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Divergence of separated nets with
respect to displacement equivalence

Michael Dymond, Vojtéch Kaluza

We introduce a hierarchy of equivalence relations on the set of separated
nets of a given Euclidean space, indexed by concave increasing functions
¢: (0,00) — (0,00). Two separated nets are called ¢-displacement equi-
valent if, roughly speaking, there is a bijection between them which, for
large radii R, displaces points of norm at most R by something of order at
most ¢(R). We show that the spectrum of ¢-displacement equivalence spans
from the established notion of bounded displacement equivalence, which corres-
ponds to bounded ¢, to the indiscrete equivalence relation, corresponding to
#(R) € Q(R), in which all separated nets are equivalent. In between the two
ends of this spectrum, the notions of ¢-displacement equivalence are shown
to be pairwise distinct with respect to the asymptotic classes of ¢(R) for
R — oo. We further undertake a comparison of our notion of ¢-displacement
equivalence with previously studied relations on separated nets. Particular
attention is given to the interaction of the notions of ¢-displacement equival-
ence with that of bilipschitz equivalence.

1 Introduction

In the present work, we compare the metric structures of separated nets by
examining how much mappings between them displace points. The notion of
displacement of a mapping is defined as follows:

Definition 1.1. Let f: A C R? - R?. We define the displacement constant
of f as
disp(f) = [If — id].

If disp(f) < oo, then we say that f is a mapping of bounded displacement.

Research into separated nets in Euclidean spaces has broadly centred around
the question of to what extent any two separated nets in a Euclidean space

This work was started while both authors were employed at the University of Innsbruck and enjoyed
the full support of Austrian Science Fund (FWF): P 30902-N35.



are similar, as metric spaces. To formulate this question more precisely, it
is necessary to prescribe what it means for two separated nets to be con-
sidered similar, or put differently, to define a symmetric relation on the class
of separated nets in a Euclidean space. Two such notions, which are in fact
equivalence relations, have been studied most prominently.

The most narrow of these notions is that of bounded displacement equi-
valence. Two separated nets X,Y C R? are said to be bounded displacement
equivalent, or BD equivalent, if there exists a bijection f: X — Y for which
disp(f) < co. To demonstrate how constrictive BD equivalence is, we point
out that for any separated net X C R? X is not BD equivalent to 2X.!
Hence, even linear bijections R — R? may transform a separated net to a
BD non-equivalent separated net.

For the second notion, two separated nets X,Y C R? are called bilipschitz
equivalent, or BL equivalent, if there is a bilipschitz bijection f: X — Y.
This defines a much looser form of equivalence in comparison to BD equi-
valence. In fact, it is a highly non-trivial question, posed by Gromov [5]
in 1993, whether BL equivalence distinguishes at all between the separated
nets of a multidimensional Euclidean space. Moreover, we point out that BD
equivalence is easily seen to be stronger than BL equivalence.

For all Euclidean spaces of dimension at least two, Gromov’s question was
answered negatively in 1998 by Burago and Kleiner [1] and (independently)
McMullen [8]; the papers [1] and [8] verify the existence of a separated nets
in R? d > 2, which are not BL equivalent to the integer lattice.

In the recent work [2], the authors introduce the notion of w-regularity of
a separated net.

Definition 1.2. Given separated nets X, Y C R% and a strictly increasing,
concave function w defined on a positive open interval starting at 0 and sat-
isfying limy_ow(t) = 0, a mapping f: X — Y is called a homogeneous
w-mapping if there are constants K > 1 and a > 0 such that

1f(y) — F(@)ll, < K Rw <IIy—RII>

for all R > 0 and z,y € X N B(0, R) with ||y —z|l, < aR. The separated
net X C R? is called w-regular with respect to the separated net Y C R¢ if
there exists a bijection f: X — Y such that both f and f~' are homogeneous
w-mappings. Otherwise X is called w-irregular with respect to Y. In the
case that Y = Z%, these terms are shortened to w-regular and w-irregular
respectively.

From now on, we will refer to functions w with the properties given in
Definition 1.2 as moduli of continuity. The function w(t) = t will be called the

!The reader may wish to verify this as an exercise; alternatively we note that this fact is a special case
of Proposition 3.3 of the present work.



Lipschitz modulus of continuity and functions w(t) = t# with g € (0,1) will
be referred to as Holder moduli of continuity. When we prescribe a modulus
of continuity w by a formula such as w(t) = 7, it should be understood that
this formula defines w on some interval (0,a) with a > 0. The precise value
of a and indeed the behaviour of w(t) for ¢ > a is irrelevant to the notions of
Definition 1.2.

It is clear that for two moduli of continuity wi, wy satisfying we(t) €
o(w1(t)) for t — 0,% the notion of w;-regularity is formally weaker than that
of wo-regularity. Further for the Lipschitz modulus of continuity w(t) = ¢,
w-regularity of X with respect to Y is nothing other than the BL equivalence
of X and Y. Thus, the result of Burago and Kleiner and (independently)
McMullen discussed above can be formulated as follows: In every Euclidean
space R? with d > 2 there exists an w-irregular separated net for the function
w(t) =t.

The notion of w-regularity of separated nets is motivated by a result of
McMullen [8, Thm. 5.1], which stands in contrast to the existence of BL
non-equivalent nets. McMullen [8] proves that for any two separated nets
X and Y in Euclidean space, X is w-regular with respect to Y for some
Holder modulus of continuity w(t) = ¢ for some 8 € (0,1). In the work
[2], the present authors investigate w-regularity for w lying asymptotically in
between the Lipschitz modulus of continuity and Hélder moduli of continuity.
The paper [2] proves that there are separated nets in every R, d > 2, which
are w-irregular for the modulus of continuity

w(t) =t <log Dao, (1)

where ag = ap(d) is a positive constant determined by the dimension d of
the space. This is formally a stronger result than the existence of BL non-
equivalent separated nets.

Growth of restricted displacement constants.

Looking at the value of disp(f) for bijections f between two separated nets X
and Y gives only a very crude comparison of their metric structures. Roughly
speaking ‘most’ pairs of separated nets X and Y are BD non-equivalent, so
that disp(f) = oo for every such bijection. This motivates a more subtle form
of metric comparison of separated nets in Euclidean space via displacement:

Definition 1.3. Let f: A CR? = R%. We define a function (0,00) — [0, 00)
by

diSp(f‘AmE(o,R)) if ANB(0,R) # 0,

0 otherwise.

R dispp(f) :== {

2We use the standard asymptotic notation O, 0,Q and ©; for the definitions, see Section 2.



Although we expect generally that disp(f) = oo for any bijection between
two separated nets, so that limp_,o dispg(f) = oo, it remains of interest
in such cases to determine the optimal asymptotic growth of dispp(f) as
R — oo among such bijections. Indeed, this allows for a more flexible notion
of displacement equivalence.

Definition 1.4. Let ¢: (0,00) — (0,00) be an increasing, concave func-
tion and X and Y be separated nets of R®. We say that X and Y are
o-displacement equivalent if there exists a bijection f: X — Y for which

dispr(f) € O(¢(R)).

Remark 1.5. In Definition 1.3 and Definition 1./ it may appear that the
origin 0 € R% has a special role: it is the reference point with respect to
which the quantity dispg(f) is defined. It is therefore natural to ask, whether
a different choice of reference point in Definition 1.5 would give rise to a
different notion of ¢-displacement equivalence in Definition 1.4. However,
this is not the case, due to the conditions on the functions ¢ admitted in
Definition 1.4 and the inequality

diSP%(f) < dissz+||z—y||2 (f)s

where disp%(f) denotes the quantity of Definition 1.3 obtained when w € R%
is used as the reference point instead of 0 € R?.

Remark 1.6. We require the concavity of ¢ in Definition 1.4 in order to
verify that ¢-displacement equivalence is a true equivalence relation. How-
ever, the reader may ask whether it is possible to admit a larger class of
functions ¢. It is the authors’ view that admitting only concave functions ¢
in Definition 1.4 is not a major restriction. Recall that for every increasing
function : (0,00) — (0,00) with ¢» € O(R) there is a concave majorant,
that is, a concave increasing function ¢: (0,00) — (0,00) such that ¥ < ¢
pointwise and P(R) ¢ o(¢p(R)); see Lemma 2.1.

Observe that the concave condition in Definition 1.4 implies that ¢(R) €
O(R) and thus superlinear functions such as ¢(R) = R? are excluded. How-
ever, excluding superlinear functions ¢ is not any restriction because, were
they to be admitted, then the resulting notions of ¢(R)-displacement equi-
valence for all functions ¢(R) € Q(R) would coincide and equal the trivial
equivalence relation in which all separated nets of R are equivalent. This
last assertion is a consequence of Proposition 2.6 of the present work.

Structure of the Paper and Main Results

To finish this introduction, we outline the structure of the paper and sum-
marise the main contributions of the present work.



Section 2 and 3 present preliminary results and observations which can
mostly be thought of as easy consequences of the new definition of ¢-displace-
ment equivalence, but are nevertheless worth highlighting in view of the au-
thors. In Section 2 we verify that the notions of ¢-displacement equivalence
given by Definition 1.4 are equivalence relations:

Proposition 2.7. Let ¢: (0,00) — (0,00) be an increasing, concave function.
Then the notion of ¢-displacement equivalence of separated nets in R® given
by Definition 1.4 is an equivalence relation on the set of separated nets of RY.

We further show that the notion of ¢-displacement equivalence for ¢(R) €
Q(R) does not distinguish between separated nets:

Proposition 2.6. Let X,Y be two separated nets in R%. Then there is a
bijection f: X — Y such that dispg(f),dispr(f~1) € O(R).

In contrast, Section 3 deals with negative results and identifies certain
barriers to ¢-displacement equivalence for ¢ € o(R).

Our first main result demonstrates that the notions of ¢-displacement
equivalence for increasing, concave functions ¢: (0,00) — (0,00) form a
fine spectrum starting from the strictest form of ¢-displacement equivalence,
namely BD equivalence, which corresponds to ¢-equivalence for bounded
#(R) € O(1), to the weakest form of ¢-displacement equivalence, namely
that corresponding to ¢(R) € Q(R). In the spectrum between O(1) and
Q(R) we show that the notions of ¢-displacement equivalence are pairwise
distinct with respect to the asymptotic classes of functions ¢(R) for R — oo.
We prove namely the following statement:

Theorem 4.1. Let ¢: (0,00) — (0,00) be an increasing, concave function
with ¢(R) € o(R) and X C R? be a separated net. Then there exists a
separated net Y C R? such that every bijection f: X — Y satisfies dispg(f) ¢
o(¢(R)) and there exists a bijection g: X — Y with dispg(g),dispg(g~!) €
O(¢(R)). Moreover, such' Y can be found so that X and Y are bilipschitz
equivalent.

Corollary 1.7. Let ¢1,¢2: (0,00) — (0,00) be increasing, concave functions
with ¢1(R) € o(pa(R)). Then ¢a-displacement equivalence of separated nets
in RY is a strictly weaker notion than that of ¢1-displacement equivalence.

Theorem 4.1 will be proved in Section 4; Corollary 1.7 is an immediate con-
sequence of Theorem 4.1. Note that Theorem 4.1 also verifies the optimality
of Proposition 2.6.

The theme of Sections 5 and 6 is the comparison of the established notion
of BL equivalence with the spectrum of ¢-displacement equivalence for in-
creasing, concave functions ¢: (0,00) — (0,00). We begin, in Section 5, with
the strictest form of ¢-displacement equivalence, namely BD equivalence. In
Section 6 we then move onto ¢-displacement equivalence for unbounded ¢.



We compare the notions of BL equivalence and ¢-displacement equival-
ence by looking at the intersection of the BL equivalence classes with the
classes of ¢-displacement equivalence. The cardinality of the set of equival-
ence classes of separated nets has already attracted some research attention.
Magazinov |7] shows that in every Euclidean space of dimension at least
two, the set of BL equivalence classes of separated nets has the cardinality
of the continuum. Since BD equivalence is stronger than BL equivalence,
this also implies that there are uncountably many distinct BD classes. In
[4, Theorem 1.3|, Frettloh, Smilansky and Solomon also verify the existence
of uncountably many, pairwise distinct BD equivalence classes of separated
nets in R2. Interestingly, the class representatives of the uncountably many,
pairwise distinct BD equivalence classes given in [4] all come from the same
BL equivalence class.

Independently of the aforementioned works [7] and [4], we are able to
verify that every Euclidean space has uncountably many, pairwise distinct BD
equivalence classes of separated nets. Further, we provide new information,
namely that there are uncountably many pairwise distinct BD equivalence
classes inside each BL equivalence class. Hence, we are able to present a new
result, which we prove in Section 5:

Theorem 5.1. For every d € N, every bilipschitz equivalence class of separ-
ated nets in R? decomposes as a union of uncountably many pairwise distinct
bounded displacement equivalence classes.

For unbounded functions ¢(R), the analysis of the interaction of the BL
classes and the ¢-displacement equivalence classes of separated nets in R? is
more challenging. In light of Theorem 5.1, the natural problem is to charac-
terise the increasing, concave functions ¢(R) € o(R) for which ¢-displacement
equivalence is stronger than BL equivalence; note that Theorem 5.1 takes care
of the functions ¢(R) € O(1). In Section 6 we resolve this matter. We verify,
namely, that ¢-displacement is stronger than BL equivalence if and only if
#(R) € O(1). In particular, this means that BD equivalence is the only form
of ¢-displacement equivalence for which Theorem 5.1 holds.

Section 6 should also be placed in the context of w-regularity of separated
nets. Recall that BL equivalence corresponds to the notion of w-regularity
for the modulus of continuity w(t) = ¢. For the weaker modulus of continuity
w of (1) and any function ¢(R) € O (Rw ()), the authors prove in [2] that
the ¢-displacement equivalence class of the integer lattice does not contain
any w-irregular separated nets. This may support the following conjecture:

Conjecture 1.8. Let d > 2, w be a modulus of continuity in the sense of
Definition 1.2 and ¢: (0,00) — (0,00) be an increasing concave function.
Then the class of w-irreqular separated nets in R has non-empty intersection
with the ¢-displacement equivalence class of the integer lattice Z% if and only

if Rw (%) € o(¢(R)).



Indeed the ‘only if’ implication of Conjecture 1.8 for the modulus of con-
tinuity w of (1) is precisely the result |2, Proposition 1.3] referred to above.
In Section 6 of the present work, we show that for every increasing, un-
bounded, concave function ¢: (0,00) — (0,00), the ¢-displacement class of
the integer lattice intersects distinct BL classes; in particular it contains w-
irregular separated nets for w(t) = t. A matter of interest is whether every
such ¢-displacement equivalence class intersects every BL equivalence class.
This question remains open, but we are able to show that every such ¢-
displacement equivalence class intersects uncountably many BL equivalence
classes:

Theorem 6.1. Let d > 2 and ¢: (0,00) — (0,00) be an unbounded, in-
creasing, concave function. Then there is an uncountable family (Xy)pen of
pairwise bilipschitz non-equivalent separated nets in R® for which each Xy 18
o-displacement equivalent to Z.2.

We point out that Theorem 6.1 is a refinement of the lower bound from |[7]
and is obtained entirely independently. Moreover, put together with the fact
that BD equivalence is stronger than BL equivalence, Theorem 6.1 verifies
Conjecture 1.8 for the special case of the Lipschitz modulus of continuity
w(t) = t. At this point, we also wish to state formally the characterisation
announced in the above discussion of Section 6. This result is an immediate
consequence of Theorem 5.1 and Theorem 6.1:

Theorem 1.9. Let d > 2 and ¢: (0,00) — (0,00) be an increasing, concave
function. Then, ¢-displacement equivalence of separated nets in R¢ is stronger
than bilipschitz equivalence if and only if ¢ is bounded.

Finally, we finish this article in Section 7 with a useful application of the
¢-displacement equivalence spectrum. Whilst [2] verifies the existence of sep-
arated nets which are w-irregular for w of the form (1), it leaves one import-
ant issue unresolved: namely, whether w-regularity for w of the form (1) is
distinct from the notion of bilipschitz equivalence (that is, w-regularity for
w(t) =t). In view of the results [8, Theorem 5.1] and [1, Theorem 1.1], it is
clear that there are Holder moduli of continuity of the form wi(t) = t? for
some [ € (0,1) so that for wa(t) = t, the notions of w;- and wy-regularity
are distinct; wi-regularity is strictly weaker than wo-regularity. However, the
most that can be established on the basis of the existing literature is that
there are at least two distinct notions of w-regularity. In particular, [2] does
not address the issue of whether there are any moduli of continuity w strictly
in between the Holder moduli of continuity and the Lipschitz modulus of
continuity, such as w of the form (1), which define further distinct notions of
w-regularity. This is quite unsatisfactory because it leaves open the possib-
ility that the result [2, Theorem 1.2] is in fact identical to [1, Theorem 1.1]
and the corresponding result in [8], although it is formally stronger.



In the present article we verify that for the modulus of continuity w of
the form (1), the notion of w-regularity is strictly weaker than BL equival-
ence. This confirms that the ‘highly irregular™ separated nets given in [2,
Theorem 1.2| are indeed more irregular in a meaningful way than the BL
non-equivalent separated nets of McMullen [8] and Burago and Kleiner [1,
Theorem 1.1].

Theorem 7.1. Let d > 2, apg = ao(d) be the quantity of [2, Theorem 1.2]
and w be a modulus of continuity in the sense of Definition 1.2 such that
w(t) = t(log1)™ for t € (0,a) and some a > 0. Then the notion of w-
reqularity of separated nets in R is strictly weaker than that of bilipschitz
equivalence.

Despite this progress, we are only able to increase the number of known
pairwise distinct forms of w-regularity by one:

Corollary 7.2. For any dimension d > 2 the notions of w-regularity of sep-
arated nets in R, according to Definition 1.2, admit at least three distinct
notions.

It therefore remains an interesting research objective to expose the hier-
archy of notions of w-regularity. The authors would conjecture that, at least
for moduli of continuity w lying asymptotically in between the Lipschitz mod-
ulus of continuity and the modulus of continuity of (1), we get a fine hier-
archy of notions of w-regularity. More precisely, we conjecture that whenever
two moduli of continuity w; and wsy satisfy we € o(wi(t)), wa(t) € Q(t) and
wi(t) € O (t log (%)ao) for t — 0, then the notion of wy-regularity of separated
nets in RY is strictly weaker than that of wo-regularity.

2 Preliminaries and Notation.

Functions and Asymptotics. Throughout the work we use the standard
asymptotic notation O, 0,2, O, with the following meaning. Let f, g be two
positive real-valued functions defined on an unbounded domain in (0, o). For
example, this allows for f and ¢ to be real sequences. Then we write

f(z) € O(g(x)) = ngsogpggg <o,
(&) € ofg(e) = timsup gg) —0,

)
f(z) € Qy(2)) = g(z) € O(f(x)),
f(x) € ©(g(x)) < f(x) € Og(x)) and f(x) € Q(g(x)).

3 As asserted by the title of the work [2].



We sometimes write equations or inequalities using the above asymptotic
notation. For example, the inequalities ¢, < n? + O(n) < O(n?) should be
interpreted as follows: there exist sequences a, € O(n) and b, € O(n?) such
that ¢, < n?+a, < b,. Although the symbol w also belongs to the standard
asymptotic notation, we will avoid using it in this context. The reason for this
is that we use the letter w to denote moduli of continuity and for the notions
of w-regularity of Definition 1.2. Since any asymptotic statement using the
asymptotic w notation can be rephrased using the little o notation, this is
not a problem.

A function f: A C R — R will be called increasing if f(t) > f(s) whenever
s,t € A and t > s. If both inequalities > in this condition may be replaced
by the strict inequality >, then we call f strictly increasing. The notions of
decreasing and strictly decreasing are defined analogously.

We will require the following basic fact relating to concave majorants:

Lemma 2.1. Let v: (0,00) — (0,00) be an increasing function, ¢: (0,00) —
(0,00) be a concave increasing function and suppose that Y(R) € o(¢p(R)).
Then there exists a concave increasing function W: (0,00) — (0,00) with the
following properties:

(a) ¥(t) < W(t) for all t € (0,00).
(b) ¥(R) ¢ o(V(R)).
(c) ¥(R) € o(¢(R)).

Proof. Consider the family M of all concave functions ¢: (0,00) — (0,00)
such that ¢(t) < {(t) for all ¢t € (0,00). We define ¥: (0,00) — (0,00) by

U(t) =inf {((t): ¢ € M}.

As the pointwise infimum of a family of concave functions, ¥ is itself con-
cave. Moreover, the definitions of M and ¥ ensure that (a) is satisfied.
The concavity of ¥, (a) and the fact that ¢ is increasing then imply that
U is also increasing. To verify (b), note first that boundedness of ¥ implies
boundedness of ¥. We may therefore assume that ¢ is unbounded. Let
6 € (0,1), n € N and observe that the concave function ¢ — 6U(t) + ¢(n)
does not belong to M. We deduce from this the existence of R,, > n such that
OV (R,) < ¥(R,) —¢¥(n) < ¢¥(Ry,). The sequence (Rj,)nen obtained in this
manner witnesses (b). Finally, we prove (c¢). Given £ > 0, choose T > 0 large
enough so that % < ¢ for all t > T. Then the function ¢ — (1) + ¢(t)
belongs to M and so

forallt > 1T. ]



Metric notions. In a metric space (M, distys), a set Z C M will be called

separated if
inf {distM(z,z’): 2,7 €7,z # z’} > 0,

and this infimum will be referred to as the separation constant (or just the
separation) of Z (in M). Moreover, Z will be called d-separated if its sep-
aration constant is at least 9. We will refer to the set Z as a net of M
if
sup{inf distys(z,2): x € M} < 00,
z2€Z

and this supremum will be called the net constant of Z in M. We will call Z
a 0-net of M if its net constant is at most 6.

Thus, Z will be called a separated net of (or in) M if Z is both separated and
a net of M. Throughout the work, we will only be concerned with separated
nets of subsets of a Euclidean space R?. For a set F' C R? the separated nets
of F are defined according to the above discussion, where the relevant metric
space M is given by the set F' together with the metric on F' induced by the
Euclidean distance in RY.

Given two sets S, T C R% we let

dist(S,T) :=inf {||t — s||,: s € S,t € T}.

In the case that S = {s} is a singleton we just write dist(s,T") instead of
dist({s},T). We write B(x,r) and B(x,r) respectively for the open and
closed balls with centre z € R% and radius » > 0. Moreover, we use the
same notation for neighbourhoods of sets, i.e, B(A,r) := J,. 4 B(x,r), where
A CR? and similarly for B(A,r).

z€A

Set related notions. The cardinality of a set A will be denoted by |A|. For
m € N we let [m] := {1,2,...,m}. We also write RT for the set of positive
real numbers.

Measures. The symbol £ will be used to denote the Lebesgue measure on

the given Euclidean space R?. Given a measurable function p: Q € R? —
(0,00) we let pL denote the measure on @ defined by

pL(E) = /Epdﬁ, ECQ.

Moreover, if f: @ — R% is a mapping and x is a measure on @, we write Jan
for the pushforward measure on f(Q)

falG) = u(fHG), G C fQ).
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The displacement class of two separated nets. We also introduce some
notation to conveniently capture the ¢-displacement equivalences of two sep-
arated nets.

Definition 2.2. Let X, Y C RY be separated nets. By dispgr(X,Y), we denote
the class of increasing, concave functions ¢: (0,00) — (0, 00) for which X and
Y are ¢-displacement equivalent, according to Definition 1.4.

Key properties of ¢-displacement equivalence.

The next proposition records some sufficient conditions for deriving informa-
tion on the growth of dispz(f~1) from that of dispg(f).

Proposition 2.3. Let X,Y be two separated nets in R, ¢: (0,00) — (0, 00)
be an increasing concave function satisfying ¢(R) € o(R) and let f: X - Y
be an injection with dispg(f) < ¢(R) for every R > 0. Then dispgr(f~1) €

O(o(R)).-

Proof. The assumption dispp(f) < ¢(R) implies that || f(x)]|, > ||z|ly —
é(||x]|5) for every x € X and by ¢(R) € o(R) there is Ry > 0 such that for
every x € X with ||z|ly > Rp it holds that ||z, — ¢(||z||5) > ||z, /2. Hence,
using the assumptions on ¢, we can deduce that

o = 5@l < olell) < 2-6( 152 ) < 2- at1 1@,

for every x € X with ||z|l, > Ry, which proves that dispg(f~1) € O(¢(R)).
O

Corollary 2.4. Let X,Y be two separated nets in R and f: X — Y be an
injection with dispg(f) € o(R). Then dispg(f~1) € o(R).

Proof. Let W: (0,00) — (0,00) be a concave majorant of the function R
dispp(f) with ¥(R) € o(R) provided by Lemma 2.1. We may now apply
Proposition 2.3 to ¢ = ¥ and f to verify the corollary. O

The next example shows that if the assumption ¢(R) € o(R) in Proposi-
tion 2.3 is weakened to ¢(R) € O(R), then the proposition fails. It also shows,
in contrast to Corollary 2.4, that no conclusion on the asymptotic class of
dispr(f~1) may be derived from the condition dispg(f) € O(R).

Example 2.5. Let ¢: (0,00) — (0,00) be an increasing function. Then
there exist separated nets X,Y C R and a bijection f: X — Y such that

dispp(f) € O(R) and dispp(f 1) ¢ O(C(R)).

Proof. Let X' :=2Zand Y’ :=7. Let¢: N — %—I—N be any strictly increasing
function and define Sy := {¢)(n): n € Nyn > k} for k € N. Finally, we set
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X =X'USyand Y :=Y'US;. Obviously, X,Y are separated nets in R.
Now we can define a bijection f: X — Y as follows:
flz) = s ?fa;eX’,
P(n—1) if x = (n).
Clearly, dispr(f) € O(R), but dispwn_l)(f 1) > ¢(n)—¢(n—1). It remains
to restrict the choice of ¢ so that ¥(n) —¥(n — 1) > n¢(y(n — 1)) for all
n > 2. O

To finish Section 2, we prove two results announced in the introduction;
their statements are repeated here for the reader’s convenience.

Proposition 2.6. Let X,Y be two separated nets in R¢. Then there is a
bijection f: X — Y such that dispg(f),dispr(f~!) € O(R).

Proof. We will assume that 0 ¢ X,Y’; this can be ensured by an arbitrarily
small shift. Then we observe that the condition dispp(h) € O(R) for a
mapping h: Z — RY defined on a separated set Z C R?\ {0} is equivalent to
the condition that there is C' > 0 such that

[ = (@)l < Cllzll, — VeeZ (2)

Next we observe that the claim holds for X and Y if and only if there are
r1,79 > 0 such that it holds for 1 X and roY; assume that g: 1 X — rY
is a bijection and C' > 0 satisfies (2) for g. Then f: X — Y defined as
f(z) = %g(naﬁ) is also a bijection and satisfies

lg(riz) = rzfly + [lriz — 2z

1
1f (@) = 2ll; = - llg(riz) = razll; <

)
Cry ||33||2+‘7“1—7"2|”$H2 07’1+|7’1—T2\
< . - el
2 )

for every z € X.

Moreover, note that it is enough to prove that for every X,Y there is al-
ways an injection f: X — Y satisfying dispg(f),dispg(f~!) € O(R) instead
of a bijection—the result then follows by Rado’s version of Hall’s marriage
theorem [9] from infinite graph theory. Given two injections fx: X — Y and
fy:Y — X we can define a binary relation £ C X x Y so that {z,y} € E
if and only if fx(x) =y or fy(y) = . Thus, E is the union of the graphs
of fx and f}jl By Rado’s theorem there is a bijection f: X — Y such
that ({z, f(2)})zex C F and then the condition dispp(h) € O(R) for every
he{fx.fx' fr, fy'} ensures that dispp(f),dispgr(f~!) € O(R).

Now let s > 0 stand for the separation of X and b > 0 for the net constant
of Y. We choose r > 0 such that 2rb < s. For every x € X we find g(x) € rY
such that ||z — g(z)|, < 7b. As 2rb < s, if g(x) = g(2'), then = &’ for any
x,2" € X. Thus, g is injective and the three observations above finish the
proof. O
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Proposition 2.7. Let ¢: (0,00) — (0,00) be an increasing, concave function.
Then the notion of ¢-displacement equivalence of separated nets in R® given
by Definition 1.4 is an equivalence relation on the set of separated nets of RY.

Proof. Reflexivity is obvious. The symmetry of ¢-displacement equivalence
follows from Proposition 2.3 if ¢(R) € o(R) and from Proposition 2.6 oth-
erwise. To verify the transitivity, consider separated nets X,Y,Z of R¢
for which X and Y are ¢-displacement equivalent and Y and Z are ¢-
displacement equivalent. Let the bijections f: X — Y and g: Y — Z witness
this. Then go f is a bijection X — Z and there is a constant K > 0 such that
dispg(f),dispr(g) < K¢(R) for all R > 1. Let R > 1 and z € X N B(0, R).
Then,

lgo f(z) —zlly < [lg(f(z)) = f(@)lly + [|f(2) — =
< disprygg(m) (9) + dispg(f) < 2K¢(R+ K¢(R)) < K'¢(R),

for some constant K’ > 0 independent of R and x. The existence of K’
satisfying the last inequality is due to the conditions on ¢. O

3 Negative Results

The present section deals with obstructions to the existence of a bijection
f: X — Y between two separated nets X,Y in R? with dispg(f) € o(R).
The first lemma establishes that, in the case that Y = Z% and such a bijection
f: X — 7% exists, the separated net X is forced to have quite a special prop-
erty. In particular it is easy to come up with examples of X not having the
property described in the next lemma and thus not admitting any bijection
f: X — Z% with dispg(f) € o(R).

Lemma 3.1. Let X be a separated net in R and let f: X — Z¢ be a bijection
such that dispg(f) € o(R). For any r > 0 let

1 _
i(S) = IrSOX|, S CB(0,1)

stand for a normalised counting measure supported on the set %X N B(0,1)
and let (Rp)nen C RT be a sequence converging to infinity. Then the sequence
(KR, )pen converges weakly to Llgqg 1.

Proof. We write B := B(0,1). Let s,b > 0 be the separation and the net
constants of X, respectively. We set X, := RinX N B and observe that each

X, is an Rin-separated é—i—net of B.
Next we define f,,: X,, — R% as f,,(z) := R%Lf(Rnx). Then the assumption

dispr(f) € o(R) implies that

n—oo

1
o =idll g = o1 0 Bnid —Ruid]], "5 0. (3)
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In other words, |f, —id|,, € o(l). We also observe that f, is o(Ry)-
Lipschitz: for any z,y € X,, it holds that

[fn(2) = Fa@)lly < I fnl@) = 2lly + [[fn(y) —ylla + Iz =yl
< 2| fn —idfl o + llz = yll,-

Applying (3), we get that

fn(2) = Fn ()5
[z =yl

o(1)

Iz =yl

<1+

As X, is g--separated, the right-hand side above belongs to o(Ry).
Therefore, using Kirszbraun’s Theorem [6], each f, can be extended to
an o(R,)-Lipschitz mapping f,: B — R? Now for any z € Efwe choose

xn € Xy, such that ||z — x|, < }%—i. Considering that f,,(z,) = f,(z,) and
(3) we get that

[fn(@) = ally < ([Fu(@) = Ful@n) ||y + 1 fal@n) = @nlly + llzn —

2b 0,

<o(1)+
where the o(1) expression above is independent of z. This shows that f,
converges uniformly to id |5.

As a shortcut, we write p, := ppr,. By an application of Prokhorov’s the-
orem, we observe that the sequence (u,) converges weakly to the Lebesuge
measure on B if and only if all of its weakly convergent subsequences do.
Therefore, it is enough to verify the assertion of the lemma for an arbitrary
weakly convergent subsequence of (u,). We may assume, without loss of gen-
erality, that this given weakly convergent subsequence is the original sequence
(i) and write p for its weak limit. Using [3, Lem. 5.6] we get that (fn)ﬁ(,un)
converges weakly to (id ‘E)ﬁ(”) = p. Consequently, it suffices to prove that
(7n)ﬁ(,un) converges weakly to L|5.

We define "

1S ’
g(R) := sup 7PR/ (f)
R'>R R
The definition implies that ¢ is decreasing and from the assumption dispg(f) €
o(R) it follows that e(R,,) goes to zero as n goes to infinity. For every z € X
it holds that || f(z)||, > ||z]l; — e(||x]l5) [|z||5- This inequality in combination
with the bijectivity of f: X — Z% and the fact that ¢ is decreasing implies

f(XNB(0,R)) 224N B(0, (1 — ¢(R))R). (4)

for every R > 0, where the ball on the right hand side should be interpreted
as the empty set if its radius is negative. Indeed, observe that any point
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in the set on the right hand side has the form f(z) for some x € X which
satisfies (1 —e(R))R > [|f(z)[ly > [[z[ly (1 —&(||z]ly)) and therefore ||z||, < R.
Now we compare ( fn)n(,u,n) to the standard normalised counting measure

vy, supported on RiZd, ie.,
n

L

R, for S C R%.

() = — |5 74

It is clear that v, — L. Thus, it suffices to verify that for any continuous
function ¢: R — R with compact support it holds that

/n(B) e d(fn)(kn) — /Bsodvn

Since (?n)ﬁ(ﬂn) is supported on f,(X,) C R%LZd, we can rewrite the absolute

value above as

n—oo

— 0.

74 xeﬁmR—and

This expression can be bounded above by

n

1 1ol 108 (B -2 ). )

Further, we argue that (5) can be bounded above by

72N B(0,1+¢(Ry,)) \ B(0,1 - E(R"))‘
lellos RI | .

For every n € N (4) implies that f,(X,) 2 7-Z%N B(0,1 — &(Ry)). There-
fore,

<B n };Zd> \ fa(Xn) C anzd NB\B(0,1 - =(Rn)). (7)

Using the definition of ¢(R,,) we immediately get that for any z € X N
B(0, Ry,) it holds that || f(z) ||y < ||z|ly+e(Rn) Ry < (1+e(Ry)) Ry Therefore,

f(XNB(0,R,)) CZiNB(0,(1 +&(Ry,))Ry,). Consequently, we deduce that

1 _
fa(Xn) C szd NB(0,1+&(Ry)),
n
which together with (7) proves (6).
By centering an axes-aligned cube of side length R%L at each point of the

SetR%Zd NB(0,1+¢e(Ry)) \ B(0,1—¢(R,)), we see that

Rlnzd NB(0,1+¢(R,))\ B(0,1 — 5(Rn))‘ < RiL (B(@B,E(Rn) + 2\]3))
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The last quantity is easily seen to be of order RZ - O(s(Rn) + R%L) This

implies that the upper bound of (6), and thus, also (5) go to zero as n goes
to infinity. O

We now recall the notion of natural density of a separated net. We will
see that the natural density of separated nets is invariant under bijections f
with dispr(f) € o(R).

Definition 3.2. Let X be a separated net in R®. Then its natural density?,
denoted by a(X), is defined as

. |XNnB(0,R)|
Oé(X) = llm ey
R—cc L(B(0,R))
provided the limit exists; otherwise it is undefined.

Proposition 3.3. Let X,Y be two separated nets in R® such that either
a(X) # a(Y), or exactly one of a(X),a(Y) is not defined. Then there is no
bijection f: X — Y with dispr(f) € o(R).

Proof. The assumption on «(X) and a(Y') implies that there is an unboun-
ded, increasing sequence (R, )nen such that

}XﬂBORﬂ
nihoo Y NB(0,Ry,)|

L:=1

is defined, but L # 1. We may assume without loss of generality that
L > 1. Otherwise just interchange X and Y and use Corollary 2.4. We
choose C' € (1,L) and find ng € N such that for every n > ng it holds that
| X NB(0,R,)| > C|YNB(0,R,)|. Because Y is a separated net, there is
K > 1 and ny € N such that |Y N B(0, KR,)| < C|Y N B(0, Ry) anay
n > ny. Therefore, for every n > max {ng,n1} we see that |X N B(0, Ry,)| >

Y NB(0,KR,)|, and thus, there must be z,, € X N B(0,R,) such that
If@a)l; > KRa Consequently, [zn — fGznlly > |f@n)lls — lznlly >
(K —1)R,. O

In view of Proposition 3.3 it is natural to ask whether for two separated
nets X, Y C R? the condition that both natural densities a(X) and a(Y") are
well defined and coincide is sufficient for the existence of a bijection f: X —
Y with dispp(f) € o(R). We finish this section with an example which
demonstrates that this is not the case:

Example 3.4. There is a separated net X in R? such that a(X) = o(Z%),
but there is no bijection f: X — Z% with dispg(f) € o(R).

4Sometimes the term asymptotic density is used instead in the literature.
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Proof. Fix a hyperplane H going through 0. We will denote the closed pos-
itive and the open negative half-spaces that it determines by H™ and H~,
respectively. Moreover, fix ¢ € (1,2) and define

X = (caZ'nHY)U((2—¢)azZin H™).

Then, clearly, p1g, defined as in the statement of Lemma 3.1 converges weakly
to the measure cL|g- g+ +(2—¢) L5y~ # L]z On the other hand, a(X) =
a(Z%) by construction. Thus, Lemma 3.1 finishes the proof. O

4 The spectrum of ¢-displacement equivalence.
In the present section we prove Theorem 4.1:

Theorem 4.1. Let ¢: (0,00) — (0,00) be an increasing, concave function
with ¢(R) € o(R) and X C R? be a separated net. Then there exists a
separated net Y C R? such that every bijection f: X — Y satisfies dispg(f) ¢
o(¢(R)) and there exists a bijection g: X — Y with dispg(g),dispg(g~!) €
O(¢(R)). Moreover, such' Y can be found so that X and Y are bilipschitz
equivalent.

Let us begin working towards a proof of Theorem 4.1. The proof is based
on the following construction, which we present in a bit more general form
than what is strictly needed for the proof of Theorem 4.1:

Construction 4.2. Let X be a separated net in R and let (R;)ien C RY be a
strictly increasing sequence converging to infinity. Moreover, let ¢: (0,00) —
(0,00) be an unbounded increasing function. The aim is to construct a set'Y
in R% which will, roughly speaking, be a piecewise rescaled version of X and
such that dispr(Y, X) C Q(¢(R)). In the applications, we will choose ¢ and
(Ri)ien in a way that will ensure that Y is a separated net. However, the
construction described here is more general.

Formally, we will construct Y as an image of X. For any R > 0 we
set R := R+ ¢(R). We also define Ry :== Ry := 0. The desired mapping
g: X — R will be radial, so we first define its radial part : [0,00) — [0, 00).
We set v(R;) := R; and prescribe that in between these specified values the
function ~ interpolates linearly. Thus, v is a piecewise linear function with

breaks precisely at the points R;. Finally, we define g(x) = 7(”|§|”2)
2

Y = g(X).

For later use we introduce a sequence (c;)ien representing the slopes of .
That is, for every i € N we require that v(R;) = v(Ri—1) + ¢i(Ri — Ri—1).
_ y(Ri)—(Ri—1) _ Ri—Ria
o Ri—R;_1 T Ri—Ri_1

We also record the maximum distance between consecutive ‘spherical layers’
in X. Let {ty <ly <...</tp<..}:={|zl,:ze X} Additionally, we put

T and

This is equivalent to setting c; :
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by :=L{:= 0. Then we define s := sup {{y — ly_1: k € N}. Since X is a net,
s 1is finite.

Proposition 4.3. Assume, additionally to the assumptions of Construc-
tion 4.2, that ¢(R) € O(R) and that there is K > 1 such that R; > KR;_
for every i € N. Then v and g are bilipschitz and Y is a separated net.

Proof. Assuming that - is bilipschitz, it is easy to see that ¢ is bilipschitz
as well, as ¢ is a radial map with radial part -; just consider the points in
spherical coordinates. Moreover, a bilipschitz image in R? of a separated net
in R? is a separated net in R

The function + is bilipschitz if and only if the sequence (¢;);en is bounded
and bounded away from zero. As ¢ is increasing and (R;);en is strictly
increasing, we immediately obtain

R —Ri1 Ri — Riy <1
Ri—Ri-1 Ri—Ri1+¢(Ri)—o(Ri—1) —

G

By the assumption on ¢ and the definition R = R + ¢(R) there is C' > 1
such that R < R < CR for every R > Ry. We note that (R;);en is increasing.
Using the assumption on the growth of (R;);en, we obtain

_Ri—Riy  Ri—RJK _K-1

—u > 0. O
Ri-Ri1~ R~ CK

Ci

Lemma 4.4. Let ¢, (R;)ien, X,Y and s be as in Construction 4.2 and let
Y — X be an injective mapping. If, in addition, there is K > 0 such that
b(Ris1) < Ko(Ri) for every i € N, then dispp(f) € Q(6(R)).

Proof. By Construction 4.2, for every ¢ € N it holds that
| X N'B(0,R; + ¢(R;))| = |Y N B(0, R;)|.

This implies that dispg, (f) > R; + ¢(R;) — s — R; = ¢(R;) — s.
Let R > R; be given and let ¢ € N be the unique index such that R;_1 <
R < R;. Then using the assumption on the growth of ¢(R;+1), we can write

The last quantity is greater than, say, ¢(R)/2K for every R large enough. [

Lemma 4.5. Let ¢, (R;)ien, X, Y and g be as in Construction 4.2. If, in
addition, there is K > 0 such that ¢(Ri+1) < K¢(R;) for every i € N, then

dispr(9) € O(6(R)).
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Proof. Since R; is strictly increasing and ¢ is increasing, we have ¢; < 1 for
every ¢ € N. Because 7 is a piecewise affine function with slopes ¢; < 1 and
7(0) = 0 the distance from « to the identity is an increasing function (with
respect to [0, R] with R variable). This, in turn, means that the displacement
of g on the ball B(0, R) is realised on the points of X closest to the boundary
of the ball. Now, we immediately get the bound

dispg, (9) < Ri —v(Ri) = Ri + ¢(R;) — Ri = ¢(R;).

Fix R > R;+¢(R1) and choose the smallest ¢ € N such that R < R;+¢(R;).
Then the growth condition on ¢(R;) allows us to derive the bound

dispr(9) < dispp,+¢(r)(9) < ¢(R:) < KP(Ri1)
< K¢(Ri—1 + ¢(Ri—1)) < K¢(R),

where the last inequality is true thanks to the choice of ¢. O
Finally, we are ready to finish off the proof of Theorem 4.1:

Proof of Theorem 4.1. We may assume that ¢ is unbounded, otherwise we
may simply choose Y as a non-zero but small perturbation of X. Such Y is
BD, and thus, also BL equivalent to X, while every bijection X — Y needs
to displace the perturbed points by a non-zero distance.

We choose any K > 1 and set R; := K' for ever i € N. This choice
satisfies all the assumptions on (R;) in Proposition 4.3 and Lemmas 4.4 and
4.5, where the ¢(R;+1) < K¢(R;) assumption of the latter two statements is
satisfied due to the concavity of ¢. We apply Construction 4.2 using these
objects and obtain a set Y and a bijection g: X — Y. Proposition 4.3
says that Y is a separated net and g: X — Y witnesses the BL equivalence
of X and Y. Applying Lemma 4.5 we get that dispp(g) € O(¢(R)), from
which dispz(g~!) € O(¢(R)) follows via Proposition 2.3. Now let f: X — Y
be a bijection. By Lemma 4.4, it holds that dispgp(f~!) € Q(¢(R)). Let
U: (0,00) — (0,00) be a concave majorant of ¢ — disp,(f) with dispr(f) ¢
o(V(R)), given by Lemma 2.1. Then, applying Proposition 2.3, we infer that
dispr(f~1) € O(¥(R)) N Q(¢(R)), which implies ¢(R) € O(¥(R)). This,
together with dispp(f) ¢ o(¥(R)), implies dispr(f) & o(¢(R)). O

5 Continuously many, pairwise distinct BD
equivalence classes.

The objective of the present section is to prove Theorem 5.1, whose statement
we repeat for the reader’s convenience:

Theorem 5.1. For every d € N, every bilipschitz equivalence class of separ-
ated nets in R? decomposes as a union of uncountably many pairwise distinct
bounded displacement equivalence classes.
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The proof of Theorem 5.1 is based on the following proposition:

Proposition 5.2. Letd € N, X be a separated net in R? and ¢1, ¢2: (0, 00) —
(0, 00) be increasing, unbounded and concave functions such that ¢;(R) € o(R)
fori € [2] and ¢1(R) € o(¢a(R)). Let Y1,Ys C R? be separated nets such that
¢1 € dispr(X, Y1) and dispr(X,Y2) No(p2(R)) = 0. Then Yy and Y are BD
non-equivalent.

Proof. Assume for a contradiction that Y7 and Y5 are BD equivalent and
consider a bijection f: Yo — Y7 for which

disp(f) = sup [|f(z) — z/|, < oo
TEYs
Let g: Y1 — X be a bijection for which dispr(g) € O(¢1) and let K > 0 be
sufficiently large so that dispp(g) < K¢i1(R) for all R > 1. Then, we may
define a bijection h: Yo — X by h := go f. Let us estimate the asymptotic
growth of dispg(h): fix R > 1 and z € YoNB(0, R). Then f(z) € Y1NB(0, R+
disp(f)), from which it follows that ||g(f(z)) — f(z)|l; < K¢1(R + disp(f)).

Now we may write

[h(x) — z[ly, < llg(f(x)) = f@)lly + 1 f(2) — 2|,
< K¢1(R+disp(f)) + disp(f)
< Klgbl(R)?

which is true for some K’ > K independent of R. We deduce that h: Yo —
X is a bijection satisfying dispr(h) € O(¢1(R)) € o(¢2(R)), contrary to
dispr(X,Ys) No(é2(R)) = 0. O

Proof of Theorem 5.1. Fix d € N and a representative X of a given BL equi-
valence class of separated nets in R, Let A denote the set of all increasing,
unbounded and concave functions (0,00) — (0,00). For each ¢ € A, we ap-
ply Theorem 4.1 to obtain a separated net Yy in R? belonging to the same
BL equivalence class as X and satisfying dispp(X,Y) No(¢(R)) = (). Now,
Proposition 5.2 verifies that the family of separated nets (Yj)sea contains
uncountably many pairwise BD non-equivalent separated nets. ]

6 The intersection between the BL classes and the
classes of bounded growth of displacement

In this section we prove Theorem 6.1:

Theorem 6.1. Let d > 2 and ¢: (0,00) — (0,00) be an unbounded, in-
creasing, concave function. Then there is an uncountable family (Xy)pen of
pairwise bilipschitz non-equivalent separated nets in R¢ for which each Xy s
b-displacement equivalent to Z.°.
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Figure 1: Examples of ‘very different’ separated nets X; (left) and X (right). The cubes
in (S}) are the same as in (S7), but the distance of S} to the origin grows with
k much slower than that of S7.

The proof of Theorem 6.1 will require several lemmas, some of which are
quite technical. Therefore, we first describe the main ideas of the proof
informally.

The proof consists of three main ingredients. The first one is an observation
that in order to construct a separated net X in R? that is not bilipschitz
equivalent to Z% it is possible to start with Z% and modify it only inside a
collection of pairwise disjoint cubes (Sk)ren of increasing size; see Figure 1.
The actual position of these cubes, as long as they remain disjoint, is irrelevant
with respect to bilipschitz non-equivalence with Z<.

Moreover, we can actually get that there is even no bilipschitz injection
X — Z% which would also be a bijection between a neighbourhood of Sj, and
a certain neighbourhood of the image of Sj, for each k separately; this is
based on the work of Burago and Kleiner |1, Lemma 2.1| and formalised in
Lemma 6.3 below.

The second ingredient is exploiting the last property of the construction of
X mentioned above. It sometimes allows us to rule out bilipschitz bijections
between two different nets X; and Xs arising in the way described above,
instead of just bilipschitz bijections between X and Z¢. We will see that
if f: X1 — X is a bijection such that infinitely many of the cubes (S})
used to construct X; are mapped by f to parts of X, equal to Z¢, then f
is not bilipschitz; see Lemma 6.6. Thus, if we place the cubes (S,i) ‘very
differently’ inside R in comparison to the cubes (5%) used to define X5 (see
Figure 1), we may hope that for every bilipschitz mapping f: X; — R¢ there
will be infinitely many i € N such that the image f(S}) will miss all cubes
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in (S?); this is substantiated in Lemma 6.2. Since it is possible to come up
with uncountably many ‘very different’ ways how to place the cubes (Sj)
in R?, we will obtain an uncountable family (Xy)pen of pairwise bilipschitz
non-equivalent separated nets.

The last ingredient is responsible for showing that each of the nets Xy in
the family described above is ¢-displacement equivalent to Z¢. We observe
that the construction of each X := Xy, inside its corresponding collection (S})
can ensure that | X N Sg| = {Zd N Sk‘ for every k € N—this is the purpose
of Lemma 6.4. Since outside |J S} each X is equal to Z¢, this allows us to
define a bijection X — Z% with controlled growth of displacement: Outside
(Sk) we use the identity function and inside S; we can use any bijection
X NSy — Z%N Sy,. The displacement of the resulting bijection on B(0, R) is
then no larger than the diameter of the largest S, intersecting B(0, R); this
is formalized in Lemma 6.7.

We continue providing formal arguments for the claims outlined above.

Lemma 6.2. Let F: D C RY — R? be a bilipschitz mapping, 11,19 (0,00) —
(0,00) be two increasing functions such that Yo(R + K) € o(11(R)) for any
fized K € N and (Ug)ren be a sequence of cubes in RY with diam Uy, increasing
and diam Uy, € o(y2(k)). Moreover, we assume that g1,g2: | ey U — RY
are mappings such that

1. dist(gl(Uk),gl <U#k Uj>> > 1(k) for every k € N,

2. dist (92(Un), 92 (U1 U ) ) = dist(92(Un), 92(U1)) = (k) for every
>2

7

3. gilu, is a translation for every i =1,2 and k € N.

Then there are infinitely many ¢ € N such that

F(D N U gl(Uk)> ﬁgz(Ui) = 0.

keN

Proof. Since F' is defined only on the set D, in every application of F' in this
proof the argument of F' should always be intersected with D to ensure that
the whole expression is well-defined; however, to improve the readability of
formulas, we omit it.

We define i(k) := max{i € N: F(g1(Ux)) Ng2(U;) # 0}; if the set over
which the maximum is taken is empty, we set i(k) to co. Let

C := max {Lip(F)7 Lip(Ffl)} .

We split the proof into two cases. First, we assume that there is A €
N such that for every k£ € N there is n := n(k) € N,n > k such that
i(n) <n+ A. Fix k € N and n = n(k). Condition 2 on g, implies that
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dist(g2(Us(n))> 92(Uiny+1)) < 2(n + A +1). From Condition 1 we get that
dist(F 0g1(Un),Fogq (U#n Uj>) > 4p1(n)/C. Next, we write

dist | F Ug1(Uj) 792(Ui(n)+1)
J#n

P1(n)

C

Note that diam g2(Uj(,)), diam ga(Us(ny41) € o(v2(n + A + 1)) according to
the assumptions. Thanks to the assumption ¥2(R + A+ 1) € o(¢1(R)), we
get that F(LJ]-EN gl(Uj)> N 92(Uin)4+1) = 0 provided k (and thus n) is large
enough. This establishes the assertion in the present case.

Next we assume that for every A € N it holds that i(k) > k + A for
every k large enough. In particular, there exists kg € N such that i(k) > k
for every k > ko. Moreover, we assume that kg is large enough so that
whenever k > ko and F o ¢g1(Ug) N g2(Uy) # 0, we have ¢/ = (k). This is
possible, as either no such indices ' exist, or F o g1(Ux) N g2(Usy) # 0 and

dist (gg(Ui(k)), g2 (U#i(k) Uj)> = 1o(i(k)) > 1a(k) according to Condition 2
in the present case. Now it suffices to use the fact that diam F o g1(Uy) €
o(12(k)), which follows from the assumptions.

We continue by contradiction: assume that there is ig € N such that for
every i > 1o it holds that F(Uyey 91(Uk)) N g2(U;) # 0. We will also assume
that i9p > max{i(j): j € N,j < ko,i(j) < oo}. Given the property of i(-)
proven above this means that for every i > ig there is kK > kg such that
i = i(k). Let k1 € N, k; > ko be a number satisfying i(k) > i for every
k > k1. Next we choose K € N such that either i(k) < k4 K, or i(k) = oo
for every k < ki. Furthermore, we choose ko € N, ko > ki large enough so
that i(k) > k + K for every k > ko. In consequence, for every k > ko the set

>

— diam g2(Uj(ny) — ¥2(n + A + 1) — diam go(Uj(n)41)-

1€N: Fog UU]' Ngo(U;) # 0
J<k

can contain at most k — k; numbers within the set {k; + K,...,k+ K}. But
this, in turn, means that there is [ € N,[ > k such that i(l) < k+ K. At the
same time, i(l) > [+ K > k + K + 1; a contradiction. O

Lemma 6.3. Let p: [0,1]% — (0,00) be a measurable function with 0 <
inf p < sup p < oo and the property that the equation ®ypL = L|g o174y has no
bilipschitz solutions ®: [0,1]¢ — Re. Let (Ri)ren and (Sk)ren be sequences
of pairwise disjoint cubes in R such that diam Ry, and diam Sy, are unbounded
and increasing and 25y C Ry for every k € N, where 2S5y denotes the cube
with the same midpoint as S, and sidelength twice the sidelength of Si. For
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each k € N, let ¢p,: RY — R? denote the unique affine mapping R4 — R¢
with scalar linear part satisfying ¢r([0,1]%) = Sy. For each k € N, let Y}, be
a finite subset of Ry, such that Upey Yr is a separated net of Uy Ry and
the normalised counting measure on the set qblzl(Tk N Sk) converges weakly to
pL. Let h: Upeny Tr — Z% be an injective mapping such that

B(h(Y, N Sy),diam Sy) N Z% C h(Ty) (8)
for each k € N. Then h is not bilipschitz. In fact,

221N>max{Lip(hlrk%Lip((hlm)*l)} = 0. 9)

Proof. The argument of the present proof in its original form is due to Bur-

ago and Kleiner; see [1, Proof of Lemma 2.1]. Moreover, a more detailed

presentation of the argument is given by the present authors in |2, Proof of

Lemma 3.4]. Therefore, we present the first part of the proof here quite suc-

cinctly, leaving several verifications to the reader, which may be thought of

as exercises. For further details, we refer the reader to the works [1] and [2].
Observe that

13

d
o' (28k) = [—2, 2] > [0,1]% = ¢ ' (Sk)

for all k. Suppose for a contradiction that the supremum of (9) is finite.
Then, denoting by I the sidelength of the square Si, we deduce that the

mappings fr := ih o ¢, extended using Kirszbraun’s theorem from
— 1 3]¢
-1
I'py:=¢, (Te)N [—27 2]

to the cube [—%, %]d, are uniformly Lipschitz and, after composing each fi
with a translation if necessary so that the image of every fi contains 0, they
are also uniformly bounded. Applying the Arzela-Ascoli theorem, we may
pass to a subsequence of (fi)reny Which converges uniformly to a Lipschitz

mapping f: [—%, %]d — R9. Using the fact that each fj, is bilipschitz on the
finer and finer net 'y, of [—%, %]d, we deduce that f is also bilipschitz.

Let uj denote the normalised counting measure on
Iy = (;5,;1(Tk N Sk)

so, by hypothesis, uj converges weakly to pL. We claim that the pushforward
measures (fx|jo1)¢)g4k converge weakly to the Lebesgue measure on f ([0, 1]9).
This claim, together with the uniform convergence of fi to f, implies that
fipLl = £|f([071]d), contrary to the hypothesis on p.
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Therefore, to complete the proof, it only remains to verify the claim, that
is, to prove that (fi[j17¢)ppr converges weakly to L] (g 1jay. This remaining
part of the proof is more subtle. The argument we give here is not present in
[1], but is an adaptation of [2, Proof of Lemma 3.2|. Although the adaptation
is quite simple, it requires good familiarity with the proof in [2]| to construct
it. Therefore, we provide more details here.

Consider the sequence of measures

1 1
vi(A) = Amazd ,  ACRY EkeN,
k

which clearly converges weakly to the Lebesgue measure on R?. For a given
continuous function ¢: R* — R with compact support we need to verify

/ odyy — / @ d(fr
£([0,1)4) Fr(0,1]4)

We bound the expression in (10) above by the sum of two terms:

/ o dv — / o dvy / o dvg — / o d(fel o)t
f([0,1]4) J1([0,1]4) 11([0,1]4) 11([0,1]4)
(11)

The first term is at most ||o|| . v (f([0,1]9)Af([0,1]?)), which vanishes as
k — oo due to the weak convergence of v to £, the uniform convergence of
fr to f and the fact that f is bilipschitz. We do not provide further details
here; the verification is left as an exercise with reference to |2, Lemma 3.1].
The second term may be bounded above by

o, gk | —= 0- (10)

_l’_

H(plﬂoo | Akl where Ay, := f4([0,1]%) N [iZd \ fe(Tr). (12)
k

We will argue that
A € B (90,11, 1 = flo) (13)

for all k sufficiently large. Once this is established the quantity of (12) is seen

to be at most
_ d
lelloo £ (B (31‘"([0, 0N, 1 fe = flloo + }C))

which converges to zero as k — o0o. Hence, to complete the verification of the
weak convergence of (fi|(1¢)gitk t0 L] ([0,14), We prove (13).
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From now on we treat k as fixed but sufficiently large. Recall that the
sequence of mappings fl|ﬁ Iy — %Zd, 1 € N, is uniformly bilipschitz and set

U := sup max {Lip(fi]fi),Lip(fi]fifl)} < 00.
€N

Since the mappings f;: [—%, %] 4, R were obtained as Kirszbraun’s exten-

sions of fi|ﬁ-7 we additionally note that Lip(f;) < U for all i € N. We also
write b for the maximum of the net constants of [ J;=; T; N.S; in ;2 S; and
of U;2, Ti in U2, R;. The condition (8) translates, after application of the
homeomorphism x > i, to

B (£, V) 1121 € fu(e (To).

I~

At the same time, Ty is a Z-net of [0, 1]%, so that f1.([0,1]%) € B(f(I'), (lj—kb)
Since k is sufficiently large, it follows that

A€ (B (00 V) 01 20) \AlT) € ey (0D \ ulT).

Ik

Thus, any point in Ay has the form fj(z) for some
T € (ﬁ]:l('rk \ Sk) = fk \ [O, 1}d.

If fi(z) ¢ f([0,1]7) then fi(z) € Ax\ £([0,1]%) € f([0,1]%) \ £([0,1]%), and
therefore, dist(fi(x), 0f ([0, 1])) < |l fi = flloo-
In the remaining case we have fi(z) € f([0,1]%). Since f is defined at

r €Ty \[0,1)¢ C [—%, %]d \ [0,1]% and f is injective, we additionally have
f(z) ¢ £(0,1]%). Thus, we deduce that

dist(fr(2), £ ([0, 19) < || fr(@) = F@)]ly < Ife = flloo
as required. O

Lemma 6.4. Let p: [0,1]% — (0,00) be a measurable function with 0 <
inf p <supp < o0 and f[o 14 pdL =1. Let (Sk)ren be a sequence of pairwise

disjoint cubes in R% such that the sidelength l, € N of Sy, is unbounded and
increasing. Let (¢r)ren denote the sequence of affine mappings ¢y, with scalar
linear part I, and ¢y ([0,1]%) = Sy. Then there exists a sequence (Eg)ren of
finite sets 2 C Sy with the following properties:

(i) |Zk| = 1¢ for every k € N,
(it) Ugen Ek is a separated net of ey Sk

(iii) The sequence (uk)keN, where py is the normalised counting measure on
the set <Z>,;1(Ek), converges weakly to pL.
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Proof. If property (i) is omitted, the proof is contained in |1, Proof of Lemma 2.1|;
similar constructions are also given in [3] and [2]. Getting property (i) only re-
quires taking a little extra care in the construction of |1, Proof of Lemma 2.1].
Therefore, we present only minimal details here; the calculations and the veri-
fication of (i)—(iii) are left to the reader.

Let my, := L\/EJ for k € N. Fix k € N. We describe how to obtain the set
Er € S;. Consider the standard partition (Tk,i)ie[mg] of the cube S}, into mg
subcubes of equal size and choose a sequence (”k,i)z‘e[ d satisfying

m

ngi € “z;ﬁ/ pdﬁJ, {zg/ pdﬁJ +1},¢e[ q,
o5 (Th,i) o (Th,i)

d
Z Nk’i = lk

It is now enough to define =, so that |=, N T}, ;| = ny,; for all i € [mz] and the
separation and net constants of = in S may be bounded respectively below
and above independently of k. For each i € [mﬁ], we suggest the following
prescription of the set Z; N7}, ;: imagine we have a pot containing ny, ; points.
In the first step, we take one point out of the pot and place it at the centre of
the cube T} ;. Assume now that 7 > 1 and that after j steps we have placed
exactly one point from the pot at the centre of each cube in each of the the
first j —1 dyadic partitions of the cube T}, ;. In step j+1, we consider the jth
dyadic partition of T}, ; and arbitrarily transfer remaining points from the pot
onto the vacant centres of each of the 2% cubes in this partition until either
the pot is empty or all of the 2% centres are occupied. When the pot is empty,
the procedure terminates and the placement of the ny ; points determines the
set Zp N Tk;. ]

Construction 6.5. Let p: [0,1]9 — (0,00) be a measurable function with
0 <infp <supp < co and f[o,l]d pdL =1, | = (lg)ken be a strictly increas-
ing sequence of natural numbers and 1: (0,00) — (0,00) be an increasing
function. We define a separated net X (p,l,1) as follows: Let

Uy == [0,12]4, ke N.

and choose arbitrarily a mapping gy | |Up — R? such that gy and the se-
quence (Uy)ren satisfy the conditions (2) and (3) of Lemma 6.2 and ad-
ditionally 0 € gy(Uyp). Set Ry = gy(Uy) for each k € N. Next, fix a
sequence (Sk)keny of cubes such that each Sy has sidelength li, Sy < Ry,
dist(Sy, R?\ Ry) > % and the vertices of 9S, belong to the lattice 7%\ Z°.
Let (Ex)ken be the sequence of finite sets Z C Sy given by Lemma 6.4. Fi-
nally, we define the separated net X (p, 1, 1) by

X(p, L) = JErU (Zd\ U 5k> .

keN keN
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Lemma 6.6. Let p: [0,1]% — (0,00) be a measurable function with 0 <
infp < supp < oo and the property that the equation ®ypLl = L’@([O’l]d)
has no bilipschitz solutions ®: [0,1]2 — R?. Let | = (I1)ren be a strictly
increasing sequence of natural numbers. Let 11, 12: (0,00) — (0,00) be in-
creasing functions such that ¥o(R + K) € o(11(R)) for any fired K € N and
12 € o(yp2(k)). Then the separated nets

Xi = X(p7 Lwi)? i:1727
giwen by Construction 6.5 are bilipschitz non-equivalent.

Proof. Assume that X; and X5 are BL equivalent and let f: X9 — X3 be a
bijection with
L := max {Lip(f), Lip(f ")} < o0.

Let the sequences (Uk)ken, (Rik := gy, (Uk))ken, (Sik)ren and (Z;k)ren and
the mapping g; := gy, |pen Ur — R? be given by Construction 6.5 with the
setting ¢ = 1); for ¢ = 1,2. In particular, this means that

X; = U =i U (Zd\ U Sk> , i=1,2. (14)
keN keN

Observe that the conditions of Lemma 6.2 are satisfied by ¥1, ¥2, (Ug)ken, 91,

g2, F:= f~Vand D := X;. Therefore, by Lemma 6.2, there is a subsequence

(Uny,)ken of (Up)nen such that =1 (X1 0 g1 (Upen Un)) N 92(Up,) = 0 for

every k € N. This translates to

f(XaN Ry p, )N U Ry, = 0 for every k € N, (15)
neN

In what follows it is occasionally necessary to assume that the first index n;
of the subsequence U, is chosen sufficiently large so that, for example, an

2
inequality like Z"T’“ > 2lp, holds for all £ € N. We will no longer mention this
explicitly.

For each k € N, we set ]A%k = Rop,, §k = Sop, and Yy := Xo N Ray, .
Observe that T, N gk = Egmk and that T, N (ﬁk \ gk) = 7%n ffk \ gk
Moreover, the function f|UkeN v, has its image in Z% due to Y} C ék =
Ry, (15), (14) and Sy, € Ry,p. Thus, the only condition of Lemma 6.3
which is not clearly satisfied by the sequences Ek, :S’Vk, T and the function
b= flUpen Tet Uken Te = Z% is (8); we verify it shortly. However, first we
point out that, once its conditions are verified, applying Lemma 6.3 in the
above setting gives that h = f |UkeNT and therefore also f is not bilipschitz,
which is the desired contradiction.

It therefore only remains to verify condition (8) of Lemma 6.3 for (Ek) EENs
(gk)k‘ENa (Tk)ken and the function h. Let

k

v € B(f(Y, N Sy),diam S;) N Z%.
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We claim that v € X;. If v is not in X; then, by the definition of X3
in Construction 6.5 and (14), we must have v € |J,cnS1n € Upen Rin-
Let b denote the net constant of X1 N J, ey R1,n in U,en R1n and choose
v' € X1 NU,en R so that [/ — o]y <b. Let v’ € Xo with f(u) = ¢ and
fix a point w € T N gk Then

|w — wH2 < L|f) - f(w)H2 <L (diamf('fk N Si) + diam S, + b)
2
< 3VdLl,, < ZZ’“

~ ~ ~ 12
This bound on |[u’ — wl|, together with w € Sy, and dist(Sy, R? \ Ry)) > -+
implies that v’ € X5 N Rg. But, according to (15), this in turn requires
v = f(u') ¢ (U,en Rin), contrary to the choice of v. We conclude that
v € Xj.

Now, we can choose z € X3 such that v = f(z). Then
2 = wlly < LIF() = fw)lly < L (diam f(T5 1 Sy) + diam 5.)
12 ~ ~
< L*dl,, + LVdl,, < < dist(Sg, R?\ Ry).

It follows that z € Xo N Ry = Yj and so v = f(2) € f(T). O

Lemma 6.7. Let p: [0,1]2 — (0,00) be a measurable function with 0 <
infp < supp < © and f[o,l]d pdlL =1, I = (lp)ken be a strictly increas-
ing sequence of natural numbers and 1p: (0,00) — (0,00) be an increasing
function. Let Xy = X(p,1,9) be the separated net given by Construc-

tion 6.5 and ¢: (0,00) — (0,00) be an increasing, concave function such
that ¢(y(k)) € Q). Then ¢ € dispp(Xy, Z%).

Proof. The conditions on the sidelength and the location of Sj and on the
size of |Zj| in Construction 6.5 and Lemma 6.4(i) ensure that | Xy, N .Sk| =
‘Zd N Sk‘. Therefore, we may define a bijection h: X, — 74 as follows: on
the set Xy \ Ugey Sk we define h as the identity. Finally, for each k£ € N we
define h]meSk arbitrarily as a bijection Xy, N S — 7N Si.

The mapping h defined above clearly satisfies

sup ||h(z) — x|, = _ max |h(z) — x|l < max diam Sk.
2€B(0,R) z€B(0,R)NUjen Sk k: S,NB(0,R)#0
(16)
On the other hand, the conditions of Construction 6.5, in particular the
properties of the mapping g,, coming from Lemma 6.2 and 0 € g,,(U1), ensure
that
Sk € R1\ B(0, (k) ()
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for every k > 1. Moreover, given R > infycg, |||y, there is a maximal n € N,
n > 2 such that infeg, |z]|, < R. We infer, using (17), that R > 1 (n).
This, in combination with (16) implies

Sup,.5 h(z) — =z aXpcl, diam S dl,
€B(0,R) [h(x) 2 < maXje[p] d1alll O _ Vd e O(1). 0
¢(R) P(Y(n)) P(¥(n))
Putting together Lemmas 6.6 and 6.7 it is easy to finish the proof of The-
orem 6.1:

Proof of Theorem 6.1. Let p: [0,1] — (0,00) be a measurable function with
0 <inf p < supp < oo and the property that the equation ®ypL = E’q)([oyl]d)
has no bilipschitz solutions ®: [0,1]7 — R?. Let [ = (I)ren be a strictly
increasing sequence of natural numbers. Let A’ denote the collection of all
increasing functions 1: (0,00) — (0,00) for which ¢(¢(k)) € Q(Ix) and 12 €
o(1(k)). For each ¢ € A’ let Xy := X(p,[,1)) be the separated net of R?
given by Construction 6.5. Define an equivalence relation ~ on A’ by 11 ~ )9
if X5, and X, are BL equivalent. Finally, we may define A := A’/ ~. The
assertions of the theorem are now readily verified using Lemmas 6.6 and

6.7. O

7 Hierachy of w-regularity of separated nets.

Here we prove Theorem 7.1 and Corollary 7.2. The statements are repeated
for the reader’s convenience.

Theorem 7.1. Let d > 2, ag = apo(d) be the quantity of [2, Theorem 1.2/
and w be a modulus of continuity in the sense of Definition 1.2 such that
w(t) = t(log %)ao for t € (0,a) and some a > 0. Then the notion of w-
reqularity of separated nets in R is strictly weaker than that of bilipschitz
equivalence.

Proof. Define ¢: (0,00) — (0,00) by ¢(t) = (logt)*. Then, by Theorem 6.1
there is a separated net X C R? which is BL non-equivalent to the integer
lattice Z¢, but for which dispz(X,Z%) N O(p(R)) # 0. At the same time, [2,
Thm 1.2 & Prop 1.3] assert that there are w-irregular separated nets ¥ C R?
and that all such separated nets Y satisfy dispg(Y,Z%) N O(¢(R)) = 0. We
conclude that the separated net X must be w-regular. O

Corollary 7.2. For any dimension d > 2 the notions of w-regularity of sep-
arated nets in RY, according to Definition 1.2, admit at least three distinct
notions.

Proof. Let wy(t) =t (log %)ao, where ag = ap(d) is given by Theorem 7.1,
wo(t) = t and let X C R? be a separated net given by [2, Theorem 1.2],
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meaning that X is both wi- and wy-irregular. According to [8, Theorem 5.1]
there exists a Holder modulus of continuity ws(t) = t# for some § € (0,1)
such that X is ws-regular. In light of Theorem 7.1, it is now clear that w,

wo and ws define pairwise distinct notions of w-regularity. O
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