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NORMAL FORM APPROACH TO THE ONE-DIMENSIONAL
PERIODIC CUBIC NONLINEAR SCHRODINGER EQUATION
IN ALMOST CRITICAL FOURIER-LEBESGUE SPACES

By

TADAHIRO OH AND YUZHAO WANG

Abstract. In this paper, we study the one-dimensional cubic nonlinear
Schrodinger equation (NLS) on the circle. In particular, we develop a normal
form approach to study NLS in almost critical Fourier—Lebesgue spaces. By ap-
plying an infinite iteration of normal form reductions introduced by the first author
with Z. Guo and S. Kwon (2013), we derive a normal form equation which is equiv-
alent to the renormalized cubic NLS for regular solutions. For rough functions,
the normal form equation behaves better than the renormalized cubic NLS, thus
providing a further renormalization of the cubic NLS. We then prove that this nor-
mal form equation is unconditionally globally well-posed in the Fourier-Lebesgue
spaces FLP(T), 1 < p < oco. By inverting the transformation, we conclude global
well-posedness of the renormalized cubic NLS in almost critical Fourier—Lebesgue
spaces in a suitable sense. This approach also allows us to prove unconditional
uniqueness of the (renormalized) cubic NLS in FLP(T) for 1 < p < ;

1 Introduction

1.1 Nonlinear Schrodinger equation. We consider the following cubic
nonlinear Schrodinger equation (NLS) on the circle T = R/Z:

iou + 6)2(14 + |ul>u=0,
(1.1) (x,1) e T x R.

)= = Up,

The equation (1.1) arises from various physical settings such as nonlinear optics
and quantum physics. See [37] for the references therein. It is also known to be
one of the simplest completely integrable PDEs [38, 1, 2, 17, 27].

©The authors 2021. This article is published with open access at 1ink.springer.com.
Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0
International License (https://creativecommons.org/licenses/by/4.0/), which permits un-
restricted use, distribution and reproduction in any medium, provided the appropriate credit is given to
the original authors and the source, and a link is provided to the Creative Commons license, indicating
if changes were made.
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724 T. OH AND Y. WANG

The Cauchy problem (1.1) has been studied extensively both on the real line
and on the circle. See [33, 21] for the references therein. In this paper, we study
the periodic cubic NLS (1.1) in the Fourier-Lebesgue spaces FLP(T) defined via

the norm:
1

~ P
U lerery = <Z lf(n)l”)
nez
with a usual modification when p = co. Forany 2 < p < g < oo, we have the
following continuous embeddings:

FLY(T) — FLY(T) — FL'(T) — FL*(T)
= L*(T) = FIP(T) < FLIT) — FL>®(T).

The space FL!(T) is the Wiener algebra. The space FL>(T) is the space of pseudo-
measures, which contains all finite Borel measures on T but also more singular
distributions. See [25]. Our main interest is to study (1.1) in FLP(T) for p > 1.
On the one hand, the cubic NLS (1.1) is known to be globally well-posed in
FL*(T) = L*(T) [6]. On the other hand, combining the known results [19, 21, 34],
we can easily show that it is ill-posed in the Fourier—Lebesgue space FL7(T) for
p > 2 in a very strong sense. See Proposition 1.1 below. This necessitates us to
renormalize the nonlinearity and consider the following renormalized cubic NLS:

(12) iou+ 02u £ (Jul* =2 [ lul*dxu=0

ulr=0 = uo.

Note that the renormalized cubic NLS (1.2) is “equivalent” to the original cubic
NLS (1.1) for smooth solutions in the following sense. For u € C(R;L*(T)), we
define the following invertible gauge transformation § by

G(u)(f) 1= T2t JrludPdxy )
with its inverse
(1.3) SN u)(f) 1= X2t Jr uOPdxyp)

Then, thanks to the L?-conservation, it is easy to see that u € C(R;L*(T)) is
a solution to (1.1) if and only if G(u) is a solution to the renormalized cubic
NLS (1.2). This renormalization removes a certain singular component from the
nonlinearity and, as a result, the renormalized cubic NLS (1.2) behaves better than
the cubic NLS (1.1) outside L*(T). The study of (1.2) outside L*(T) has attracted
much attention in recent years [8, 9, 19, 33, 12, 21, 34, 31, 36].
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In [19], Griinrock—Herr adapted the Fourier restriction norm method to the
Fourier-Lebesgue space setting and proved local well-posedness of the renor-
malized cubic NLS (1.2) in FLP(T) for 1 < p < oo by a standard contraction
argument. See also the work by Christ [9]. In [36], by using the completely
integrable structure of the equation, we established the following global-in-time a
priori bound:

(1.4) sup luOll5rr < ClluollF1r)
for any smooth solution u to the renormalized cubic NLS (1.2) and 2 < p < oo,
which implied global well-posedness of (1.2) in FL”(T) for 1 < p < oo.!

As a corollary to the local well-posedness of the renormalized cubic NLS in
[19], one easily obtains the following non-existence result for the original cubic
NLS (1.1) outside L*(T).

Proposition 1.1. Let 2 < p < oo and uy € FLP(T) \ L*(T). Then, for any
T > 0, there exists no distributional solution u € C([—T, T]; FLP(T)) to the cubic
NLS (1.1) such that
(i) ul=0 = uo,
(i1) there exist smooth global solutions {u,}nen to (1.1) such that u, — u in
C(-T,T];D'(T)) asn — oo.

In [21], the first author (with Z. Guo) proved an analogous non-existence result
for (1.1) in negative Sobolev spaces. The argument was based on an a priori bound
for smooth solutions to the renormalized cubic NLS (1.2) in negative Sobolev
spaces and exploiting a fast oscillation in (1.3). The proof of the local well-
posedness in [19] yields an a priori bound for smooth solutions to the renormalized
cubic NLS (1.2) in FLP(T). Then, we can prove Proposition 1.1 by proceeding as
in [21, 35]. We omit details.

In the following, we only consider the focusing case (i.e., with the + signin (1.1)
and (1.2)) for simplicity. Our main results equally apply to the defocusing case.

1.2 Main results. In the following, we introduce two notions of weak
solutions. Let N(u) denote the renormalized nonlinearity in (1.2):2

Nu) : = <|u|2 —2/T |u|2dx)u

Z U(ny )i(n)ii(ns)e' My — Z |a(n)|*a(n)e™.

na#ny,n3 nez

(1.5)

IFor 1 < p < 2, one needs to use the L>-conservation and a persistence-of-regularity argument. See
Appendix A.
2Hereafter, we drop the factor of 2z when it plays no role.
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We firstrecall the following notion of weak solutions in the extended sense.

Definition 1.2. Letl <p <ocoand T > 0.

(1) We define a sequence of Fourier cutoff operators to be a sequence of Fourier
multiplier operators { Ty }yen on D’(T) with multipliers my : Z — C such that

e my has a compact support on Z for each N € N,

e my is uniformly bounded,

e my converges pointwise to 1, i.e., limy_, o, my(n) = 1 for any n € Z.

(i) Let u € C([—T,T];FLP(T)). We say that N(u) exists and is equal to
a distribution o € D'(T x (=T, T)) if for every sequence {Ty}nen Of (spatial)
Fourier cutoff operators, we have

lim N(Tyu) =0
N—oo

in the sense of distributions on T x (=7, T).
(iii) (weak solutions in the extended sense) We say that u € C([—T, T]; FL/(T))
is a weak solution of the renormalized cubic NLS (1.2) in the extended sense if
® ul—o = up,
e the nonlinearity N(u) exists in the sense of (ii) above,
e u satisfies (1.2) in the distributional sense on T x (—7, T), where the nonlin-
earity N(u) is interpreted as above.

In [8, 9], Christ introduced this notion in studying the renormalized cubic NLS
(1.2) in the low regularity setting. See also [20] for a similar notion of weak
solutions, where the nonlinearity is defined as a distributional limit of smoothed
nonlinearities.

Next, we introduce the following notion of sensible weak solutions. See
also [36, 14].

Definition 1.3 (sensible weak solutions). Let 1 < p < oo and T > 0. Given
ug € FLP(T), we say thatu € C([—T, T]; FLP(T)) is a sensible weak solution to the
renormalized cubic NLS (1.2) on [T, T] if, for any sequence {ug ;; }men Of smooth
functions tending to ug in FL(T), the corresponding (classical) solutions u,, with
Upl=0 = Up,, converge to u in C([—T7, T]; FLP(T)). Moreover, we impose that
there exists a distribution v such that N(u,,) converges to v in the space-time
distributional sense, independent of the choice of the approximating sequence.

It is worth noting that, by using the equation, the convergence of u,, to u in
C([-T, T]; FLP(T)) implies that N(u,,) converges to some v in the space-time
distributional sense; see (2.9) below. Hence, the last part of Definition 1.3 is not
quite necessary. We, however, keep it for clarity.
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We point out that these notions of weak solutions in Definitions 1.2 and 1.3
are rather weak. The cubic nonlinearity N(u«) for a weak solution « in the sense of
Definitions 1.2 or 1.3 does not directly make sense as a distribution in general and
we need to interpret it as a (unique) limit of smoothed nonlinearities N(7yu) or
the nonlinearities N(u,,) of smooth approximating solutions u,,. This in particular
implies that weak solutions in the sense of Definitions 1.2 or 1.3 do not have to
satisfy the equation even in the distributional sense.

On the one hand, sensible weak solutions are unique by definition. On the
other hand, weak solutions in the extended sense are not unique in general. In fact,
Christ [8] proved non-uniqueness of weak solutions in the extended sense for the
renormalized cubic NLS (1.2) in negative Sobolev spaces.

Our main goal in this paper is (i) to develop further the normal form approach
to study the (renormalized) cubic NLS, introduced in [22], and provide the solution
theory for (1.2) in almost critical Fourier—Lebesgue spaces (Theorem 1.4) in the
sense of Definitions 1.2 and 1.3 without using any auxiliary function spaces, in
particular, without using the Fourier restriction norm method as in [6, 19] and (i)
to prove unconditional uniqueness of the (renormalized) cubic NLS in FL?(T) for
1<p< g (Theorem 1.5). In proving these results, we apply an infinite iteration
of normal form reductions and transform the (renormalized) cubic NLS into the
so-called normal form equation. We then prove unconditional well-posedness of
the normal form equation in FL”(T) for any 1 < p < oo; see Theorem 1.9 below.

‘We now state our main results.

Theorem 1.4. Let 1 < p < oco. Then, the renormalized cubic NLS (1.2) on T
is globally well-posed in FLP(T)

e in the sense of weak solutions in the extended sense and

e in the sense of sensible weak solutions.

When 1 < p < 2, the same global well-posedness result applies to the (unrenor-
malized) cubic NLS (1.1).

This theorem follows from the local well-posedness by Griinrock—Herr [19],
combined with the a priori bound (1.4) from [36]. As pointed out above, however,
our main goal is to present an argument independent of the Fourier restriction norm
method. We instead employ the normal form approach developed in [22]. Our
approach does not involve any auxiliary function spaces and consequently allows
us to prove unconditional uniqueness of the (renormalized) cubic NLS in FL> (T)
(Theorem 1.5). We point out that the local well-posedness in [19] only yields
conditional uniqueness, namely in the class (1.6) below.



728 T. OH AND Y. WANG

In [22], the first author (with Z. Guo and S. Kwon) proved an analogous result
in L*(T) by implementing an infinite iteration of normal form reductions,? yielding
unconditional uniqueness of the cubic NLS (1.1) in H é(T). The proof of Theo-
rem 1.4 is also based on the same normal form approach. See the next subsection.
Note that when p is very large, Theorem 1.4 is significantly harder to prove than
the L?-result in [22] due to a much weaker FL”-topology.

Given ug € FLP(T), let u be the global solution to (1.2) with u|;.-o = uy con-
structed in Theorem 1.4. Then, by the uniqueness of sensible solutions mentioned
above, u must coincide with the global solution constructed in [6, 19, 36]. In
particular, the solution u# belongs to the class

(1.6) C([—T, T1; FL/(T) N X" ([—T, T])

for some b > ;,, where Xg’b([—T, T1) denotes the local-in-time version of the
Fourier restriction space XS”’ adapted to the Fourier—Lebesgue setting. See (A.1)
and (A.3) below.

As mentioned above, Theorem 1.4 does not allow us to directly* conclude that
weak solutions constructed in Theorem 1.4 are distributional solutions to (1.2).
Forl <p < g, however, Hausdorff—Young’s inequality

FIP(T) c FL>(T) c L3(T),

allows us to make sense of the cubic nonlinearity in a direct manner. In this case,
we have the following uniqueness statement.

Theorem 1.5. Letr1 <p < g Then, given any uy € FLP(T), the solution u to

(1.1) or (1.2) with u) ;=0 = ug constructed in Theorem 1.4 is unique in C(R; FLP(T)).

Namely, unconditional uniqueness holds for both the cubic NLS (1.1) and the
renormalized cubic NLS (1.2) in FLP(T), provided that 1 < p < ; In [22], the
first author (with Z. Guo and S. Kwon) proved unconditional uniqueness in H 6 (T)
and Theorem 1.5 extends this result to the Fourier—Lebesgue setting. We also
mention a recent work by Herr—Sohinger [24] where they proved unconditional
uniqueness of the cubic NLS (1.1) in IP([—7,T] x T) for p > 3. The main
difference between unconditional uniqueness and uniqueness for sensible weak
solutions is that the former does not assume that a solution comes with a sequence
of smooth approximating solutions, while, by definition, sensible weak solutions

are equipped with smooth approximating solutions.

3In [22], we only proved well-posedness of the cubic NLS (1.1) in the sense of weak solutions in the
extended sense. A small modification of the argument yields well-posedness in the sense of sensible
weak solutions. See Section 2.

“That is, unless we use the uniqueness property of sensible solutions and conclude that they belong
to the class (1.6) by comparing with the solutions constructed in [6, 19, 36].
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Remark 1.6. When p = oo, the Fourier—Lebesgue space FL>°(T) does not
admit smooth approximations and hence is not suitable for well-posedness study.
Given s € Rand 1 < p < oo, define FL*P(T) by the norm:

(1.7) I llgzer = 1) F) oz
Note that FL”(T) = FLOP(T). For s < — 117 , we have

FL>(T) c FL>P(T)

and thus we may wish to study well-posedness in FL*?(T) for finite p with s < — !1)
since this space admits smooth approximations. On the other hand, the scaling
critical regularity for the cubic NLS (1.1) with respect to the Fourier—Lebesgue
spaces FL*P(T) is given by sci¢ = —;}. In particular, the cubic NLS (1.1) and
the renormalized cubic NLS (1.2) are known to be ill-posed in the (super)critical
regime.” When s < 0, itis easy to modify the argument in [7, 10, 12] and show that
the solution map is not locally uniformly continuous in FL*P(T). Furthermore,
when s < sqi = —;, the cubic NLS (1.1) and the renormalized cubic NLS (1.2)
admit norm inflation; given any ¢ > 0, there exist a solution « to (1.1) or (1.2) and
t € (0, &) such that

-1
luO)lgrr <& and |[u@®llgrr > & .

See [28]. The norm inflation in particular implies discontinuity of the solution
map at the trivial function® u = 0. Lastly, a typical function in FL>(T) is the
Dirac delta function and (1.1) and (1.2) on T are known to be ill-posed with the
Dirac delta function as initial data; see [14]. See also Kenig—Ponce—Vega [26] and
Banica—Vega [4, 5] for the works on the cubic NLS (1.1) on the real line with the
Dirac delta function as initial data.

Remark 1.7. Following the argument in [22], we can easily extend Theo-
rem 1.4 to FL*P(T) for s > 0 and 1 < p < oo. Similarly, the unconditional

uniqueness result in Theorem 1.5 can be extended to FL*P(T) for (i) s > 0 and

1<p< ; and (ii) p > ; and s > 2’;;3. Note that in these ranges of (s, p), we have

FLP(T) — FL>(T) — L3(T).

STn fact, it is shown in [28] that the cubic NLS (1.1) and the renormalized cubic NLS (1.2) are
ill-posed even in the logarithmically subcritical regime.
%One can easily combine the argument in [28, 31] to prove norm inflation at general initial data,

concluding discontinuity of the solution map at every function FL*P(T), provided that s < s¢rit = —11) .
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1.3 Normal form equation. The main idea for proving Theorems 1.4
and 1.5 is to apply an infinite iteration of normal form reductions to (1.2)” and
transform the equation into a normal form equation (see (1.12) below), which may
look more complicated from the algebraic viewpoint but exhibits better analytical
properties than the original equation.

Let S(¢) = "% denote the linear Schrédinger propagator. We introduce the
interaction representation:

(1.8) w(?) = S(—nu(r) = e_ita-%u(t).

On the Fourier side, we have u(n, t) = et i(n, t). Then, (1.2) can be written as®

oty =i Y T E()(n)u(ns) — i) *6(n)
n=n|—ns+nj

(1.9) na#ng,n3
= Ni(w)(n) + R(w)(n).

Here, the phase function ®(n) is defined by

®(n) : = O(n, ny, no, n3) = n® — n3 +nj — nj

(1.10)
=2(ny —n)(ny — n3) =2(n — n)(n —n3),

where the last two equalities hold under
n=n; —np+n;j.

From (1.10), we see that N corresponds to the non-resonant part (i.e., ®(n) Z 0)
of the nonlinearity and R corresponds to the resonant part. Note that the Duhamel
formulation for (1.2),

u(t) = SOug + i / t S(t — YN (@)dt,
0

is now expressed as a system of integral equations:
t
(1.11) u(n, 1) = fto(n)+/0 {N1(@)(n) + R@)(m)}(t")dr

for n € Z. In the following, the space FL>(T) plays an important role and thus we
introduce the following definition of regular solutions.

"In the following, we restrict our attention to the renormalized cubic NLS (1.2). See Subsection 2.4
for required modifications to handle the cubic NLS (1.1) in Theorem 1.5.

8Due to the presence of the time-dependent phase factor ¢/®™  the non-resonant part Nj(u),
viewed as a trilinear operator, is non-autonomous. For notational simplicity, however, we suppress
such 7-dependence when there is no confusion. We apply this convention to all the multilinear operators
appearing in this paper.
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Definition 1.8. We say that # and u are regular solutions to (1.2) and (1.9),
respectively, if u and u are solutions to (1.2) and (1.9), respectively, such that
u e C(R; ?Lg(T)) andu € C(R; ?LZ(T)), respectively.

The main idea is to apply a normal form reduction to (1.9), namely integration
by parts in (1.11), to exploit the oscillatory nature of the non-resonant contribution.
As in [22, 29], we implement an infinite iteration of normal form reductions and
derive the following normal form equation:

u(®) =u(0)+ Y NY @@ — > Ny w)0)

J=2 J=2

+ / t { SN+ RU)(u)(t’)}dt’,
0 =

J=1

(1.12)

where {Ng) =, are time-dependent (2j — 1)-linear operators while {fl\f({')}‘?j1 and
{RV =1 are time-dependent (2/+ 1)-linear operators. As we see in Section 3, multi-
linear dispersion effects are already embedded in these multilinear terms, which al-
lows us to prove that these multilinear operators are bounded in C([—T, T]; FLP(T))
forany 1 < p < oco. Moreover, we show that the normal form equation (1.12) is
equivalent to (1.9) and the renormalized cubic NLS (1.2) in C(R; ?Lg(T)). See
Proposition 2.1. As a consequence, we can easily prove local well-posedness of the
normal form equation (1.12) in FL7(T) by a simple contraction argument without

any auxiliary function spaces.

Theorem 1.9. Let 1 < p < oo. Then, the normal form equation (1.12) is
unconditionally globally well-posed in FLP(T).

In [22], an analogous result was shown in L*(T). When p > 2, the FL”-norm
is weaker than the L>-norm. In particular, when p > 1, this fact makes it much
harder to show convergence of the series in the normal form equation (1.12) with
respect to the FLP-topology.

Once we establish the relevant multilinear estimates (Proposition 2.1), the proof
of unconditional local well-posedness for the normal form equation (1.12) follows
from a simple contraction argument. Moreover, we show that the local existence
time T depends only on the size of the initial data ||ug||57» and consequently, we
conclude that solutions exist globally in time in view of the global-in-time bound
(1.4) from [36]. See also Appendix A.

Finally, note that Theorem 1.5 follows easily thanks to the equivalence
of (1.2) and the normal form equation (1.12) for regular solutions belonging
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to C(R;&"Lg(T)). The contraction argument in proving Theorem 1.9 yields the
following Lipschitz bound:

(1.13) fu?n lu@®) — vO)llgr < C(T, B)[[u(0) — v(0) [l 52

for any 7 > 0, where R > O satisfies ||u(0)|| 5z, [|[v(0)||5»r < R. Furthermore,
from (1.2), (1.9), and (1.12) with (1.5) and (1.8), we obtain

/ t Nu)(@)dt
0

(1.14) = S(f){ S NP ) — S NP @)(0)

Jj=2 Jj=2
- /0 [Z NO(S(= i) + 3 RO(S(— ->u>(r’>] dr’}.
j=1 J=1

Then, (1.13) and (1.14) together with the multilinearity of the summands in (1.14)
and the unitarity of the linear operator S(¢) in FLP(T) allow us to conclude conver-
gence of smoothed nonlinearities N(Tyu) or the nonlinearities N(u,,) of smooth
approximating solutions u,, required in Definitions 1.2 and 1.3. This is a sketch of
the proof of Theorem 1.4.

In Section 2, we present the proofs of the main results, assuming the bounds
on the multilinear operators {Ng) facy {N(li) 21» and {RV 21 (Proposition 2.1). In
Section 3, we implement an infinite iteration of normal form reductions as in [22]
and prove Proposition 2.1.

Remark 1.10. Let p > ; Given u € C([-T, T]; FLP(T)), we can not, in

general, make sense of the cubic nonlinearity N(u) as a distribution since
FIP(T) ¢ L3(T).

In other words, we can not estimate the cubic nonlinearity without relying on
some auxiliary function space. In (1.14), we re-expressed the cubic nonlinearity
into series of the multilinear terms of increasing degrees. On the one hand, this
transformation brings algebraic complexity. On the other hand, the right-hand
side of (1.14) is convergent for u € C([—T, T]; FL’(T)), allowing us to make
sense of the right-hand side of (1.14) as a distribution. Namely, while the left-
hand side of (1.14) and the right-hand side of (1.14) coincide for regular solutions
ueC(-T,T1, FL? (T)), the right-hand side of (1.14) provides a better formulation
of the nonlinearity for rougher functions u € C([—T, T]; FLP(T)), g <p <oo. In
this sense, we can view the right-hand side of (1.14) as a further renormalization
of the renormalized nonlinearity N(«) in (1.5).
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By expressing the normal form equation (1.12) in terms of the original function
u(t) = S(t)u(z), we obtain

u(t) = S(Ou0) + S > NP w)(®) — 1) Y NG (1)(0)

(1.15) t s e
+ /O S(t— t’){ S NPy + R(j)(u)(t’)}dt’,
Jj=1 Jj=1
where

N (@) = NP (S(= u)(@),
(1.16) NY ()() = SNV (S(— Hu)(@),
RPu)(t) = S(ORV(S(— u)(@).

As we see in Section 3, the multilinear operators S(t)Ng)(t), N(j), and RV are
autonomous. The discussion above shows that the normal form equation (1.15)
expressed in terms of u(7) = S(¢)u(z) is a better model to study than the renormalized
cubic NLS (1.2) (and the cubic NLS (1.1)) in the low regularity setting, which can
be viewed as a further renormalization to the (renormalized) cubic NLS.

Lastly, we point out that the terms on the left-hand side of (1.16) are indeed au-
tonomous (unlike the non-autonomous multilinear terms in (1.14)). See Section 3.

Remark 1.11. A precursor to this normal form approach first appeared in the
work of Babin—Ilyin—Titi [3] in the study of KdV on T, establishing unconditional
well-posedness of the KAV in L*(T). See also [30]. In [22], the first author with
Z.Guo and S. Kwon further developed this normal form approach and introduced an
infinite iteration scheme of normal form reductions in the context of the cubic NLS
on the circle. In this series of work, the viewpoint of unconditional well-posedness
was first introduced in [30], while the viewpoint of the (Poincaré—Dulac) normal
form reductions was first introduced in [22]. This normal form approach has also
been used to prove nonlinear smoothing [13], improved energy estimates [32, 35],
and construct an infinite sequence of invariant quantities under the dynamics [11].

Remark 1.12. In arecent paper [14], the first author with Forlano studied the
cubic NLS on R. In particular, by implementing an infinite iteration of normal form
reductions, they proved analogues of Theorems 1.4, 1.5, and 1.9 in almost critical
Fourier—Lebesgue spaces FLP(R), 2 < p < oo, and almost critical modulation
spaces M>P(R), 2 < p < oo. Relevant multilinear estimates were studied based
on the idea introduced in [29], namely, successive applications of basic trilinear
estimates (called localized modulation estimates).
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2 Proof of the main results

In this section, we present the proofs of the main results (Theorems 1.4, 1.5, and
1.9), assuming the validity of the transformation of the equation (1.11) to the
normal form equation (1.12) and the boundedness of the multilinear operators in
(1.12) (Proposition 2.1).

2.1 Series expansion of regular solutions. In Section 3, we implement
an infinite iteration of normal form reductions and transform the equation (1.9) into
the normal form equation (1.12) for regular solutions. The following proposition
summarizes the properties of the multilinear operators in (1.12). Given R > 0,
we use By to denote the ball of radius R centered at the origin in various function
spaces.

Proposition 2.1. Letl < p < ooandT > 0. Then, there exist time-dependent
multilinear operators {Ng) jary {N({) 21 and { RO 1751, depending on the parameter
K = K(R) > 1 such that any regular solutionu € C([—T, T]; FL> (T)) to (1.9) with

uw(0) € Bg C FLP(T) satisfies the following normal form equation:

u® —u0) =Y N — Y Ny ) 0)

= =

2.1
¢ [} ) [} 4
+ / { SNV +> fR(’)(u)(t’)}dt’
0 L= j=1
in C([—T, T];?L%(T)). Moreover, {J\I(()")}j‘?j2 are (2j — 1)-linear operators, while
{J\f({')}]‘-f1 and {91(7)}?:1 are (2j + 1)-linear operators (depending on t € [—T,T]),
satisfying the following bounds on FLP(T).°

2j—1

(2.2) sup INSOG . fs - Hi-Dllga < Coj [[ Willswe.
te[-T,T] i=1
2j+1

(2.3) S INVO s fos - - e llg < Cug [ illsm.
21j+11

(2.4) te[sBYPTJ RO F 1y fos - - -5 frps) T2y < Coj H Wfill #2r (s

i=1

9Here, we view Ng) = J\Jg)(t), J\JY) = N(li)(t), and RV = RV(r) as multilinear operators acting on
FIP(T) with a parameter ¢ € [—T7, T]. The same comment applies to ng) in (2.13).
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for any f; € FLP(T), where

4(1=)) K o+a=n

(2.5) CoK)=C" o and CK)=C

for some absolute constant C,, > 0 depending only on p.
In Proposition 2.1, we imposed a strong regularity assumption:
ue C([—T, T}; FL>(T)).
This regularity assumption can be easily relaxed.

Corollary 2.2. Let 1 < p < co and T > 0. Suppose that a solution
u e C([-T,T);FLP(T)) to (1.9) admits a sequence of smooth approximating so-
lutions {W,,}en in the sense that (i) w,, is a smooth solution to (1.9) and (ii) u,,
converges tou in C([=T, T]; FL(T)). Then, u satisfies the normal form equation
(1.14) in C([—T, T]; FLP(T)).

In view of the estimates (2.2), (2.3), and (2.4), we see that the right-hand
side of (2.1) is convergent for u € C([—T, T]; FLP(T)). See also the proof of
Theorem 1.9 below. By using the multilinearity of the operators, we only need
to estimate the difference such as Ng)(u) - Ng)(um). Note that such a difference
contains O(j)-many terms since

2j—1

|a2j—l _ b2j—l| 5 (Z a2j—l—kbk—l) |Cl _ bl

k=1

has O(j) many terms. This, however, does not cause any issue thanks to the fast
decay (2.5) of the coefficients Cyp; and C; ;. Since the proof of Corollary 2.2 is
straightforward computation with (2.2), (2.3), and (2.4), we omit details.

We postpone the proof of Proposition 2.1 to Section 3. In the remaining part
of this section, we present the proofs of Theorems 1.4, 1.5, and 1.9, assuming
Proposition 2.1. In Subsection 2.4, we discuss the case of the (unrenormalized)
NLS (1.1).

We first present the proof of Theorem 1.9.

Proof of Theorem 1.9. Given 1 < p < o0, letug € FL”(T). With

K =K(lwllgrr) = 1
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(to be chosen later), define the map I'y, by

To,(W(®) = up+ Y NG @@ — > NP w)(0)

=2 J=2
t o0 . o0 .
+ / < SN+ W(u)(r’)) dr,
0\ = j=1
where the multilinear terms on the right-hand side (depending on the choice of
K > 1) are as in Proposition 2.1. Let T > 0. Then, by Proposition 2.1, we have

ITw, (Wl e

oo
2j—1 2j—1
< luollszr + Y Co(K)(llwollF, + Il )
Jj=2

+ T (CLi(K) + Co (KD lull s,
j=1
where CrIL? = C([—T, T]; FLP(T)).
Let R =1+ ||ug||57». Then from (2.2), (2.3), and (2.4), we have
ITw, (Wl e
> KAI-)HRZ-1 > K*=DQR)Y2
+ CZ |

< R+CZ | llallc, 51
(2.6) =2 J: =
o O +4(1—)) 2j 0 pA(l—j) 2j
Kr (2R)Y K*1=D(2R)Y
+ CT{ > i +> i lullc,rr
j=1 J=1

foranyu € Byg C C([—T, T]; FLP(T)). The series in (2.6) are obviously convergent
for any K > 1 thanks to the fast decay in j but, by choosing K = K(R,p) > 1
sufficiently large, we can guarantee that

> KA1=)HR2-1 1 . K*=D(QR)¥2 1
C < d C < .
o S0 ; ! =10

Note that the third series in (2.6) has non-negative powers of K for 1 < j < P,‘il,
while a power of K does not appear in the fourth series when j = 1. These terms
can be controlled by choosing

T=T(K,R)=T([R) > 0

sufficiently small. As a result, we obtain

11 1
ITw,(Wllc,5r < 10R+ 5||u||CT:TU’ < 2R
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for any u € Byy € C([—T,T];FLP(T)). A similar argument also yields the
following difference estimate:

1
2.7) Wuo (@) = Ty WMlleyrr < g llw= Ve

In establishing the difference estimate (2.7), we need to estimate the differences
such as Ng ) (u)— Ng ) (v) which contains O(j)-many terms as mentioned above. This
does not cause any issue thanks to the fast decay (2.5) in j of the coefficients Co ;
and Cl,j-

Therefore, by a standard contraction argument and a continuity argument,'?
we conclude that the normal form equation (1.12) is unconditionally locally well-
posed in C([—T, T]; FLP(T)). Global well-posedness follows from the a priori
bounds (1.4) and (A.10) on the FL7-norm of smooth solutions to (1.2) implying
the same bound for smooth solutions to (1.9) and (1.12).

Lastly, by taking the difference of two solutionsu, v e C([—T, T]; FLP(T)) with
different initial data uy and v, we have

11 1
lu—=vllc,o0r < 10 luo — vollg2» + 5 la—=vicsrr,
which implies the Lipschitz bound (1.13) for

T =T(luollgrr, lIVollFzr) > O

sufficiently small. By iterating the Lipschitz bound (1.13) on short intervals with
the global-in-time bounds (1.4) and (A.10), we conclude that (1.13) forany 7 > 0.0]

2.2 Sensible weak solutions: Proof of Theorem 1.4. In the following,
we only show global well-posedness of the renormalized cubic NLS (1.2) in the
sense of sensible weak solutions according to Definition 1.3. As for well-posedness
in the sense of weak solutions in the extended sense according to Definition 1.2,
one can simply use Proposition 2.1 and repeat the argument in [22].

Givenuy € FLP(T), let { uo .} men be a sequence of smooth functions converging
to ug in FLP(T). Let u,, be the smooth solution to (1.2) with u,,|,~o = u,, and set
u,,(?) = S(—Hu,(¢). Then, it follows from Proposition 2.1 that u,, is a solution to
the normal form equation (2.1). From the Lipschitz bound (1.13), we have

lum = tnllcrgrr = 0n — Waller1r
(2.8) < C(D)1uy(0) — wy(0) [l 520
= C(D)lum(0) — un(O)|l 51
10The contraction argument yields uniqueness only in By C C([—T, T]; FLP(T)) and a continuity

argument is needed to extend the uniqueness to the entire C([—7, T']; FLP(T)). This part of the argument
is standard and thus we omit detail. See for example [11].
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for all m,n > 1 and any T > 0. This shows that {u,,},cn is a Cauchy sequence
in C(R; FLP(T)) endowed with the compact-open topology (in time) and hence
converges to some U, in C(R; FLP(T)).

Now, we prove uniqueness of the limit u.,, independent of smooth approximat-
ing solutions. Given ug € FLP(T), let {uy}men and {v,},en be two sequences of
smooth solutions such that u,,(0), v,(0) = ug in FLP(T) as m,n — oo. Then, by
the argument above, there exist uq, Voo € C(R; FLP(T)) such that u,, — u- and
Uy — Voo In C(R; FLP(T)) as m,n — oo. Then, by the triangle inequality with
(1.13) and (2.8), we obtain

ltoo — Vollcrgrr < Nt — umllcrgrr + |t — Onllcpgr + lon — 0 llcpr
< lu — upllc;g1r + Cllum(0) — 0,(0)|lgrr + lop — 0 |lcr51r

—> 0,

as m, n — 00. Therefore, we have Uy = 0oo.

Lastly, combining this convergence with (1.2), we obtain
(2.9) NGty) = Nttn) = =011t — ttn) = 3ty = 1) —> 0

in the distributional sense as m,n — oo0. Therefore, we conclude that (1.2) is
globally well-posed in the sense of sensible weak solutions.

2.3 Unconditional well-posedness of the renormalized cubic NLS.
We briefly discuss the proof of Theorem 1.5 for the renormalized cubic NLS (1.2).
Given ug € FL> (T), let u and v be two solutions to (1.2) with

uli=0 =0 |i=0 = to

in C([—T, T];&"Lg(']l‘)) for some T > 0. By Proposition 2.1, we see that their
interaction representations

u(®) = S(=Hu() and v(t) = S(—o (t)

satisfy the normal form equation (1.12). Then, from the unconditional uniqueness
for (1.12) in C([—T, T];ff"Lg(T)) (Theorem 1.9) and the unitarity of the linear
operator in FLP(T), we conclude that u = v in C([-T, T1; ?Lg(']l‘)). This proves
Theorem 1.5.
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2.4 On the cubic NLS. We conclude this section by discussing the situa-
tion for the cubic NLS (1.1). By writing

lu|u = <|u|2—2/ |u|2dx>u+2</ |u|2dx>u
T T

> un)iano)a(ns)e ™ Y =N Cia(n) Pame™
(2.10) naFny,n; nez

+ 2< / |u|2dx> > d(n)e™
T

n

I +1+1,

we see that the third term K is the only difference from the case for the renormalized
cubic NLS (1.2). By taking an interaction representation, we can write (1.1) as

(2.11) o, = Ni(u)(n) + R(w)(n) + Ry (w)(n),
where R, (u)(n) is given by

IRz(u)(n)=2i( /T |u|2dx>ﬁ(n).

As compared to (1.9), R,(u) is the only difference. Note that this extra term R, (u)
imposes the restriction p < 2. As in the case of the renormalized NLS (1.2), we
prove the following proposition in Section 3.

Proposition 2.3. Let1 <p <2and T > 0. Then, there exist time-dependent

multilinear operators {NY}1%%, {NV}2, (RO}

focy Fot 21 and {ng) X1 depending on the

parameter

K=KR)>1
such that the interaction representation u(t) = S(—t)u(t) of any regular solution
ue C(-T,T]; S"Lg(']l')) to (1.1) with u(0) € Bg C FLP(T) satisfies the following
normal form equation:

u(®) —u©0) =Y NY@® — > NP (w)0)

Jj=2 Jj=2
+ /0 t { S NP )+ ROy + > Rg)(u)(t’)}dt’
Jj=1 j=1 J=1

in C([-T,T]; S’Lg(T)). Here, {Ng) Faoy {NY) 2 and {91(7)}?:1 are as in Proposi-
tion 2.1, satisfying the bounds (2.2), (2.3), and (2.4), while {RY}, are (2j + 1)-

linear operators (depending on t € [—T, T)), satisfying the following bound:

(2.12)

2j+1

(2.13) sup RO, fo - - - Py sy < Cog [ Wfillswren).s

te[=T.T]

for any f; € FLP(T), where Cyj = Co j(K) > 0 is as in (2.5).

i=1
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With Proposition 2.3, we can proceed as in the proof of Theorem 1.9 and prove
the following unconditional well-posedness of the normal form equation (2.12) for
the cubic NLS (1.1).

Theorem 2.4. Let 1 < p < 2. Then, the normal form equation (2.12) is
unconditionally globally well-posed in FLP(T).

Then, Theorem 1.4 for 1 < p < 2 and Theorem 1.5 for the cubic NLS (1.1)
follow from arguments analogous to those presented above. We omit details.

3 Normal form reduction: Proof of Proposition 2.1

In this section, we implement an infinite iteration of normal form reductions in
the Fourier—Lebesgue space FL”(T), 1 < p < oo, and prove Proposition 2.1. The
argument is presented in an inductive manner. More precisely, we start with the
formulation (1.9) and refer to this case as the first step (J = 1). Define

3.1) Ni@) = > Ni@e™ and R):=>_ R@)(n)e™,
nez nez
where Ni(u)(n) and R(u)(n) are as in (1.9). In what follows, we view N; and R as
trilinear operators.
For notational convenience, we set

RO =R and NP :=N;.

While we keep the resonant part RV as it is, we divide the non-resonant part NV
into a “good” part Nﬁl) (nearly resonant part) and a “bad” part N(zl) (highly non-
resonant part), depending on the size of the phase function ®(n). On the one
hand, the restriction on the phase function ®(n) allows us to establish an effective
estimate on the good part N(ll). On the other hand, the bad part does not allow for
any good estimate. To exploit fast time oscillation, we then apply a normal form
reduction to the bad part N(zl) and turn it into the terms NE)Z), R®_ and N@ in the
second generation (J = 2). We can easily estimate the terms N(()Z) and R®. As in
the first step, we divide N@ into a good part N and a bad part N, where the
threshold is now given by the phase function for the quintilinear term N®. While
the good part Nﬁz) allows for an effective quintilinear estimate, we apply a normal
form reduction to the bad part N(22) and turn it into three terms Ng), R and N®

in the third generation (J = 3). We proceed in an inductive manner.
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After applying normal form reductions J — 1 times, we arrive at the three terms
NS, RO, and N, The main difficulty appears in the last term N“. As in the
previous steps, we divide N¢ into a good part N' (with an effective (2J + 1)-linear
estimate) and a bad part Ng). We then apply a normal form reduction to the bad
part Ng) and iterate this procedure indefinitely. Under some regularity assumption,
we show that the error term Ng) tends to 0 as J — oo.

In order to carry out the strategy described above, we need to address the
following four issues:

e How do we separate N“) into “good” and “bad” parts?

e How do we estimate these good terms in the FL7(T) when p > 1? As we
see below, NE)J) is (2J — 1)-linear, while RY? and N are (2J + 1)-linear.

e Under what condition does the remainder term N(ZJ) tend to 0 as J — oo, and
if so, in which sense?

o We need to show convergence of the series representation (2.1).

We address these issues in the remaining part of this section. In the following,
we fix 1 < p < oco. The major part of this section is devoted to studying the
renormalized cubic NLS (1.2). As for the (unrenormalized) cubic NLS (1.1), see
Subsection 3.6.

3.1 Base case: J=1. Define the trilinear operators N and RV by

NO@y, w,uz) =i ™ Y 0 (n)a(n2)U3(n3),

nez n=nj—n+n3
(3.2) na7ng,n;
ROy, up,u3) = =i Y ™0y (M (n)U3(n),
nez

where ®(n) is as in (1.10). For notational simplicity, we set
NO@) = ND(u, u,n), etc.

when all the three arguments coincide. Note that this notation is consistent with
(1.9) and (3.1). Then, we can write (1.9) as

(3.3) o =NV + R (u).
The resonant part satisfies the following trivial estimate.

Lemma 3.1. Let 1 < p < co. Then, we have

3
(3.4) 1RO Cay, wz, ws)llgr < [ luillger
i=1

Proof. This is clear from €2 C £3P. 0
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Remark 3.2. (i) In the following, we establish various multilinear estimates.
To simplify notations, we only state and prove estimates when all arguments agree
with the understanding that they can be easily extended to multilinear estimates.
Under this convention, (3.4) is written as

1 3
IRV @)z < llallF,.

We also use u,, = u,,(7) to denote u(n, r). Moreover, given a multilinear operator M,
we simply use M(u)(n) to denote the Fourier coefficients of M(u).

(i) The multilinear operators that appear below are non-autonomous, i.e., they
depend on a parameter ¢t € R. They, however, satisfy estimates uniformly in time
and hence we simply suppress their time dependence. See (3.10) for example.

Next, we consider the non-resonant part NV in (3.2). As it is, we can not
establish an effective estimate and hence we divide it into two parts. Given K > 1
(to be chosen later) and 1 < p < oo, let € = ¢(p) > 0 be a small positive number
such that

3.5) pP—1—¢g>0.

In the following, we simply set

p-1
3.6 = 0
(3.6) e , >
such that (3.5) is satisfied. Furthermore, we set
4y’
3.7) = P S
p—1—c¢
We write N in (3.2) as
(3.8) N = NP+ N,

where N{" is the restriction of NV onto A (on the Fourier side), where

A =JAim)

with!!
Ai(n) :={(n,n1,n2,n3) :n=ny —ny+ns, nj,n3 #n,

3.9) — 0
| D) = |2(n — n1)(n — n3)| < 3K)"}

and N§” := N — N Then, the “good” part N{") satisfies the following trilinear
estimate.

1 Clearly, the number 3¢ in (3.9) does not make any difference at this point. However, we insert it to
match with (3.25). See also (3.18).
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Lemma 3.3. Let N\" be as in (3.8). Then, we have
(1) < a3
(3.10) INV' Wllgr S K7 lall5,,
where 0 is as in (3.7).

As in the p = 2 case studied in [22], the following divisor estimate [23] plays
an important role in the following. Given an integer n, let d(n) denote the number
of divisors of m. Then, we have

3.11) d(n) < eroroen (= o(n?) for any > 0).
Remark 3.4. With (3.6) and (3.7), we have
260 16
K» =Kvr-1,
which appears in (2.5) of Proposition 2.1.

Proof. Fix n, u € Z with |u| < (3K)?. Then, it follows from the divisor
estimate (3.11) that there are at most (3K)°* many choices for n; and n3 (and hence
for ny from n = n; — ny + n3) satisfying

(3.12) u =2n—np)(n—n3).

Hence, we have

S“P( > > 1)5 > GK™ <G,
"N I GKy = s Ll <K
2

ni,n3
u=0(n)

Then, by Holder’s inequality, we have

( E E E Uy, Uy, Uy,

n |/t|§(3K)H n=n;—nz+ns
nyFng,n;

IN @) |10

p) ,

u=0(n)
P 1
E’ E’ E’ 7 E:APA AL
S 1 |un|| |un|+n3—n| |un3|
n || <(3K)? n=ni—na+tns ny,n3€Z
na#ng ,n3
u=0(n)

2 3
S K a5,

This proves (3.10). g
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Now, we apply a normal form reduction to the remaining highly non-resonant
part N(zl). More precisely, we differentiate N(zl) by parts (i.e., the product rule on
differentiation in a reversed order) and write

0 DY
N =Y o~ ),
IR D)
ei‘D(E)t eiID(rT)t
=-S5 46,0 }— — 0/(ti, Gy, 0
(3 13) ot t (D(I’l) ny Yny Yns A%:)C CD(YZ) t( ny Yy n3)
. 1 1
eiID(rT)t Z eiID(rT)t
= 6l|: — ﬁnl ﬁnzﬁn3:| - — 6t(ﬁn1 ﬁnzﬁl‘l3)
Ay PO Ay OO

=: a,Néz) (w)(n) + N (w)(n).

The boundary term Ngz) can be estimated in a straightforward manner. Using
the equation (1.9), we can express N®(u)(n) as a quintilinear form:
0

N@m=- 3 ¢

— {R(u)(ny )ﬁnz ﬁn3
Py

+ Ty, R0y + Ty T RAW(3) |

ill)(rT)t
(3.14) -y eq) @ {Nl(u>(n1)ﬁn2ﬁn3

A(n)©
+ 8, Ny (W(012) + 8, B, Ny (W) |
= RP)(n) + NP (u)(n).

In view of (3.2), we regard R®(u)(n) and N®(u)(n) on the right-hand side as
quintilinear forms. As in the first step, we will need to divide N® into good
and bad parts and apply another normal form reduction to the bad part. Before
proceeding further, we first recall the notion of ordered trees introduced in [22].
This allows us to express multilinear terms in a concise manner.

Remark 3.5. We formally exchanged the order of the sum and the time
differentiation in the first term at the third equality. This can be easily justified in
the distributional sense (see Lemma 5.1 in [22]) and also in the classical sense if

ue C([—T, T1; FL:(T)) C C([—T, T1; L*(T)).
See [22].

3.2 Notations: index by trees. In this subsection, we recall the notion
of ordered trees and relevant definitions from [22].
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Definition 3.6. (i) Given a partially ordered set J with partial order <, we
say that b € Twithb < aand b Faisachildofa € T, if b < ¢ < a implies either
c =aor c = b. If the latter condition holds, we also say that a is the parent of b.

(ii) A tree 7 is a finite partially ordered set satisfying the following properties.

e Letay,ar,az,a4 € T. If ay < a»b < ay and a4 < az < a;, then we have

a, < azoraz < a.

e A nodea € T is called terminal, if it has no child. A non-terminal nodea € T

is a node with exactly three children denoted by a;, a;, and a3.

e There exists a maximal element » € T (called the root node) such that a < r

for all a € T. We assume that the root node is non-terminal.

e 7 consists of the disjoint union of T7° and T°°, where T° and 7> denote the

collections of non-terminal nodes and terminal nodes, respectively.
The number |T| of nodes in a tree T is 3j + 1 for some j € N, where

7% =j and |T°°|=2j+1.
Let us denote the collection of trees in the jth generation by 7(j):
T@G) :={7 :Tisatree with |T| =3j+ 1}.

Note that T € T(j) contains j parental nodes.

(iii) (ordered tree) We say that a sequence { ‘J}}jle is a chronicle of J generations,
if

e JjeT()foreachj=1,...,J,

e T, is obtained by changing one of the terminal nodes in J; into a non-

terminal node (with three children),j=1,...,J — 1.

Given a chronicle {‘J’j}f:l of J generations, we refer to T, as an ordered tree of the
Jth generation. We denote the collection of the ordered trees of the Jth generation
by €(J). Note that the cardinality of T(J) is given by

(3.15) TN =1-3-5---Q2J=-1)=2J - D!l =¢cy.

The notion of ordered trees comes with associated chronicles; it encodes not
only the shape of a tree but also how it “grew”. This property will be convenient
in encoding successive applications of the product rule for differentiation. In the
following, we simply refer to an ordered tree J; of the Jth generation but it is
understood that there is an underlying chronicle { T;}.,.

Given a tree T, we associate each terminal node a € T* with the Fourier
coefficient (or its complex conjugate) of the interaction representation u and sum
over all possible frequency assignments. In order to do this, we introduce the index
function n assigning frequencies to all the nodes in T in a consistent manner.
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Definition 3.7 (index function). Given an ordered tree J (of the Jth generation
for some J € N), we define an index function n : 7 — 7Z such that,
(1) ng =ng —ng, +n,, fora e 79, where a,, a», and a3 denote the children of a,

(i) {74, Ny} N {ng,, ngy} =0 fora e T°,
(i) |u1] = 12(n, — n,)(n, — n,,)| > (3K)?,12 where r is the root node,

where we identified n : T — Z with {n,}.c7 € Z”7. We use
NT) c 27
to denote the collection of such index functions n.

Remark 3.8. Note thatn = {n,},c is completely determined once we specify
the values n, for a € T*°.

Given an ordered tree T, of the Jth generation with the chronicle {‘.Tj}]!:1 and
associated index functions n € 91(7;), we use superscripts to denote “generations”
of frequencies.

Fix n € 9U(T;). Consider T; of the first generation. Its nodes consist of the root
node r and its children r, r,, and r3. We define the first generation of frequencies
by

1 1 1 Dy .
@, 1V, 0P, 0y = (n,, my, ny, ).

The ordered tree T, of the second generation is obtained from J; by changing one
of its terminal nodes a = r; € T{° for some k € {1, 2, 3} into a non-terminal node.
Then, we define the second generation of frequencies by

2 @ 2 L@\,
n?, 0P, 0, 1) = (g, na,, Rays Ras).

Note that we have n® = n,i])

= n,, for some k € {1, 2,3}. As we see later, this
corresponds to introducing a new set of frequencies after the first differentiation
by parts.

After j — 1 steps, the ordered tree TJ; of the jth generation is obtained from J;_;
by changing one of its terminal nodes @ € T/ into a non-terminal node. Then,

we define the jth generation of frequencies by
09,0 09, n{) = (4, nay» ey, 1ay).

Note that these frequencies satisfy (i) and (ii) in Definition 3.7.

12Recall that we are on A (n)°. See (3.9).
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Lastly, we use u; to denote the corresponding phase factor introduced at the jth
generation. Namely, we have

wi = w0, nd, n)
= (") — () + () — ()’
= 2(n(zj) — n(lj))(n(zj) — ng))
=20 — n)n? — n),

(3.16)

where the last two equalities hold thanks to (i) in Definition 3.7.
Remark 3.9. For simplicity of notation, we may drop the minus signs, the

complex number i, and the complex conjugate sign in the following when they do
not play an important role.

3.3 Second generation: J = 2. With the ordered tree notion introduced
in the previous subsection, we now rewrite (3.14) as

NPwm= > > 3 1y ewl ROWm) ] U,

T1e€X(1) beT ne‘ﬁ(‘]’l) aeTP\{b}
i(1+u2)t
(3.17) e ~
+ > > laor 11 8.
TLeF(2) neN(T2) H aeTge
n,=n

= RP)(n) + NP u)(n).

In the first equality, we use (1.9) and replace o,u,, by RO ) (np) and NO(u)(np).
Strictly speaking, the new phase factor may be ¢ — x> when the time derivative
falls on the complex conjugate. However, for our analysis, it makes no difference
and hence we simply write it as x| + ;. We apply the same convention for
subsequent steps.

Putting (3.13) and (3.17) together, we have
NP @)(n) = aNG W)(n) + RP@)(n) + N (w)(n).

The boundary term Néz)(u) and the “resonant” term R® can be bounded in a
straightforward manner.
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Lemma 3.10. Let 1 < p < oo. Then, we have

2 —4 3
INS @5 < K allZ,,
2 —4 5
IRP@ 5y < K a3y,

For the proof of Lemmas 3.10, see Lemma 3.12 and 3.13 with J = 2.

With € > 0 as in (3.7), we decompose the frequency space!® of N for fixed
T, € T(2) into

(3.18) Ay :={n e N(T) : |1 + pa| < 5K},
and its complement AS. Then we decompose N as
(3.19) N® =N ¢ NP,

where

2
NP = Ny,
is defined as the restriction of N on A, and

(2) ._ \(® 2)
NP = N@ — NP,

Thanks to the restriction (3.18) on the frequencies, we can estimate the first
term N>,

Lemma 3.11. Ler 1 < p < co. Then, we have
N < Ky ulld
INV gy S K7 llallFg,.

For the proof of Lemma 3.11, see Lemma 3.14 with J = 2.

As we do not have a good control on the operator NP, we apply another normal
form reduction to Néz). On the support of N, we have

(3.20) luil > BK)Y and  |uy + ua| > (5K

31f we fix T» € F(2), then the frequency space of N for this fixed T in (3.17) is given by
{(na, a € T5°) :n = {naleer, € NI}

In view of Remark 3.8, we can then identify the frequency space of N for this fixed T with 9UT3).
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By applying differentiation by parts once again, we have

NP (w)(n)

:a,[ Do 2 1

T,eT(2) neN(T7) P Ha (e po) aeTE
n,=n

eilmitut N
D SD S (1] a.)

¢ 0
Ay +pn)

ellurtu)t R
Nq

TLeT(2) neN(T?) aeTY
n,=n
DS N |
=0 1~ .. u
321 t[ 4 }
(3.21) Ter@nenry 0 MK p2) ae T
n,=n
ell+ua)t R
FY Y Y e
s . =5y (e + p2) =
2€T(2) beT3 nel;)?:(;.{z) aeT2 \{b}

e+t

¥ Z Z lm?:‘A;ﬂl(ﬂ1+ﬂ2) H U,

T3€ZT(3) neN(T3) aeTge
n.=n
= o NS (w)(n) + R () (n) + N®(u),

where the summations are restricted to (3.20). As for the last term N® (u), we
need to decompose it into N(13)(u) and Ng )(u), according to the further restriction

(3.22) Az = {n e N(T3) : |u1 + p2 + usl < (7K.

On the one hand, the modulation restrictions (3.9), (3.18), and (3.22) allow us to
estimate operators Ng), R and N(13 ); see Lemmas 3.10 and 3.11 below. On the
other hand, we apply another normal form reduction to Ng ). In this way, we iterate
normal form reductions in an indefinite manner.

3.4 General step: Jth generation. In this subsection, we consider the
general Jth step of normal form reductions. Before doing so, let us first go over
the first two steps studied in Subsections 3.1 and 3.3. Write (3.3) as

o= RO ) + NP ) + N (w).

The first two terms on the right-hand side admit good estimates; see Lemmas 3.1
and 3.3. We then applied the first step of normal form reductions to the troublesome
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term Ngl)(u) and obtained

2 2
ou = 6INE)2)(u) + Z R (u) + Z N(ll)(u) + Ngz)(“)-

J=1 J=1

See (3.13), (3.17), and (3.19). Note that only the last term Ngz)(u) can not be
estimated in a direct manner. By applying a normal form reduction once again, we
obtained

3 3 3
(3.23) ou=>"oNJ+> RO+ NV (w) + N (w).

j=2 J=1 Jj=1

See (3.21). Once again, all the terms in (3.23), except for the last term N?)(u),
admit good estimates; see Lemmas 3.12, 3.13, and 3.14 below. We then apply
the third step of normal form reductions to Ng )(u). We can formally iterate this
process. In particular, after applying normal form reductions J — 1 times, we would
arrive at

J J J
(3.24) ou=>"oNY+> RO+ NP (w) + N (w).

J=2 J=1 J=1

In the following, we define each term on the right-hand side of (3.24) properly.
With u; as in (3.16), define y; by

J
j= Z M
k=1
We then set
(3.25) A; = {11,] < (2j+ DK)?),

where 6 > 0 is as in (3.7). Given j € N, we define Ng)(u)(n) by

ethit

(3.26) Nwwm= Y D Iy I 7 11 u...

T;€Z() neN(T;) ae‘J’OC

n,=n

Note that this definition is consistent with N5, N&, and N that we saw in the
previous subsections. By applying a normal form reduction to (3.26) with (3.3),
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we obtain

MWam=al ¥ Y 1y " Hﬁn,,]

T;€T(j) neN(T)) =1 Kk qeTe

n.=n

et L ~

Y Yy s - RO ],

T,€T() neN(T;) beT* [ D=t 224 aeTE\{b}
n.=n .

D DRDIED DE Iy H’_1j~ NO@my) [,

T;€T(j) neN(T)) beT5® asT\{b}

n,=n

(3.27) |: Z Z m_l : J’,“J~ H unu:|

T;,€Z() neN(T;) ae‘J’OO
n,=n

l'~jt
+ Z Z Z Ly a fNN RO (w)(ny) H u,,
- Hk=1 Mk

T;€T() neN(T;) be T aeTX\{b}
n,=n
eiﬁj+lt
+ Z Z lm{(:l ATV H u""
Tir1 €T(G+1) neN(Tji) k=1 ae‘J’DO

n,=n

= o NI (w)(n) + RV (u)(n) + NV (u)(n).

Here, we formally exchanged the order of the sum and the time differentiation,
which can be justified. See Remark 3.5. As in Subsections 3.1 and 3.3, we
divide NU*D into

(3.28) NUFD = NG NG,
where NYH)(U) is the restriction of NU*!(u) onto A, and
N (w) := N (m) — N ().

This allows us to define all the terms appearing in (3.24) in an inductive manner
by applying a normal form reduction to NUH)
In the remaining part of this subsection, we estimate the multilinear opera-

tors Ng), RY_ and NY).
Lemma 3.12. Let 1 < p < co. Then, there exists C,, > 0 such that

() H= 2j-1
(3.29) INg' @5 < C lall5,,

"2 = D?

for any integer j > 2 and K > 1.
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Proof. From (3.27) (with j + 1 replaced by j), we have

eiﬁj—lt

Ng)(ll)(l’l)= Z Z lr};;l AH] 1~ H ﬁn"'

Ti-1€Z(—1) neN(T;_y)

ae‘J’;’f]
n,=n

Then, by Holder’s inequality with (3.15), we have

ING @l 72
1 - 1 1
M) A¢ P . P
(2 LEEN( S I ar)
Ti-1€T(G—1) “nedUT;-1) Hk—l kl ne(T;- l)ae‘J'OC
n,=n n,=n
1-1 . >
< sup ( > Hm‘llfkl,)l
eT(—1) Hil?
(330) Tj- lne ne?;lr(g;l 1)
1
~ 14
< > (2 I wr)
Tjo€TG=1 1 N neN(Tj-) aeTE, &
n,=n
1 ! ;
. Ac O\ ”
Q-3 sup < S ) iz,
Tj- 153(] 1) neN(Tj— 1)H |,uk|p

nez n,=n

In the last step, we used

<Z > 1l 'ﬁnul”> =l

n neM(T;- l)ae‘T"o

n=n
We claim that
er-fl N ‘ .
(331) sup ( 14 ) < B KM — 1IN
Jj- 1e‘I(/ D neN(T;_ I)H 1| ail”
nez n,=n

where B, > 0 is a constant depending only on p. Then, by setting

ji—1

Cp = igg(@jf 1)!!)

< 00,

we see that (3.29) follows from (3.30) and (3.31).

P
fn
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It remains to prove (3.31). First, note that given any small ¢ > 0, there exists
C = C(¢) > 0 such that

sup {nem((‘rj—l) s n.=n, |ﬁk|:akak:1a--'9.j—l}
T €3G—1)
ne

(3.32) j—1
< 7 ]l
k=1

See Lemma 8.16 in [35] for an analogous statement. It follows from the divisor
estimate (3.11) that for fixed n® and u, there are at most O(|1x|**) many choices
for n(lk), n(zk), and ngk). Noting that |u| < |ok| + |ax—1|, we can iterate this argument
from k = 1 to j — 1 and obtain (3.32).

From (3.25) and (3.32) with (3.7), we have

j-1 !
) 1 /
LHS of 3.3D) < '] > P,_g>p
1N g iy A
k=1, j—1

1

J—1 [e’e] o
<] ( / P dt>
ot \J@rrDKY

— pi=D pA=p(n; —4
=By K2 - DY

Recalling that ¢ in (3.6) depends only on p, we see that B, and hence C, depend

only on 1 < p < oo. This completes the proof of Lemma 3.12. (]

As a consequence of Lemma 3.12 with Lemma 3.1, we obtain the following

estimate on RY.

Lemma 3.13. Let 1 < p < co. Then, there exists C,, > 0 such that

i — 4(1—))
) (2j — DK 2j+1
(3.33) IRV W5r < Cp (@ — DY lallF,

foranyj e Nand K > 1.

Proof. When j = 1, this is precisely Lemma 3.1. Letj > 2. Note that R (u)
is nothing but Ng)(u) by replacing u,, with RO ) (np) for b € ‘.Tj°° and summing
overb € ‘.Tfo. Then, (3.33) follows from Lemma 3.12 with Lemma 3.1 and noting
that given J; € T(j — 1), we have #{b : b € T2} = 2j — 1. This extra factor 2j — 1
does not cause a problem thanks to the fast decaying constant in (3.33). (]

Lastly, we estimate NY)(u), namely, the restriction of NV onto A;.
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Lemma 3.14. Let 1 < p < co. Then, there exists C,, > 0 such that

2-44(1—)) ,
” 2j+1

(3.34) IN?@)lgr < C o,

P(@2j—nup™
foranyje Nand K > 1.

Proof. From (3.27) (with j + 1 replaced by j), we have

. iujt
() _ . e —~
N =3 D Ty -t I v..
T;eX() ned(T)) H Mk aeTe®
n,=n

Proceeding as in (3.30) with Holder’s inequality, we have

INY () || 51

IN

wp (3 )
TGTU) nem(iT)Hk—1 |/‘k|p

(3.35) H( > 11 |ﬁna|p>p
T,€%()

neN(T;) ae‘J’;’o
n,=n

11 y

ﬂ’ ACNA; | P 2i—

(2j — D!! sup < E "' > ||ll||:£U,l.
‘TET(I) nem(g’) H =1 | i il”

P
[Vl

IN

We claim that there exists B, > 0 such that

Tyt \& .
(3.36) sup ( 3 ”’“”A) <B7'@j+ D"V KD (25 — in
TET(/) ne‘ﬁ(‘J’)Hk—l |zl

n,=n

Then, the desired estimate (3.34) follows from (3.35) and (3.36) by setting

i—1/7: 1+%

(BL 2j+ 1) )
2j—nn '

It remains to prove (3.36). As compared to (3.31) in the proof of Lemma 3.12,

the main difference is that the summation in (3.36) is over n € 91(7J;) rather than
n € 9U(T;_1). Note that

(3.37) o= > > >

neN(T;) neN(T;- l)be‘J‘ 1 _n(/)_n(/>+n(/>
n,=n n,=n

C, :=sup
Jjz2

With n, = n", let p; be as in (3.16). Then, thanks to the restriction 4; in (3.25), we
see that for fixed zj_; there are at most ((2j+ 1)K)? many choices of u ;. Moreover,
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we have |uj| < |uj—i| + (2] + DK)’. Then, by the divisor estimate (3.11), we
conclude that

(338) > D 1y S @+ D@+ DK@+ DK + ;-1 D™

be‘I ]m_n(/) n(2/>+n§/>

Thus (3.36) follows from (3.31) together with (3.37) and (3.38). ]

3.5 On the error term N(zj) and the proof of Proposition 2.1. We
first prove that the remainder term N(ZJ)(u) in (3.24) tends to zero as J — oo under
some regularity assumption on u.

Lemma 3.15. Ler NS be as in (3.26) with j = J and T > 0. Then, given
ue C([—T, T];FL:(T)), we have

(3.39) sup NS ()|l g —> O,
te[-T,T]

asJ — oo.

Proof. By Young’s inequality, we have

(3.40) INO@ gz + 1ROl S il
From (3.28) (with j + 1 replaced by J), we have

(3.41) NS () = NV () — N ().

Then, by rewriting (3.27) (with j + 1 replaced by J), we have

l,l,ljl‘

N = 3 X e,

T;€T(J) neN(T;) k—l aeT®
n,=n

l,ujt

= Z Z Zﬂ = i

Tj_1€X(J— l)ne‘ﬁ(‘TJ 1) beTH

x NO+ R ) [[ G-

aeT5 \(b}
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Proceeding as in the proof of Lemma 3.12 with (3.15), (3.31), and (3.40), we have

1 J—1 1’
J -1 A ’
”N( )(u)||3rLoo < |‘Tj’il| E sup {( E J_k 1 Ak >
neN(Ty-1)

1~ /
Tj_le{f(‘]—])betrloil k=1 |ﬂklp
nez n,.=n
1
1 1 -~ P
x( >IN+ ROyl ] |una|P) }
neN(Ty-1) aeTe \{b}

n.=n

J—1 p—4(J—1) _ -3 3
<B, K (@7 = DIl 5.

1
x sup< > 11 Iﬁnalp)p

bETEL N nen(T,_1) aeT \(b}
nez n,.=n

(3.42)

S BRI = Dl (il
forany 1 < p < oo. Therefore, (3.39) follows from (3.41) with Lemma 3.14 and
(3.42) with p = } by taking J — oo. O
We briefly discuss the proof of Proposition 2.1.

Proof of Proposition 2.1. In view of Lemmas 3.12, 3.13, and 3.14, it
suffices to verify that any solution u € C([—T, T]; S’Lg(T)) to (1.9) satisfies the
normal form equation (2.1). By integrating (3.24) in time, we have

J J

u®) —u(0) =Y NP — > NP w)(0)
j=2 Jj=2
' : () / d 0 ’ ’ ! @)) NS,
+ / S NP @)+ ROy pdr + | NSyt
0 % =1 0

By letting J — oo, we deduce from Lemma 3.15 that the normal form equation
(2.1) holds in C([—T, T]; FL*°(T)).
Given J > 2, set

J J
X, =u(r) —u(0) — [Z NP (@) = >N (o)

Jj=2 Jj=2

¢ J ) J )
+ / { S NP )+ fR(’)(u)(t’)}dt’} .
0 Ljan =1

On the one hand, it follows from Lemmas 3.12, 3.13, and 3.14 that X, converges
to some X, in C([—T, T1; ?Lg(']l‘)) as J — oo. See (2.6). On the other hand, we
know that X; converges to 0 in C([—T, T]; FL*(T)). Therefore, by the uniqueness
of the limit, we conclude that X; tends to O in C([—7, T1; FL> (T)) asJ — oo. This
shows that the normal form equation (2.1) holds in C([—T, T7; FL? (T)). [
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3.6 On the cubic NLS. We conclude this section by briefly discussing
the case of the (unrenormalized) cubic NLS (1.1). The only difference appears
from the extra term R, in (2.11). When j = 1, we simply set IR(ZI)(u)(n) = Rr(w)(n).
When we apply a normal form reduction and substitute d;u by the equation (2.11),
there is an extra term due to R,. By repeating the computation in (3.27), we have

NP (u)(n) = 3, NI (w)(n) + RV ) (n) + NV (u)(n)

ipjt

D VDD DIV N AN |

J
T;€T() nN(T)) be T3 [Tt 2 aeTe\(b}

n,=n

= o,NID)(n) + RV ) (n) + N (wy(n) + Ry () ().

Proposition 2.3 follows exactly as for Proposition 2.1 once we note the following
bound on RY.

Lemma 3.16. Let 1 < p < 2. Then, there exists C, > 0 such that
- 4(1—))
) (2j— DK 2j+1
1R @lzr < 60 e M3
foranyj e Nand K > 1.

Proof. This lemma follows from Lemma 3.12 as in the proof of Lemma 3.13
once we note that

3
[R2(l5r < Nlullzyy

when 1 <p < 2. O

Appendix A On the persistence of regularity in J7.7(T),
1<p<2

We first recall the basic definitions and properties of the Fourier restriction norm
spaces X;;b (T x R) adapted to the Fourier—Lebesgue spaces. Let S(T x R) be the
vector space of C*°-functions u : R? — C such that

ux, ) =u(x+1,1) and  sup |“’lu(x, 1) < oo
(x,1)eR?

forany a, B, y € NU {0}.

Definition A.1. Lets,b € R, 1 < p < co. We define the space X;;b(T x R)
as the completion of (T x R) with respect to the norm

2\b=
(A.1) ”u”)(;a"('ﬂ‘x]]{) = ||<n>s<r+n > u(n, T)”fﬁL‘,’(ZxR)-
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For brevity, we simply denote X;’b(’]l‘ x R) by X;’b. Recall the following
characterization of the X;’b—norm in terms of the interaction representation
u(?) = S(—tu(e):

P T —

where the iterated norm is to be understood in the following sense:
”u”?L;L”’?Lf"’ = || <n>s<r>bﬁ(no T)”fﬁL‘; = ” “ <n>sﬁ(n9 t) || ?Lf’p ”fﬁ‘
Here, FLP(T) is as in (1.7) and ?Lf’p (R) is defined by the norm:

W lgrro = I{)F O )

Note that these spaces are separable when p < co.
Forany 1 < p < ocoands € R, we have

1
(A2) X5 — CR;FLP(T)), ifb> =1— .
p p
This is a consequence of the dominated convergence theorem along with the
following embedding relation: S’Lf’p — FL! — C,, where the second embedding
is the Riemann-Lebesgue lemma.

Given an interval I C R, we also define the local-in-time version X;;b(l ) of the
X;;”—space as the collection of functions u such that

(A3) lull ooy 2= £ 1o llgeo < 0 |y =)

is finite.
Lastly, we recall the following linear estimates. See [15] for the proof.

Lemma A.2. (i) (Homogeneous linear estimate). Given 1 < p < oo and
s, b € R, we have

”S(t)f”X}‘;”([O’TJ) ,S Ilf”?L"‘vl’

forany O < T < 1.
(i1)) (Nonhomogeneous linear estimate). Let s € R, 1 < p < oo, and

1
— <V <0<b<1+Vb.
p

Then, we have

(A.4) H /O t St —1YF()dt D

1+b'—b
ST s gor
X5°(10.71) ro

forany 0 < T < 1.
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The nonhomogeneous linear estimate (A.4) is based on (2.21) in [18]. While
p > 1is assumed in [18], the estimate also holds true when p = 1.

The following trilinear estimate is the key ingredient for establishing the per-
sistence of regularity in FL/(T), 1 < p < 2.

Lemma A.3. Let 1 <p <?2. Then, there exists small ¢ > 0 (independent of p)
such that

2
(A.5) (el "uell o112 S llu || AT LW
X, 20,1 .7y X0,

forany O < T < 1.

Proof. By a standard argument, it suffices to prove (A.5) without a time
restriction:

2
(A.6) el oy 3 IIMII o ﬂllull 0.+
P

We first estimate the non-resonant contribution from I in (2.10). We follow the
argument in [19]. Letog = t+n’ and o; = 7; + nf] =1, 2, 3. Then, (A.6) follows
once we prove

‘ 11 Z / Hﬁ(n]’ T])dr 1d7)

(d0)27% n=nj—ny+n3 1
By Cauchy—Schwarz and Young’s inequalities, it suffices to prove

(H Ilﬁllmg) sl

_ oLk
=11 —1a473 I
n#ny,n3 1=

3
1 1
(A7) H _ / dTldT2
(go)1—4 n=n1§—n:z+n3 1 (5;)142

n#ny,n3

< 00.
feLe

=11— 12413 /&

From (1.10), we have

4
1 < 1 '
o (a7)¢ ™ {(n — n))(n — n3))*

Then, by estimating the convolutions in 7; (see Lemma 4.2 in [16]) and applying
(1.10), we have

LHS of (A.7)
1 1 1
~ (o‘o>1—38nzan:nZJrn3 (n—n1)*(n—n3) (t+n? =2(n—n1)(n—n3)) ¥ || oo o0
Ny g
<> ! ! d(k) < o0
S o (k) (7 +n2 — 2k)1+e - ,

where we used the divisor estimate (3.11) in the last step.
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Next, we estimate the contribution from the resonant parts I and T in (2.10).
By Young’s inequality followed by Cauchy—Schwarz inequality, we have

”][”XO,—£+25 ,S H / it\(n: Tl)ﬁ(}’l, T2)it\(n9 T3)d‘[]d‘[2
P

T=T1—172+73

oLy
< 175112 ~
< @l Nl e

< 2
S IIMIIXS,?SIIMIIXI(]J,;H-
With (A.2), we have
2 ~
IIIIIXoﬁ;m S Nullzep2 lun, Dl epp
"
2
S IIMIIX;J,;HIIMIIXS_;H-

This completes the proof of Lemma A.3. g

When p = 2, Lemmas A.2 and A.3 allow us to prove local well-posedness of
(1.1) in L*(T), where the local existence time is given by

(A.8) T = T(lluoll2) ~ (1 + lluoll2)™" > 0

for some 8 > 0. For 1 < p < 2, by applying Lemmas A.2 and A.3, we can easily
prove local well-posedness of (1.1) in FLP(T), where the local existence time 7 is
given as in (A.8), namely, it depends only on the L>-norm of initial data uo. In this
case, a contraction argument yields

(A.9) sup lu®llgr < Clluollsr

1€[0,T]
for some absolute constant C > 0. Then, by iterating the local argument with (A.8)
and the L>-conservation, we conclude from (A.8) and (A.9) that

(A.10) sup [|u(t)l|zr < CHION T g 5

tel0,7]
for any 7 > 0. This proves global well-posedness of (1.1) in FL”(T), 1 < p < 2,
with the growth bound (A.10) on the FL”-norm of solutions. A similar argument
yields global well-posedness of the renormalized cubic NLS (1.2) in FL(T),
1<p<?2.
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