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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES

By NIKOLAOS FOUNTOULAKIS, ©8 TEJAs IYER ©ll CEoiLE MarLLEr ©1

AND HENNING SULZBACH . §

University of Birmingham $ and University of Bath 1 and Weierstrass Institute |

We study a general model of random dynamical simplicial com-
plexes and derive a formula for the asymptotic degree distribution.
This asymptotic formula generalises results for a number of existing
models, including random Apollonian networks and the weighted ran-
dom recursive tree. It also confirms results on the scale-free nature
of Complex Quantum Network Manifolds in dimensions d > 2, and
special types of Network Geometry with Flavour models studied in
the physics literature by Bianconi and Rahmede [Sci. Rep. 5, 13979
(2015) and Phys. Rev. E 93, 032315 (2016)].

1. Introduction. Complex networks are well known for their non-trivial features, such as being
scale-free, (having degree distribution whose tail follows a power law), and forming small or ultra-
small worlds (meaning that the diameter or typical distances between two random vertices is
logarithmic or doubly logarithmic, respectively). As a result, numerous models have been developed
to describe these networks, including the preferential attachment model introduced in this context
by Barabdsi and Albert [8] and defined and studied rigorously by Bollobds, Riordan, Spencer and
Tusnady [16]. This model describes a mechanism for the growth of a complex network which realises
the rich-get-richer postulate: when a new vertex joins the network it is more likely to attach to
vertices that are popular, that is, having high degree.

Preferential attachment models had also been considered earlier within the context of random
evolving recursive trees; which may be described as growing labelled trees where vertices arrive
one at a time and connect to an existing vertex chosen randomly according to a certain probability
distribution. In the ordered recursive tree, introduced by Prodinger and Urbanek in [44] and studied
and rediscovered under various guises (under the name nonuniform recursive trees by Szymanski in
[46], random plane oriented recursive trees in [35, 36], random heap ordered recursive trees [21] and
scale-free trees [47]), existing vertices are chosen with probability proportional to their degree, and
thus according to a the preferential attachment mechanism. Another type of randomly evolving
recursive tree is the uniform recursive tree, introduced by Na and Rapoport in [40]; here existing
vertices are chosen uniformly at random. In [34], Kuba and Panholzer derive the degree distribution
in both these trees and another type of recursive tree known as a binary increasing tree.

These models were extended by Bianconi and Barabdsi [10] who proposed an inhomogeneous re-
cursive tree model in which each vertex has its own fitness. In their model, a newly arrived vertex
attaches to an existing vertex selected with probability proportional to the product of its fitness

*Research supported by the EPSRC, grant EP/P026729/1, and the Alan Turing Institute, grant EP/N510129/1.

TResearch supported by the EPSRC fellowship EP/R022186/1.

#This work is part of the PhD thesis of Tejas Iyer and was completed at the University of Birmingham.

MSC 2010 subject classifications: Primary 90B15, 60J20; secondary 05C80

Keywords and phrases: complex networks, random simplicial complexes, preferential attachment, random recursive
trees, measure valued Pdlya processes, Pélya urns, scale-free

1
imsart-aap ver. 2014/10/16 file: Final_aap.tex date: October 18, 2021


http://www.imstat.org/aap/
http://arxiv.org/abs/arXiv:1910.12715
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and its degree (so that the popularity of a vertex is moderated by its fitness). The most significant
difference between the Bianconi-Barabasi model and the Barabési-Albert model is the emergence
of condensation (observed in [10] and proved rigorously by Borgs et al. [17] and also later, in a more
general context, by Dereich and Ortgiese [25]). This means, under certain conditions on the distri-
bution of fitnesses, a small (sub-linear) number of vertices with ‘high’ fitness accumulate a positive
fraction of the total number of edges in the graph. A number of other variations of the preferential
attachment model have been proposed and studied, and for a more comprehensive overview see [47]
and [9].

The above models create random trees. However, they may be extended so that newly arriving
vertices make m > 1 new connections. One way of doing this is to consider m copies of the new
vertex each throwing one new connection to the existing network and then identifying them as one
vertex (hence forming a multigraph). See Chapter 8 in [47] for a detailed description.

Higher dimensional preferential attachment mechanisms. All these models are 1-dimensional in
the sense that newly arriving vertices are attached to single vertices. Our motivation is to consider
attachment mechanisms in which newly arriving vertices join groups of vertices, where the attach-
ment takes into account intrinsic features of a group of vertices, and thus encodes more complexity.
Simplicial complexes are a natural choice for incorporating this higher dimensional complexity at
a local level. Furthermore, complex networks appearing in applications are typically locally dense:
that is, although they form sparse graphs, the neighbourhood of a typical vertex is dense. This is
usually measured by the clustering coefficient. The classic preferential attachment models do not
satisfy this, as the graph that is formed is tree-like within a short distance from a randomly chosen
vertex. However, this ‘local density’ arises naturally from the fact that simplicial complexes are
downwards closed. Hence, a preferential attachment model which involves higher order interactions
encapsulates these features naturally. Additionally, (random) simplicial complexes have already
been used in applications such as topological data analysis (see, for example, [19]), and recent
theories of quantum gravity (see, for example, [1]).

DEFINITION 1.1.  An (abstract) simplicial complex K is a family of sets that is downwards closed:
for any set o € K, if o' C o, then o’ € K. Any family of sets may be turned into a simplicial complex
in the natural way by taking the downwards closure, that is, by adding the minimum number of
subsets to make the family downwards closed.

An element o € K is called a face, and we say that ¢ has dimension s if it has cardinality s + 1
(we also call it an s-face or an s-simplex). For s € NU {0, —1}, we denote by K() the subset of K
consisting of all its s-faces. The dimension of K is defined to be the maximum s such that K£®) is
non-empty (if X = @ we say it has dimension —1). We call the O-faces of K its vertices, and K©)

its vertez set. Finally, for a vertex v € K(© we define its degree by deg (v) := HO‘ e kW pe UH
(the degree in the usual sense with regards to the simple graph underlying the complex).

One model that realises higher order interactions is the Random Apollonian Network. It was first
introduced in [4] and independently in [26] as a model for complex networks and was subsequently
extended by Zhang et al. [48, 49]. Here, in dimension d, we begin with a d-simplex, all of whose
(d — 1)-dimensional faces are active. In each step, an active (d — 1)-dimensional face is selected
uniformly at random and d new (d — 1)-faces are formed by the union of a newcoming vertex and
each subset of the selected face of size d — 1. Subsequently, the selected (d — 1)-dimensional face is
deactivated, so that the number of active (d — 1)-faces in the complex increases by d — 1 at each

imsart-aap ver. 2014/10/16 file: Final_aap.tex date: October 18, 2021



DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 3

step. As each of the d new (d — 1)-faces, together with the selected face o form a d-face, we can
interpret this step geometrically as a d-face being ‘glued’ onto the face o, with the set of active
faces being the boundary of the complex (see Figure 1 below). Note that, when a node v enters
the network, its degree is equal to d and the number of active faces containing it is equal to d.
Moreover, every time an active face containing v is selected, the degree of v increases by one and
the number of active faces containing v increases by d — 2. Therefore, the number of active faces
containing a given vertex v is (d — 2) deg(v) — d(d — 3). Thus, if d > 2 the number of active faces
containing a vertex is proportional to its degree, and hence this model gives rise to a preferential
attachment mechanism. In [33] and independently in [27], the authors determined that the degree
distribution of this model for d > 2, gives rise to a power law with exponent 7 = % =2+ ﬁ.l
For d = 3 the same model has been studied under the name random stack-triangulations by Al-
benque and Marckert in [2], where they proved that the sequence of complexes with graph distance
metric rescaled by /n considered as a compact metric space converges in the Gromov-Hausdorff
topology to the continuum random tree of Aldous [3].

In the Apollonian network the choice among the active (d — 1)-faces is uniform. In particular, there
is no preferential attachment mechanism directly associated with the evolution of the vertices. This
motivates us to define and study mechanisms in which these high-dimensional sub-structures are
inhomogeneous and have some intrinsic fitness which is a function of the fitness of their members.

Specific implementations of this idea were introduced by Bianconi, Rahmede, and other co-authors
motivated by applications in physics ([11, 12, 22, 13, 14, 24]). (For example, random triangulations
have been considered in the context of quantum gravity [1].) The model of Complex Quantum
Network Manifolds (CQNMs) described in [11] in dimension d > 1 can be viewed as a generalisation
of the Random Apollonian Network, where vertices are equipped with independent, identically
distributed (i.i.d.) weights (called energies in this context) and each (d — 1)-face o of the evolving
d-dimensional simplicial complex has energy ¢, given by the sum of the energies of its vertices.
The simplicial complex evolves in the same way as the Random Apollonian network, with the
only difference being that at each time-step, a new vertex selects an active (d — 1)-face o with
probability proportional to e~ P¢ (where 5 > 0 is a fixed constant, usually interpreted as the
“inverse temperature”) instead of uniformly at random. In [11], the authors argue that when d = 2
the underlying graph has degree distribution with exponential tail whilst, when d > 3 the degree
distribution follows a power law with exponent that depends on d, 3 and the distribution of the
weights. In this paper, we verify a rigorous version of this result when the energies are bounded
(see Subsection 2.3).

In [13], Bianconi and Rahmede introduce a more general model called the network geometry with
flavour (NGF's). The network geometry with flavour, in dimension d and flavour s € {—1,0,1}
proceeds as follows. As before, vertices are equipped with i.i.d. energies and each (d — 1)-face o
of the evolving d-dimensional simplicial complex has energy €, which is equal to the sum of the
energies of its vertices. At each time-step, a new vertex selects a (d — 1)-face o with probability
proportional to e #¢ (1 + sdeg, (o) — 5), where 3 > 0 is a fixed constant. In the case s = —1,
Bianconi and Rahmede [11] argue that when d = 2 the underlying skeleton graph has degree
distribution with exponential tail, whilst when d > 3 the degree distribution obeys a power law,
with an exponent that depends on d as well as on 5 and the distribution of the weights. Moreover,
in [12], Bianconi, Rahmede and Wu argue that for d = 2, if s = —1 the underlying skeleton graph

!Note that often in the literature surrounding Apollonian networks, rather than using the dimension of the initial
simplex, authors use the number of vertices in an ‘active’ face as the parameter of the model. Thus the Apollonian
network with parameter d is the same as the Apollonian network in dimension d — 1.
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4 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

has degree distribution with exponential tail, whilst if s = 0, the underlying skeleton graph has
power law tails. We will prove weaker versions of both these results rigorously in this paper, in the
sense that the degree distribution has a tail bounded from above and below by a power law. See
Subsection 2.3 for more details.

There are many other models of random simplicial complexes, and for more details see the review
articles by Kahle [31] and Bobrowski and Kahle [15].

1.1. Definition of the model: the inhomogeneous dynamic simplicial complex. In this paper, we
consider a sequence of simplicial complexes (iCy,),,~ of fixed dimension d > 0. The distribution of
(Kn),>o depends on two parameters: a symmetric fitness function f : [0, 1]¢ — R, and a probability
measure 4 whose support is a subset of [0,1] (in fact, we only require that u only takes positive
values and has bounded support; the assumption that the essential supremum is equal to 1 can be
made without loss of generality).

For all n > 0, K41 is obtained by adding one vertex labelled n + 1 to K, and assigned random
weight sampled independently according to u. Using the weights of the vertices, we define the fitness
of a face o as the image by f of the vector w(o) of the weights of the vertices that belong to that
face. Abusing notation slightly, we sometimes write f(o) instead of f(w(o)). Since f is assumed to
be symmetric, the order of the coordinates of w(o) is not relevant.

Motivated by this symmetry, for all s > 0, we view the type w(c) of an s-dimensional face o as an
element of C, := [0, 1]/ ~, where ~ denotes the equivalence relation where vectors are the same
under permutation of their entries. Unless otherwise stated, we identify entries of Cs with the set
{(zo,...,25) €]0,1)5" : 29 < ... < 2,4} and equip Cs with the max-norm inherited from [0, 1]5+1.

We consider two versions of the model: Model A and Model B. These models are defined as follows:
first, let Ko be an arbitrary (d — 1)-dimensional simplicial complex, with finite vertex set V) C —Nj
and each vertex assigned a fixed weight chosen from Supp(i) (in fact, we show that our limiting
results do not depend on this choice of weights). Then, recursively for all n > 0:

(i) Define the random empirical measure

o= Y duo

aengldfl)

on C4—1 and the associated probability measure on the set K~ of (d — 1)-dimensional faces:

. 1
(1) o= 3 o), where Z, = / ()T ().

Cq_
" UE’C%d71> a1

We call Z,, the partition function associated with the process (KCp,)n>0 at time n.

(i) Select a face o’ = (a}),...,0_;) € K¢ according to the measure II,,.

(iii) In both Models A and B, for each o” € K¢~ such that ¢” C ¢/, add the face ¢” U {n + 1}
to KCp, (recall that KLV = &). Moreover, in Model B remove the set ¢’ from KC,,. Then, take
the downwards closure (recall Definition 1.1) to form KCp41.

Note that, in Model A the existing faces always remain in the complex, whilst in Model B the
selected face is removed at every step. We call step (iii) applied to a chosen face o’ a subdivision of

o’ by vertex n + 1 (equivalently we say o’ has been subdivided by vertex n + 1).
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Figure 1: The evolution of the model in dimension 3. At each step, a 2-face (triangle)
is chosen randomly according to step (i), and subdivided. In Model B, the chosen face
is then removed from the complex

REMARK 1. For general d, Model A may be considered as a generalisation of the aforementioned
NGF (see [13]) with flavour s = 0, and bounded energies. We recall that when s = 0, each face o
is selected with probability proportional to e™P¢ | where €, is the (random) energy of face o. Model
B may be considered as a generalisation of CQNMs with bounded energies. However, note that for
brevity, rather than ‘deactivating’ selected faces, we simply remove them from the complex as this
does not affect any of the results regarding degree distributions.

REMARK 2. The methods in this paper also allow us to study the case where the fitnesses associated
with a (d — 1)-face do not depend on the type, but are chosen independently from an underlying
distribution. For brevity, we omit formulating explicit results for this model.

REMARK 3. The models we introduced can be further generalised. For example, instead of selecting
a (d—1)-face to subdivide, one may consider a setting where a face of dimension s may be selected
and subsequently subdivided, with the addition of an (s + 1)-dimensional face.

Some more notation. Recall that for all s > 0, Cs = {(xg,...,zs) € [0,1]5F 1 29 < ... < x4}
For all z = (zg,...,2zs) € Cs and i € {0,...,s}, we set &; := (Z0,...,Ti—1,Tit1,---,Ts) € Cs—1
and define the empirical measure v, = Y ;_ 0z, on Cs_;. For w > 0 and y € Cs, let yUw € Coqq
denote the vector obtained by adding a coordinate equal to w to the vector y and reordering the
coordinates of this (s + 1)-dimensional vector in non-decreasing order. For i € {0, ..., s}, we write
Ticq = T; Uw. With this notation, when a face of type x is subdivided by a vertex of weight
w, we add to the complex d new (d — 1)-faces of respective types zj, for i € {0,...,d — 1}.
In addition, for a vector x = (zo,...,2j,w,Tjy1...,25) € Cs, we denote by z \ {w} the element
(0, ., 2§, Tj41,-..,%s) € Cs—1. For a vertex v in a d-dimensional simplicial complex IC, we define
the star of v in K, which we denote by st,(K), to be the subset of K~V consisting of those (d —1)-
faces which contain v. Finally, we write 0 and 1 for the vectors (0,...,0) and (1,...,1) respectively,
in any dimension.
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6 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

1.2. Main results, Part I: Convergence of the Partition Function. We will refer to the following
hypotheses throughout the text:

H1. The measure p is finitely supported, the fitness function f is positive and |[K{¢"Y| — oo as
n — oo (where we recall that ¢~V is the set of all (d — 1)-faces in the random simplicial
complex /C,, at time n).

H2. The process (K,,)n>0 evolves according to Model A and pu({1}) = 0. Moreover, the fitness
function f is continuous, monotonically increasing in each argument, positive and such that,
for a random variable W with distribution g,

(2) E[f(loeW)] < (1 + l/d)E[f(OO%W)]'

REMARK 4. We do not believe that Assumption H2, and in particular Equation (2) which ensures
that the function f is not “too steep” on its domain of definition, is necessary for our results to
hold true. Our main result on the asymptotic degree distribution holds under Assumptions (a-d)
of Remark 8 below. We use Assumption H2 to show that Assumptions (c-d ) hold: this done in
Propositions 1.2 and 1.3. Their proofs, in the case of p having infinite support, rely on recent
results of [38] on the convergence of infinitely-many colour Pdlya urns; more precisely, Assumption
H2 ensures that the assumptions of [38, Theorem 1] hold.

The case when u has continuous support is expected to be more difficult to treat; as illustrated,
for example, in [17] where the Bianconi and Barabdsi preferential attachment tree with fitness is
studied in both the finite support and continuous support case. Borgs et al. [17] treat the continuous
support case by coupling it with a finitely-many colour Polya urn, but this method does not seem to
work in this case because of the added complezity introduced by the dependencies in the model (in
particular because several vertices belong to one face).

Note that [K{¢"Y| — oo as long as d > 1 in Model B, and for all d > 1 in Model A.

ProrosITION 1.2. Assume H1 or H2, and let Y,,n > 1 be the Cy_1-valued random wvariable
that equals the type of the face chosen to be subdivided in the n-th step. Then, Y, converges to a
Cyq_1-valued random variable Yoo in distribution when n tends to infinity.

Given any sub-complex K C K,, define
(3) FK)y:= > f(o).
cek(d-1)

and note that F(KC,) = Z,, (the partition function defined in (1)).

ProprosiTION 1.3. Assume H1 or H2. Then, there exists A > 0 such that, almost surely,

Z, F
== (K")—>)\, as n — oo.
n n

REMARK 5.  The distribution of the limiting random variable Yoo and the value of A do not depend
on the choice of the initial complex KCg.

REMARK 6. Because under H1 or H2, the function f is bounded, we have trivial deterministic
bounds on Z, = F(K,), and therefore on \: If we let

(4) fmin = min{f(z) : x € C4_1} and  fumax = max{f(z):x € Cqy_1}
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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 7

be the minimum and the mazimum respectively of the fitness function on its domain of definition,

then X € [dfmin, dfmax]| in Model A, whereas \ € [(d — 1) fmin, (d — 1) fmax] in Model B.

REMARK 7. The monotonicity requirement and (2) in H2 may be used to cover a particular case
of the NGF in [13] (namely the case with ‘flavour’ s = 0, in which each face o is selected with
probability proportional to e P | where e, is the energy of face o, and the selected faces remain in
the complex) by setting the weights w; = (1 — €;) where €; are the energies assigned to the vertices.
We therefore assume that the distribution of €; does not have an atom at 0, the energies are bounded,
and (2) is satisfied, that is, the “inverse temperature” [ satisfies B < ﬁ log (1 + é)

Both propositions are corollaries of a more general almost sure limit theorem for the empirical
measure II,,,n > 0 proved in Section 3. While this result (and therefore the two propositions)
follows from standard Polya urn theory under H1, for H2 we need to make use of general results
for measure-valued Pélya urn processes recently established in [38] to cover the general case. See,
in particular, Section 3 in this work.

1.3. The companion star process. We state our other main results in terms of a companion process
(S})n>0. Informally, this process approximates the evolution of the star of a fixed vertex ¢ in
(Kn)n>0, assuming that ¢ is sufficiently large (namely large enough for the distribution of Y;,
the type of the face selected by node ¢ when it enters the network, to be close enough to the
distribution of Y., - see Proposition 1.2). Let 7 denote the distribution of the random variable
Yoo from Proposition 1.2. Sample a face type from a measure 7o, and form a (d — 1)-simplex (on
vertex set {1 —d,...,0}) with weights corresponding to this type. Subdivide this face (using the
mechanisms of Model A or B) by a new vertex labelled r with weight W sampled from pu, and form
the simplicial complex S§ consisting of the (d — 1)-faces containing r. We call r the centre of S§.
Then, recursively:

(i) Select a face o from (S;)(@1) with probability proportional to its fitness, and subdivide it by
a new vertex n + 1 obeying the subdivision rules of Model A or Model B respectively.

(ii) Form the simplicial complex S} | consisting only of the (d — 1)-faces containing r (essentially
this means removing all the (d—1)-faces formed during the subdivision step not containing r).

A more formal construction of this process is provided in Subsection 3.3. We set

(5) F(sp)= >  flo).

oe(Sx)d=1)

1.4. Main results, Part II: Convergence of the Degree Distribution.

THEOREM 1.4. Assume H1 or H2 and for alln > 1, k > 0, let Nx(n) denote the number of
nodes of degree k +d in the random simplicial complex IC,, at time n. Then, for all k > 0, we have,
with convergence in probability,

: 1N( | —E A RS
1m — n) = =
nhoo 7k F(Sp) +A L RS+ 7

where the star process S* and its fitness function F are defined respectively in Subsection 1.3 and
Equation (5).
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Figure 2: The evolution of the companion process in Model B and dimension 3. A face
with type selected from 7o is formed on vertices {—2,—1,0}, and subdivided with a
vertex labelled r. Subsequently, a face is chosen randomly and subdivided according to
step (i), and then faces not containing r are deleted. Since this is Model B, the chosen
face is also removed from the complex.

In fact, we have the more general result: suppose that N, ,gs) (n) denotes the number of vertices of
s-degree (‘Si) + (‘Sij)k, for 1 < s < d (the s-degree of a face is the number of distinct s-faces that

contain it).

COROLLARY 1.5. Assume H1 or H2. For all k > 0, we have, independent of the initial complex
Ko, with convergence in probability,

OV
nh_{lgo EN’“ (n) = pg.
REMARK 8. In fact, in the proof of Theorem 1.4, we show that the conclusion of the theorem holds
if one assumes the following instead of H1 or H2:

(a) The measure p is an arbitrary probability measure on [0, 00).

(b) The fitness function f is non-negative, symmetric, bounded and continuous.

(c) If for alln > 1, Y, is the type of face that is subdivided at time n, then (Yy)n>1 converges in
distribution when n — +00.

(d) There exists A > 0 such that, almost surely when n — 400, F(K,)/n — A.

Note that (a-b) above is much weaker than assuming H1 or H2 as we do in Theorem 1.4, but H1
or H2 gives a sufficient condition for (c-d) above to hold (as seen in Propositions 1.2 and 1.3).

REMARK 9. Note that the boundedness of f implies that
(6) (d+ (d—1)n) fmin < F(S}) < (d+ (d — 1)n) fmax, in Model A,
(d+ (d—2)n) fmin < F(S}) < (d+ (d —2)n) fmax, n Model B,
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where we recall that fmin and fmax are the minimum and the mazximum of the fitness function f
(see Equation (4)).

REMARK 10. Although Theorem 1.4 is about degrees of vertices, our approach is not restricted
only to the graph that underlies the simplicial complex but it can be used in order to study degrees
of higher order faces or degrees defined in terms of lower order faces. In the latter direction is
Corollary 1.5.

For an r-face o with r < d—1, the degree of o is the number of (d —1)-faces which contain o. One
can derive the analogue of Theorem 1.4 for the degree distribution of r-faces by considering a star
companion process for an r-face. Here, the star of an r-face will simply consist of the (d — 1)-faces
that contain it. As long as the process is such that a.s. the total weight of the star tends to infinity,
then one could derive a formula as in Theorem 1.4.

QOutline of the paper. In Section 2 we discuss the connection of our main results to existing models.
This will include classifying the values of d that ensure that the degree distributions follows a power
law, which are consistent with analysis from [11] and [13].

Section 3 is dedicated to the study of the empirical measure IL,,, n > 0, and in particular, to
the proofs of Propositions 1.2 and 1.3. As we remarked earlier (see Remark 4), these propositions
make use of the recent theory of measure-valued Polya processes. To our knowledge this is the first
application of this theory in the context of evolving networks.

In Section 4 we apply the results of Section 3 to prove Theorem 1.4. The proof relies on the
simple idea of keeping track of the degree of a single typical vertex. Suppose (informally) that the
partition function of the process as well as that of the star companion process were to both evolve
deterministically, and were equal to F(n) = A(n + 1) and F*(n) = X\*(n + 1), respectively. Then,
the probability that the star of vertex ¢ is subdivided precisely at times i < i1 < --- < i < n would
be

i1—1—1 * x  t2—i1—1 * *
I (1_A>)‘ I (1_‘”‘)”‘
e Ai+37)/) Mg i A1+ 7)) Aig

7 =1

ip—ip_1—1 v w1\ n—ik X
N H <1 a )\)(\i/fljl +1;)> - (];Zk : ' H <1 - )\(Z)l\cf])> '

j=1 j=1

If i > en and the i;s are well-spaced (as most such k-tuples are), then the above products can be
written as ratios of factorials (or Gamma functions) which, in turn, can be approximated with the
use of Stirling’s formula. Then the argument could be completed by computing the sum over the
choices of k-tuples (by applying Lemma 4.3).

However, the difficulty is that the partition functions are not exactly of this form but only in the
limit (by Propositions 1.3 and 2.2). Nevertheless, the almost sure convergence of Z, = F(K,)
implies (by Egorov’s theorem) that when n is large, for ‘most’ evolution paths of the process, the
partition function F(K;) is about Aj for all en < j < n. The crux of our analysis is to replace the
linear functions in the above expression by the ‘almost’ linear functions which occur on a typical
evolution path. This is done in Subsections 4.2 and 4.4, where upper and lower bounds are obtained.
We believe that the conceptual simplicity of this approach makes it applicable to other evolving
random systems.
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10 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

We defer the proofs of some technical probabilistic lemmas to the appendix, so as to not interrupt
the general flow of the paper.

2. Discussion and Examples.

2.1. Constant fitness function. In the case that the fitness functions are constant, so that f(z) =
fo, we have deterministic formulas for F'(S}) and A. These cases correspond to models where the
face chosen to be subdivided at time n + 1 is chosen uniformly at random from the set IC(d b,
Here we use the asymptotic approximation of the ratio of two gamma functions: for fixed a € R as

t— o0

I'(t+a)

(7) = (o

This is a straightforward result of Stirling’s formula and will be used often throughout this paper.

1. In Model A we have F'(S}) = ((d — 1)n + d) fy, and A = dfy. Theorem 1.4 implies that

o= 1:[ d—1)j+d
P d- k+2 i (d=1)j+2d°

If d > 1, using (7)

1 r </€ + %) r %) _2d—1
PkZ(l—i—d_l) y ~ ka1,
r( 4
This is a new result. For d = 1 we obtain p;, = 27, which is an old result of Na and Rapoport
for the random recursive tree [41].
2. Model B with constant fitness function (with Iy given by a d-simplex) is the same as the
Random Apollonian Network. In this case, if d > 2, F(S}) = ((d—2)n+d) fo and A = (d—1) fo.
Applying Theorem 1.4 we get,

B d—1 ’“1:[1 (d—2)j+d
P =k t2d—1 4 ([d—2)j+2d— 1

Note that if d = 1, I1,,(C4—1) = |Vo| (where 1} is the set of vertices of the initial complex Ky),
so Theorem 1.4 does nkot1 apply. However, in this case it is easy to see that p; = 1. In the case
d = 2, we have p, = 23; (7), we get

) S

=2/ 7 (k+1+%3)T (%)

pk=(1+

This is the same exponent proved in [33] and [27].
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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 11

2.2. Weighted Recursive Trees. The one-dimensional case in Model A and initial simplicial com-
plex given by a node, is a type of the weighted recursive tree, introduced in [18] (see also [45] for
some more general results).? In this case, the fitness of the new vertex arriving at each time is
independent of the rest of the complex, so the strong law of large numbers implies that A in Propo-
sition 1.3 is given by E [f(W)]. Moreover, the simplicial complex (57);>0 is a fixed vertex, so that
F(S7) = f(W) for all j > 0, where W is the weight of the vertex. Thus, Theorem 1.4 implies that

PROPOSITION 2.1. Asn — 400, we have

Ni(n Nf(W)k
e l<f<w>(+ ;wl

] , in probability.

This result can be improved significantly: the convergence holds in an almost sure sense under the
much weaker assumptions that p is a probability measure on [0,00) and f : R — R is measurable
such that 0 < E [f(W)] < co. This strengthening uses the theory of Crump-Mode-Jagers (C-M-J)
processes introduced by Crump and Mode [23] and studied by, among others, Jagers [28], Nerman
[42] and Jagers and Nerman [29]. Here, A plays the role of the so-called Malthusian parameter
crucial to the study of C-M-J processes. We omit the details of this proof, as they detract from the
main ideas in this paper.

2.3. Tails of the Distribution. In this subsection, we will require the additional assumption that
8) (2] "= oo

Note that this assumption is satisfied as long as d > 1 in Model A and d > 2 in Model B. It is
this assumption that leads to the emergence of scale-free behaviour for d > 2 in CQNMSs observed
by Bianconi and Rahmede in [11], and the scale-free behaviour for all d > 1 in NGFs in [13]. In
the case u is not finitely supported, we will require an analogue of (2). For brevity, we define the
following additional hypotheses:

H1*. Assume H1 and (8) holds.
H2*. Assume H2 and (8) holds. Moreover, for all w € Supp(u), the function f, : Cg_o — R, fu(v) =
f(vUx) satisfies . .
E[fe(Loew)] < (1 +1/(@-1))E[fz(00w)]-

(We recall that 1 is the vector of Cq—z whose coordinates are all equal to 1. Therefore, 1o w =
(W, 1,...,1) and fz(locw) equals f((z,W,1,...,1)) if x < W and f((W,x,1,...,1)) other-

wise.)

REMARK 11.  Similarly to H2, we do not believe that Assumption H2* is necessary for our results
to hold. We use it to apply [38, Theorem 1] in the proof of Proposition 2.2.

In order to analyse the tails of the distribution from Theorem 1.4, we require the following proposi-
tion, similar to Proposition 1.3. In the statement of the following proposition, we allow S to have a
centre with a fixed weight w instead of a random weight W with distribution u. In the construction
of Sj, however, we still choose the face according to 7. We use P,, and E,, for probabilities and
expectations, respectively with regards to this initial state.

2Note that Model B is trivial for d = 1 as the tree is a single path.
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12 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

PROPOSITION 2.2.  Assume H1* or H2*. Then, if the centre of S§ has weight w € Supp(u), there
exists Ay, such that, P,-almost surely
F(S7)

n

— A\

w*

We postpone the proof of Proposition 2.2 to Subsection 3.3. The following proposition holds under
H1*: Under Assumption H1*, p has finite support and thus max{\} : w € Supp(u)} exists and is
attained at some value w* € Supp(u); we set A% = max{\} : w € Supp(u)}.

PROPOSITION 2.3.  Assume H1*. With py as defined in Theorem 1./, we have

(9) lim inf logy, py, > — (1 + A ) .
k—o00 )\f:u*

PROOF. Suppose P (W = w*) = k (recall that under H1* p is finitely supported). Then, by the
definition of pg, we have

k—1 S*)

F(S7)
+AH F(S3)+ A

A k—1
2 B F(S)+>\H F(S)+A|"

Pr =

Fix 4, > 0. By Proposition 2.2 (and Egorov’s theorem), there exists kg = ko(g,d) such that for
all & > ko
F(S;
Py (’ (55) — N <s> >1-4.
ko—1 F(57)

k
Let GZ 5 be the associated event in the previous display. We may bound the product ;2 JACRES)
J

below by a constant by applying (6). Moreover, for all k > ko, on G 5, we have

A kl:[l F(Sp) ARG o)+ ) | 1 "ﬁl (N —€)
F(SO)+X 2 F(S)+X 7T kN +e)+h k(N —2) + 4 1 L —2) + A
A
IO S T S W N C R ey (k)

TR +e)+ A Me—e Tlho—1) T(k+1+2—)

Therefore, by applying (7), we find that there exists a constant ¢ = ¢(ko, 0, €, k) such that

A
1 > 1 —(1 .
0gy, Pk = logy, ¢ ( T _€>

w

Equation (9) follows from taking limits as & — oo, and sending ¢ to 0. O

Further Discussion. Applying (6), it is easy to show that, whenever (8) holds,

1+ (d_ﬁ)fm; . in Model A;

liminflo >
m Nt 108 Pk = { El 4 W , in Model B,
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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 13

and likewise,

—(1+ W , in Model A;
lim sup log, pr, < I
k—o0 1+ @—2)fmax ) in Model B.

Thus, when d > 1 in Model A and d > 2 in Model B, the degree distribution is bounded above
and below by a power law. This leads to the scale-free behaviour observed in [11] and [13].

In general, by counting the edges in the complex in two different ways, we find that >72 kpr < d,
so that pi cannot obey a power law with a fixed exponent less than 2 (otherwise the sum would
diverge). However, we cannot deduce from these methods that the degree distribution in each case
follows a power law with a fixed exponent.

3. Convergence of the empirical distribution. The aim of this section is to prove the fol-
lowing almost sure limit theorem for the empirical distribution IL,,.

THEOREM 3.1. Assume H1 or H2. Then, there exists a deterministic, positive, finite measure
on Cq_1, which does not depend on the choice of Ky such that, almost surely,

II
— 5
n

with respect to the weak topology.

Proposition 1.3 follows from the theorem above where A = [ f(x)dm(z). Likewise, Proposition
1.2 follows immediately where Y, has law 7., defined by
Je,_, f(x)dm(z)

for any measurable set A C Cq_1.

3.1. Hypothesis H1. To prove Theorem 3.1 assuming H1, we view the collection of faces as balls in
a generalised Polya urn process. In this set-up, one considers an urn consisting of balls with a finite
number of possible colours. A ball of colour j is sampled at random from the urn with probability
proportional to its activity a;, and replaced with a number of different coloured balls according to
a (possibly random) replacement rule. In the common set-up, the configuration of the urn after n
replacements is represented as a composition vector X, with entries labelled by colour, and the
activities of colours are encoded in an activity vector a. In this vector, the ith entry corresponds
to the number of balls with a colour 4. Let ({;;) be the matrix whose ijth component denotes the
random number of balls of colour j added, if a ball of colour ¢ is drawn. The following is a well
known result by Athreya and Karlin, implied by Proposition 2 in [6] and Theorem 5 of [5]. We state
a version implied by a result of Janson [30].

THEOREM 3.2 ([30]). Assume &; > —1, &; > 0 for i # j, and the matriz A;; = a;E [§j3] is
trreducible. Moreover, denote by A1 the principal eigenvalue of A, and vy the corresponding right-
eigenvector normalised so that aTvy = 1. For any non-empty initial configuration of the urn, we

have

Xn nooo
— —— A\,
n

almost surely, and independently of the initial configuration of the urn.
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14 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

Note that when g is finitely supported (so that, for some integer M > 0, p := 2 M, p(w;)ou; )
the number of possible face types in the complex is finite. We denote the (finite) set of possible
face types by chlll C C4q—1. Moreover, the empirical distribution of face types corresponds to the
distribution of balls in a generalised Pdlya urn; where the colours correspond to the types of the
(d — 1)-faces, and the activities are the fitnesses. In each step, we draw a ball of type z in the urn
with probability proportional to its fitness f(x), choose a weight W independently according to p,
and add d new balls of respective types z;w, for i € {0,...,d — 1}. In Model B we also remove
the ball we drew from the urn.

Let X,, = (Xz(n)), z € C£71 denote the vector whose coordinate X (n) counts the number of balls
of type x in the urn after n steps. For = € Czlll and k € {1,..., M}, let n,(k) be the number of
entries in x equal to wy. We call x # 2’ neighbours if 2’ can be obtained from x by changing exactly
one entry {1 = {1(x,2') into lo = ly(z, ).

In Model A, this urn has the following replacement rule:

Z]kw:1 Nz (k)i (W) = x,
Saat = ”ac(fl)l{w/Z ( ,>}(W) if z, 2’ are neighbours,
2(z,x

0 otherwise;

whilst in Model B the replacement rule is

Shl ne(B) gy (W) =1 =2,
Epw) = nx(fl)l{we ( ,)}(W) if z, 2/ are neighbours,
o (z,x

0 otherwise.

If we define the matrix A,,» = f(2')E [{,], since f > 0 it is easy to see that A is irreducible. Thus
we may deduce Theorem 3.1 by applying Theorem 3.2.

3.2. Hypothesis H2. In order to prove Theorem 3.1 assuming H2, we show that II,,n > 0 is
a measure-valued Pdlya process (MVPP), a concept recently introduced in [7] and [37]. We then
apply results from [38]. Let S be a locally compact Polish space and M(S) be the set of finite,
non-negative measures on S. Recall that M(S) is also Polish when equipped with the Prokhorov
metric (which metrises the weak topology when we view M(S) as the dual of the space of bounded
continuous functions from S to R). For a given kernel P on S and p € M(S), we define the measure

(@ P)() = [ o) dule)

Thanks to, e.g., [32, Section 4.1] (and because of the local compactness) a random function R with
values in M(S) is a random variable (that is, measurable) if and only if, for all Borel sets B C S,
R(B) is a real-valued random variable. We call a family R;,z € S of random variables with values
in M(S) a random kernel if, almost surely, = — R, is continuous. Note that, for a random kernel
R., z € S, the annealed quantity R,(-) = E[R.(-)] is a kernel on S (and the map z ~ R, is
continuous). We call two random kernels R, R, for x € S independent if, for all z € S, the random
measures R,, R! are independent.

DEFINITION 3.3. Let (R{V,x € S)n>1 be a sequence of i.i.d. random kernels. The measure-valued
Pélya process with my € M(S) satisfying mo(S) > 0, replacement kernels (R{V,z € S)p>1 and
non-negative weight kernel P is the sequence of random non-negative measures (mp)n>0 defined
recursively as follows: given m,_1,n > 1:
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(i) Sample a random variable & from S according to the probability measure

(mn—l ®P)( )
(mn—l & P)(S)

(ii) Set myp = m,_1 + Ré").

The next lemma allows us to express the empirical distribution of the (d — 1)-faces in Model A as
an MVPP.

LEMMA 3.4. Foralln>1 and x € Cy_1 let

d—1

=0

The sequence I1,,n > 0 is the MVPP with initial composition Iy, replacement kernel (R{V,x €
Ci—1)n>1 and weight kernel Py = f(x)0y, x € Cq_1.

PROOF. Let o be the face chosen and subdivided at step n and £ be its type. By construction,

d—1
I, = 1 + Z 5§i<—wn =1, + R(n)
=0

and, for all Borel sets B C Cy4_1,

2 pexctt-v F(0)0u)(B)  (IL,_; ® P)(B)
Yoern fl@) (1 ® P)(Camr)’

P (¢ € B|ll,,-1) =
This concludes the proof. O

We now state [38, Theorem 1]. We will apply this theorem to the MVPP II,,n > 0 to deduce
Theorem 3.1. We require the following definitions. For an i.i.d. sequence of random kernels (R, z €
S)n>1 and a weight kernel P, let R,(-) = E [R{"(-)] and

QM () == (R ® P)(- /P )dR{ (y)  and Q.(:) := (R, ® P)( /P

THEOREM 3.5 (Mailler & Villemonais [38]). Let (my,)n>0 be the MVPP on S with initial compo-
sition myg, replacement kernel (R(V,x € S)p>1 and weight kernel P. Assume that:

Al For allz € S, Q.(S) < 1, and there exists a probability distribution n # 5y on [0,00) such
that, for all x € S, the law of QY (S) stochastically dominates 7.
A2 The space S is compact.
A3 Denote by (X¢)e>0 the continuous-time Markov process defined on SU{@} absorbed at & with
infinitesimal generator given by Qz — 0,4+ (1—Q4(S))dg. There exists a probability distribution
v such that
P.(X: € | Xy #£ @) = v(-),

with respect to the total variation distance on Cy_1 uniformly over x € Cq_1.
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16 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

A4 For all bounded and continuous functions g : S — R, the functions x — [g g(y)dR(y) and
r— [59(y)dQ:(y) are continuous.

Then, almost surely as n — oo, my/n converges to v @ R with respect to the weak topology on

M(S).

PROOF OF THEOREM 3.1, ASSUMING H2. The idea of the proof is to apply Theorem 3.5 to the
MVPP (II,,)n>0 (see Lemma 3.4). In this set-up, we have, for all x € C4_1,

d—1

QY ()= (R @ P)() =Y f(wie-w,) Gusw, (),
i=0
and
- d—1

Qa(-) = (Rm ®P)(-) =E Z f(@iew) 6,y ()
=0

In order to satisfy the normalization requirements in Theorem 3.5, we consider a suitable rescaling.
We define

(10) M =d-E[f(Loew)],

and for all n > 0, set II}, = II,,/M. It is immediate (using Lemma 3.4) that (II,),>0 is a MVPP
with weight kernel P whose replacement kernel and associated Q-kernel are given by

Qy
L

R

Rgl) — ]\Z , Q:(En) —

The corresponding annealed kernels are defined analogously by R.(-) = E[R{(-)] and Q.(-) =
E [Q(+)]. Note that, by monotonicity of f in all its coordinates, and symmetry,

d—1
sup E [Z flriew)| <d-E[f(loew)],

zECd_ 1 i=0

implying that, for all # € Cy_1, Q+(C4_1) < 1. We also have that, for all z € Cq_1, by monotonicity

of f
1 d-f(0) 10)  d- f(0) f(0)
QCa1) = =3 = TR e S )

implying that Assumption A1 of Theorem 3.5 is satisfied with n = d7(g)/f(1). Assumption A2 is

>0,

immediately satisfied since C4—1 is compact. Next, as [0 | g()dR.(y) = X4 E [g(wiw)], conti-

nuity of v — deq g(y)dR,(y) for a bounded and continuous function g : C4_; — R is immediate.
Analogously, one can prove the statement for the (Q-kernel and establish Assumption A4 as the
rescaling leaves continuity properties unaltered.

It thus remains to check that the rescaled Pélya process (II},)n>0 satisfies Assumption A3. Let
(X¢t)e>0 be the jump-process with infinitesimal generator Q, —0,;+(1—Q4(Cq—1))dg, forall z € C4_;.
By definition, when X; sits at x, it jumps to @ at rate

1 d—1

=7 S E[f (wicw)),

=0
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and, at rate ﬁ Z?:_ol E[f(x;w)], it jumps to a random position chosen according to the probability

distribution
S0 Elf (@icw )6y ()]
S Elf(wiew)]
Thus, in total, X jumps at rate 1 at all times. In particular, discrete skeleton and jump times of
the process are independent.

To prove A3, we apply [20, Theorem 3.5 and Lemma 3.6] (where we take t; = to = 1 - note that,
although this is not clear in the current version of [20], ¢; and t2 need to be positive) to the jump
process (X¢)¢>0. Since X is a pure jump process and satisfies the strong Markov property, condition
(FO) in [20, Theorem 3.5] is satisfied. It is therefore enough to prove that there exist a set L C Cyq_1
and a probability measure ¢ on L such that:

B1 There exist ¢; > 0 such that, for all z € L, P,(X; € -) > c10(- N L), where P,(-) denotes the
probability measure associated with the Markov process X initiated by .
B2 There exist 0 < v; < 72 such that

’T'L/\Tg]

sup E;[v, < 400, and 7, 'P,(X; € L) — +oo when t — 400 (V2 € L),

2€Cy_1

where 74 and 77, stand for the respective hitting times of @ and L.
B3 There exists ¢g > 0 such that

supyer, Py (t < 72)
sup < co.
>0 infyer Py(t < 7g)

In order to prove the above, we define the partial order ‘<’ on C4_1 such that for x,y € Cq4_1, x Ly
if and only if, for all i € {0,...,d — 1}, x; < y; (recall that the coordinates of x and y are ordered
in increasing order). We then define L = L(e) = {x € C4—1: v < (1 — ¢)1}.

Proof of B1: We denote by (0;);>1 the random jump-times of X. In order for these times to
be well-defined for all n > 1, we let the process jump from @ to @ at rate one. Fix a Borel set
B C C4_1. Then, by monotonicity and symmetry, we have

= F£(0) 2
P.(Xs, € B) = i S Elf (wiew)1p(ziew)] > - > P(zi—w € B).
i=0 =

By the strong Markov property, we have

. £(0) &
P, (X02 € B| Xy, = :U Z z<—W 1B(£2<—W>] > M P (x;<—W € B) )
i i=0
so that,
£(0) &
/ Py (X,, € B|X,, = ') Py(Xy, € da') > / TO)Np (! € B) P, (X,, € d2)
Ca—1 can M i
0 2
> (Ji}(\}) > P((@jew)icw € B)
0<i,j<d—1
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18 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

for i.i.d copies W, W’. Tterating this argument, we obtain

P.(X,, € B) > <f](wm>d 3 P <(((:cl-oewo)wwl) . '>id,1ewd71 € B) ,

105esid—1€{0,00,d—1}4

where Wo, ..., Wy are i.i.d. random variables with law u. Let W) < W) < ... < W, denote
the order statistics of Wy,..., Wy_1. Then, for an appropriate (random) choice of ig,...,i4_1 we

have (((xiono)ilewl) .. ) = (W), ---»W-1))- Therefore

ig—1+Wg_1

P.(X,, € B) > <f](wo)>dE 3 15 ((((xioeWo)iﬁ_Wl) "‘>¢d1ewd1>

i0yeeyig—1€{0,...,d—1}9

> (%)))dp (W), -, Wia_r) € B).

As the probability that X jumps exactly d times before time 1 is positive and skeleton and jump
times are independent (since X always jumps with rate 1), B1 is satisfied with ¢ being the proba-
bility distribution induced by p®¢ restricted to L in the natural way.

Proof of B2: For x € Cy_1, let ny(z;) denotes the number of co-ordinates of = equal to x;. X
jumps from a position x such that z; > 1 — ¢ to a position z;., for some v < 1 — ¢ at rate

Nz () E[f(ziew)Lw<i—c] S N () E[f (00w )lw<i—c]
M - M

=: ny(z;)we,

for all i € {0,...,d — 1} (where we have applied the symmetry and monotonicity of f). Similarly,
the walk jumps from a position x such that z; < 1—¢ to a position x;., for some v > 1 —¢ at rate

na (i) E[f(@iew) Lws1—c] < Nz (23) B[ f (Loew ) 1w>1—]

M - M
for all ¢ € {0,...,d — 1}. Let ¥(X;) denote the number of coordinates of X; that are larger than
1 — &, where we set ¢’ (@) = 0. Consider a pure jump Markov process with rates given in Figure 3.

=: ng(x;)Ve,

(d—1)9. (d - 2)0. “\
We 2. 3we (d — 1)w5 dw.

Figure 3: Jump rates of the associated Markov chain N¢.

If, for some ¢ > 0, this Markov chain has the same non-zero value as € (X}), then it jumps upwards
(resp. downwards) at a faster (resp. lower) rate than 4’(X;). This observation motivates the following
lemma whose proof is given in Appendix 5.1. Note that 77, A 7y is the first time ¢ when %(X;) = 0.

LEMMA 3.6. For all sufficiently small € > 0, there exists a coupling of the process X with a
realisation N of the Markov process with jump rates given in Figure 3 and N§ = € (Xo) such that,
€ (X)) < Nf forallt <7 ATgp.
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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 19

(This lemma is where we use the assumption p({1}) = 0.) By Lemma 3.6, we deduce that
(11) Py (70 AN Tg > 1) < Pyqy (Nf #0).

Here, we use the notation Py, £ € {0,...,d} to indicate that the Markov process Nf,t > 0 is
initiated at position ¢. Note that, since u does not contain an atom at 1, we have 9. — 0 and
w: — E[f(0pew)]/M =: wy € (0,1] as € — 0. Therefore, as € — 0 the generator L. of the Markov
chain N*® converges to the generator

0 0 . 0
wy —wWo 0 PN 0
0 2wy —2wg O .. 0
E pu— .
0 ... 0 dwy —dwy
whose eigenvalues are 0, —twy, . . ., —dwp (and thus whose spectral gap is wy), and whose stationary
distribution on {0,...,d} is given by dp as 0 is an absorbing state.

Since L. converges entry-wise to £ when € — 0, their respective characteristic polynomials converge,
and thus the eigenvalues of L. converge to the eigenvalues of L. Since the eigenvalues of L are
all distinct it follows that for ¢ sufficiently small all eigenvalues of L. are simple. Thus, L. is
diagonalisable, and may be written as £. = V."!D.V., where D, is a diagonal matrix consisting of
the eigenvalues of L., and the rows of V! are the corresponding unit-norm (left) eigenvectors. This
condition allows us to apply [39, Theorem 3.1]. Since, for each £ > 0, the stationary distribution of
N°® is &g, for all £ € {0,...,d} and for all ¢t > 0,

(12) [B(N = 0) — 1] < C(e)e "N,

where p(e) is the spectral gap of the generator of N¢, and C(g) = ||Vzllool| Vi oo (where || - [0
denotes the oo-norm, i.e. maximum absolute row sum). Note that as € — 0, p(¢) — wp. Moreover,

using the basis of unit-norm (left) eigenvectors introduced above, we have C(g) = || Vel|oo|| Ve oo —
C = ||V|lsollV oo, as € — 0, where the rows of V! are a basis of unit-norm (left) eigenvectors
of L. Now, by Equation (11) and (12), we have

(13) Po(7 Ao > ) < Pyga) (N # 0) = 1 — Peg() (N = 0) < C(e) exp(—p(e)?).

Therefore, for all v < 1 and = € Cy4_1, using the fact that logy; < 0 in the second equality,

1
E.[y; "] =1 —|-/ P, (v, ™" > u)du = 1 +/ (TL ATy > 710;(%/:6 )> du
1
D1t [T ey 1080 4y < oo
1

as long as log(1/71) < p(e). Also note that, for all z € L,
P, (X: € L) > P, (X,, € L for all 0 < i < N(t)),
where N (t) is the number of jumps of X by time ¢, and

= | d-1
P, (X, € L) = A - Elf (zie-w)le, werl = i > Elf (ziew)lw<i—e]
0 i=0

E[_ OOHW)]'WSl*E] .
Z Elf(Loew)] e
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20 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

Since the walk jumps at rate one, we have that the number of jumps before time ¢ is Poisson
distributed with parameter t. As skeleton and jump times are independent, it follows that, for all
xz €L,

Po(X; € L) > Py(X,, € Lforall 0<i< N(t)) > E[}NO] = (0,

If 1 — x. < log(1/~2), then ~v; 'P,(X; € L) — 400 as required. In other words, B2 is satisfied if we
can choose 71 < 2 < 1 such that
1 —xe <log(Y/r:) <log(l/x) < p(e).

As ¢ — 0, we have x. — E[f(0o—w)]/E[f(Low)] = dwo while p(e) — wy > 1 — dwy by
Equation (2). It is thus possible to choose & small enough such that 1 — x. < p(¢). For this value
of €, a choice of v and 7 is possible, which concludes the proof of B2.

Proof of B3: We require the following coupling lemma, where we adopt the convention that & < x
for all x € C4_1 and @ < @. We defer the proof of this lemma to Appendix 5.2

LEMMA 3.7. Let z,y € Cq_1 with x < y. There exist processes X@) X sych that X@ s
distributed as X with respect to Py and XY is distributed as X with respect to P, satisfying that,

almost surely, Xt(m) < Xt(y) for allt > 0.

Thanks to Lemma 3.7, we have that, if x < y € C4_1, then
(14) Px(t < 'Tg) S ]P)y(t < Tg).
In particular, this implies that

inf Py (t < 75) = Po(t < 75), and supPy(t < 75) = P_o)1(t < 7).
yeL yeEL

Also, since 1 € Supp(p), with positive probability, every coordinate of (X;)i>0 is at least 1 — e after
d jumps. If we denote this probability by k; = k1(¢), we obtain

Po(t < 1) > Po(og <t < 7g) > kiPo(oqg <t < 15|(1 — €)1 < X,,),

where (1 —¢)1 < X, denotes the event that all coordinates of X, are at least 1 —e. Next, observe
that for all ¢t <1,
Pa_e)y (t < 7o)
Py (t < T@)
since the probability the process has not jumped by time ¢ is e*. Now, by Equation (14) and the
strong Markov property, for Lebesgue almost all 0 < u <1 < ¢,

1
Sej:e,

Po (t < 75|(1 = &)1 < Xoy, 00 = u) = Eo [Px,, (t—u < 1) |(1 - &)1 < Xo,, 04 = 1]
> P11 (= u < 7o) 2 P o (¢ < 7).
Thus, for t > 1, since jump times and skeleton are independent

Po(t < 7z) > kiPo(og <1<t < 15|(1 — €)1 X Xy,)

1
> m/ Po (t < 75|(1 — &)1 < Xo,, 0a = u) Po (0 € du| (1 — )1 < X,.,)
0

1
= m/ Py (t < 15|(1 — €)1 < Xoy, 04 = u)Po (04 € du)
0

= k1Pg (Jd < 1) P(l—s)l (t —u < T@) > k1Po (Jd < 1) P(l—a)l (t —u< Tg) .

1
K1k2’

Thus, if we set Pg (04 < 1) := ko, taking cp = max{ e} completes the proof. O
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3.3. The Star Process. In the remainder of this section, we revisit the companion Markov process
(S} )n>0 defined in Subsection 1.3. We wish to apply the same theory of Pélya processes to study
the distribution of (d — 1)-faces in (S}})n>0. Note, however, that by definition, in this process every
face contains the central vertex of Sj. Therefore, if the central vertex has weight x, we may view
the empirical distribution of (d — 1)-faces as a measure on Cy4_o, which represents the weights of
the other vertices in the (d — 1)-faces in S}.

Thus, we can interpret the evolving empirical measure as a homogeneous Markov process (Sy,)n>0
on C' := [0,00) x M(Cyq—2) (recall that M(C4_2) is the space of non-negative, finite measures on
Ca—2)-

Given S, = (z,v) € C' for some n > 0:

(i) Set ¢* = [, , f((z,y))dv(y) and sample 2 € Cq—g according to the distribution admitting
density f((z,y))/c* with respect to v.

(ii) Let W be a random variable with distribution g which is independent of the past of the
process. Then, set

G . (x,v+ Zf:_g Oz )s in Model A,
e (x,v+ Zg;g dzew —0z), in Model B.

For a completely rigorous definition, we also set S,11 = S, if the measure component of 5, is
the zero measure and step (i) cannot be executed. We write P?x,V)’E?m,V) for probabilities and
expectations, respectively with respect to this process when the initial state Sy satisfies Sy = (z, V).
Note that this implies that the first component of S,, remains equal to x for all n > 0. Let us write
S, for the measure component of 5,,. Then, provided that Sy is a non-trivial sum of Dirac measures,
we have

(d—1)n+So(Cq_z), in Model A,

Sp(Ci_s) =
(Ca2) {(d_Q)n+SO(Cd2>7 in Model B.

Upon identifying faces with their types, we may consider st;(KC,,) as a C’-valued random variable
by separating the weight of vertex ¢ from the remaining vertices. Let 79 = 4 and, for n > 1, let
Tn, be the n-th time, the randomly chosen face in the construction of (ICp,)m>0 contains vertex .
Formally, letting o, denote the face chosen and subdivided in step n, we have

Tpi=inf{m > 7,1 :i €0op}, n>1.
It is easy to see that 7,, < co almost surely for all n > 1. Indeed, under either Hypothesis H1 or H2,

we have Z, = F(K;,) < fmax(n + |IC(()d_1)D, and if 7,1 < n < 7k, F(st;(Kn)) > fmin(d — 1)(k —1).
Therefore, (analogous to proof of the Borel-Cantelli lemma) one can bound the probability

o0 . o . _Zoi fmin(d_l)(k__l)
P(r, =oolm—1 =N) < ] (1 B fmm(d. 1)(2-1>1)> <e 7T hmaxGgtVn 0;
j=N+1 fmax(] + ‘ICO ’)

and the result follows by induction on k.
Furthermore, the sequence of random variables

Wi, D Gy

oest; (Kry,) n>0
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22 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

*

is equal in distribution to S,,n > 0 with respect to IP’(I V)’

when the configuration (z,v) is chosen
with respect to the law of (Wi, > e, (i) w(o)\ {Wi})-

Let ¢ : [0,00) X Cq—1 — C" =[0,00) x M(C4—2) be the map

d—1
1=0

where we recall that for all x € Cy_1, &; € Cy4—s is the vector x from which we have removed the
i-th coordinate. We also let ¢ : [0,00) x C4—2 — C4—1 be such that

(16) Y(w,z) =wUz,

where we recall that w U x is obtained by adding a coordinate equal to w to the vector x, and
reordering the coordinates of the obtained vector in non-decreasing order. For (w,v) € C', we
define the fitness

(17) F(w,v) = /C fan @),

where 1), (0, @) is the pushforward of d,, ® v under ¢ (in other words, 1 (d,, ®v) is the distribution
of Y(w,X) where X € C4_o is a v-distributed random variable). Note that, when Sy is chosen
according to the law of (W, Yy), we have (F(Sp))n>0 = (F(S};))n>0 in distribution. Moreover, for
any = € Supp(u), assuming H1* or H2* Theorem 3.1 implies almost sure convergence of the
rescaled measure valued process (%Sn)n>0 on Cq_5 to a positive limiting measure depending on z.
Thus, we get the following:

THEOREM 3.8.  Assume H1* or H2* and recall the definition of ¢ in Equation (16), and that S,
denotes the measure-valued component of the star process S, € C'. Then, for any x € Supp(u), there
exists a positive measure mk on Cq_1, such that, for any positive non-zero measure v € M(Cq—2),
we have

1
Ew*(&; ®Sp) = my, P, -almost surely as n — oo,

with respect to the weak topology.

By continuity and boundedness of f, this implies that
F(S
(Sn) — A\ = f(y)dmz(y) >0, P, -almost surely when n — oco.
n Ci—1 ’

This yields Proposition 2.2 by setting the initial state to be Sy = p(w, Yoo ), where Yo, is defined in
Proposition 1.2 and ¢ in Equation (15).

4. The degree profile. In this section, we determine the degree profile associated with the
sequence of simplicial complexes (C),)n>0. Throughout this section we assume that the conclusion
of Theorem 3.1 holds, and that f : [0,1]¢ — (0,00) is continuous and symmetric. Recall that

fmax = sup{f(:c) T E Cd—l}-
Let 7* be the distribution of the random variable (W, Y, ), where W and Y, are independent, W

is p-distributed and Y is as in Proposition 1.2. We prove the following equivalent of Theorem 1.4

imsart-aap ver. 2014/10/16 file: Final_aap.tex date: October 18, 2021



DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 23

the only difference in the two statements comes from the fact that we now use the notation of the
previous section; in particular the process S with initial distribution 7* is equal in distribution to
the process S* from Theorem 1.4):

THEOREM 4.1. Denote by Ni(n) the (random) number of vertices of degree d + k in IC,,. For all
k >0, we have, in probability,
k-1

1 A
lim —N, =E!.
nl—>rgo n k(n) T F(Sk) + A

F(Se) | _ »
L F(Se) + A k

with \ as in Proposition 1.35.

Note that (pr)r>0 is a probability distribution on the set of non-negative integers. Indeed, given
F(S0), F(S1), ... consider a sequence of independent events, where, for ¢ > 0, the i-th event occurs
with probability A\/(F(S;)+A). Then, the integrand is the probability that the k-th event is the first
to occur. (The fact that, almost surely, some event in the sequence occurs follows from boundedness
of f, which implies that F'(Sy) grows at most linearly.) The probability distribution (pg)r>0 may
thus be regarded as a generalised geometric distribution.

The proof of Theorem 4.1 consists of two steps. First, we show convergence of the corresponding
mean, and then we study the variance of Ni(n) to show convergence in probability by an application
of Chebychev’s inequality.

To prove convergence of the mean, it is convenient to consider only vertices that arrive after a
certain time nn where n > 0 is a small constant; this allows us to work in the asymptotic regime of
the sequence of simplicial complexes. Hence, let N;'(n) be the number of vertices of degree k + d
in IC,, which arrived after time nn. Obviously,

NJ(n) < Ng(n) < nn+ NJ(n),
and therefore,
1
lim lim sup — |E [Ni(n)] — E [N](n)]| = 0.

=0 n—ooo N

Most of this section is thus devoted to proving that, for all £ > 0,

lim lim lIE [N/ (n)] = pi.

n—0n—oo n

Let czn(z) be the number of vertices which are neighbors of node 7 and arrived after node i. By
construction, we have that

(18) E[NIm)] = Y P(da(i)=k).
nmm<i<n—k

Henceforth, we use the simplified notation Z, = {i1,...,ix} for a collection of natural numbers
i <ip <...<ir <n. Let &(Zy) denote the event that i ~ ¢ for all £ € Zj, and i ¢ ¢ for all £ ¢ T},
with £ € {i+1,...,n}. We have

(19) P(do()=k)= Y PE&I),

where ({Hl;ﬂ‘“’"}) denotes the set of all subsets of {i + 1,...,n} of size k. (For k = 0, the sum
consists only of the term Zp = &.)
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Proof Overview. The proof now consists of three steps. First, we provide sufficient upper and lower
bounds for }P’(a?n(z) = k) using the fact that, for ¢ > nn, with high probability, for all i < j < n, the
partition function Z; is concentrated around Aj - see Proposition 1.3. On the event of concentra-
tion, we can estimate the probability that insertions in the star of vertex ¢ or its complement occur.
Second, we use Proposition 1.2 to incorporate the stationary distribution of the Markov chain Y,
when passing to the limit as n — oo. Third, we apply a probabilistic argument to evaluate the
sums in (18) and (19). In the following section, we state the necessary tools to work out the second
and third step. The corresponding proofs are deferred to the appendix in order not to disrupt the

flow of the main arguments.

The main part of the work involves exploiting the concentration of the partition function to derive
upper and lower bounds on (a variant of) P (&;(Zy)) and are proved in Subsections 4.2 and 4.4,
respectively. Note that the proof of the upper bound in Subsection 4.2 is significantly less technical,
as we can ‘drop’ the event of concentration from probability computations.

We recommend the reader to study this case first. Second moment calculations which allow one
to deduce stochastic convergence from convergence of the mean in Theorem 4.1 are presented in
Subsection 4.3 and follow the arguments developed in Subsection 4.2 closely. The proof of the lower
bound in Subsection 4.4 requires additional work, due, in part, to the ‘migration’ of faces into the
complement on the event of an insertion into the star of vertex i (see Figure 2). We deal with this
technical challenge by bounding the total number of ‘descendants’ of a small number of faces by
the sum of geometrically distributed random variables with sufficiently small success probability
(Lemmas 4.15 and 4.16). The rest of the proof then involves some lengthy computations to control
error terms.

4.1. Technical Lemmas. This subsection is dedicated to the statements of some technical lemmas
that will be important in the sequel. We defer the proofs of these lemmas to the appendix.

4.1.1. A continuity statement for the star Markov chain. The following result concerns continuity
of the k-step transition kernel of the star Markov chain with respect to its starting point. Re-
call that the function F' is defined in Equation (3), and the process (Sp)n>0 has been defined in
Subsection 3.3.

PROPOSITION 4.2. Letk > 0,w € [0,00) and x, 21,22, ... € C4_1 with , — x. Then, in the sense
of weak convergence on [0,00)**!, we have, as n — oo,

P ow,en) (F'(50), F(S1), -+, F(Sk)) € <) = Pl ) (F(S0), F(51), - -, F(Sk)) € ).

4.1.2. Ewvaluating sums. For all ag, ..., >0, and 0 <n < 1, let

oo, ..., ax1) :Z% > kﬂl(<iZ>W~1) (Z’“)ak

nn<iog<-<ip<n =0 Lo+ tey1 — 1

LEMMA 4.3.  Uniformly in ag,...,ar >0, 0 <n <1/2, asymptotically in n we have
k k k41
Fn(ao,...,ak,n)—gl:[()a£+1+9(77)+O<n1/(k+2)+ - )
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Here, 0(n) is a term satisfying |0(n)| < Mn*/*+2) for some universal constant M depending only
on k.

This lemma is proved in Section 5.4. An immediate corollary is the following:

COROLLARY 4.4. For ag,...,ak, Bo,-..,Bk—1 >0, 0<n <1/2, asymptotically in n we have

Ly s () ()

nn<z<nI ( z+1 ,,,,, )

1 k—1 ,8] / 1
= ak—i—ljl;loaj—i-l +9(”)+0(n1/<k+2>)'

Here, 0(n) is a term satisfying |6 (n)| < M'nY +2) for some constant M’ depending only on k and
B0, - .-, Br_1, and the constant in the big O-term may depend on ag, . .., 0k, 8oy - - - Br—1-

4.2. Convergence of the mean: bounds from above. The aim of this section is to prove that

(20) lim limsup E [N} (n)] /n < pg.

n—0 n—oo

Recall that we write 11,, = ZO_ cxctd—D) dw(o) for the empirical distribution of the weights of all (d—1)-

faces in the complex after the nth step. We also define the partition function associated with K,
by Zy, = Jo, , f(z)dll,(x). For € > 0 and n > 0 and natural numbers N1 < Na, we let

(21) G.(n) ={|Z, — An| <exn} and G.(Ni,No) = ﬂ G.(n
n=N1

Moreover, for n > 1, we denote by ¥, the o-field generated by (ICp, Wy),1 < £ < n containing all
information about the process up to time n.

By Proposition 1.3 (and Egorov’s theorem), for any 4, > 0, there exists N’ = N'(4, ) such that,
for all n > N', P(G.(N’,n)) > 1 — §. Therefore, for all n > N'/n, we have

E [N}(n)] <E [NJ(n)1g. (x| +n(1 = P(G-(N',n))
Z Z ]P’(SZ(I]C) N Qg(i, n)) + on.

nn<z<nI 6({z+1;€m,n}>

IN

(22)

Finally, for x > 0 and « € R, we set a4, := a(l & x). The following proposition gives an upper
bound on the summands in the right-hand side of Equation (22). For simplicity, we subsequently
write

(23) st (IKCy) = (VVZ, Z 5w(g)\{Wi}> el = [0,00) X M(C4—2)
oesti (Kn)

when considering the C’-valued random variable associated with the star around vertex 7 at step n.
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and the choice of €, we have

P (&(Zk) N Ge(iyn))

1 i} ix )F(Sk)//\Jrs "?—1< i )F(Se)/hs F(S,)
<(1+O0(-)E — . — .
_< i (n)) [ oK) [(ikﬂ Zl;[o i1 A—e(igr1 — 1)

Applying Corollary 4.4 to this, we will deduce the following upper bound.

COROLLARY 4.6. Let 0 < d0,e,n < 1/2. Then, there exists N = N(6,¢,n) such that, for alln > N,

e LoV 4,
n 1—¢ i)+ Ave pL F(Sp) tAge|

where the constant C' may depend on k, f and u but not on n and not on the choices of d,e,n. In
particular, Equation (20) is satisfied.

To prove Proposition 4.5,let 0 < e, < 1/2. Fornn <i <nand Zj € ({Hl,;""”}), set ig 1= 4, lpy1 =
n+ 1. Then, for j € {i+1,...,n}, let

A__{{zwj}, if j € I,
J

(24) o
{i % j}, otherwise,

and ﬁj :Djﬁgg(j),

where G.(j) is defined as in Equation (21).

For simplicity, we write D; and ﬁj for the indicator random variables 1p, and 115]_ respectively.

Note that & (Zx) NGe(i,n) = Nj=; D;. To estimate the probability of this event, we shall decompose
the indices j € {i,...,n} into groups {is,..., 1011 — 1} for £ € {0, ..., k}. More precisely, we define

II

J=i¢+1

(25) X, =E “,| Di,, £€{0,...,k}.

To prove Proposition 4.5, we need to estimate E [Xy] =P ( p 25]-).

From the tower property of conditional expectation, it follows that

ig+1—1

(26) Xe=E| Il Dj Xena
J=tg+1

9, Di[) éG{O,...,k‘—l},

iy

which suggests a backwards recursive approach. We need more notation: for S € €' = [0,00) X
M(C4—2) and ¢ € {0,...,k}, we let

F(S)
@7) ms)= 11 (1- el - 1>> ’
where F' is as defined in (17), and set
F(S)
A—c(ierr — 1)

For the sake of presentation, we do not indicate that the definitions of the ﬁj, Xy, hy, fr depend on
7; and €.

(28) fe="hg and  fo(S) = he(S), 0<€<Fk-—1.
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LEMMA 4.7. For £ €{0,...,k}, and hy as defined in Equation (27), we have

7’@-{»1_1

II D

J=te+1

(29) < he(sti (i)

ZZ

Recall that, by definition, st;(KC;,) € C’ (see Equation (23)) and thus hy(st;(K;,)) is well-defined.

PROOF. First note that for all £ € {1,...,k}, by the tower property,

i1
E i1
Jj=ie+1
where we have used the fact that, by definition, D; = D; NG.(j) and thus D; < D; (recall that the
latter denote the indicators of the events D and D respectlvely) If 441 — 1 ¢ Ik we have that

L FstilKey,,—2))
Z1z+1—1| e+1—2) - Zie+1—2 )

igy1—2 lgy1—2

_EHﬂD

1041— 1

E {D-

+1— 1

Zz+1 2} e Zé+1 2]

J=te+1 J=t¢+1

E [D — P(D

144,-1—1’ £+1—2]

where we recall that F(st;(KC;,,,2)) is the sum of the fitnesses of the faces in the complex that
contains node ¢ at time i1 — 2 (see Equation (3)). Thus,

2
<1 - F(Sti(lci@rl 2 ) tp1—
iy, —2 it

§ (1 F(st;(K:,) ) ey
- Aoy — 2

tg4r1—1
[ H D ZZ

J=t¢+1

Jj=t¢+1

where we recall that, by definition, At = A(1 +¢) and F(st;(K;,,,—2)) = F(st;(K;,)). In the last
inequality, we have used the fact that on the event D;, , 2, we have Z;, o < A (i41 — 2).
Iterating the argument shows the claim. O

We now use the above lemma to derive an almost-sure upper bound for Xj.

PROPOSITION 4.8. For ¢ € {0,...,k}, and fo as defined in Equation (28), we have

ip”

k
Xe <K, (x,,) [H fi(Sj-e)
0|

]

PrOOF. We proceed by backwards induction. For ¢ = k, the statement is identical to the one
in Lemma 4.7. Now, assume the claim holds for some 1 < ¢ < k. Using Equation (26) and the

In particular,

E[X) <E |E
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induction hypothesis in the second inequality, we get

ip—1
Xe1=E H Dj Xy %2—1 Die-1
Lj=te—1+1
[ k =1 B
(3()) <E st (Kip) H Z %e—l H Dj %271 Dizfr
L j=t J=te—1+1

The event D;, = {iy ~ i} indicates that an insertion has been made into st;(K;,—1). Therefore,
conditionally on %j,_1, on the event D;,, the sequence (Sy,...,Sk—_¢) initiated by st;(KC;,) is equal
in distribution to (Si,..., Sk—sy1) initiated by st;(K;,—1). Thus,

ul

E:t {H f] j— f

_P(Dl”%z 1 [Hfj j— Z-H]

F (Sti(lcu 1))

On the other hand, on the events ﬁj, J € {iv—1+1,...,4p — 1}, we have st;(KC;,—1) = sti(lCﬂfl),
and thus F(st;(K;,—1)) = F(st;(K;,_,)). Combining (30) and (31) and the fact that on D;,_q,
Zi,—1 > A_c(ig — 1) in the first inequality, we obtain

Y

-1

D

—1

X£—1 < E:ti(;cie_l)

k ip—1
)\ Ze*l Hf] Al ] { H D
= Jj=

J ip—1+1

(29)

{
< E:ti(lc,-z_l) )\ Zz—l Hf] J— (+1) } hlfl(Sti(’Cieq))Diz_l

j={

<.

k
= E:ti(lci[_l) [ H fj(Sj—f-i-l) Dig_l
: i
This concludes the induction argument, and thus the proof. O

The following elementary lemma is an easy consequence of Stirling’s approximation (using Equa-
tion (7)), so we state it without proof.

LEMMA 4.9. Let §,C > 0. Then, as m — oo, uniformly over dm < a <b and0 < § < C, we have

(520 = () (oo ()

j=a+1
The statement of Proposition 4.5 follows immediately from Proposition 4.8 and Lemma 4.9.

PROOF OF COROLLARY 4.6. In view of the statement of Proposition 4.5, it remains to replace
st;(IC;) by its distributional limit ¢(W,Ys) and to evaluate the sum over the possible values of
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i,71,...,1. We start with the first task and show that, for any 0 < §,e,n7 < 1/2, there exists
N = N(d,n) such that, for all yn < i <n —k, I € ({Z+1]’€‘“’"}) and n > N, we have

P (&(Zy) N G(i,n))

3 F(Sk)/AwLe k-1 9 F(S[)/)\+a
(32) < (1+46)ExL K%) : (“’) __Fs) |
1 i—o \U+1 )\—E(ZZ+1 - 1)

Note that the statement of the corollary immediately follows from this identity and Corollary 4.4.
To verify the last statement, let 7 be the law of st,, (K,,) considered as C’-valued random variable,
that is, o(W,,,Y,) (see Equation (15) for the definition of ¢). Thanks to Proposition 4.5, it is
sufficient to prove that, uniformly in nn <i <i; <ia <...<ip <nande € (0,1/2],as n - oo

in \FSK)/ e kil u N F(Se)/Aye
() T () s
‘ Lk+1 =g \l+1

; F(Sk)/Ae k=1 /o N F(Se)/Ae
(33) ~E. ( L ) 11 ( e ) F(Sy)| — 0.
tk+1 =g \U+1
To this end, we prove the following stronger statement: uniformly in n < zg,...,zr < 1 and the

choice of €, as n — o0,

]E**

Tn

llf(sk)me _kl—fxf(se)ms P Se)] g W(sk)ms ,'hlx5<sz>/A+s P Se)] N
£=0 £=0

By continuity of ¢, Propositions 1.2 and 4.2, we have P ((F(Sp),...,F(Sg) € ) —

Pr.((F(So),...,F(Sk)) € -) weakly. Note that, for all 0 <"t < kK F(S,) < C, where

C = (d+ 1)(k + 1) fnax (recall that frpax is the maximum of the fitness function f). For all

n<zg,...,2x < land 0 < e < 1/2, the function J(yo,...,yx) = x%’“/’\ﬁ .Héf:_(} xif‘/)‘“yg defined

on [0, CJ*+1 satisfies

(34) IVJ|| < = C* (1 —~logn/A)
uniformly in g, ...,z e. For any two probability distributions » and v/ on [0, C]**1, let
d(v,v') = sup ‘/gdl/ — /gdu/
geF
(35) where F := {g: [0,C)""" = R | Va,y € [0,C]""" [g(z) — g(y)| < ayllz — yl|}.

It is well-known that d(v,,,v) — 0 if and only if v, — u weakly (see for example, Example 19, page
74 [43]). This concludes the proof of (33) and of the corollary. O

4.3. Stochastic convergence: second moment calculations. By counting the number of unordered
pairs of vertices with degree d + k, arguments similar to those applied in Subsection 4.2 allow us
to compute asymptotically the second moment of N;'(n) (recall this is the number of vertices of
degree k + d in IC,, that arrived after time nn). Note that

E[(NI)?] = Y P(du(i) = kdals) = k).

nn<i,j<n
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We prove that
E NU 2
(36) lim lim sup E [(Ne(m)]
=0 n—oco n

This shows that lim, oo E [(N}(n))?] /n® = p? which is sufficient to deduce the convergence in
probability stated in Theorem 4.1 from convergence of the mean by a standard application of
Chebychev’s inequality.

Recall that we use the notation Z, = {i1,...,4} for a collection of natural numbers i < i; <
... < ik < n. Similarly, we write Jx = {ji1,...,Jx} for a collection of natural numbers such that
J<ji1<...<7jr <n. As before, we let &;(Z;) denote the event i ~ ¢ for i < ¢ < n if and only if
¢ € Tj, and define the event £;(J)) analogously for j, ji, ..., jk.

With these definitions, we have

(37) E[(Nm)] = Y Y PE@)NE (),

m<i,j <n Ly, T

where the inner sum is over all Z;, € ({Hl;g""n}) and Jj € ({j-i-ll;.-.,n}). As in Subsection 4.2, we fix
0 < d,e <1/2 and choose N’ such that for all n > N, P(G.(N",n)) > 1 —6.

Note that, on &(Zy) N Ej(Tk), if Iy N Ty # @ we either have i = j or i ~ j. If i = j then 7}, = Jj,
and the contribution of these terms to the right hand side of (37) is at most E [N}'(n)] < n. On
the event {d,(i) = k} we have F(st;(K¢)) < (k + 1)dfmax for all i +1 < ¢ < n. Therefore, for
m <t < j <n, we have

P ({dn(i) = k} 0 {dn(j) = k} N {j ~ i} N G(i,m))

<P({~i} |G (i —1),dja(i) < k) < (k4 D) dfmax

A_enn
It follows that, for all n sufficiently large (depending on §, e and 7),

E[(Ng(n))ﬂgz S Y PE@)NE (Ti) N Geliyn)) + n® + Cn/n,

nm<i<j<n INJ,=9

for a constant C' > 0 which is independent of n, §, € and . The following proposition is the analogue
of Proposition 4.5.

PROPOSITION 4.10. Let 0 < e,n < 1/2. As n — oo, uniformly innmn < i < j < n—k, I €

P (& (Z) N & (Ti) N Ge(i,m))

1 i F(Sk)/Aye k=1 i F(Se)/Ate F(S@)
< 1+O())E EZ k. () : () N (iri1—1)
( n t: (1) n };[0 1041 )\—6(ZZ+1 - 1)

- (%>F(Sk)/k+s kl:[l (je)F(Se)/Ms  F(S) .
st (K;) n =0 Je+1 Ae(Jey1 — 1)

The proof of this proposition is completely analogous to the proof of Proposition 4.5 and relies on
a backward induction argument and an application of Lemma 4.9. We omit the details as no new
arguments are necessary at this point.
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We move on to show the following analogue of (32): for any 0 < d,¢,n < 1/2, there exists N =
N (6,7n) such that, for all n > N, nn < i < j < n — k and disjoint sets Zy, Ji, we have

P (& (Zx) N & (Tr) N Ge(iyn))

§(1+5)<E* [(z:) F(Sk)/Ate kl:[ (ml) F(Se)/Ate )\_Ef;(ff)_l)]

=0

] (Sk)/A‘FE k-1 F‘(Sg)/)uﬁE F
38 o | |
(3%) " K n) H (]e+1> Ae(for1 — 1)1

The details are very similar to the approach in Subsection 4.2, and we only give the necessary
additional results entering the proof.

PROPOSITION 4.11.  As n,m — oo with n # m, we have (Y, Ym) = (Yoo, YL, in distribution, for
independent random variables Yoo, Y2, both distributed according to 7*.

PRrROOF. This follows easily from Theorem 3.1. Let g1, 92 : C4—1 — R be bounded and continuous
and Yoo, Y, be independent realisations of 7*. We have

(39)  [E[91(Yn)g2(Ym)] — E [91(Yoo)92(Yao)]| < |E [91(Yn)g2(Ym)] — E [91(Y)] E [92(Y50)] |
+ [E[g1(Ya) E [92(Y3)] — E [91(Yac)g2(Y2)] | -

Since Yo, Y2, are independent, the second term on the right hand side is equal to

(40) [E [g2(Yoo)] | - [E [g1(Yn)] = E [g1(Yoo)] |

As n — oo, (40) converges to zero by Theorem 3.1. For n < m, we have E [g1(Y,)g2(Ynm)] =
E [g1(Yn)E [92(Yim) | %m—1]]- Hence, the first term on the right hand side of (39) is bounded from
above by

(41) g1l - B [|E [g2(Ym) | “m—1] = E [ga(Yoo)] ] -

Write v, for the law of Y}, given %,,_1, that is, for all measurable A C Cy4_1,

L @Al (@)
) = T, ()

By Theorem 3.1, we have, almost surely, v, — 7 weakly. Thus, E [g2(Y:n) | %m-1] = E [92(Yo)].

Hence, by the dominated convergence theorem, (41) converges to zero as m — oo. This concludes
the proof for n,m — oo with n < m and the case n > m can be treated analogously. O

In the remainder, we write ]P’** , and E** , with z, 2’ € C’ for probabilities and expectations, respec-
tively, involving a palr of 1ndependent coples of the star Markov chain (Sy, Sj), (S1,57), - .., where
So =z and S = .

PROPOSITION 4.12. Let k > 0, w,w’ > 0 and x, 2, 21,2}, x9,25,... € C4_1 with x, — x and
xl, — a'. Then, in the sense of weak convergence on |0, 00)2**2 | we have, as n — oo,

:;Ew,xn),cp(w’,x%)((F(SO)’F(S(/))’F(Sl)vF(Si)’7F(Sk:)7F(SI/c)) € )
- :Ew,:p),go(w/,m/)((F(SO)aF(S(,))7F(Sl)aF(Si)?"' 7F(Sk)7F(Sl/§)) € )
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32 FOUNTOULAKIS, IYER, MAILLER AND SULZBACH.

PRrooF. This follows from the independence of the two star processes involved and Proposition 4.2.
O

Using Propositions 4.11 and 4.12, the continuity of ¢, and an argument analogous to the proof of
Corollary 4.6 (using a probability metric similar to (35)), Equation (38) follows upon verifying the

following: For any n < xg, z(, ..., 2k, x) <1 and 0 < e < 1/2, with the function
N k—1 N k—1
c c "X pe " A pe
T W0 Yor - - Yo Ui) = a7 T 2b o ye - (@)W e T (@)ve/ ey
=0 £=0
defined on [0, C]1?**2 we have that ||V.J'|| is bounded uniformly in wo,..., 2, 2§,...,7} and e.

This follows from that the fact that J’ factorizes, ||J'|| < C?*, and Equation (34) (inside the proof
of Corollary 4.6).

Now, when evaluating the sum over nn < i # j < n and disjoint Z, € ({Hl,;""n}),Jk € ({jH,;”""})
in (38), since the summands are non-negative, and we are looking for an upper bound, we may
remove the conditions ¢ # j and Z N Ji = &. But Corollary 4.4 shows that, uniformly in € and 7,

Z Z - <ik>F(Sk)/)‘+s ’ﬁl (Z'Z)F(Se)/hre F(Sy)

<t <n Ty, Tk Lo+l

B (%)F(sk)/)‘ﬁ—s ‘k—1 (ﬂ)F(Sz)//\Jra F(Sy)
" \n o \Jev Ae(fer1 — 1)

S(lJrs)% E*. Aie ’“ﬁ F(S))
I—¢ F(S) + Ao 21 F(S) + A

2
> +0 (n71/(k+2)) + C/n1/k+2’

for some universal constant C’ > 0. From here, identity (36) follows easily as in Subsection 4.2.

4.4. Convergence of the mean: bounds from below. In this section, we prove that, for all k& > 0,

n

(42) lim lim inf w > Dk,
n—0 n—oo n

where we recall that N,'(n) is the number of vertices of degree k + d in K, that arrived after
time nn, and py is defined in Theorem 4.1. To do this, we need further notation. First, let C be
the set of all finite d-dimensional simplicial complexes with integer vertices. To add weights, let
C" = C x [0,00)%, where, for t = (c,x) € C¥, x;,i € Z keeps track of the weight assigned to the
vertex 7. (If no such vertex exists, simply set z; = 0.) We then consider K,, as a C"-valued random
variable incorporating vertex weights. For a simplicial complex K € C, let K\; := {oc € K :i ¢ o} be
the sub-complex obtained from K, when we remove the faces which contain vertex i. (Set Ky; := K
if i ¢ K.) When applied to the random dynamical process, we write KC,,\; for (K;,)\;. Let

(43) ILy= Y Obue) and Z,; = /c f(z)dI, ()
d—1

JEICELd\;U

be the empirical measure of the types of active faces in K, ; and the corresponding partition
function, respectively. Note that (¢~ = ICild\;” Ust;(KCp,), where the union is disjoint and therefore
Ly = n\i + F(Stl(’cn))
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To prove a suitable lower bound on the probability that vertex i receives edges at certain times, we
need to control Z,,; throughout the process. It is reasonable to expect Z,\; to behave similarly to
Zy. To thisend, for alle >0, n>¢>1and m > 1, we let

(44) G (n) = {‘Zn\i — /\n‘ < a)\n} and  G.(n;m) ={|Z, — Am| < eAm}.

(Note the difference between the notation G.(n;m) and the notation for concentration along an
interval G.(N1, N3) defined in Subsection 4.2.)

For1<i<n, I € ({Hl,;”"n}) and j =1,...,n, we let
(45) p(j) € {0,...,k} be such that ip(j) <7< le(j)—i—l — 1.
(Recall that we use the conventions ig = ¢ and ix41 = n + 1).

As opposed to the arguments in Subsection 4.2, the inductive proof in this section requires us
to modify the value of ¢ in different intervals {iy, ... 7041 — 1},£ = 0,..., k. We thus need more
notation. First, for a fixed ¢ > 0, and ¢ € {0, ...,k} we set g/ := (1 + ¢)e (we apply this notation
only to the symbol €, to avoid confusion with subscripts). Next, for j € {i +1,...,n}, recalling the
events D; from (24), and G{(j), G<(4;7) from (44), we set

(46) Dj(e) =D, N géi)(j)(j) and  Dj(e) = Ge(i; ).
Similarly to before, we write Dj(e) := 1p,(.) and Dj(e) == 15, (c)- With this notation, we have
(47) ENm]z X % B(1D0)
nn<i§n1ke({i+l}€m,n}) j=t
We then have the following analogue of Proposition 4.5.

PROPOSITION 4.13. Let 0 < 6,e,n < 1/2. There exists a constant C' > 0, N = N(d,¢,7n) and
0 < 0 <1 such that, for alln > N,

E [N}/ (n)] > —C'on
(48)

+o(1=0)- > > E

nmm<i<n Tx e({z+1 ..... n})

(Sk) _ (Sp)
. (ik)l:;;ﬁﬁ(ie)’iiiw
sta(K2) U+1 1o \tet1 Ade, (e = 1) ||

where o depends only on £,m and, for any fired 0 < n <1/2, we have p — 1 as e — 0.

Similar arguments leading from Proposition 4.5 to Corollary 4.6 then give the following result.

COROLLARY 4.14. Let0 < 6,e,n < 1/2. Then, there exists N = N(d,e,n) and a universal constant
C > 0 not depending on any of these parameters, such that, for alln > N,

E[N/M] 5 o — ) (1 - sk)’f P R = A )
n - 1+ e F(Sk) + A_¢, =0 F(Se) + A_,
_ C(nl/(kJrQ) + 1/n1/(k+2)) . 5,

where o is as in the Proposition 4.13. In particular, Equation (42) holds.
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We now define analogues of hy and f; from Equations (27) and (28) in Subsection 4.2 (here, however,

it is necessary to indicate the dependence of these functions on ¢). For S € ¢’ and ¢ € {0,...,k},
let
ipp1—1
F(S)
(49) he(S) = (1 _ )
jzl;[+1 )‘—54 (] - 1)

and, for £ € {0,...,k — 1},
F(S)
(S) + )‘+64 (i”l - 1)

(50) fi(S) = 4 b(S)  while fj, = by.

We follow the arguments from the proof of the upper bound (see Subsection 4.2) and show ana-
logues of Lemma 4.7 and Proposition 4.8. To this end, we need to make use of the more general
framework introduced at the beginning of this subsection: we write P,(-),E;(-) for probabilities
and expectations respectively, when the initial weighted configuration is equal to x = (¢, z) with
c € C,z € [0,00)%. (Here, if m € Z is the maximum vertex label occuring in ¢, then the vertex
inserted in step i of the process carries label m + i.) Then, for a real-valued function g depending
on the path of the process and u(z) = E,[g((K)n>0)], we use the slightly inaccurate but standard
notation Ex[g((Kp)n>0)] for u(X) and a random variable X which is typically defined in terms
of K,,,n > 0. Probabilities P and expectations E appearing in the following without subscript are
with respect to the initial process with given K.

Proving analogues of Lemma 4.7 and Proposition 4.8 becomes more intricate since we can no
longer drop the concentration conditions relying on the events G.(j) as we did in Subsection 4.2.

Nevertheless, upon ignoring the dependency structure of the evolution of the process in the star of
n

vertex i and outside, we still expect (at least morally) to bound P ( i ﬁj) from below by a term

] |

The two main hurdles to prove such a lower bound are the following: first, while the process outside
the star of vertex ¢ follows the Markovian transition rule, there is a subtle dependence between
the star and its complement as the addition of faces to the star adds faces to its complement.
More formally, on D;,, we have K;,\; # K(;,—1)\;- The reason is that when a face in st;(K;,—1) is
subdivided during step ¢, one of the faces that are created does not contain vertex ¢ and therefore
migrates into K;,\; (see Figure 2). Second, in order to exploit the concentration of the partition
function Z; for j > ¢ > nn, an argument is needed to replace P by Px,. In order to overcome
these difficulties, we use the following two lemmas, whose proofs we delay to the end of the section.

similar to

(51) E

Jj=i+1

n—k k
B [ 11 1gep(j)(ji;j+p(j))] ES k) [H 5(55)
7=0

LEMMA 4.15. For any 6,e > 0,0 < n < 1, there exists N = N(d,e,n) such that, for all n >
N,nn <t <n—k, we have

E

]P’ici\i( N gau—i;j))] 15

j=i+1

LEMMA 4.16. For any €1,e2,e3 > 0,0 < 1 < 1 and C1,Cy > 0, there exists N depending on
these siz quantities, such that the following is satisfied for all n > N: for any weighted simplicial
complexes X,Y € C¥ such that
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)|Xd I)Ayd1’<01,wh67’ek'd 1)Ayd1 ( X (d-1) \yd—l) ( d—l)\Xd—l)
(ii) any vertex contained in a face in X1 nY=1 n4s the same weight in both complezes;
) each face in X@=DAYE=Y) has at most fitness Cy in the complex it belongs to;

) F(X) > e1u for some mn < u < n (where we recall that F(X) is the sum of fitnesses of faces
in X),

we have, for any u < m < n, that

PX( N gsz(j—u;')>Py< () Geopoli ))—53-
j=u+1 Jj=u+l1

Intuitively, Lemma 4.15 states that, for the process initiated by K ;, the partition function remains
concentrated with high probability at each of the n—1 steps after the arrival of vertex ¢. Lemma 4.16
states that any sufficiently large (linear in n) simplicial complexes X and ), which differ by at most
a constant number of faces, have partition functions that evolve in a similar manner. This is due
to the fact that the contribution of the descendants of faces in X AY may be bounded by the sum
of geometrically distributed random variables with small success parameter, and is thus negligible.

For brevity, for all £ € {0,...,k} and € > 0, recalling the definition of p(j) in (45), we define

n—(k—2¢)
(52)  Gule)= () GeppyJ—ij+p(j) =€) and  (K,e) =Pr(Gi(e)), KeC"
J=ie+1

Thus, in oy (KC;,\;, €) the term G . (j —i¢;j + p(j) — {) represents concentration of Z;_;, (initiated
with /C;,\;) around A(j + p(j) — £). When p(j) increases, the values of ¢,y and j + p(j) — ¢
change to account for the additional ‘step’ that has occurred in the underlying process without a
step occurring in the process initiated with K;,\;. Lemma 4.16 has the following corollary which
justifies this notation, showing that the migration of the additional face into K;,\; at the step iy is
insignificant.

ig\t

COROLLARY 4.17. For any 0 < 1,8, < 1, there exists N = N(0,€',m) such that the following
holds for alln > N: for all0 <e <1/(2k+2), ¢ € {1,...,k} and qmn <i <i; < ... <i <mn, on

the event géj;) (ig), with ay as defined in (52), we have

(53) Oée(’Ci[\ivéJ) = a@(lc(ig—l)\ivgl/4(k +1)) —é.

ProOF. For sufficiently large n (depending on &’ and 7)), we clearly have that, for all £ € C%

n—(k—2)
ar(K,e') = P ( (N Gseypali - iz;j))

j=ig+1
and

—(k—0)
(54) ( ﬂ 9352/8 2@, )) Zae(lc,sl/4(k+l))'

J=tp+1

Note that, on ggﬁ (i¢), we have Z;,\; > Mig/2. Hence, Lemma 4.16 applied with e; = A\/2,e9 =
3ey/d,e3 = d,u = 1y,m =1n,Y = Kiip—inis X = KipisC1 = d + 1,0y = frax shows that, on the

ig\1?
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event géﬁ) (i¢),

n—(k—2) n—(k—2)
(55) P’Cie\i ( ﬂ g382/4(j - Z€7j)> Z ]P’C(ie—l)\i ( ﬂ g3€2/8(j - ZZ?])) -9

j=ip+1 J=te+1

for n sufficiently large (depending on §,¢’, 7). Equations (54) and (55) together imply Equation (53).
O

Once we have Corollary 4.17, the arguments to prove the lower bound are similar to the upper

bound, however, the details are more technical. The following lemma is the analogue of Lemma 4.7.

LEMMA 4.18. For any 0,6,n < 1 and 0 < ¢ < 1/(2k + 2) there exists N = N(4,&,n), such that,
foralln > N and nn <i <4y <...<ix <n, with h5 as defined in (49), we have

(56) P( N D)

J=ir+1

%) Diy(e) = (an(Kiy—1y\ir e/ (4(k + 1)) = 0)b(st:(KCi, ) Dy (€)

and, for all 0 € {1,...,k — 1},

(0411
E| II Die) ani(Ka,,-1pi€)|% | Dile)
L J=te+1
(Oég(/C(ie_l)\i, (k‘ + 1)) - 6)h§(sti(lCi[))Diz (5), while,
21 1
E H D 041 ’C(zl 1)\is € )g Di(&:)zao( i\is € )hO(St( ))DZ(E)
| j=i+1

PROOF. We write D; for D;(¢) throughout the proof. We have

E[ 7]g =E E|:Dng_1:|
J=ir+1 L J=ir+1
F(sti(Kn-1))
L " Jj=irp+1

because by definition (see (44)), Ge, (1;n) = {|Z1 — An| < egAn}. First note that, on the event
ﬂ] Ziv+1Dj, we have, for any j =i +1,...,n — 1, F(st;(K;)) = F(st;(K;,)). On the event D; we
have

F(sti(Kn-1)) | F(ti(Ky))

58 1- - :
(58) Z > o

Furthermore, by the tower property, we may substitute

E |:]P)IC(n_1)\i (g€k(17 n)) anl

inside the conditional expectation, and together with (57) and (58), this gives
(59)

E

v
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We also have
(60)

E |:P’C(n1)\i (Ge,,(1;m)) Dy

ga] = (1- =Dy p (G (- D NGy 2im)).

Thus, using Equations (59) and (60) in the first inequality, and (58) in the second,

J=tig+1
F(st; /Clk F(st; (Kp—
> (1= o) B | (- ) P, Gatin =00 T1
F(st; IC% F(st; (K5,

Iterating this process leads to P (ﬂ] i1 Dj(e)

g) Dy (6) > o (Kapir )b (st:(Ks,)) s, . Equa-
tion (53) from Corollary 4.17 concludes the proof of Equation (56) as D;, C Qé? (ig)-

We use the same ideas to prove the general case, for ¢ € {0,...,k — 1}. Here, we want to provide
a1 (Kiy —1)\is €) H;e;lzjrll D; %e]. First, for any j =i, +1,...,4p01 — 1, we

have F(st;(K;)) = F(st;(K;,). Thus, on the event D;, we have

a lower bound to E

F(sti(Ky)) F(sti(Ks,))
(61) 1-— Tj >1- L

Second, using the tower property, we substitute

(62) E %Hz] for a1 (K, —1)\ir€) Digyr -1

a€+1(lc(ig+1—l)\ia €) Dmlq

inside the conditional expectation. Third,

= F(sti(Kiy,—2))
E Oég+1(]€(iz+1,1)\i,5) Di£+1_1 %64—1—2] = (1 - 7 041 X
Z[+172
n—(k—£0—1)
(63) IP)]C(ZZJH_Q)\Z. (gge(l;ig_;_l - 1) N n g5p<] ( ’L[+1 +1; j —I—p( ) l— 1)) .
J=tet1+1
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So we write:

iey1—1
E o1 (Kipyy—1)0\is€)
J=t¢+1
% -2
(62) . g
E ]E |:a£+1(IC(Z[+1—1)\Z7E) Dié+1 1 Zl+1 2:|
J=tg+1
ep1—2
(6:3) ]El (1 _ F(Sti(lcié+1—2))> H11[ Dj><
Ziy -2 j=ig+1
n—(k—l—1)
PK(iZ+1_2)\i (gse(lv if-i—l - 1) N m g{-:p(])( Zf-i-l +1 ] +p( ) —{— 1)) 'L‘é‘| :
J=ter1+l
Now, the lower bound of (61) yields:
dgp1—1
E a£+1(lc(ie+1—1)\’i7€) H D] gil
J=tg+1
—(k—20) tep1-2
F(sti(Ki,)) ) "
> (1—.2 E|Pc, . ﬂ Geyoy (G — e +2:5 4+ plj
A*Se(lﬁ—f—l *2) (Hl o J=tey1—1 ot J=te+1

By the tower property again, we substitute

n—(k—2)
E |:]P>’C(ie+1—2)\i ( ﬂ gap(J)( —igr1 + 255+ p(j) — E)) ipp1— 2|gle+1 3

J=te+1—1
—(k—0)
(64) for P}c(i“_lim\i ﬂ g‘sp(ﬂ( —ip1+ 255+ p( ) — ﬁ) 115+1—2'
J=te41—-1
Also,
n—(k—£) _
E ]P)’C@uﬁ?)\i m gep<j) (4 — i1+ 25 +p(j) —£) Die+1—2|gie+1—3
J=tgy1—1

st (JC n—(k—2¢)
(65) <1 _ F( tz(lczg+1—3))> PK(i4+1—3)\i ( ﬂ ggm)( — i1+ 355+ () — f)) .

le+1=3 j=igr1—2

Bounding the first factor as in (61), and combining Equations (64) and (65) give

-1
E | aen(K-ie) 11 D%
J=ie+1
(1o T (Pt Y,
A—e,(te41 —2) Aey (g1 — 3)
n—(k Z) Z/+1 -3
E IP)]C(i€+1—3)\i ﬂ gap(j)( it +p
J=te41—2 J=te+1
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Iterating the argument shows that the right hand side multiplied by Bi[ is bounded from below by
(K> €05 (st:(KCi, ) ) Di, . We conclude the proof by appying Equation (53) from Corollary 4.17.
O

LEMMA 4.19. Foranyd >0,0<n<1and0<e <1/(2k+2), there exists N = N(d,e,m) such
that, for allmn > N, £ € {1,...,k} and qn < i <y < ... <ix <n, with f; as defined in (50) we
have

min(¢p41,n)
E 04€+1(’C(¢@+171)\¢a Kii1) H fj J—t— 1)] H Dj(e) Di,(e)

=041 j=ie+1

(66) > (ar(Kip—yir €/ (4k +1))) = O)EG, k. ) {H f5(Sj—e) (€),

where we use the convention ayy1(-) = 1, while
k i1 3

E Oél(lc(il—l)\iag) E:ti(Kil) H f;(sjfﬁ—l) H Dj(e)|%9:| Di(e)
j=1 j=i+1

DZ(E)

k
> ao(Kais €)Eg, i) [H f5(S5;)
=0

PROOF. Equation (66) coincides with the statement of Lemma 4.18 for £ = k. Let 0 < ¢ < k — 1.
Note that, for all 1 <4 < n, we have [Z,\; — Z(n—1)\i| < (d+ 1) fmax. Thus, for all n sufficiently
large (depending on ¢ and 7)), we have

(67) Dipy NG (ies1 — 1) € G (irg).

Using this observation in the second step, we deduce

Goq1

E a£+1(’C(i£+1_1)\i’ Sz igp1) H f] j—t-1)

=0+1 Jj=te+1

Qg1
=E [E Dll+1 E;‘t Kigsr) H f] 1) | |Gigsr—1 a£+1(/C(u+1—1)\z‘,€)
=(+1 J=iet+l

(67) b R 2
Z E |E Dié+1ESti(’C1e+1) H f;:(sj—ﬁ—l) ginglfl a€+1(lc(ig+1—1)\i7€) H D] g’ié D’L'e.

Recall that (analogous to in the Proof of Proposition 4.8), conditionally on ¥;
D;, 41, the random variable st;(K;,, |
sti(KCipy,—1). This yields:

¢+1—1, on the event
) is distributed as Sy for the star Markov process starting at

E Dze+1Estl ”,_‘_1 [H fg j—L— 1 ’Lg+1 1 :P(Die+1’gie+1—1)'E 1 ( 2“_1 1) [H f] j— é]
/+1 J=0+1
F(StiUCZ' _1))
= 7 o1 .E 6 (Kipy g —1) H fj i— )] -
i1l j=0+1
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We deduce that

To41
E a1 (Ray i) By, ) { [T 75(Si—e ]
=(+1 J=ig+1
F(Stz‘ ICZ % k b1l — _
>E MEW(’%) I 7(Si—0)| aer1(Kgyoy—10ie) 11 Dj|%.| Die-
tey1—1 j=0+1 j=tp+1
But on the event associated with Die 41 we have
F(sti(Ki,)) o F(sti(Ky,)) .
Zigp—1 F(sti(Kiy)) + Age (i1 — 1)
So the previous inequality continues as follows:
F(sti(Ki,))
P TEL) * A =D
ip1-1 B
St (Kip) H fJ Jj— -0 - O‘@Fl(’c(ieﬂ*l)\i’g) H D;\%, | Di,-
j=l+1 j=ig+1

We bound the last term from below using Lemma 4.18:

i1 —1
E | ar1(Kipy—1)\ir €) > (e(Kiy—1\ir €/ (4(k + 1)) — 0)b7(sti (i, ) D,
J=ig+1
By (50), we have
F(Sti(lcie)) ha(St‘(IC' ))E* ﬁ fa(S é) — ﬁ
F(sti(lCu)) + )‘+6/z (ié+1 + 1) (AR ANASY) sti(ICip) Pt J\"I= t (KCiy) it ’
so the claim follows. O
The lemma allows us to bound P(}_;,; D;) from below by a term similar to (51) using a backward

induction argument which is of the same nature as the proof of Proposition 4.8. This result needs
to be prepared with the following definition. For 0 < e < 1/(2k+2),0 <n <1 and C > 0, set

(68> 7(87 7, C) = 7]6(87 m, C)k(k+l)/27 7@(87 m, C) = (1 - 5@) nZCag/)\’ (= 17 cee 7k'
Note that these terms decrease as € or C increase.

LEMMA 4.20. For0<e<1/(2k+2),0<n <1 and C > 0 there exists N = N(e,n,C) such that,
foralln >N, m<i<ig<...<ip<nand0<e <e¢

£5(S) > yule,n, OV (S)  for all S € C' with F(S) < C.

PROOF. Recalling that A\, = A(1 + €¢) we deduce that

F(S) F(S)

- F(S)
F(S) 4+ Mg, (g1 = 1) = (L +e)(F(S) + Aligg1 — 1))

F(S) + Aligs = 1)°

> (1—ef)
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DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 41

(This statement requires no bounds on F(S) or 44.) Hence, it is sufficient to prove that h7(S) >
17205@“?)2’(5’) for sufficiently large n. By Lemma 4.9, we have

= (1) (0 (1)

where the O-term can be chosen uniformly in €, 4y, 441 and S for given n and C. Note that h7(.5)
increases as e decreases. Therefore, it is enough to prove that for each ¢ € {0,...,k + 1}

<Q>F(S)/A_Ee >n2Cw/A (@)F(S)/A
41 1041

for all S with F(S) < C. This follows easily from the bound on F, the fact that ¢ < 1/(2k +2) (so
that for each ¢ 1/(1 — gy) < 2) and each ratio satisfies n < Z.Zil < 1. O

PROPOSITION 4.21. Ford >0,0<n <1 and 0 <e < 1/(2k + 2), there exists N = N(d,e,n) >0
such that, for alln > N and nn < i < iy < ... <1, <n, with v, = (e, n, (d+1)(k+ 1) fimax) and
’7 = ’7(57 n’ (d + ]-)(k + 1)fmax), we ha/Ue,

P( N @j(é)) >9E
j=i+1

k
(69) ~6) E

Qg (’Ci\i>5/( (k+ 1))k+1> Bt () [H G

I Dj©E, [Hfii‘;““;” S;)

j=i+1

Proor. By Lemma 4.18, we have

IP’( (n] 13]-(5)):1@[]?( (n] Dj(e
j=i+1 J=igp+1

(56)
> E

j=i+1

e (Ki—yvi €/ Ak + 1))EG, (., [ (So)] H Dj(e)| — 6E

Jj=i+1

B, i) [ (50)] H Dj(
j=i+1

In order to apply Lemma 4.19 again in the first term, we may replace D;(¢) by D;(e/(4(k + 1))).
Moreover, by Lemma 4.20 and as F/(Sy) < (d+ 1)(k + 1) fmax for £ € {0,...,k}, we may replace
i%(So) by ykfi/ (4(k+1) (Sp) for sufficiently large n. Hence, applying Lemma 4.19 again after this step,
we deduce that the first term in the last display is bounded from below by

lk—1
WE [ 1 (Ko, -1\ e/ 10)E e, [T S0/ ()] TT Dy(e/(alk +1)))
Jj=t+1
B (B, [0 S s0] T D6/t 1)
Jj=t+1

We now iterate these steps until the main term contains ag. In particular, with the leading term,

imsart-aap ver. 2014/10/16 file: Final_aap.tex date: October 18, 2021
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at the (£ + 1)th step we get an expression of the form

E

'Lk 4
ke (K iy —1ni» &/ (4K + 1) HES, %7Z[I1ﬁif2“ ] [T D (=/(ak+1))")
] Jj=i+1

¢
> (H ’Yk—j) E [O‘k—(z—l—l)(K:(ik,(g+1)—1)\z’v5/(4(k + 1))“2)
3=0

x[E*
St'(K;ikf(Lkl)

Y+t k(41 _
hm%ﬁwlﬂmwwmﬁi

j=it+1

¢ Th—(+1)
* (4(k+1))H1 ¢
_5 (H ’ykj) E |:E5ti(lcik_(g+l) [H fZ/ﬂ( (e+1) (sj)] [T Dj(e/(alk+1)) +1)] .
j=0 '

Jj=i+1

Now, thanks to monotonicity, when we iterate this expression, we may do the following replacements
in the procedure. First, for the term not involving 4, any factors of type ve(e’,n, (d+1)(k+ 1) fimax)
with 0 < ¢/ < ¢ may be bounded from below by ~x. Thus, at the (¢ 4+ 1)th step, we multiply a
product of ’yﬁ“ to the co-efficient of the main term, leading to the co-efficient v as defined in (68).

k
Moreover, in the final product H?:o fj/(4(k+1)) (S;), we may replace €/(4(k + 1))* by £ to get a
lower bound. This leads to the first term in the statement of the proposition. Next, in the error
term 1nv01v1ng 6, we bound each ~, from above by 1, and bound each of the factors of the form

k+
fZ{S k;l) from above by fz_j(k;rl)) ' . This gives us the error term as stated in Equation (69). O

We are finally ready to prove Proposition 4.13. Recalling (47), we bound E [N}!(n)] from below by
summing the lower bound stated in Proposition 4.21 over nn < i < i1 < ... < i < n. We start
with the error term. Upon dropping the indicator variables Dj (¢) and bounding f5 from above by
fj defined in Equation (28) (in Subsection 4.2), the absolute value of the error term is bounded
from above by

s
(70) Y >, E [ ot (KCs) {H fj(Sj)” :
n}) j:O

nn<z<nI e({H-l ~~~~~

From the proof of Corollary 4.6 in Subsection 4.2, we know that the double sum converges after
rescaling by n. Hence, there exist C; > 0 and a natural number N both depending on €,7, such
that, for all n > N, (70) is bounded from above by C1n.

To treat the main term, assume for now that there exists a constant Cy = Cy(g,n) > 0 such that,
for all nn < i < n, we have

< (.

k
(71) > ot (KC:) [H f5(5;)
=0

We shall use the following inequality: for a non-negative random variable X satisfying X < C, for
some C' > 0, and indicator random variables I, Io we have

imsart-aap ver. 2014/10/16 file: Final_aap.tex date: October 18, 2021



DYNAMICAL MODELS FOR RANDOM SIMPLICIAL COMPLEXES 43

Thanks to this inequality, the main term in the lower bound from Proposition 4.21 summed over
i1 <ip<...<ik <mn (for fixed nn < i < n) can be bounded from below by

(72)
r1-5[o ()

v > E
Let ¢ > 0. Thanks to Lemma 4.15 and the fact that P (g("') (z)) — 1 as n — oo uniformly

€
— 02’7 (1 —E [CMQ (’Cz\u 4k+1)

k
B ) [H f5(55)
j=0

Le(C7 )
e/ (4(k+1))k+1

in nn < i < n, there exists a natural number N = N(¢,e,7) > 0 such that, for all n > N, the
absolute value of the second term in (72) is bounded from above by Cyvd" < C3¢’. Collecting all
bounds and using Lemma 4.9 concludes the proof of Equation (48) upon setting o = 7. (Note that
we may remove the additional F'(S;) in the denominator of §7(.S;) in the final statement as F'(S;)
is bounded by (k + 1)(d + 1) fmax-)

Therefore, it remains to establish the existence of Cy satisfying (71). To this end, we shall bound
f5 from above by f; (as defined in Equation (28)). Note that if i > 2, then L < 77% Thus, by
applying Stirling’s formula and recalling that F'(Sp) < (d+ 1)(k + 1) fmax for all £ € {0,... &k}, we
have

F(Sg)

- . F(5¢) ]
2. ';fj(sj)g (1+o<;>) 3 ’“Hl((uzjl) e %) (ZT,Z) o

Ike({iJrlk“,n})] 1<i1<...<ip<n £=0

20— F(S) <1+O(1>)X

A_en n
F(Sp+1) F(S)

P 1 (G R [C R

nm<ip<...<ip_1<n £=0

IN

where the O-term depends only on 7. From Corollary 4.4 (applied with k£ — 1 instead of k) it follows
that the right hand side is uniformly bounded for any e and 7.

We conclude the section with the proofs of Lemmas 4.15 and 4.16.

PrROOF OF LEMMA 4.15. Let i € Nand X € C" contain a vertex with label ¢ and at most d active
faces containing i, where each (d — 1)-face containing i has fitness at most fyax. In the random
dynamical process Kj, j > 0 initiated with complex X, at time j > 1, to each face o € lC;-d_l), we can
associate a unique ancestral (d — 1)-dimensional face in X'. (Formally, the ancestral face of a face in
X is the face itself. The ancestral face of any other face o is defined recursively as the ancestral face
of the face which was subdivided when o was formed.) Let K;); C K; be the subcomplex of faces
of K; whose ancestral face does not lie in st;(X'). Note that ICjy; C Kj;\; and that this inclusion is
typically strict due to migration of faces to the outside of the star at times of insertion in the star.
For j > 1, let ¢; be j-th time the face chosen in the construction of the simplicial complex has its
ancestral face in X\;. Set ¢p = 0. Note that ¢; > j and that ¢; — j is non-decreasing in j. The crucial
observation is that the sequence K y;,7 > 0 under Py is distributed as the sequence Kj,j > 0
under IP’X\i (upon disregarding vertex labels which are irrelevant here). Formally, this follows from
Koy = X\; under Py and the fact that K¢, y, j > 0 is Markovian with the same transition rule as
Kj,j = 0. For an integer K > 0, on the event ¢, < ¢+ K and for any initial configuration X" as
described at the beginning of the proof, we have |F(IC) — F(K¢, )| < (2d 4 1)K fmax. Hence, for
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all n sufficiently large (depending on €, and K),

[ Kini ( ﬂ gS W) )] >E IP’Ci ﬁ {‘F(Icgj—iyi) - )‘-7’ < E)‘]}) ’ 1|<n¢(ni)<K]

j=i+1 j=i+1

i n+K
>E |Px, | ) Qs/z(j—i;j)> — E [Pk, (lon—i — (n —4)| > K)]

j=itl

[]P)IC (‘gn i (n—z)| > K)]

>E [Py, ﬂ G.2(7) )

j=i+1

By Proposition 1.3, for all n sufficiently large, the first term in the last display is at least 1 — §/2
for all nn < ¢ < n. Further, we can choose K large enough, such that the absolute value of the
second term is bounded from above by §/2 for all nn < ¢ < n and all n sufficiently large. To see
this, note that P, (|s, — n| > K) is the probability that the number of faces with ancestral face in
st;(x) chosen to be subdivided up to time n exceeds K. Let 1 < 71 < 79 < ... be the instances,
when such faces are chosen. Then, the sought after quantity equals P, (7x < n). Note that 7k can
be bounded from below stochastically by X; + --- + Xg for independent summands, where X,
follows the geometric distribution with success parameter min((d+ 1)¢ fmax/F (), 1), which implies
that E [ X, + -+ Xk| > F(x)# Thus, if F(x) > Ann/2, then, for a given & > 0, for
any K large enough (depending on n), and all n sufficiently large (depending on &’,n and K) we
have P, (7 < n) < ¢ for all n > 1. This follows from a straightforward application of Chebychev’s
inequality, whose details we omit. The fact that F'(K;) > Ann/2 (since i > nn) with high probability
for sufficiently large n (depending on 7) concludes the proof of the lemma. O

PROOF OF LEMMA 4.16. The proof is very similar to the previous. Let K; x be the sub-complex
of IC; of faces whose ancestral face lies in X'. For j > 1, let gj-X be the jth time a face with ancestral
face in X is subdivided. Set ¢ = 0. As before, we have gf > j and §]-X — j is non-decreasing.
Define Kj,y and gjy analogously. Thanks to (ii), under Py, the sequence Ing 1 J > 0 is distributed
as IC%X 1x+J = 0 under Py. Thus, it is enough to show that, under the éonditions (i) - (iv), for
sufficiently large n, we have

y( ﬁ gEQ(j_u7j)) —83/2§Py( ﬂ {‘FK:X J,X) /\j‘<3€2j/2}>

j=u+1 j=u+1
and
( N {IFK & ) A< 352j/2}) <Px ( N 9252(j—u7j)) + €3/2.
Jj=u+1 j=u+1

We only show the second statement, as the first can be proved by similar arguments. Note that,
for any natural number K, we have

( N {|F/Cy ) - )\j|<352)\j/2})

j=u+1

< Z}P’X ( ﬂ {|F( le iy) i <352)\j/2,g%)u:n—u+p}) —HP’X(\gTJL},U— (n—u)| > K).
p=0 j=u+1
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On¢’ ,=n—u+p, 0<p<K, we have, using (i) and (iii),

F(Ky 1) = FOKj)l < K(d+1) frna + F (XW*UAW*U) < K(d4 1) fmax + C1C3.

(Here, F' (X(d_l)Ay(d_l)) denotes the sum of all fitneses of faces in X(@~DAYE=1) ) Thus, for all

n sufficiently large (depending on 71,2 and K'), we can bound the right hand side of the last display
from above by

K m~+p
ZIPX( N 9262(j—u,j)ﬁ{<2’u—n—u+p}> +Px(ly — (n =) = K)

p=0 j=u+1
<Px ( m gQag(j_uvj)) +]IDX(’§T%CU_(”_U)|ZK)
j=u+1

Now, the same arguments relying on a stochastic bound involving sums of independent geometric
random variables used in the previous proof show that the second summand can be made smaller
than e3/2 for sufficiently large (but fixed) K and all n sufficiently large (depending on 7, €1, 3, Cy
and C9). Here, one uses (iv) and the fact that F(X(dfl)Ay(dfl)) < (C1C5 to bound the success
probabilities of the geometric random variables suitably. O

5. Appendix.

5.1. Proof of Lemma 3.6. For brevity, we omit the superscript € when referring to the process N¢,
and in the notation of other parameters depending on e.

Let € > 0 be small enough such that w > ¥ (this is possible because p does not contain an atom
at 1). Then, iw + (d — )9 < 1for i € {1,...,d}. Let 6; =1 —iw — (d — i)¥,i1 € {0,...,d}. The
Markov chain N has the following dynamics: jump times are exponentially distributed with unit
mean while the skeleton process performs a random walk on {0,...,d} according to the following
rules: the process is absorbed at 0 and, given that its current state isi € {1,...,d}, it moves to i+1
with probability (d — )¢ and to i — 1 with probability izw, while it remains at ¢ with probability 6;.

We construct the process N from a realisation of X. First, we use the jump times o,,n > 1 of
the X-process for the jump times of N. We define N, by induction, starting with N, = € (Xs,),
where o¢ := 0. Let n > 1 and suppose X,, , = x and €(X,, ,) = j (recalling that € (@) = 0).
If 0 <j< N, _,, then choose N,, arbitrarily obeying the dynamics of the random walk (for
example by using additional external randomness). If N, , = 0, set N,, = 0. Finally, assume
that Ny, , =j > 0. Let

d—1—j d—1

3 E [f(Xiew)lws1—¢) . 3 E [f(%iew)lw<i—]
T: — > < _ — < >
S izo M —_— (d J)’lg7 SJ/ l:dij M -

jo.

Let A be an event that has probability jo/s; € [0, 1] which is independent of the past of the process
given X, .3 Let

E={Xs, =2} U({?¥(Xs,) = €(Xo, ,) —1} N A) U{F(X,) = C(Xo, 1)}

3For example A = {U € [0,jww/s,]} for an independent uniformly distributed random variable U.
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We first define N(o,,) on E€ as follows: we set

N = AN +1 o {4(Xs,) =C(Xo, ) +1},
A\ Ny, =1 on {%(X,,) =C(X,, ) —1}N{X,, #2}NA.

n

Provided that N,, € {Ny, ,, Ny, , +1} on E, this guarantees that ¢ (X,,) < N,,. Finally, we
ensure that the coupling respects the dynamics of the process N by using additional randomness
where required. For example, we can proceed as follows: let B be an event that has probability
((d—j)9—s")/(1—s" —jw) which is independent of the past of the process given X, _, (note that
the denominator in the last expression is the probability of the event E given X, , = x). Then,
set Ny, = Ny, , +1on BNE and N,, = N,, , on BN E. By construction, we have €(X;) < Ny
for all t < 71, A 7.

5.2. Proof of Lemma 3.7. First note that since both X® and X® jump at rate one, we can couple
them so that they jump at the same times, which we denote by (0;);en. At the first jump, for any
measurable set A C C4_1 we should have

d—1 d—1
1 1
P(XS) € A) = Vi S E[f(zicw)la(zicw)]; P(XY € A) = i S E[f (iew)La(yiew)]

i=0 i=0
and both processes jump to {@} with probability equal to the remaining mass. We can interpret
o<icd1 and c(z)dg(+),
where ¢(z) := 1 - X3 E[f(ziew)] /M, for X@); similarly for X®. On Figure 4, we draw the unit
interval vertically and divide it in sub-intervals of respective lengths E[f(y;w)]/M. On each of
these intervals, we draw, from bottom to top as ¢ increases from 0 to d — 1,

these measures as sums of d + 1 measures given by (ﬁE[f(xiFw)ézww ()])

F®:us b+ /[0 ]f(:piev)du(’u)/M ( resp. F{" s b; + /[0 | f(yiev)dﬂ(v)/M>

in orange (resp. purple), where for i € {0,...,d — 1}, b; = Z;;%E[f(yjew)}/M. Note that, by
monotonicity of f, both Fi(z) and Fl-(y) are non-decreasing, and since = < ¥y, Fi(z) < Fl-(y) pointwise.

Now, consider a uniformly distributed random variable U on [0,1]. If U lands in the top-most
interval (that is, if U > 93 E [f(yiw)]), then we set X = X¥ = @. If U lands in the i-th
interval (numbered from the bottom of the picture), we consider two cases:

e If U lands into the orange part of the i-th interval (see left-hand-side of Figure 4), we set

X = i P10y and X = Yie (FO)-1(17) (if F{*) is not strictly increasing, we choose

the left-continuous version of the inverse (F\")~(w) := inf{y € [0,1]: F"(y) > w}).

e If U lands in the rest of the i-th interval (right-hand-side example on Figure 4), we set
X» = @. Set G; = F — F{* and note that this function is non-negative on [0,1] and
non-decreasing. Indeed, for all u < v, we have

Gi(0) = Gi(w) = [ (Fluicw) = i) Au(w) /M = 0.

(u,]

We can thus define the left-continuous inverse G;*(w) := inf{y € [0,1]: G'”(y) > w}, and

(y) —
set Xo! = Vi g w-r® )
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l— 1

c(y)

Ef (?/2eW )

1
(I ——

Figure 4: Visual aid for the proof of Lemma 3.7. For the sake of presentation, we have chosen d = 3.

Let us prove that, with these definition, X{* and X have the correct distributions and that
ng) < X(E}{). First note that, if X¥) = @, then U fell into the topmost interval and thus X{? = &,
hence Xéf) < ((7?{) If X{ # @, then U fell in the orange part of an interval and thus X{* =
Ticv X Yiev = X (where V = (E”)"1(U)), since = 5 y.

Let us now check that X defined in the coupling above has the right distribution. It is equal to

@ if and only if U landed in the topmost interval, or it did not land in an orange sub-interval, and
thus

BX = 2) = ) + X (FIV(1) — E2(0)
1 d—1 i
:1_MZE[ yz<—W +7Z/ fyzevdljf _72 fflfu—vdﬂ()

@.

—1—fZE 332<—W (1‘)

For all Borel sets A C C4_1, we have

d—1
x _ z () (x)
P(X® € A) = 3" P(X&) € A and F2(0) < U < F™(1))
=0
d—1 F(l)
- ;) ”>(o) (wHF(Z) 1 >) du
d—1
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by definition of F;I) and by the change of variable u = Fi(z) (v). This proves the claim.

Let us now check that X[ also has the right distribution under the coupling. First note that
P(XM = @) is equal to the probability that U lands in the topmost interval, which is of length
c(y), and thus P(X¥ = @) = ¢(y).

For all Borel sets A C Cy_1, we have

. (=) (z)
P(XY € A) Z (X¥ € Aand F”(0) <U < F”(1))
=0
d—
+ IP(X},? € Aand F/”(1) < U < F(1)).
=0

The first sum is similar to the calculation above when checking the distribution of X{*:

d—1 -1

x x 1
> P(XY € Aand F{7(0) <U < F”(1)) = i Y E[f(zicw)La(yicw)]-
i=0 i=0

For the second sum, we have

dz:lP(Xéyl) € Aand F{”(1) <U < F{" (1))
i=0 .
=2 P, g1 y_r@ @y €A and F7(1) <U < FP(1)
;:? FO
= ;/ ( z<—G;1(u_Ff‘>(1))) du
d—1

/ yzev f(yl%v) - f(mzev))d/l(v)/M)
0,1

by definition of G; and by the change of variable u = G;(v) + F,”’(1). We thus conclude that, in

total,
d—1

1
P(X¥ € A) = i > Elf (yiew)La(yiew)],
i=0
as claimed. We can now iterate this coupling at each jump-time until X becomes absorbed. After
X@ reaches @, we let X® evolve independently according to its dynamics. This concludes the
proof.

5.3. Proof of Proposition 4.2. Let C}; C C' be the set of elements of the form (z, >, d,,) for z >
0,m >1and y1,y2,...,Ym € Cq—2. Here, we view M(Cy_2) as a metric space under the Prokhorov
metric, and view C’ = [0,00) x M(C4_2) as a product metric space with oo product metric (where
the distance is the maximum co-ordinate wise distance). First of all, we prove that there exists a
function A : C} x [0, 1] x [0, 00) — C} such that, for independent and identically distributed random
variables (U1, W), (Wa, Us) ..., where U;, W; are independent, U; has the uniform distribution on
[0,1] and W; follows the distribution p (as before), we obtain a realisation of the Markov chain
starting at 2’ € C} by setting Sy = 2’ and, recursively, Sp11 = h(Sp, Unt1, Wnt1) for n > 0.
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We then couple the two Markov chains started at ¢(w,z,) and ¢(w,z) using the same sequence

(U, W), (Uz, W3), ..., and write Sén), S;n), ... and Sy, S1, ... for these chains. The construction of
h is straightforward. Let 2’ = (z,v) € C} with v = 3", §,, € C} and u € [0,1], w’ > 0. Order
Y1, - .., Ym lexicographically and define

(73) 30:Oandsi:Zf(ijz),1Sigm.
j=1

Then, let 1 < p < m be such that s,_1 < us;, <s,. We now set

(v + X055 dyy)
(Z, v+ Zg:_(? 5(yp)

), in Model A,
—dy,), in Model B.

i—w!

h((z,v),u,w') = {

i—w’

It follows immediately from the dynamics of the Markov chain, that the function A has the desired
properties. Next, we show that, for the coupled Markov chains:

(74) for any k > 0, we have Slgn) — S) almost surely.

By continuity of f, this implies that F' (S,gn)) — F(Sg) almost surely, which concludes the proof.
To prove (74), we proceed by induction. The case k = 0 is trivial as the function ¢ is continuous.
Assume that we have already proved the statement for all j € {0,...,k — 1}. Recall that Sy =

h(Sk—1, U, Wy) and S,(Cn) = h(S,(i)l, Uy, Wy). Conditioning on Sk_1, S,io_)l, S,(Cl_)l, ... shows that

P (S,(Cn) — Sk> < E[Leb({u € [0,1] : there exist vi,ve,... € C} and w' >0
such that lim vy = Sk_1 but h(ve, u,z) » h(Sk—1,u, 2)})]

{—00
We conclude the proof by showing that, almost surely, the set u € [0, 1] for which vy, ¢ > 1 and
w’ > 0 exist satisfying vy — Sk_1 as £ — oo and h(vg, u,w’) - h(Sk_1,u,w’) is a Lebesgue null set.
To this end, we prove the following stronger statement: for 2’ = (2,37, d,.) € C}, we have that, for
all u & {s1/sm,...,1}, where s1,...,s,, are as in (73) for this particular 2/, it holds that, for any
sequence x; — 2/ and w’ > 0, we have h(z), u,w') — h(2’,u, w’). To see this, let ) = (z¢, Y124 5yg))
()

be a sequence with aj, — z’. This implies that m,, = m for all sufficiently large n and that y; ’ — v;

for all 1 <7 < m as £ — oco. By continuity of f, for the values sl(e) defined in (73) for z, we have
(0

s; — s; for all 1 < i < m. Hence, if u ¢ {s1/Sm,...,1}, again using continuity, we have that

p = p for all ¢ sufficiently large and the desired result follows.

5.4. Proof of Lemma 4.3. 'To prepare the proof of the lemma, we rewrite the relevant sums using
probabilistic language. Let Uy, ..., U be k+ 1 independent random variables uniformly distributed

n [0,1]. We write Uy < ... < Uy, for their order statistics. Let I; = [Un],j € {0,...,k}.
Then, I, = (Ip,...,I)) is the vector of order statistics of k + 1 independent random variables with
uniform distribution on {1,...,n}. Let A, be the event that these random variables are distinct.
Then, for ag,...,ar > 0,0 <n < 1/2, we have

1 kol I, \“ n I\ oF
r =—— .k J . = 141 )
n(a07 7ak7n) (k’ I 1)| [Jl_](:) ((Ij-{-l) Ij+1 — 1) (n) ApLIp>nn
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Note that, given Ug;), Ugig1),-- -, Uy, the random variables Uy, ...,Ui—1) are distributed like
the order statistics of i independent random variables with the uniform distribution on [0, U;].
Further, Uy, is distributed like U 1/(k+1) where U follows the uniform distribution on [0, 1]. Thus,
setting V; = Ul/(Hl)UilJ{giH) e U;/(kﬂ), for i € {0,...,k}, the random vectors (U(g), - .., Uy) and
(Vo, ..., Vi) are equal in distribution. Therefore, by applying the dominated convergence theorem,
for n = 0 we have

1 kol Uy & 1
lim I'y(ao,...,0,0) = —+ - E (( ) . )Uak
n—o0 (k} + 1)' jl;l(:) U(j+1) U(j+1) (k)

The last term is equal to

L "ﬁ( v )C” Vak’“lif L R S HUaJ/<J+1>ﬁU—J/(a+1)
(k+1)! izo \Vi+1 k =0 Vi+1 (k+1)! 0’ =0
1!
Jaiy ozj+1

ProoOF OF LEMMA 4.3. We start with the term involving 7. Note that H] —0 T =1 14, <2 Hf é U
since on the event A,,, we have I; > 2. Thus,

k—1 oy N
E : ) — 141 n
E((Iﬂl) Ij+1—1> (n) Anlp<y ]
k-1 (k+1)/(k+2)
<2E H UJ+1 1IO<777L] < 2E H U]-(f1+2)/(k+1)] P (IO < nn)l/(k+2)

< 2(k+ 1)(1+k(k+1))/(k+2) ﬁl/(k+2)-

Here, in the last step, we have used P (Ip < nn) <P (U(O) < n) =1—(1—n)*1 < (k+1)n. Next,

let Ajyq = . In the computation of

k—1 Ij Qg n Ik ag
IT{ {7 T 1) \n) |
=0 J+1 Jj+1 — n

we can now successively replace Ijﬁil by 7, _1+1) +Ajiq for j€{0,...,k—1}. As Aj1; — 0 almost
J

—n __
Li41—1 U<y+ '

E

surely, it follows from the dominated convergence theorem, that

k—1 o «
I; 1 I\ 7"

LHO ((fjﬂ) (U(m) j+1>> w)
k—1 IJ Qj 1 Ik Qg
()" () )
j=0 \\ L1 U+ n

As E [’Aj+1’1U(O)>1/n} = (log n/n), it follows easily that the convergence rate in the last display

- +o(1).

is O(logn/n). Next, let A’ = J+1 — % Note that, for any positive real numbers z,y, we have
J
U M Y~ 1
(x+1)x ~ [z] =z~
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and thus, on A,
A} € [=(nUgyay) ™ (nUggay) 7.

Hence, by the mean value theorem, if « > 1, for j € {0,...,k — 1},
a/(nU(j41))- In the case that o < 1, observe that

min( L Uy >> Uy o Uy
Titn Ugeny ) — UGy +1 7 2Ug4

I )a_( Vi) )"‘ <
(Ij+1 UG+ =

bl

since I > 1, and thus,

a—1 a—1 a-1
S (0 R DY
i Ui+ ~\2U(m) - Uy

Thus, by a similar application of the mean value theorem, if 0 < o < 1, then,

( I )a_< Ug) )a
i1 Ugj+1)

< 204/(TLU(]-)).

Now, for j € {0,...,k}, we have

k

H Ui_llUi>n—i] = O(logk+1(n)).
i=0

<E

k-1
~1 —1
E on') 1 Ui tatie
i=0
Note that we only need Ip > 1 when o < 1, in order to ensure that Ui > 1/n.

Ui
Y Ui

k—1 a;
I 1 I\ @
E I () 14,1
J'I;IO ((IJ‘H) <U<j+1>>> n o

k-1 aj k-1 k—1 k+1
Uy \“ 1 [T\ 2 =0 @jlog" (n)
=E H(m > I (’“) 14,1751 +0< =0 :
j=0

Ugj+1) im0 UG+ \ 1 n

Thus, successively replacing Ifﬁ b + A;- shows

Replacing Iy/n by Uy gives rise to an error term of order at most ay loghtl(n)/n. As P (AS) =
O(1/n) and P (Ip = 1) = O(1/n), an application of Holder’s inequality shows that we may drop the
indicators 14, and 17,>; at the cost of an error term of order n~ 1/ (k+2), O
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