows easily from [6, Thm. 1.12].

Lemma 2.4. Let w: (0,a) — (0,00) be a modulus of continuity. Let T' C RY
be a bounded set such that I' is an §-net of its convex hull conv(T') and let
f: T — R? be an w-mapping. Then there exists an w-mapping F: R* — R?

such that F|r = f and

Lo(F) <

(5T 1) )

Proof. We first extend w continuously to a and define a concave function
w: (0,00) — (0,00) by

w(a) ift>a.

(t) = {w(t) if t € (0,a),

We will show that

If () = @), < (‘MB‘T‘“F N

1) Lo(f)-w(|ly—=z|,) forevery z,y el

(2.1)
Once (2.1) is established, the proof of the lemma is completed simply by
applying |6, Thm. 1.12]. So let us prove (2.1). Let x,y € T', assuming, as we
may, that ||y — z||, > a, and set zp := . If i > 1 and z;_ is already chosen,
we draw a (possibly degenerate) line from z;_1 to y. If this line has length
less than a, we set y = z;. Otherwise we let 2, denote the point on this line
at distance § from z;_1 and choose z; € B (zg, %) NI arbitrarily. Inductively,
we verify that

ia
s ity <o and 05 [l =yl < max{Jy - ol - o0
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for every ¢ € N. It follows that there exists N < % +1 such that zy = v.
We therefore obtain the estimate
1) o)l  NE(flote)  (4diomT
G(lly—=l)) = wl@ 7 a

+1> £.,(f). 0

Similarly, also the classes of homogeneous w- and w](07b)—mappings are the
same; but in this case, this follows immediately from Definition 1.1. The
constant a from that definition can always be taken to be equal to a,. These
facts also support the convention that we introduced below Definition 2.2
about arguments of w in various conditions. Additionally, for every L > 1
and w € M the modulus Lw belongs to M as well. This means that f being
an w-mapping with £,(f) < L is equivalent to f being an Lw-mapping with
'SLUJ < 1.

It is clear that all Lipschitz and Holder moduli, i.e., all functions ¢ — t¢
with a € (0, 1], belong to the class M. Our aim is now to show that the class
M is even larger and contains a diverse spectrum of moduli lying inbetween
Holder and Lipschitz. Indeed we will show that the functions ¢ — ¢ (log %)a
for a € (0,00) belong to M. The class of w-mappings f: R? — R¥ for such
w is then larger than the class of Lipschitz mappings, but smaller than that
of Hélder.

Lemma 2.5. For each v € (0,00) there exists a € (0,1) so that the function

1\”
¢y: (0,a) = R, tr—>t<10g ;)

belongs to M.

Proof. Fix v € (0,00). We determine sufficient conditions on a € (0,1).
First we require that a < e™! so that ¢, (t) >t for all ¢ € (0,a). Choosing
a € (0,e77) so that log(1/t) > ~ for every t € (0,a), one can easily verify
that ¢, is concave and strictly increasing. It only remains to check that ¢,
is submultiplicative. We impose the additional condition a < e% Then for
s,t € (0,a) we have log (é) < log (%) log (%) and therefore

bt = st (1og 1) < (10s7) t (1og7) = 616100,
O

We will also briefly use the Hausdorff dimension of a set A, which we
denote by dimg(A) (for the definition and its basic properties, see, e.g., [25]).
The following classical lemma is an easy consequence of the definition of the
Hausdorff dimension:

12



Lemma 2.6. Let f: R — R* be a continuous mapping that is o-Holder
continuous for an o € (0,1). Then for every A C R% we have dimpy(f(A)) <
L dimp (A)
a H ’

We shall use the following (standard) corollary of the lemma above to
bound above the Lebesgue measure of neighbourhoods of f-images of sets
under a bi-w-mapping f.

Corollary 2.7. Let f: I¢ — R¢ be a homeomorphism that is a-Hélder con-
tinuous for some a € (d%dl, 1), Then

;g%z<3@y1ﬂ%50::o

Proof. Since f(0I%) = 9f(I%), Lemma 2.6 implies that dimg(df(I?)) < d.
This, in turn, means that for every § > 0 there is a collection (B;);cn of balls
of radius at most ¢ covering 9 (I¢) such that 3"2°, diam(B;)? < §. Moreover,
Of(I?) is compact. Thus, we can assume that there is k € N such that 9f(1%)
is already covered by By, ..., Bg. Let r := min;c[ diam(B;). Then

k
2B 2 B(af(1%),r),

i=1

which implies that the Lebesgue measure of the latter set is at most C§ for
an absolute constant C. O

3 Proof of Main Results.

3.1 w-regularity

In this subsection we give a proof of our main results Theorems 1.2 and 1.7,
partially based on a geometric statement for bi-w-mappings R — R? which
will be proved in Section 4. Our first objective is to verify that Theorem 1.2
is implied by Theorem 1.7. We will need one lemma on uniform convergence
to a homeomorphism.

Lemma 3.1. Let f: I¢ — R? be a homeomorphism and g: I¢ — R be
continuous. Then g(IT)Af(I%) C B(af(I%),|f — gll..), where the notation
A denotes the set difference EAF := (E\ F)U (F \ E).

In the proof of the lemma, we will use the topological degree of Brouwer; for
its definition and properties, see [13], for example. By deg(f,U,y) we denote
the degree of a continuous mapping f: U — R? at the point y € R?\ f(dU)
with respect to the open, bounded set U ¢ R¢.

13



Proof of Lemma 3.1. It is clear that
g\ 11 € B(07(N, 1f  gll.0),

since g(I?) € B(f(I%),||f — gll.) and the distance from a point y € g(I?) \
f(I%) to the set f(I%) is realised on the boundary of f(I%), as the latter is
compact.

For the other, less clear inclusion, we use the topological degree. The
multiplication theorem for the degree (see, e.g. [13, Thm. 5.1]) implies that
the degree of a homeomorphism is always %1, i.e., deg(f, int I?,-) is constant
equal to +1. On the other hand, it is a basic property of the degree that
deg(g,int I¢,y) = deg(f,int I, y) whenever dist(y,0f(I%)) > | f — gll.; see
[13, Thm. 3.1(d5)]. Another basic property is that the degree of any function
with respect to a set is zero in every point which is not included in the
image of that set; see [13, Thm. 3.1(d4)]. That is, every y € f(I%) such that
dist(y, 0f(I1?)) > || f — gl must be included in g(I?) as well. O

We will also need two auxiliary lemmas on weak convergence of measures
which are probably a common part of knowledge in measure theory. For their
proofs, we refer the reader to [16, Lem. 5.5 and 5.6].

Lemma 3.2. Let v and (v,)52, be finite Borel measures with support in a
compact set K C R?. Moreover, assume that there is, for each n € N, a finite
collection Q,, of Borel subsets of K that satisfy the following:

1. I/(K\UQn> =0 and v, <K\UQn) =0.
2. Z v(Q) = v(K) and Z U (Q) = vp(K).

QeQn Q€eQn
1
3. li di =0 and 2 (Q) — col = ).
Aim | max lam(Q) =0 an géagﬁlv (Q) —v(Q)] 0<|Qn|>

Then v, converges weakly to v.

Lemma 3.3. Let K be a compact set in R and (Vn)nen be a sequence of
finite Borel measures on K converging weakly to a finite Borel measure v.
Let (hp)nen, hn: K — R™, be a sequence of continuous mappings converging
uniformly to a mapping h. Then (hy)s(vy) converges weakly to hy(v).

Observe that the next lemma combines with Theorem 1.6 to imply The-
orem 1.2. The statement and part of its proof are a completely straight-
forward adaptation of |7, Lem. 2.1] by Burago and Kleiner. However, the
majority of the proof we give below consists of important details that are
missing in [7] and have never been published. Moreover, these missing parts
are especially relevant in our setting, where we consider less restrictive mod-
uli of continuity than Lipschitz. In particular, the proof does not work for
all Holder moduli of continuity. In what follows we show that the lemma
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is valid for all moduli of continuity w which are sub-Holder for sufficiently
many Hoélder moduli of continuity. The precise meaning of sufficiently many
is determined by the dimension d of the space R%.

Lemma 3.4. Let w € M be a modulus of continuity with the property that
there is 6 >0, K >0 and o € (d%dl,l) such that

w(t) < Kt for all t € (0,0]. (3.1)

Suppose that every separated net X C R% is w-reqular. Then for any measur-
able density p: 19 — R with 0 < inf p < supp < oo there is a bi-w-mapping
f: 1% = R? satisfying

fepL = L]gga). (32)

Proof. Fix a measurable density p: I — R with 0 < infp < supp < oo
and a strictly increasing sequence of natural numbers (l;)32; on which we
will impose further conditions in the course of the proof. Let (Sy)32; be a
sequence of axis parallel, pairwise disjoint cubes in R? such that each S has

side length [, and
k k
Usicn <o,dei>
i=1 i=1

for all k > 1. Fix a sequence of natural numbers (my)72 ; satisfying

lim m; = c© and lim — =0.

k—o0 k—oo [
We impose one further condition on my later on. For each k > 1 we let
o1 R4 — R? be the unique affine mapping sending I% onto Sj, with scalar
linear part and define pg: S, — R by pp := po ¢;§1\S,€- For each k > 1

d
we let (T;”)Zi’“l denote the standard partition of the cube S; into mz cubes
of sidelength [ /mj. We further partition each cube T} ; into ngz cubes

d .
(Uk”):i{ of equal sidelength, where n;; € N is defined as the integer part

of ¢/ ka prdL. In order to make sure that each ny ; is positive, it is enough

to choose the numbers my, and I, so that (I /my)%inf p > 1 for every k € N.

We construct a separated net X C R? in two steps. First we place one
point at the centre of each cube Uy ; ;. The resulting set is a separated net
of ey Sk because of the boundedness of p. We will not use any informa-
tion about X outside (Ji-; Sk, and therefore, we do not require any further
condition on X there.

In the second step, we extend X to a separated net in R? arbitrarily,

o 3.3
adding only points outside of U Sk- (3:3)

k=1
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We have labelled the above sentence because we wish to refer specifically to
it in the proof of Proposition 1.4, which will be given at the end of Section 3.

Let g: X — Z% be a bijection such that both ¢ and g~! are homogeneous
w-mappings. For each k > 1 we let X, := ¢, (X N Sx) = ¢, (X) N I? and
fix a point z, € X;. Then we define a bijection fi: ¢ 1 (X) — iZd by

fule) = i(g odu(@) —godu(z)),  red M X).  (34)
We also set Ry = de:l ;. Mainly we are interested in the behaviour of
fr|x,, but for technical reasons that will become clear at the end of the proof,
we will need to work with a bit larger portion of qﬁlgl (X)) than X}, later on. To
this end, we fix a closed ball B centred at the origin such that I¢ C int B and
denote by 7 its radius. We define X, := gb,;l(X) NB. Clearly, X}, = X, NI%
To obtain an estimate for the modulus of continuity of fk\yk, we fix x,y €
X, and observe that ¢ (), ér(y) € B(0,7l, + Ry). By the w-homogeneous
property of g there is U > 0 such that

Tl + R (llly — =
. < nTk 2 )
I5elo) = ety < 0Tty (Sl ]

We now require a condition on the sequence ()32 to ensure that the ratio
(Flx + Rk)/lx is bounded. Since Ry = Ry_1 + dli, it is sufficient to take
lgp > Ri—q forall k. Then 1 < Ry/ly < d+1, and thus, 7+1 < (Flp+ Rg) /I <
74+ d+ 1. Thus for U := (T +d+ 1)U" we get

Ife(w) = fe(@)lly < U'w(lly — zll,) (3.5)

for all k.
Next we use Lemma 2.4 to extend fﬂyk to the whole B so that the exten-

sion, denoted by f}, is w-continuous with

sup £,(f5) < U < oo, (3.6)
keN

where U > U’ is a constant depending only on U’, w and diam B. For the
finitely many k € N for which X}, is not an %-net of its convex hull conv(X),
the conditions of Lemma 2.4 are not satisfied; we solve this problem simply
by discarding these finitely many k’s and relabelling the sequences indexed
by k accordingly.

We let M > 1 be a large enough parameter whose choice will be specified
shortly, hy := (fk_l) |§(0,M)mlizd and show that Ay is also w-continuous. The

k

parameter M is chosen sufficiently large so that f,(B) C E_(O, M) for every
k. To see that this is possible, note that 0 € Sr(Xk) cf w(B), and thus,
diam f1(B) is an upper bound on ||ul|, for every u € fi(B). We have that

diam 7y, (B) < <E + 1) e (F)wlan) < (i 4 1> Un(an),  (3.7)

Qw Q)
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so it suffices to choose M larger than the latter quantity of (3.7). Now we
show that hj is w-continuous. In the argument that follows we call on a
basic property of homogeneous w-mappings, namely that any homogeneous
w-mapping h may increase norms of non-zero vectors by at most some con-
stant factor C}; this fact will be referred to as the ‘scaling property’. The
verification of this property is an easy exercise in the definition of homogen-
eous w-mapping, which we leave to the reader. From (3.4) we get that for
U € iZd
fitw) =61 (g7 (lhu + o)),

where ¢ := g(¢dr(zr)). Note that ¢x(z;) can be 0 for at most one k € N, since
o1 (21) € Sk. The scaling property of g, together with ¢ (21) € S C B(0, Ry,)
and ¢ = g(¢x(2k)), yields that ||cx|, < CyRy for every k € N large enough.
Therefore, for all sufficiently large ¥ € N and every u € iZd N B(0, M)

Hlku + CkHZ < Ml + Cng < (M + Cg)Rk

Hence, for every u,v € iZd N B(0, M) and k € N large enough we get that

1fe' (@) = £ @), = i g™ (e + cx) — g7 kv + i),

) L"<M+cg>Rkw< b [lu— vl
Ik (M + Cg)Rk

) < I'(M + C,)(d + Do(|fu — v]l,).
(3.8)

where L” > 0 is the multiplicative constant from the w-homogeneous property
of g~1. The last inequality above follows from the relations 1 < Ry, /I, < d+1.
Thus, there is L' > L” such that for every k € N and all u,v € B(0, M)N iZd

1k (1) = B ()l < L'w([lu = vlly)- (3.9)

Now we extend each hy, to B(0, M) preserving its w-continuity using Lem-
ma 2.4; the extension is denoted by h; and we note that our application of
Lemma 2.4 ensures that supjey £, (h) < L < oo for some constant L > L/
depending only on L', w and M. In this step we again discard the at most
finitely many indices k for which the conditions of Lemma 2.4 are not satisfied.
By the Arzela—Ascoli theorem, we may pass to a subsequence of (Tk)zozl SO
that both (7k)20:1 and (Ek);il converge uniformly. Let f := limg_,o0 fy,
h := limy_,o h, and note that both f and h are w-mappings with L.(f) <
U < oo and £,(h) < L < co. We will show that h(f(x)) = x for every x € B.
This implies that f~! is well-defined and equals h| F(B)"

There are positive constants s = s(p), V' = b'(p) such that X is an s-
separated ¥-net in R It follows that for b := 2b each set X is an
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s/l-separated b/lp-net in B. Fix x € B and choose z;, € X} such that
lzp — x|, < i Then for all sufficiently large k&

1A (f (@) = @lly < NRh(f(@) = R(f(@)lly + [|P(f (2x)) = R (Frlzn) ||,
+ llzx — 2l

b - = b

<Lw <Uw <E>> + Hhof — hy, okaOO + E

Since the right-hand side converges to zero as k goes to infinity, we verify
that h(f(z)) = =.
We now prove (3.2). For k > 1, define a measure u; on I by

1
pr(A) = g [AN X VAC I,
K

Claim 3.4.1. The measure py, converges weakly to pL|a.

Proof. This follows immediately from Lemma 3.2. Note that the required col-
lection Qj can be defined as {(ﬁ,;l(Tm-): i € [m{]}. Then diam((b,;l(Tk,i)) <
Vd/my, — 0 as k — co. Moreover, we have that

_ ni,i 1

pi (0 (The)) = =+ < — prdL = pL (" (Thi)),
lk llc Ty,

and similarly, using the Binomial theorem,

d
_ 1
Mk (¢k 1(Tk,i)) > @ <ﬁd/ /T]“ prdLl — 1>

_ 24 suppa%1
> pL(¢p " (Thy)) — T
k

for all k large enough. Since 7% — 0, this proves that
k

i (672 () — oL (671 (Th)) | € (%)

k
g

The claim above also implies, by Lemma 3.3, that (filra)spn converges
weakly to (f|a)spL, since fj converges uniformly to f.

It remains to show that (fj|a)sur converges weakly to L|say. To this
end we compare (f}|7a)sp, with the standard normalised counting measure
on %Zd

k
1

I

1
An =74

ve(A) I

, ACRY
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which clearly converges weakly to the Lebesgue measure. For a given con-
tinuous function p: R* — R with compact support we need to verify

/ sode—/ @ d(frlra)sn
(1) Fi(1%)

We bound the expression in (3.10) above by the sum of two terms:

/ dek—/_ e duy, /_ dek—/_ @ d(frlra)sr
%) (1) TrI?) TrI?)

The first term is at most ||| vk(f(I?)Af,(1?)), which vanishes as k — oo
due to Lemma 3.1, Corollary 2.7, the weak convergence of v to £ and the
fact that f is bi-Holder (3.1). The second term may be bounded above by

— 0. (3.10)
k—o0

+ (3.11)

— 1
_”‘Plgoo |Ak|, where A = fk(Id) N EZd \ fe(Xk). (3.12)
k

We will argue that
A B (7). |17 - 11l (3.13)
for all k sufficiently large. Once this is established the quantity of (3.12) is

seen to be at most
_ _ d

which converges to zero as k — oo by Corollary 2.7. Hence, to complete the
verification of the weak convergence of (fy|a)siu to L|f(jay, we prove (3.13).
From now on we treat k as fixed but sufficiently large, and use that ex-

pressions involving w, like w <i>, are well defined for all sufficiently large k.
Since fj is a bijection ¢,:1(X) — iZd and X = ¢,:1(X) N I%, any point
in Ay has the form fi(z) for some x € qS,;l(X) \ 1% If fu(x) ¢ f(I?) then
fe(m) € Ap\ fIY C fr.(IH\ f(I?), and therefore, dist(fy(x),df(I?)) <
17k = fllc

In the remaining case we have fi(z) = f(y) for some y € I?. By the
definition of Ay, there must also be v € I% such that fi,(x) = f,(v). Because
Xy is a b/lj-net of B D int B D I? and k is large enough, there is v/ €
XN B(IY, b1y such that | fi(z) — fu()l = [Ful) - Fule)]], < Uw(b/is)
thanks to (3.6). Since f(z), fr(v') € fir(B)N iZd, (3.7) and (3.8) imply that

lz = /||, = |/t e@) = £ @], < Coo||Firl@) = fr(0)]),)

for some constant C > 1 independent of k. Combining it with the upper
bound Uw(b/ly) on || fr(z) — fr(v')||, we derive

e — '], < w(w(%)), (3.14)
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which goes to zero as k goes to infinity.
To show that dist(fx(z),df(I%) < || fr — f”oo, we may assume that the

upper bound of (3.14) is smaller than 7 — Vd — i as k is sufficiently large;
recall that 7 > v/d because I C int B = B(0,7). Since v/ € F(Id, %) -
F(O,\/E—l— %), we have 2 € B, and thus, f is defined at z. Note that

f(z) ¢ f(I?), because x ¢ I¢ and f: B < R? is an injection. Hence, as
(@) = fly) € FUI),

dist(fx(2), 0 (1)) < |l f(x) = F@)lly < [|Fe = fll o -
as required. O

It now only remains to prove Theorem 1.7. We provide an argument based
on the following geometric statement, proved in Section 4. Constructions of
non-realisable densities based on statements of this type have already been
written in great detail in [16] and originally in [7]. Therefore, following
Lemma 3.5 we only give an informal sketch of the proof of Theorem 1.7.

Lemma 3.5. Let d > 2. Then there is ag = ap(d) € (0,00) such that for
w € M of the form

1\
w(t) <t (log Z) , for allt € (0,ay),

the following statement holds:

Let k € N, ¢ € (0,a,), € € (0,1) and L > 1. Then there exists r =
r(d,L\/Ew,e,c) € N such that for every open ball U C R of radius at least
2¢\/d there exist finite tiled families Sy, Sa,...,Sy of cubes contained in U
with the following properties:

1. For each 1 < i <1r and each cube S € S;

E(Sﬂ U U5j>§poly(6)£(5).

j=it+l

2. For any k-tuple (hy,...,h;) of bi-w-mappings hj: U — R? for which
max big, (hj) < L there exist i € [r] and ej-adjacent cubes S,S" € S;
such that (S Ch(

[£(h;(S)) — L(h;(5"))] < n(e)
L(S)

for all j € [k], where lim._,o k(e) = 0.

(3.15)

We note that the upper bounds in Statements 1 and 2 depend on d,w, k, L
and c.

20



Remark (The role of the parameter k in Lemma 3.5). We will only require
Lemma 3.5 for the case k = 1, that is, we only apply it to single bi-w mapping
and not to k-tuples of bi-w mappings. However, the work [16] shows that such
statements for k-tuples can be very useful and so we prove Lemma 3.5 for
general k in case it finds future applications.

Proof of Theorem 1.7. For L > 1 let Gr, be the set of those continuous func-
tions p: I — R for which the pushforward equation (1.5) admits a bi-w
solution f: IY — R? with big,(f) < L. We want to argue that there is a
constant M = M (L) > 1 such that for any p € Gy, and every £ > 0 there is
p € O(IY) with ||p — 5|, < ¢ and such that the ball B(5,£/M) in the space
C(I%) is disjoint from Gr.

We will describe the argument here only informally, since the argument of
[16, Thm. 4.8] could be used here essentially without a change, only replacing
the use of [16, Lem. 3.1] with its stronger form Lemma 3.5 presented above
and making the construction continuous as in [16, Lem. 4.6].

Fix p € Gr, and £ > 0. Then for every sequence of tiled families Sy, ..., S,
as in statement 1 of Lemma 3.5, there is a continuous function 1: I¢ — R
with |[¢]| ., < & with the following properties:

(1) ¥(z) =0 for every z € I\ UI_, US;,
(2) for every i € [r] and every ej-adjacent S, S’ € S;

ﬁ'[swdc—//wdﬁ'zg.

This is easy to see: start by defining a chessboard function with values +£ on
the tiled family &;. Then modify this function on the tiled family Ss, creating
a chessboard pattern of +£ values there and repeat for the remaining tiled
families S3,...,S,. Call the final function . Provided that ¢ is chosen small
enough relative to &, statement 1 of Lemma 3.5 ensures that for every i € [r]
the & values of v on the cubes in §; for j > i have negligible impact on
the average value of ¢ on the much larger cubes from S;. Thus, the final
function ¢ satisfies (2). Continuity of v is taken care of by smoothing in a
small enough neighbourhood of the boundaries of the cubes in each step; see
[16, Lem. 4.6].

Now applying Lemma 3.5 with U small enough, 0 < ¢ < diam(U)/(4V/d),
L,k = 1,w and £ > 0 small enough so that x(¢) becomes smaller than, say,
€/4, one gets r € N and tiled families Sy, ..., S, contained in U. Applying the
construction sketched above to these tiled families S1,...,S, and the given
&, we get ¢ and define the desired p as p:= p + .

Choosing U small enough, p is almost constant on U, and thus, any con-
tinuous function ¢ with ||p — @[, < {/M must follow essentially the same
chessboard pattern as 1 in property (2), just with £ replaced with £/2 (for
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M large enough and U small enough). However, this excludes ¢ from the
set Gr. Indeed, the existence of a bi-w mapping h witnessing ¢ € Gy, forces
property (2) of the function ¢ to become incompatible with statement 2
from Lemma 3.5. (To see this, note that whenever there is a bi-w mapping
h: IY — RY satisfying hy oL = Ll(ay, we also have that L(h(A)) = [, ¢dL
for any measurable A C I%, i.e., also for A =S and A = S’, where S, S’ are
the cubes from property (2) or from statement 2 in Lemma 3.5.)

The proof for the space L>(I?) follows a similar pattern as sketched above,
with a slightly different method to create the chessboard pattern in a &-
neighbourhood of p (this is described in [16, Lem. 4.9]). The proof of |16,
Thm. 4.8] applies almost literally in this case. O

3.2 Displacement equivalence
The aim of the present subsection is to prove Propositions 1.3 and 1.4.

Proof of Proposition 1.3. Instead of Proposition 1.3, we prove the following
more general statement:

Let w € M and X C R? be an w-irreqular separated net.
Let f: X — Z% be a bijection. Then

lim sup /) = zll, = 0. (3.16)

R gepo,rnx  Rw (%)

Let s stand for the minimum of the separation constants of X and Z%. The
w-irregularity of X implies that for g = f or g = f~! it holds that

lim sup sup lg®) = 9(x)l, = 00. (3.17)
R—00  z7yeB(0,R)Ndomain(g) Rw(”@/-};lb)

We use (3.17) and the bound

lo(w) —g(@lls _ Nla() = ylly + llg(=) — =l lly==lly
Ro(lls) Ru (%) NEh)

This and Definition 2.3 imply that the supremum from (3.17) is bounded
above by

+

2 —

2€B(0,R)Ndomain(g) RW(%)
This, together with (3.17) and the concavity of w implies also that for g = f

or g = f~! we have

lim sup sup lg(e) = = 00. (3.18)

R—oo x€B(0,R)Ndomain(g) Rw(}l{)
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Finally, (3.18) for g = f is just (3.16). So we may assume that (3.18) holds
for g = f~!. For contradiction, assume that (3.16) does not hold. This means
that there is K > 0 such that for every z € X

1
1f(@) —all, < K umuw(m).

Hence, there is Ry > 0 such that if ||| > Ro, then | f(z)|ly > |z /2.
Rewriting this inequality in terms of f~! shows that there is C' > 1 such that
for every non-zero z € Z% it holds that ||f~(2)||, < C'[|],-

Now (3.18) for g = f~! yields

—1
2)—z _
hm Sup Sup w S hm Sllp Sup ”f(x) - xH2 - 5
R—o0 2eB(0,R)NZ4 RW(E) R—oo z€B(0,CR)NX Rw(ﬁ)
The last equality is equivalent to (3.16); a contradiction. O

As we noted in the introduction, the key part of the proof of Proposition 1.4
is the following lemma.

Lemma 3.6. Let H be a half-space in R with the boundary hyperplane con-
taining 0 and S be a set contained in H. Additionally, assume that X C S
is a separated net of S. Then X can be extended to a separated net Y of RY
such that Y has a well-defined natural density and Y NS = X.

Proof. We first extend X to a separated net of H arbitrarily (adding only
points inside H \ S). To simplify the notation, we will denote this extension
by X, too. We also write s for the separation constant of the (extended)
set X. We write B; := B(0,i) and A; := B; \ B;_1 for i € N (we also set
By :=0). Moreover, we define

= LN A (A

for every i € N and 0 := sup,;c d;. Since X is s-separated, ¢ < oo. We will
construct a separated net Y O X with natural density ¢ as Y := |2, Y],
where Yo C Y7 C --- C Y; C ---. We set Yy := X. We define a sequence
(n4)$2, of non-negative integers where each n; is chosen as the unique number
satisfying

i—1 i—1
0L(B;) — X N Bi| = > mn;>n;>0L(B) — [XNBi| = nj—1.
j=1 j=1

Next for every i € N we place n; points inside A; \ H (the exact position will
be determined later). The set Y; is then formed by the union of Y;_; and the
n; points inside A; \ H. Consequently, for every i € N we have

’Y; ﬂBi‘ = ‘Y;‘_l N Bz’ +n; = ’Yi—l ﬂBi_l‘ + ‘Al ﬂX’ + n; (3.19)
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and

OL(B;) —|Yi-1 N Bi| > n; > 0L(B;) — |Yiei N B — 1. (3.20)
The definition of §; together with (3.20) and (3.19) for all i € N yield
ng <OL(B;) —0L(Bi—1) + 1= 6L(A;NH) <O0L(A;) + 1,
n; > 0L(B;) —0L(Bi—1) — 6 L(A;,NH)—1> gE(Ai) -1
Altogether, we get that
n; € 0G4 — (i —1)%) = 0341, (3.21)

Now we specify more precisely how to choose the position of the points in
Y; \ Yi_1. For the finitely many ¢ € N such that 9B; \ B(H,s) = () we simply
place the corresponding n; points arbitrarily inside A; \ H, as this does not
affect whether Y is a separated net or not. For the remaining indices i € N
we place the n; points inside 0B; \ B(H,s). Let s; denote the separation of
Yi\Yi_1.

We will show that the position of the points can be chosen so that s; € ©(1)
and so that Y; \ Y;_; is a O(1)-net of 0B; \ B(H, s).

Claim 3.6.1. Let A C 9B(0,1) be a compact set of positive surface measure.

1
Then, for every n € N, there exist o(n) € ©(n~4-1) and a set of n points in
A such that its separation constant is o(n) and it is a o(n)-net of A.

Proof. Let o(n) be the maximum separation for a set of n points in A. Let
Z :=A{z1,...,2n} C A be a set with separation o(n). Then

nL(B(0,0(n)/2)) < L(B(0,1+0(n)/2)) — L(B(0,1 —0c(n)/2)),

o(n)? e 0<@>.

which implies that

n

Thus, o(n) € O(n_ﬁ).

Let d; := minj; [|z; — z;||,. From now on we will additionally assume that
Z is chosen so that it minimises the number of ¢ € [n] such that d; = o(n).
We will show that Z is a o(n)-net of A. Assume not. Then there is y € A such
that ||y — zi|l, > o(n) for every i € [n]. Take iy € [n] such that d;, = o(n).
Redefining z;, to y yields either a set that is more than o(n)-separated, or
one which is still o(n)-separated, but the number of indices i with d; = o(n)
has decreased. In both cases we get a contradiction.

Let ¢4~! denote the surface measure on dB(0,1). The above implies that

n

> ¢4 (B(zi,0(n)) N0B(0,1)) > ¢*H(A).

i=1

Thus, we get that o(n)?~! € Q(1/n), which finishes the claim. O
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We apply the claim above to a copy of 0B; \ B(H,s) scaled down by the
factor ¢ and then scale it back. Since s is a constant, we see that 0B;NB(H, s)
occupies asymptotically at most a constant fraction of the measure of 0B;.
The claim above then implies that the points in Y; \ Y;—1 can be chosen so
that

__1
s; € @(i -n, d_1>. (3.22)

Thus, (3.21) implies that s; € ©(1). Consequently, Y; is ©(1)-separated.
Because the position of the new points in Y; was chosen inside 0B; \ B(H, s)
according to Claim 3.6.1, Y; \ Y;_1 is an s;-net of 0B; \ B(H,s) for all i € N
large enough. Therefore, it is a ©(1)-net of A; \ H. Altogether, we get that
Y is a separated net of RY.

It remains to show that Y has natural density §. Let (r;);en be a sequence

of positive real numbers going to infinity. For every [ € N we set i; := [r;].
We get that
. ‘Y N F(Oa ’I“l) ‘
lim ————— =
l—o00 E(B(O,Tl))
_|ynB(o,q)| . L£(B(0,i)) | Y 1 (B(0,11) \ B(0,7))]
im+——— . lim ————% + lim —
l—00 ﬁ(B(O,il)) l—o0 ﬁ(B(O,Tl)) l—00 ﬁ(B(O,?“l))

(3.23)

The first limit of (3.23) is 0 by (3.19) and (3.20). The second limit is obviously
equal to 1. The term in the third limit is bounded above by a constant
multiple (depending on d and the separation of Y) of the expression

E(F(O,n)) — E(E(O,n — 1)) r;i — (r — 1)d

L(B(0,r)) rd ’

which converges to zero. O

Proof of Proposition 1./. First, we observe that for any two separated nets
Y, Z in R?%, a modulus of continuity w, a homogeneous w-mapping f: Y — Z
and two constants ¢,¢ > 0 the mapping f: ¢¥Y — ¢Z defined as f(y) =
d f(y/c) for every y € ¢Y is also a homogeneous w-mapping; this follows im-
mediately from Definition 1.1. This implies that Y is w-regular if and only
if ¢Y is w-regular for any fixed ¢ > 0. Thus, to prove Proposition 1.4, it
is enough to verify the existence of an w-irregular separated net with well-
defined natural density (not necessarily equal to one) for w given by The-
orem 1.2. For this, it suffices to establish that the ‘every separated net’
assumption of Lemma 3.4 can be weakened to ‘every separated net with
well-defined natural density’. The desired statement then follows from this
stronger version of Lemma 3.4 in combination with Theorem 1.7.
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To prove the aforementioned strengthening of Lemma 3.4, we only make
more specific two choices left unspecified in the proof of Lemma 3.4: firstly,
we choose the cubes Si so that they are all contained in a half-space H
whose boundary contains 0, and secondly, at the sentence labelled (3.3), we
specifically extend the net according to Lemma 3.6 outside |J;-; Sk. The
resulting separated net X then has well-defined natural density, allowing us
to apply the weakened hypothesis of Lemma 3.4 to it. [l

4 Geometric properties of homeomorphisms of
prescribed modulus of continuity.

The present section is an extensive refinement of [16, Sec. 3| and is based on
a construction of Burago and Kleiner in [7]. Lemma 4.14 and Subsection 4.3
are entirely new; the remaining proofs follow the structure of their analogues
in [16]. The present construction is dependent on many parameters, whose
precise or even asymptotic values were mostly irrelevant in [16]. On the other
hand, in this work it is crucial to analyse the dependence between various
parameters; this is the reason why we have to present the constructions here
in full detail and cannot only refer to [16, Sec. 3]. Inside some of the proofs
of the present section, parts of the arguments of [16] transfer without any
change. Although it would be possible to refer the reader at these places to
the relevant parts of [16], we will include these passages here with references
for the reader’s convenience.

Notation. For mappings h: R? — R” we denote by R ... h™) the co-
ordinate functions of k. For a cube S C R? we write £(S) for its sidelength. In
the present section we will often encounter rather complicated calculations.
To simplify the expressions, we will use the letter A for a general purpose
constant, that is we write A(x,y,z2), if A is a positive and finite constant
depending only on x, y and z whose precise value is irrelevant. In particular,
we allow the value of A(x,y,z) to change in each occurrence. Often, the
parameters x,y, z determining A will be suppressed.

The objective of this section is to prove Lemma 3.5, which provided the
basis for the proof of the main results in the previous section.

4.1 A Dichotomy.

We begin by proving a dichotomy statement for bi-w-mappings. The dicho-
tomy will be established first in dimension d = 1 and then extended to higher
dimensions by induction.

Lemma 4.1. Let w € M, c,e € (0,a,) and N € N with N > 2. Moreover,
let n € N and h: [0,¢] = R™ be an w-mapping with £,(h) < 1. Then for any
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values of the parameters ¢ and M € N such that

o< <€3 d M > 1
=P =190 =

(4.1)

at least one of the following statements holds:
1. There exists a set Q C [N — 1] with || > (1 —)(N — 1) such that for
all i € Q and for all x € [(%—NI)C, %}

Hh (m + %) ~ (@) = 5 (h(c) = h(0))

2. There exists z € 572N [0, ¢ — §57) such that

IhGe -+ i) =My ) 1) = RO,

NM

(1+¢

Proof. Let M € N and ¢ € (0,1) be parameters satisfying (4.1). Let n € N
and h: [0,c] — R™ be an w-mapping. The assertion of the Lemma holds
for h if and only if the assertion holds for p o h, where p: R™ — R™ is any
distance preserving transformation. Therefore, we may assume that h(0) =
(0,0,...,0) and h(c) = (A4,0,...,0) where A > 0.

Assume that the second statement does not hold for h. In other words we
have that

e+ )~ B, _
i) <

(1+ gD)A (4.2)

C

for all z € 572N [0,c — x57]- We complete the proof, by verifying that the
first statement holds for h.

We distinguish two cases, namely A = 0 and A > 0. In the former we have
h(c) = 0. Using (4.2), we get that h(z) = 0 for every z € x57Z N [0,¢|. For
any = € [0,c] we can find z € §57ZN[0,c], z < =, such that |z — 2| < {57

This, however, implies that for any = € [0, c— %]

Hh <x + %) ~h(z) — = (h(e) — h(0))|| < 2w (ﬁ) .

2

Applying the condition on M from (4.1) and using the submultiplicativity of
w, we verify that the last quantity is at most ew (%) Hence statement (1)
holds with © := [N —1]. In the remainder of the proof, we assume the second
case A > 0. The next passage of text (approximately one page) is from |16,
Lem. 3.2, p. 634]. For later use, we point out that (4.2) implies

[[7(b) = h(a)ll; < (1+90)§ 16— all, (4.3)
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whenever a,b € 572N [0,¢]. Let S; = {(ZNI)C Zc] for i € [N], t := t(e) €

(p,1) be some parameter to be determined later in the proof and

P = {me ﬁZﬂ [O,c—%} . p) (w—i—%) — W (z) > %}

For x € P we have

ey ( i) A G YOl I i

0 (o )~ ) - | <

This inequality follows from the definition of P, the inequality (4.3) and
t > . For the remaining co-ordinate functions we have

(14 ¢)2A%2 (1 —1)2A2 - 4t A*

=T N T N ST

:

Z 59 (2 +£) =9 @)

Combining the two inequalities above we deduce

c 1 VI2+4tA _ /BtA
N ) — = (hie) — honll < < vz e P.
Hh(er N) h(w) = (hle) = hO))| < === <+ v e
(4.4)
Let I' C [0,1] N[0,c—%]\ P
and let x1,..., 2| be the elements of T'. Then the intervals ([acl, x; + N])llm1

can only intersect in the endpoints. Therefore the set [0, ¢] \UZ s, T+ ]

is a finite union of intervals with endpoints in 57Z N [0, ¢] and with total
length ¢ — u Using 'N P = () and (4.3) we deduce that

A:h(l)() h(l( )<|F|%+(1+S&)é<c_%>'

Since A > 0, we may rearrange this inequality to obtain

¥

2
N <—*2-N<-(N-1),
p+t o+t
where, for the last inequality, N
[0,c — %] \ P can intersect at most so—f—t(N — 1) intervals S;. Letting

0= {z’e[N—l]: ﬁZﬂSigP}

we deduce that |Q] > <1 — %) (N —1). Moreover for any i € Q and x € S,

we can find 2/ € P with |2/ — x| < ¢/NM. This allows us to apply (4.4) to
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get

Hh (:c + %) — h(z) — %(h(c) — O
< Hh (4 57) 1) = 55000~ )| +20 (757)

IN

% 2w <NM) <\/—+2w (M))w <%>

In the final step, we used the concavity of w. Making the choice ¢ := ;—z and
applying the bound on M from (4.1), we obtain that the last quantity is at
most ew ( N) Finally, the bound on ¢ from (4.1) and the choice of ¢ ensure

So
that ot <€ O

Lemma 4.2. Let d € N, w € M and c,e € (0,a,,). Then there exist para-

meters
Y = gD(d,W,&) € (0’ 1)’ NO = NQ(d,W,&,C) Z 1

such that for all N € N, N > Ny there exists a parameter
M = M(N,d,w,e,c) €N
such that for all m > d and all bi-w-mappings
h:[0,¢] x [0,¢/N]4L - R™  with big,(h) < 1

at least one of the following statements holds:
1. There exists a set @ C [N — 1] with |Q] > (1 )( — 1) such that for
alli € Q and for all x € {(ZA})C ZC] [ %]

< ew <N> . (45)

N ([0,c— 757) X [0, & — 571%71) such that

I(cer) = hO)ll,

c

Hh (x+ wer) —h(x) - %(h(cel) ~ h(0))

N C
2. There exists z € NI

Hh(Z + Wel) B h(Z)HZ > (1 + S0)

NM

Proof. In this proof we will sometimes add the superscript d or d—1 to objects
such as the Lebesgue measure £ or vectors e;, 0 in order to emphasise the
dimension of the Euclidean space to which they correspond. For d > 2,
we will express points in R? in the form x = (z1,29,...,24). Given x =
(z1,...,24) € R and s € R we let

XAS:=(T1,...,%4,5)
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denote the point in R%*! formed by concatenation of x and s.

The case d = 1 is dealt with by Lemma 4.1. Let d > 2 and suppose
that the statement of the lemma holds when d is replaced with d — 1. We
define an additional parameter 6 := 6(d,w,e) whose precise value will be
specified later. Given w, ¢ and ¢ > 0 we let ¢ := ¢(d,w,e) € (0,1) and
No(d,e) := No(d,w,e,c) € N be parameters on which we impose various
conditions in the course of the proof. For now, we just prescribe that 0 <
¢ < tp(d—1,w,0(d,w,)) and No(d,e) > No(d — 1,0(d,w,e)).

Let N > Ny(d,e) and M := M(N,d,w,e,c) be a parameter to be determ-

ined later. For My_; := M(N, d 1,w,0(d,w,e),c) we prescribe first that
M € My _1Z, so that NM ZC ~iZ.
Let n > d and h: [0, ] [O,C/N]d ' R” be a bi-w-mapping with

biL, (k) < 1. For each s € [0, ¢/N] the mapping hAs: [0,c]x[0,¢/N]*2 — R?
defined by
h A s(x):=h(xAs)=h(z1,22,...,24-1,5).

is a bi-w-mapping with biL,(h A s) < big,(h) < 1. This is straightforward
to verify. Thus, for each s € [0,¢/N] we may apply the induction hypothesis
to h A's. For each s € [0,¢/N] we get that at least one of the following
statements holds:

(15) There exists a set Qs C [N — 1] with |Qs] > (1 —0)(N — 1) such that for

all i € Q and x € |50, 6] x [0, ] it holds that

Hh/\S(X%—Ne? 1)_h/\5(x) N(h/\s(cel )_hAS(Odq))

<05

(25) There exists z; € F7,- Zd 'n([o,c— ) %0, % — N]Vfd_l]d_z) such
that

2

Hh/\s(zs—l—NMd eil 1) — h A s(zs) )

7 Hh/\s(ce1 ) —h/\s(Odl)H2.

> (1+2¢) y

Suppose first that statement (2;) holds for some s € [0, c/N |. We will show
that statement 2 holds for h Choose a number s’ € %7 0, ¥ — %7l
with " < s and |’ — 5| < §57. Setting w = z, A s’ we note that w is an

element of £57Z%N ([O,C— i) < 0, & — N‘jw]d_l), lw —zs Aslly < §57

hAs(cel™t) —hA S(Od_l)H2 > Hh(ce‘f) - h(Od)H2 — 2w (§). We use

and
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these inequalities and the inequality of (25) to derive

> Hh/\ s <zs + NMd_letli_1> — h A s(zs) ) — 2w (NM)
ce?) — d 2w (£ c c
> (1+2Q0) (Hh( 1) h(OC)HQ 2 (N)) NMdil — 2w <NM)
204200 (F) 20 (F5) NMa \ |[h(cef) — R(0OT)],
= (1 T2 T(eed) — hod)], ~ [hleed) —h(Od)H2> N,

o () 2 () MMy | [[hleet) — h(0),

w™1(c) w™l(e) NMy 4

Vv

[t

+

[\
AS)
|

| h(ced) — n(0D)|,
NMg '

To deduce the fourth inequality in the sequence above we use that ¢ € (0,1/2)
and the w™'-bound on h. In fact, this is the only place in the proof of
Lemma 4.2 where we use that the mapping h is bi-w-continuous and not
just w-continuous. The final inequality is ensured by taking Ny(d,e) and
M sufficiently large. Specifically, using the submultiplicativity of w, it is
sufficient to take

No > %1(), M > ;1
w (<p8w(c) ) w! (NMd_l)

h <w + meﬁ) - h(w)H2 it fol-

lows that there exists ¢ € [%} so that the point z := w + (ij\ﬁ}cecf verifies

From the final inequality obtained for

statement 2 for h.

We may now assume that the first statement (1) holds for all s € [0,¢/N].
We complete the proof by verifying statement 1 for h. Whenever x € [0, ¢] X
[0,¢/N]4=2 and s € [0, ¢/N] satisfy the inequality of (1,) we have that

¢ 1 ey, (%)
o) — i - < ) 4 N
Hh((x As)+ Nel) h(x A s) N(h(cel) h(O))H < Ow (N> + N
(4.6)
The next passage of text (approximately one page) is from [16, p. 636-637].
Let R := [O,c - %] X [0, %]dil and

2
A= {X € R: x satisfies (4.5) with e = 6 + N} .
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Using (4.6) and the fact that statement (1) holds for every s € [0,¢/N]| we
deduce

LETYAN{x: zqg = s}) > (1-0) LT Y (RN {x: 24 = 5}) for all s € [0,¢/N].
Therefore, by Fubini’s theorem,
LYA) > (1 -0)LYR).

For each i € [N — 1] we let S; := [(i;\})c, %] X [O, %]dil, define
Q= {z €[N —1: LYANS;) > (1 — J@)cd(si)}

and observe that
LY(R)
N -1

LYR)
N-1

£i(4) <19 + (N -1-1Q)(1 - V0)
Combining the two inequalities derived above for £4(A) and requiring § < £2,
we deduce

12
sV > 1—e
12! Vo) z1-e

Moreover, for any ¢ € Q and any cube @ C S; with sidelength (2\/§Ed(5i))i
we have AN Q # 0. Therefore, for any ¢ € Q and any x € S; we can find
x' € AN S; with
) d91/2d
%' —x|l, < Va@voLi(s))s < \FT

Using this approximation, we obtain

Hh (x+ Ger) —h(x) - %(h(cel) ~ h(0))

2

<[t o) = (< o)

1 (o) i) = ptateen) < o) |+ ) = G,

< (M) (00 7))

< <2w (2vdoV2) + 0+ ﬁ) w (%) < ew (%) :

where the final inequality is satisfied by taking No(d,e) > g and

11y, -1 2d
0(d,w,e) < M (4.7)
2Vd
This choice of § also satisfies the requirement 6 < 2 imposed before. O
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4.2 lterating Lemma 4.2

In this subsection we identify a certain subfamily My C M with the property
that for any modulus w € My we may iterate Lemma 4.2 a controlled number
of times in order to eliminate conclusion 2 of the dichotomy. In the next
subsection we verify that the subfamily Mg contains all moduli of the form

w(t) =t (log )"

Definition 4.3 (The family Mg). We use Lemma 4.2 to generate sequences
of parameters. Given d € N, w € M and c,e € (0,a,) we define sequences
(Ni)iZy, (Mi)72y and (¢i)24 by

Ny := Ny(d,w,¢,c), N; := Ny (d,w,e,¢;), 1>2,
Ci—1
Ni_1 My’
M,; = Mo(d,w,a,ci) = M(Ni,d,w,a,ci) €N, 1> 1. (48)

ci=c, c; = i>2, and

Let Mg be defined as the family of all moduli w € M for which the following
condition holds: for any d € N, ¢ € (0,a,,) and € € (0,1) there exists r :=
r(d,w,e,c) € N such that for the parameter ¢ = ¢(d,w,e) of Lemma 4.2 and
the parameter sequence (c;)°, defined in the paragraph above, we have

(14 yw (o) . wler)
C T Gy

. (4.9)

Lemma 4.4. Let d € N, w € My, ¢,e € (0,ay,), n > d and g: [0,c] X
[0,¢/N]%1 — R™ be a bi-w-mapping with biL,(g) < 1. Let the parameters
(€i)24, (Ni)2y, (M;)2, and r be defined according to Definition 4.3. Then
there exists p € [r] and

d—1
C; .
Z1 = 0, Ziy] € Ci+1Zd M <[0,Ci — Ci+1] X |:0, ﬁl — Ci+1:| >, 1€ [p — 1],

)

such that statement 1 of Lemma 4.2 is wvalid for the mapping gp: [0,cp] X
[0,¢,/NpJ41 — R™ defined by

gp(x) = 9<X+ZZ1‘>- (4.10)

Proof. The proof is a simple modification of [16, Proof of Lem. 3.5, p. 638].
Let ¢ := ¢(d,w,&) be given by the conclusion of Lemma 4.2. We implement
the following algorithm.

Algorithm 4.5 ([16, Alg. B.1|). Seti =1, z1 =0 and g1 = g.
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1. If statement 1 of Lemma 4.2 holds for h = g; and ¢ = ¢; then stop. If
not proceed to step 2.

2. Choose zi11 € ci1Z2 N[0, ¢; — cip1] x [0, X - cip1)® ! such that

i (i1 +cz+61e1) gi2ir )z (1+<p)HgZ(cZel)C ZIOIP (4.11)
i+1 g

and define giy1: [0, cir1] x [0, ciy1 /N1 — RF by

i+1
gin (%) = gi(x+zip1) =g [ x+ Y 7
j=1

3. Set i =1+ 1 and return to step 1.

At each potential iteration ¢ > 1 of Algorithm 4.5, the conditions of
Lemma 4.2 are satisfied for d, w, ¢, M, ¢, Ng, ¢ = ¢;, n, N and h =
gi: [0,¢:] x [0,¢;/N]9~1 — R™. Therefore, whenever the algorithm does not
terminate in step 1, we have that such a point z;,; required by step 2 exists
by Lemma 4.2.

To complete the proof, it suffices to verify that Algorithm 4.5 terminates
after at most r iterations. This is clear, after rewriting (4.11) in the form

. - ier) — g 0 (c.e1) — a: (0 1+ 1, ,—1
lgi+1(civier) = gi+1 (O, (1+@)Ilgz(cz ) —9i(0)f, | (A+9) e (c)
Cit1 Ci ¢

where the latter inequality follows by induction and the w-continuity of g~ .
If Algorithm 4.5 completed r+1 iterations then, the inequality above for ¢ = r
provides, in light of (4.9), a contradiction to the w-continuity of g, . [l

4.3 Largeness of the subfamily M.

The objective of this subsection is to prove that any w € M satisfying
1 (6%
w(t) < Lt <log Z) , for all t € (0, ay,),

for some o > 0 and L > 1 belongs to the family M of Definition 4.3. The
proof relies on establishing sufficiently good bounds on the parameters of
Lemma 4.2 and Definition 4.3.

Throughout the work, the parameter c is usually treated as a constant. In
this subsection, however, we are making the dependence on ¢ explicit. The
first reason for that is that we are going to apply the bounds derived here to
sequences of parameters generated in Definition 4.3, that is, with ¢; in place
of ¢. Another reason is that we want to make sure that the value of ¢ does
not influence the powers of ¢ in various bounds of the form poly (g) below.
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This is to ensure that the value of ag(d) from Lemma 4.14 is independent of
c.

For technical reasons, we need to make sure that the bounds on various
parameters established for the modulus Lt(log(1/t))” are also valid bounds
for the values of the same parameters with respect to all moduli w(t) <

Lt(log(1/t))7.
Lemma 4.6. Let v >0, L > 1 and w € M satisfy

w(t) < Lt <10g %)7, for allt € (0,ay). (4.12)

Letd € N ande,c € (0,ay). Then in addition to the conclusion of Lemma 4.2
the parameters

QDZQD(d,UJ,c?), NOZNO(d’w’e’C)’
M = M(N,d,w,e,c), My = My(d,w,e,c) := M(Ny,d,w,e,c),

may be taken of the form
_ polyy” (log ¢)
~ poly}7 ()
_ poly?” (V)

poly7” (¢)

d
¢ =poly?” (¢), No :
ly7” (log 1
_ poly;” (log ¢)

M ey
poly;’ (¢)

. My (4.13)

Proof. The proof relies on estimating w™! from below. We observe the bound

wl(s) > A(v, L) - @’ s€ <O,min{%,w(aw)}>, (4.14)

which may be derived as follows: firstly note that
1\’ 1/2 N 1/2
t ( log < sup r log = A(y)t e, t € (0,a,). (4.15)
t) reoiy2) r

Here we used that a,, < 1/2; see Definition 2.3. Let s € (0, min {3, w(ay)})

and t € (0,a,) be such that s = w(t). Then we may combine (4.12) and

(4.15) to get

1 1 1
t

:log—+§log >

1
- >
log S 10g I (f)/)

1
LA(y)t1/2
which is valid for all ¢ € (0, (LA(v))™*). Thus, we can write that

1 1
log— 2> A(y,L)log -, t€(0,a,)
S
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for an appropriate choice of the constant on the right-hand side. This in-
equality and (4.12) imply that

S S

wls)=t> > A(%L)@.

- L (log %)V
From (4.14) and (4.15) it follows that

wl(s) > poly., 1, (s), s € (0,w(ay)). (4.16)

From this point on, all expressions of the form poly () should be read as
poly 77 ().

We prove the lemma by induction on the dimension d. The case d = 1
comes immediately from Lemma 4.1 and (4.16); we just note that although
Ny does not appear explicitly in the lemma, it may be taken equal to 2
there, since the lemma applies to any N > 2. Assume now that d > 2 and
that the statement of the lemma is valid for all smaller dimensions. For a
parameter 0 = 6(d,w,e), which in view of (4.7) and (4.16) may be taken
of the form 6 = poly (g), the proof of Lemma 4.2 establishes the following
sufficient conditions on the parameters ¢, Ng and M:

1
0<p< §<p(d - 1,w,0) (4.17)
1 6
NO Z No(d — 1,&.},9,0), NO 2 W, NO Z g, (418)
w ( 8w(c) )
1
MeMaZ  M>——F——, with Mgy i= M(N,d~1,w,0,c).
o (vt
(4.19)

We argue that these conditions are satisfied for a choice of ¢, Ny, M and My
of the form (4.13). From the induction hypothesis and 6 = poly (¢), it is clear
that (4.17) is satisfied for an appropriate choice of ¢ = ¢(d,w, ) = poly (¢).
We fix ¢ accordingly. Similarly, the induction hypothesis and # = poly (¢)
ensure that the first inequality of (4.18) may be satisfied by a choice of Ny
of the form of (4.13). We verify that such a choice may additionally satisfy
the second and the third inequality of (4.18). To this end, we use (4.12) and
(4.14) to derive

~1

w () 1
> -
w(c) poly (log E)
(

We apply this bound, ¢ = poly (¢) and (4.16) to derive

(4.20)

1 < poly (log %)
w—1(c - ’
w1 <e08w(c() )) poly (¢)
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Hence, an appropriate choice of Ny of the form (4.13) satisfies all three in-
equalities of (4.18). We fix such an Ny and show now that the choice of My is
possible. It is first necessary to consider the parameter M. By the induction
hypothesis, the first condition of (4.19) may clearly be satisfied by a choice
of M of the form (4.13). To justify that the second part of (4.19) may also
be satisfied by such a choice, we note the bound

Iy (N)
w—1<11 )%—1(@) < oy @

NMg_1 poly(N)

Finally, given that M may be chosen of the form M = I;:;lyiy((g, it follows that

a sufficient condition on My is given by My > p;gy(](\;‘;) . The choice of Ny then

1
allows us to take My = %;(%:)C)' O

Lemma 4.7. Let v >0, L > 1 and w € M satisfy

1\”
w(t) < Lt <10g ;) , for allt € (0,ay).

Let d € N and c,e € (0,a,). Then the following inequality holds for alli > 1:

i2
¢ > <polyCLm () c> , (4.21)

where ¢; is defined according to Definition 4.3. In particular, the function
poly?7 (¢) is independent of i.

Proof. By Lemma 4.6, there are functions 5(¢), 8(¢), both having the form
polyCLm (€), and a number ¢ > 0, depending only on d, L and ~ such that

il = > Ble)e - > B(e)c?,  i>0, (4.22)
NiM; <log L)
Ci

where the last inequality is achieved by choosing the polynomial S carefully

q
enough. A sufficient choice is to set 5(g) := min {1, <§) } B(g). Additionally,
B is chosen so that 3(¢) € (0, 1) for every € € (0,a,,) C (0, 3). Applying (4.22)
inductively yields the bound

¢ >BE)? AT, i (4.23)

We use the recursion (4.22) to derive

Be)le
I (log 2)"

c; >

1> 1.

37



Bounding each ¢; term in the denominator below by ¢;, and applying a weaker
form of the inequality of (4.23), namely

c > (5(5)0)?, 1> 1,

we obtain

B(a)iflji > Ble)te . i1
(g )" (2108 (55))

1
Observe that there is A(g) > 0 such that (log 1) < A(q)t ¢ for every t €
(0,00). Together with the inequality above, this implies (4.21). O

1 =

For i € [r] the tiled family of cubes S; fulfilling the assertions of Lemma 4.12
will be defined as a subfamily of Q. /x,. From the previous lemma we imme-
diately obtain a lower bound on the sidelength J% of cubes in Q. ;.

Corollary 4.8. Let v >0, L > 1 and w € M satisfy

1\7
w(t) < Lt <10g ;) , for allt € (0,ay).

Let d € N, ¢c,e € (0,a,) and the parameters (c;)52,, (N;)2, be given by
Definition 4.3. Then

sidelength(S) = -t > ¢y > <p01ydLﬁ (e) - C) (i+1)2
Jor all cubes S € §; C Q. /n;, -

Lemma 4.9. Let v >0, L > 1 and w € M satisfy

1\”
w(t) < Lt <10g Z) , for allt € (0,ay).

Let d € N and c,e € (0,a,). Then w € My, and moreover, the parameter
r(d,w,e,c) of Definition 4.3 witnessing this may be taken of the form

r(d,w,e,c) = ;d'
c-polyy” (e)

Proof. We consider d,L and ~ fixed. All terms in the subsequent calcu-
lation will depend implicitly on them and this dependence will no longer
be mentioned explicitly. Moreover, all occurences of poly (+) in the present
proof stand for polyCLm (+). Thus, as shown in Lemma 4.6, we may write
¢ = poly (¢).
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We wish to find minimal r := r(d,w, e, ¢) such that for every i > r the
following holds:

(1 + gp)iw—l(c) _ w_l(c) (1 + poly (8))1 > M (424)

c c Ci+1

By Lemma 4.7, we can bound c¢;; > (poly (¢) c)(i+1)2. We emphasise par-
ticularly that the expression poly (¢) is independent of i. Using this bound

. UJ71 C .
together with the bound c( ) > poly(lolg(l/c)) of (4.20) and the hypothesis

# <L (log %)’Y we see that (4.24) is implied by the inequality

o

m(l + poly (5))i > <10g<(cp01y (8))—(i+1)2)> _

This inequality can be rewritten as

1 1
ilog(1 + poly (¢)) > 2vlog(i + 1) + yloglog + Alog log —
cp c

oly (¢)
and using the bound 27ylog(i + 1) < Av/i one can easily see that i of size at

m satisfies the inequality.

We note that log(1 + poly (¢)) behaves as poly (¢) as € goes to zero. This
yields the desired upper bound on r of the form
1
r< —————. O
c-poly (¢)

least

4.4 A volume bound.

The present subsection is devoted to establishing a volume bound on the
difference of images of two bi-w-mappings which are close with respect to the
|-, distance. This will allow us to derive statement 2 of Lemma 4.12 from
the first conclusion 1 of the dichotomy of Lemma 4.2.

Lemma 4.10. Let d € N, w € M, ¢,e € (0,ay,), N € N, i € [N — 1] and
h:[0,¢] x [0,¢/N]%1 — R? be a bi-w-mapping with big,(h) < 1. Suppose

that h satisfies inequality (4.5) on S; := {(i;\,l)c, %] X [0, %}d_l, Then
; w(e)w i -1
£(h(50) = £(h(Sesn))| < ) <GS (LY g,

where A(d) > 0 is a constant depending on d only.

The appearance of A(d) above should be interpreted as explained in the
Notation paragraph at the beginning of Section 4; it is a general purpose
constant whose exact value is irrelevant for the rest of the paper.

The proof of Lemma 4.10 is a simple modification of that of [16, Lem. 3.4].
It is based on the following basic fact.
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Lemma 4.11. Let w € M, 0 < A < ay, S € Q§ and fi,fa: S — R% be
bi-w-mappings with biL,(f;) <1 fori=1,2. Let ¢ € (0,1) and suppose that
2w (ew(N)) < A and

[f2(x) = f1(x) [l o < ew(A). (4.25)
Then

wlWwlew d
L) - £(a(5))] < M) (LX) 1)

Proof. For a set A C R% and ¢t > 0 we introduce the set
[A]; == {x € A: dist(x,04) >t}

of all points in the interior of A, whose distance to the boundary of A is at
least ¢t. Using (4.25) and the w™! bound on f; we deduce that

F1([S10) € B(£2((S]t),ew(N)) € B([f2(S)]w-1(r), ew(N))

for all ¢ > 0. For the second inclusion, we use Brouwer’s Invariance of Do-
main [20, Thm. 2B.3] in order to prove fa([S]:) C [f2(5)]w-1()- It follows
that

F1([Slwewny)) € f2(9).
Therefore

L(f1(5)) = L(f2(9)) < L(f1(S\ [Slu(ewny)

Because of the inequality 2w (ew()\)) < A, the set [S],(cu(n)) is non-empty
A(d)rd—1
w(ew(N)4!
w(ew(A)). Using the concavity of w, we get that the image of each of these
cubes under f; is contained in a ball of radius vdw(w(ew(\))). Thus, the

total measure of f1(S\ [Slu(ew(r))) is at most

and the set S\ [S](zw(r)) can be covered by cubes of side length

We conclude that

d—1
_iﬁﬁ> w(w(ew(V)))?

w(ew
w(w(ew(N)))?
=80 (st ) £

Since the above argument is completely symmetric with respect to fi and fo,
we also have

Mﬁw»—ﬂh@D§M®<

w(w(zw(N))?

L(f2(5)) = L(f1(5)) < A(d) (W

> L(S). O
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We can now prove Lemma 4.10.

Proof of Lemma 4.10. In the case that £(S;) < 2w(ew(£(S;))), it is enough to
use the trivial bound

W d
£(h(89) ~ £(A(Sisn))] < A)(t(5) =A@ (£ ) (50,

the inequality w(e) > e and the fact that, in the present case, w(¢(S;)) <
2 (wl(ew(E(S1)))-

In the remaining case we have £(S;) > 2w(ew(¢(S;))). To proceed, we define
a translation ¢: h([0,¢] x [0,¢/N]41) — R? by

S(h(x)) = h(x) + —(h(cer) — h(0)),  x € [0,d] x [0, c/N]*.

Let the mappings fi: S; — R% fa: S; — R? be defined by f; := ¢oh
and fa(x) := h(x + Fey). Then fi, fo are both bi-w-mappings of the cube
S; € Q?/N which satisfy || f1 — fa|l < ew (%), due to (4.5). Moreover, the
inequality of the present case is precisely the condition 2w (ew(XA)) < A of
Lemma 4.11 for A = & = £(S5;). Applying Lemma 4.11 and the identities
L(f1(5:)) = L(h(S;)) and f2(Si) = h(Sit+1), we get that

wlwleEw ; d
£G1(5) — £(nSis1)] < M) ol LEDE Y g,

This bound is stronger than the bound claimed in the statement of Lemma 4.10,
which follows from the inequalities

el l(5) _ wlewll(5) _ w@elw(l(3) _ wle(l(s)
wlew(?(S;))) — ew(l(S;) — ew(£(S;)) - el(S;)

The first and the third inequalities in the chain above are applications of
the inequality w(w(t)) = w (# -t) < # - w(t), which holds due to the
concavity of w and the fact that w(t) > ¢t. The second inequality in the chain
is due to the submultiplicativity of w. O

Proof of Lemma 3.5.

Finally, we collect together the results of the present section to give a proof
of Lemma 3.5. For convenience, we divide Lemma 3.5 into two lemmas (4.12
and 4.14), which we prove separately.

Lemma 4.12. Let a > 0 and w € M satisfy

w(t) <t <10g %) , for allt € (0,ay).
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Let d)k € N, d > 2, ¢,e € (0,a,) and L > 1. Then there exists r =
r(d,L\/Ew,s,c) € N such that for every non-empty open ball U C R? of
radius at least 2c\/d there exist finite tiled families S1,So, ..., S, of cubes
contained in U with the following properties:

1. For each 1 <i < r and each cube S € S;

£<Sm U U5j>gpoly(g)c(5).

j=it1

2. For any k-tuple (hy,...,h;) of bi-w-mappings hj: U — R? for which
max £,,(h;) < L there exist i € [r] and ej-adjacent cubes S,S" € S; such
that

|£(R;(S)) — L(h;(5"))]
L(S)

< U(d,wa L, ka 6,((5))

for all j € [Kk], where

d—1
w(d,w, L k2, 0(S)) = A(d,L,k)w(w(ez‘(’g)(S)))) (w(eic;((égs»)

and A(d, L, k) > 0 is a constant depending only on d, L and k.

The behaviour of the right-hand side of the inequality in statement 2 de-
pends on w; the statement is most powerful for those moduli w, for which
the expression goes to zero with . The work of [7] (see also [16]) implies
that for Lipschitz moduli, i.e., those that satisfy w(z) < Lz, L > 1, it indeed
goes to zero. On the other hand, it follows from the work of Riviére and
Ye [29, Thm. 1] that for any a < 1 the expression cannot go to zero for any
w(x) > z°, ie., for Holder moduli of continuity. This is because otherwise
one could use a construction similar to that of Theorem 1.7 to construct con-
tinuous Holder non-realisable densities, which, however, do not exist by [29]
(see also McMullen [26, Sec. 5]). We will show that the right-hand side of
the inequality in statement 2 converges to zero for some moduli lying strictly
between the Lipschitz and the Hélder moduli of continuity.

Note that in the parameter r of Lemma 4.12 we consider the modulus
LvVkw instead of w. This is because we will view the k-tuple hyq, ..., h; as a
single mapping (hy, ..., hi): R? — R* and this single mapping has modulus
of continuity Lv/kw.

The following proof is an easy adaptation of the proof of [16, Lem. 3.1].

Proof of Lemma 4.12. Let @W(t) := L\Vkw(t) with az = a,. Then @ clearly
belongs to M. Moreover, by Lemma 4.9 we have w € Mj. Let the sequences
(N2, (M), (¢i)2, and the number r = r(d,w,e,c¢) € N be defined
according to Definition 4.3, with all these values using w instead of w. Let
U C R? be an open ball of radius at least 2¢v/d. Since the conclusion of
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Lemma 4.12 is invariant under translation of the set U C R?, we may assume
that B(0,2¢vd) C U so that

[0,¢] x [0,¢/N1]¢" L C U
We are now ready to define the families of cubes Sy, ...,S,, making use of
the sequences (IV;)22; and (¢;)92;.

Definition 4.13. For each i € [r] we define the family S; C Q. /N, as the
collection of all cubes of the form

o) (52 b3] )

J=1

where z1 := 0 and z; 41 € cj+1Zdﬂ ([O, ¢j —cjq1] x [0, ;—’] — cj+1]d*1> for each
j>1andl € [Ny].
Let us verify that the above defined families S, ..., S, satisfy condition 1

in the statement of Lemma 4.12. It is immediate from Definition 4.13 and
the definiton of ¢; in Definition 4.3 that

USr QUST—1 c... QUSL

Thus, given 1 <1i¢ < r and S € S;, we have that

SN U Us; csnlSis-

j=i+1

Therefore, computing the volume of the latter set comes down to counting the
number of cubes in S;;1 that intersect S. For the simple counting argument
required, we refer the reader to [16, p. 613-614]. There the argument is given
in a less general situation where N; = N;; 1 = N. It gives the bound

" (Mz + 1)d C; d d 1
clsn | US| s—7(+) <2 L(S) < poly () L(S),
j=it1 MENE N Niy1

where, for the latter two inequalities, we use £(S) = (c;/N;)? and the bound
Niy1 > po+y(5)7 which comes from Lemma 4.6 and ¢;11 € (0,a,) C (0, 3).
Thus, statement 1 is satisfied.

Turning now to statement 2, we consider a k-tuple (hq,...,h) of bi-w-
mappings h;: U — R? with max;e() bily (hi) < L. We define a combined
mapping ¢g: U — R*? co-ordinate-wise by

gD () = 1) (x)
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for i € [k] and j € [d]. It is straightforward to verify that g is a bi-w-mapping
with big,(¢) < LVk. This, in turn, implies that g is a bi-@-mapping with
bifs(g) < 1.

The conditions of Lemma 4.4 are now satisfied for d, @, e, (N;)$2, (M;)2,
(ci)2y, n = kd, g: [0,c¢1] x [0,c1/N1]*t — R¥ and r = r(d,w,e,c). Let
p € [r] and z1,...,2, € R? be given by the conclusion of Lemma 4.4. Then
statement 1 of Lemma 4.2 holds for the mapping g,: [0, ¢,] % [0, ¢, /Nyt —
RF defined by (4.10). Let Q C [N, — 1] be given by the assertion of
Lemma 4.2, statement 1 for g,. The co-ordinate functions of the mapping
gp: [0,¢] X [0,¢p/Np)% 1 — R¥ are defined by

p p
gl()(t—l)d—i—s) (x) = g(@=Da+s) [ o 4 sz _ hgs) X+ sz
j=1 j=1

for t € [k], s € [d]. Therefore for each i € Q and each hyp: [0,¢,] X
[0, ¢,/Np]1 — RY defined by hy ,(x) := hy(x + Z§:1 z;) for t € [k], we have
. 4 d—1
that h = hy, satisfies inequality (4.5) on S; := [%, 3\‘;—;] X [0, ]cv—’;
We fix ¢ € 2. Then the conditions of Lemma 4.10 are satisfied for w, ¢, d,

N = Np, ¢ =¢p, h = hy, for each t € [k] and i. Hence, for A\, := £(S;) = ﬁ,—’;

we have

s _ — d—1
(e p(51)) — £(hep(Sis))] < A(d)“(“(i"p“p”) (“(e)w“p)) £(5),

(4.26)

which can be bounded above using the concavity of w by

A(d, L, k) (w(w(i«;@p)))) (Miﬂ%))dq £(S)).

Set S = Z?:l zj+ S; and S' = Z§:1 z; + Siy1. It is clear upon reference to
Definition 4.13 that S and S’ are ej-adjacent cubes belonging to the family
Sp. Moreover, we have hi(S) = hyp(S;) and hi(S") = hyp(Siy1) for all ¢t €
[k]. Therefore S and S’ verify statement 2 of Lemma 4.12 for the k-tuple
(h1,...,hi). This completes the proof of Lemma 4.12. O

The final lemma refers to the notation of Lemma 4.12. The parameter
%k below represents the weakest possible upper bound of statement 2 in
Lemma 4.12. We emphasise that Lemma 4.12 and Lemma 4.14 together
imply Lemma 3.5.

Lemma 4.14. Let d > 2. Then there is ag = ap(d) > 0 such that forw € M
of the form

1\*
w(t) <t (log z) , forallt € (0,ay),
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and

k(e) = k(d,w, L, k,e,c) :== sup v(d,w,L,k,e,£(S5))
i€[r], SES;
we have
lim k(e) = 0.
e—0

Proof. Let o« > 0 and w € M satisfy

1 e
w(t) <t <log ;) , for all ¢ € (0, ay).

It suffices to show that there is some threshold ag(d) > 0 so that whenever
a < ag(d) the expression x(d,w, L, k, e, c) is bounded above by poly (¢), and
thus, goes to zero with €. The right-hand side of the inequality in statement 2
of Lemma 4.12 reads asymptotically as

w(w(ew(£(5i)))) <w(a)w(£(5i)) ) -1
¢(Si) el(S;) :

We start with the first term.

w(w(ew(t(5:)))) _ ww(ew(l(S:)))) w(ew(l(S:))) ew(l(S:))
£(S;) w(ew(£(S:))) ew(£(Si)) £(S;)

=° (10g m> (k’g WM) (bg @)a'

Each of the logarithms is at most log %.

The second term can be bounded above as

() (02 o)) <o)

Combining the two bounds above, we infer

w(w(ew(0(S)))) (we)w((S))\ " 1\ 2dDa
(s ( £(Sy) ) 55<10gm> (a2

Set v = 1 and take a € (0,1]. By Corollary 4.8, every cube S € J_; S;
satisfies

(r+1)?
«8) = (epolyf i (2)

r 2
This means that £f(S) can be bounded below by (cpolydL,k (6))( )

By Lemma 4.9, we have that

, too.

1

ri= T(d,L\/EW,&,C) S T d /N
cpolyy . ()

45



We emphasise that the polydL,k (€) expressions above are independent of o €
(0,1] and ¢. Plugging these two bounds in the inequality (4.27), we get that

w(w(ew(?(S:)))) (w(e)ww(&)))d‘l

—(7’+1)2 (2d4+1)
< 6<log<(c poly{ ;. (6)) ))

1 (2d+1)a
<eltr+1)2l0g| ————
( cpolyf ; (€)

_ (2d+1)a
< A(d, )z (polyf 1. (2) )

for € > 0 small enough. The last expression vanishes as € > 0 goes to zero
provided a > 0 is chosen smaller than some threshold determined solely by
d. O

Remark 4.15. In the present work we have not required the explicit depend-
ence on k of the quantities v and k of Lemmas 4.12 and 4.14. However,
the authors envisage potential future applications in which this dependence
becomes relevant, particularly in relation to the open question concerning the
‘Feige sequence’ which we discuss in the next section. Therefore we wish to
place on record in this remark how the quantities v and x depend on k and
comment on the necessary modifications of the proof needed to extract this
dependence.
For the quantity v of Lemma 4.12 we have

d—1
v < A(d) poly? <L\/E> w(w(agzg)(s)))) (w<€22}((56§5))>

and for w(t) <t (log %)a with a € (0, 1] the quantity k of Lemma 4.1/ satisfies

x < A(d, ¢) poly? <L\/%) €<polyd (8)_1) (2d+1)a.

To get the bound on v, we only have to use the inequality w(L\/Et) <
LVEw(t), which comes from the concavity of w, to extract Lk from the
argument of w in (4.26). Note that in (4.26) we have @ = LVkw.

Let w(t) <t (log %)a for some o > 0. For the bound on k it is necessary
to make the dependencies of the parameters ¢, No, M and My on L (we will
eventually apply this with L replaced by L\/E) i Lemma 4.6 explicit. It is
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straightforward to verify that (4.13) then becomes

_ poly (¢) Ny — poly (log %) poly (L)
poly (L)’ poly (g) ’
_poly (N) poly (L) _ poly (log 2) poly (L)
M = My = ,
poly (¢) poly (¢)

where in the equations above and in the remaining discussion poly (-) always
stands for poly®” (1). Implementing the arguments of Subsection 4.3 with
these more precise expressions for the parameters leads to more precise bounds
for the quantities v and ¢(S) with S € S;, namely

and

poly (¢) ¢ (i+1)”
0(S) > <m> forall S € S,.
The bound above on k is obtained by implementing the proof of Lemma 4.1/
with the more detailed bounds on r and ((S) stated above. Note that at this
stage we consider the quantity r(d, Lv/kw, e, c).

5 Discussion and open problems.

We stated and proved our results only for certain special families of moduli of
continuity. However, fixing a density p, the only information about a modulus
w(t) that determines whether there is a bi-w solution f to the pushforward
equation

JepL = Ly (ray (5.1)

as t goes to 0: it is clear that whenever one can

is the rate of growth of #

find a modulus w’'(t) for which there is a bi-w’ non-realisable density p and,
at the same time, there is ¢y > 0 such that w(t) < w'(t) for every t € (0,tp),
then p is bi-w non-realisable as well.

The techniques presented here yield that a generic continuous function p is
bi-w non-realisable for w(t) = t(log(1/t))*°, where 0 < oy < 1 is very small
and depending on d. It seems unlikely to us that the same technique could
be used to prove the existence of bi-w non-realisable functions with respect to
w(t) = tlog(1/t), say. One of the key reasons is that in order to argue that the
expression k() = k(d,w, L, k,e) from Lemma 4.14 stays at least bounded,
one would need a very good upper bound on r(¢), namely something as good
as O(1/+/e), probably even better. But this seems out of the reach of the
present technique, because the bound on r(¢) we can obtain must be of order
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Q(%) And the best bound on ¢(g) for the Lipschitz modulus w(t) = t,

even in dimension d = 1, that we could come up with is of order ©(£3). While
it would obviously be possible to get tighter bounds on various parameters
at several places, we believe that these improvements could at best provide a
quantitative estimate on «g, which would be much less than 1 and could not
settle the case of ag > 1.

Question 5.1. Are there any bi-w non-realisable continuous functions I% —
(0,00) for w(t) =tlog(1/t)?

Thanks to Lemma 3.4, a positive answer to the above question would im-
mediately yield an w-irregular separated net. The same would be true if one
provided a bi-w non-realisable function p € L>(I¢) with both its essential
infimum and supremum in (0, c0).

In the present article, we have verified existence of densities p excluding bi-
w solutions of (5.1); the next natural task is to exclude solutions in the much
larger class of w-mappings. For the Lipschitz modulus of continuity w(t) = ¢,
Kopecka and the authors achieved this in [16]. This led to a negative answer
of a question of Feige [24, Quest. 2.12] (see also [16, Quest. 1.1]). The result
may be stated precisely as follows. For a set S C Z¢ containing precisely
n? points for some n € N let Lg denote the best Lipschitz constant of any
(bijective) mapping of S onto the regular grid {1, ... ,n}d. Put differently,
let

Lg := inf {Lip(f)‘ f:8—=A11,... ,n}d is a bijection} .

The main result (Theorem 1.2) of [16] states that the sequence
Ch ::sup{LS:SQZd, |S|:nd}, n €N,

is unbounded. We propose the name ‘Feige sequence’ for the sequence (C,)22 ;.
Whilst [16] verifies that the Feige sequence is unbounded, there are no non-
trivial bounds on its rate of growth. Moreover, the Lipschitz modulus of
continuity w(t) = ¢ remains the weakest modulus of continuity for which it
is known that there are bounded and bounded away from zero densities p
excluding w-continuous solutions f of (5.1). Thus, providing such densities p
for any strictly weaker modulus of continuity w would be an interesting result
and it seems plausible that this could also have implications for the problem
of determining the asymptotics of the Feige sequence. We advertise this as a

direction of possible future research.
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