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Liquid bridge splitting enhances normal capillary adhesion and resistance
to shear on rough surfaces

Matthew D. Butlera,b,∗, Dominic Vellaa

aMathematical Institute, University of Oxford, Woodstock Rd, Oxford, OX2 6GG, United Kingdom
bSchool of Mathematics, University of Birmingham, Edgbaston, B15 2TT, United Kingdom

Abstract

Hypothesis. ‘Bridge splitting’ is considered in the case of capillary adhesion: a fixed total volume of liquid
is split into multiple capillary bridges. Previous studies have shown that bridge splitting only enhances the
capillary-induced adhesion force between two planar surfaces in specific circumstances. We hypothesise that
bridge splitting significantly enhances the total adhesion force between rough surfaces, since mobile wetting
bridges can naturally migrate to narrower gaps. This migration of capillary bridges should also provide a
resistance to shear.

Numerical experiments. We theoretically consider an idealized system of many liquid bridges confined be-
tween two solid surfaces. By numerically calculating the shape of a single bridge, the total adhesion force is
found as the number of bridges and roughness are varied. The resistance to shear is also calculated in the
limit of strong surface tension or small shears.

Findings. Bridge splitting on a rough surface significantly enhances the adhesion force, with an enhancement
that increases with the amplitude of the roughness; maximising over the number of bridges can increase the
total adhesion force by an order of magnitude. Resistance to shear is shown to increase linearly with the
translation velocity, and the behaviour of many such shearing bridges is quantified.

Keywords: Surface tension, Capillary adhesion, Roughness, Shear resistance

1. Introduction

The ability of some animals to climb vertical sur-
faces and walk upside-down has been an area of sci-
entific interest for hundreds of years [1, 2, 3, 4, 5].
One particularly diverse group of climbing animals
are insects. Across a large range of body sizes and
masses [6], insects are able to reliably stick to and
walk on a variety of surfaces [7] even under large
externally applied loads. It is believed that insect
adhesion is aided by the effect of the surface tension
of an oily secretion beneath their feet [8] — insects
adhere, at least in part, due to capillary effects.

Capillary adhesion is also prevalent in many
other commonplace and technological settings: in
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everyday life the condensation on the outside of a
glass of a cold drink may cause a coaster to re-
main attached to the bottom of the glass as it is
lifted, while the grains in a sandcastle are best co-
hered at an optimal volume fraction of liquid [9, 10]
(with similar considerations being important in un-
derstanding the cohesion of soil [11, 12, 13]). In
technological applications, the presence of capillary
bridges can be both problematic, such as in the
stiction of magnetic storage discs [14, 15], in the
contamination and fouling of membranes and so-
lar cells [16, 17], and also during the production of
micro-electro-mechanical systems (MEMS) [18, 19],
but can also be beneficial, such as helping to form
nano-scale structured assemblies during the drying
of pre-wetted nanotube forests [20, 21, 22].
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1.1. Capillary bridges

The wide range of scenarios involving liquids
bridging two solid surfaces has motivated many pre-
vious modelling studies of such systems, beginning
with the first studies of capillarity by Young [23]
and Laplace [24]. The shape of a liquid bridge
has been studied for many different combinations of
solid surface geometry, allowing the adhesive force
to be calculated: in particular, solutions exist for
the shape of a bridge between two rigid plates [25],
two spheres [26, 27] and a sphere-plate combination
[28]. Moreover, studies of stability and rupture ex-
plain when these bridges may break [29].

The details of capillary bridge shape are quite
involved for general bridge sizes. However, when
the bridge is relatively wide compared to its height
(i.e. when the surfaces are very close to one an-
other), the problem simplifies considerably because
the meniscus shape is approximately a circular arc
[12]. The pressure within the bridge is then in-
versely proportional to the separation between the
surfaces at the contact line; for liquids that wet the
surfaces sufficiently, the pressure within the bridge
is a suction and provides the dominant adhesion
force. This simplification allows for approximate
analytical calculations to be performed for a vari-
ety of geometries [30, 31], and shows that the capil-
lary adhesion force between smooth planar surfaces
is proportional to the total volume of liquid in the
bridge [32] (as we shall see in §1.3). However, many
observational studies show that some insects (in-
cluding flies and beetles) have hairy footpads, which
give many points of adhesive contact [33, 34], whilst
others (including some species of ants and stick in-
sects) have an adhesive consisting of a water-in-oil
emulsion: many small water droplets are dispersed
in an oil [35, 36].

1.2. Bridge splitting

The ubiquity of some form of ‘bridge splitting’ in
natural occurrences of capillary adhesion suggests
that it must be somehow beneficial [8]. An obvi-
ous possibility is that such an emulsion somehow
enhances capillary adhesion, but this appears to be
at odds with the conclusion from the simple models
that the capillary adhesion force is simply propor-
tional to liquid volume; in this case adhesion would
be unchanged by splitting a single bridge into a
large number of smaller bridges with the same to-
tal volume. However, the simplified solutions with
adhesion force proportional to volume do not quite

give the whole story — the details of the bridge
shape can make a significant difference in the ad-
hesion force, particularly when liquid bridges have
a width comparable to their height. A more de-
tailed study of the effect of dividing a fixed volume
of liquid into many bridges between flat plates was
presented by De Souza et al. [37]. They found that,
with a fixed liquid volume, it is indeed possible to
increase the adhesion force by having many bridges,
but that this enhancement is modest (giving less
than a two-fold increase in adhesion, as we shall
quantify later) when the surface is well-wetted by
the liquid (as is believed to be the case in many
physiologically relevant cases). If the bridge split-
ting observed in insect adhesion does not lead to
a sizeable increase in the adhesion force on smooth
surfaces then the question becomes: what is its pur-
pose?

One key piece of physics that was omitted in the
splitting study of De Souza et al. [37] is surface
roughness, which is known to play an important role
in adhesion. For ‘dry’ adhesives on rough surfaces,
there can be a trade-off between adhesive attrac-
tion due to, for example, van der Waals forces, and
repulsion from deformation of the adhering solid:
if the surface is sufficiently rough, or the adhering
solid sufficiently stiff, then the surfaces may not be
able to conform to one another, resulting in only
partial adhesion [38, 39]. Perhaps to combat this,
many climbing organs have a large number of small
contacts [40]. For dry adhesion, the theory of John-
son et al. [41] (often called JKR adhesion) suggests
that there is a finite pull-off force that scales linearly
with with the radius of spherical contacts. When
dividing a single large pad into many smaller pads,
we may then expect an increase in the total adhe-
sion force for a similar contact area [42], though
this may be limited by other physical constraints
[43]. Having many smaller contacts may be addi-
tionally beneficial by allowing the adhesive organ
to conform more closely to a rough substrate [44].

In this article we address the question of whether
bridge splitting is similarly beneficial for capillary
adhesion to a rough surface. One important fea-
ture of capillary adhesion that is qualitatively dif-
ferent to the dry case is that neither the number
nor the position of capillary bridges are necessarily
fixed. Indeed, when surfaces are in close contact
in a humid environment, condensation can form
new capillary bridges between them, and it has
been shown that the roughness of these surfaces
can play a significant role in the resulting adhesion
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Figure 1: Wetting liquid bridges migrate towards local min-
ima in gap separation. At the narrower end of the bridge, its
surface is more curved, resulting in a capillary pressure gra-
dient inside the liquid that induces an internal flow towards
the narrow end.

[45, 46, 47, 48].

The possibility of capillary condensation is well-
studied, but is unlikely to have a direct impact in
cases where controlled adhesion is required, such as
the adhesion of insects, since adhesion must occur
regardless of external humidity. However, the sig-
nificance of capillary bridge mobility seems not to
have been appreciated in capillary adhesion previ-
ously. In particular, wetting liquids will naturally
migrate to local minima in the separation between
two surfaces because of a geometry-induced capil-
lary pressure gradient [49, 50]: whenever a liquid
bridge is on a sloped surface, the surface separation
is smaller on one side (and hence the suction pres-
sure larger) than the other (see fig. 1). This pres-
sure imbalance causes a pressure gradient, which, in
turn, drives the bridge into the gap. (Alternatively,
a wetting liquid will minimize its energy by wet-
ting the surfaces more, which, for fixed volume, is
achieved by moving to narrower gaps.) This motion
has two important effects on the capillary adhesion
force: firstly, the liquid bridge is more confined ver-
tically when it reaches the minimum, and so spreads
further laterally, increasing the area over which the
suction pressure operates. Secondly, the gap sepa-
ration at the bridge’s edge is smaller when at the
minimum, and hence the suction pressure is larger
(in magnitude). Both of these effects can be seen by
comparing the two panels in the lower half of fig. 2.
Since both effects are expected to increase the force
of capillary adhesion on rough surfaces, they sug-
gest that capillary adhesion may be enhanced on
rough surfaces by splitting a single capillary bridge
into many smaller bridges, each of which may move
to a local minimum of separation between the two
surfaces.

In this paper, we consider how to maximize the
adhesion force of bridges in the presence of rough-
ness for a given volume of liquid: is it significantly
better to have many smaller bridges rather than
one large bridge? We compare the results derived
from an idealized model of many capillary bridges
between a rough surface and a plate to the usual
simple model of capillary adhesion between two pla-
nar surfaces. We also contrast the behaviour on
rough surfaces with the detailed study by De Souza
et al. [37] of many bridges between parallel, pla-
nar surfaces. Finally, we note that when there
are many capillary bridges beneath a rough sur-
face, the geometry–capillary-induced migration of
bridges gives a mechanism to generate a steady vis-
cous shear force; we investigate the magnitude of
this force and determine the effect of splitting on
this shear force.

1.3. Quantifying capillary adhesion

Before we begin our main study on capillary
bridge splitting, we first consider a simple model
of capillary adhesion: a single, stationary liquid
bridge of a given volume V1, that is confined be-
tween two parallel, rigid plates in the absence of
gravity, as shown in the top left panel of fig. 2.
The interfacial tension between the liquid and air,
γ, acts in two distinct ways to provide a force on
the plates. Firstly, there is a pressure jump across
the free surface of the liquid, given by the Young–
Laplace equation

∆p = γκ, (1)

where the local mean curvature of the interface is
κ = (1/R1 + 1/R2), with R1, R2 being the prin-
cipal radii of curvature [51]. In equilibrium, the
bridge pressure is constant and acts over the wet-
ted area, A = πr2, with r the wetted radius. The
pressure force pulling the plates together is then
FP = −∆p× A. Secondly, the free surface tugs on
the plates where the liquid, gas and solid meet; this
gives rise to a tension force between the plates of
magnitude FT = γ sin θ × 2πr, where θ is the con-
tact angle (see fig. 2). The total adhesion force is
the sum of these two contributions: F = FP + FT .

When at rest, a liquid bridge will have a constant
mean curvature because there must be no flow, and
therefore no pressure gradient within it. (These
surfaces of constant curvature, such as catenoids
and nodoids, are sometimes referred to as Delaunay
surfaces [52].) To find the capillary adhesion force
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Figure 2: Capillary adhesion between planar (left) and rough (right) surfaces, as mediated by a single bridge (top) and many,
smaller, bridges (bottom). In each case, the total volume of liquid is Vtot, which may be enclosed within a single bridge, or
within many. The contact angle of the liquid is shown as the angle θ and the separation of the surfaces is h in the smooth case,
while for rough surfaces an equivalent parameter is the mean separation, h̄.

provided by such a bridge, we may therefore solve
for the shape of the bridge and determine the force
from this solution.

As a point of comparison, it is helpful to consider
the case where the gap width h is much smaller
than the other length scales in the system and the
bridge wets the plates (small contact angles θ). In
this case the capillary bridge radius is much larger
than its height and the pressure force is much larger
than the tension force, FP � FT . In addition, the
meniscus curvature is dominated by the component
between the two plates — the radius of curvature
around the bridge is much larger. We can there-
fore approximate the pressure by ∆p ≈ −2γcos θ/h,
where cos θ = (cos θl + cos θu)/2 is the average
of the cosines of the contact angles θl,u on the
lower and upper surfaces (if they differ, otherwise
cos θ = cos θ). We then calculate the dimensionless
capillary adhesion force pulling the plates together
to be

Fflat

γV1/h2
≈ 2cos θ. (2)

Crucially, in this approximation, the adhesion
force scales linearly with the volume of the bridge
F1 ∝ V1. If this is always a good approximation,
then it may be expected that there is never a benefit
to splitting a given volume of liquid Vtot into n iden-
tical bridges because the total force is independent
of the number of bridges: Ftot = nF1 ∝ nV1 = Vtot.
Note that, because of this invariance when splitting,

if the volume V1 is replaced by Vtot in (2) then Fflat

could instead be considered as the total adhesion
force due to n bridges.

However, as the liquid is divided into smaller
bridges, other effects that are neglected when mak-
ing the approximation (2) may become more impor-
tant — for example the tension force at the contact
line, or the second radius of curvature. In fact, ad-
hesion may be expected to increase with the number
of bridges when accounting for the tension force. If
each bridge volume can be well approximated by
a cylinder, V1 ≈ πr2h, then the tension force per
bridge FT = 2πr × γ sin θ ∝ √V1; the total con-
tribution to the adhesion force by the tension of n
bridges of volume V1 = Vtot/n grows like

√
n for a

fixed total volume Vtot. Whether this is a signifi-
cant enhancement depends on θ, but it may be ex-
pected that the total adhesion force increases with
splitting if θ is not too small, as was found in [31].

However, simply adding the contributions of the
tension force and extra curvature does not accu-
rately portray the behaviour of the adhesion force
for a single bridge as the bridge volume decreases.
In particular, these approximations do not take
account of when stable bridges can no longer be
formed and will rupture. It is therefore necessary
to make a more detailed calculation of the bridge
shape to determine whether dividing into many
bridges results in an increase in the adhesion force.
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<latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit><latexit sha1_base64="N1eK0lTaQQAFA6yHzcECkl4oWJk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/epYz3</latexit>

'(s)
<latexit sha1_base64="41KxurJ+UGspxGaQjSiK1Rp7+mQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHstHM0nQj+hA8pAzaqz01B1TlQx5RV/0SmW36s5BVomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4HTYjfVmFA2ogPsWCpphNrP5hdPyblV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExm75M+V8iMmFhCmeL2VsKGVFFmbEhFG4K3/PIqaV5WPbfqPVyVa7d5HAU4hTOogAfXUIN7qEMDGEh4hld4c7Tz4rw7H4vWNSefOYE/cD5/ABzDkIg=</latexit><latexit sha1_base64="41KxurJ+UGspxGaQjSiK1Rp7+mQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHstHM0nQj+hA8pAzaqz01B1TlQx5RV/0SmW36s5BVomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4HTYjfVmFA2ogPsWCpphNrP5hdPyblV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExm75M+V8iMmFhCmeL2VsKGVFFmbEhFG4K3/PIqaV5WPbfqPVyVa7d5HAU4hTOogAfXUIN7qEMDGEh4hld4c7Tz4rw7H4vWNSefOYE/cD5/ABzDkIg=</latexit><latexit sha1_base64="41KxurJ+UGspxGaQjSiK1Rp7+mQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHstHM0nQj+hA8pAzaqz01B1TlQx5RV/0SmW36s5BVomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4HTYjfVmFA2ogPsWCpphNrP5hdPyblV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExm75M+V8iMmFhCmeL2VsKGVFFmbEhFG4K3/PIqaV5WPbfqPVyVa7d5HAU4hTOogAfXUIN7qEMDGEh4hld4c7Tz4rw7H4vWNSefOYE/cD5/ABzDkIg=</latexit><latexit sha1_base64="41KxurJ+UGspxGaQjSiK1Rp7+mQ=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7m0IJ/RdePCji1X/jzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4qeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvjVFpHstHM0nQj+hA8pAzaqz01B1TlQx5RV/0SmW36s5BVomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4HTYjfVmFA2ogPsWCpphNrP5hdPyblV+iSMlS1pyFz9PZHRSOtJFNjOiJqhXvZm4n9eJzXhjZ9xmaQGJVssClNBTExm75M+V8iMmFhCmeL2VsKGVFFmbEhFG4K3/PIqaV5WPbfqPVyVa7d5HAU4hTOogAfXUIN7qEMDGEh4hld4c7Tz4rw7H4vWNSefOYE/cD5/ABzDkIg=</latexit>

z = hl(r)
<latexit sha1_base64="KMkv46hHrjGz/ao0E3M4sM6c8Yg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS96i2AekCxhdtJJhszOrjOzQlzyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo+up33xEpXkk7804Rj+kA8n7nFFjpdbT1bAryuq0Wyy5FXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort3Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/RTLuPEoGTzRf1EEBOR6fOkxxUyI8aWUKa4vZWwIVWUGRtRwYbgLb68TBpnFc+teHfnpeptFkcejuAYyuDBBVThBmpQBwYCnuEV3pwH58V5dz7mrTknmzmEP3A+fwBNp49+</latexit><latexit sha1_base64="KMkv46hHrjGz/ao0E3M4sM6c8Yg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS96i2AekCxhdtJJhszOrjOzQlzyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo+up33xEpXkk7804Rj+kA8n7nFFjpdbT1bAryuq0Wyy5FXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort3Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/RTLuPEoGTzRf1EEBOR6fOkxxUyI8aWUKa4vZWwIVWUGRtRwYbgLb68TBpnFc+teHfnpeptFkcejuAYyuDBBVThBmpQBwYCnuEV3pwH58V5dz7mrTknmzmEP3A+fwBNp49+</latexit><latexit sha1_base64="KMkv46hHrjGz/ao0E3M4sM6c8Yg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS96i2AekCxhdtJJhszOrjOzQlzyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo+up33xEpXkk7804Rj+kA8n7nFFjpdbT1bAryuq0Wyy5FXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort3Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/RTLuPEoGTzRf1EEBOR6fOkxxUyI8aWUKa4vZWwIVWUGRtRwYbgLb68TBpnFc+teHfnpeptFkcejuAYyuDBBVThBmpQBwYCnuEV3pwH58V5dz7mrTknmzmEP3A+fwBNp49+</latexit><latexit sha1_base64="KMkv46hHrjGz/ao0E3M4sM6c8Yg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IAS96i2AekCxhdtJJhszOrjOzQlzyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo+up33xEpXkk7804Rj+kA8n7nFFjpdbT1bAryuq0Wyy5FXcGsky8jJQgQ61b/Or0IpaEKA0TVOu258bGT6kynAmcFDqJxpiyER1g21JJQ9R+Ort3Qk6s0iP9SNmShszU3xMpDbUeh4HtDKkZ6kVvKv7ntRPTv/RTLuPEoGTzRf1EEBOR6fOkxxUyI8aWUKa4vZWwIVWUGRtRwYbgLb68TBpnFc+teHfnpeptFkcejuAYyuDBBVThBmpQBwYCnuEV3pwH58V5dz7mrTknmzmEP3A+fwBNp49+</latexit>

✓l
<latexit sha1_base64="TP22ywbOtGHwPMHmKyxoYqPfmB4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76U2GzD6c6RVCyE948aCIV3/Hm3/jJNmDJhY0FFXddHcFqZKGXPfbKaytb2xuFbdLO7t7+wflw6OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96Qm1kEj/QOEU/4oNYhlJwslK7S0Mk3lO9csWtunOwVeLlpAI56r3yV7efiCzCmITixnQ8NyV/wjVJoXBa6mYGUy5GfIAdS2MeofEn83un7MwqfRYm2lZMbK7+npjwyJhxFNjOiNPQLHsz8T+vk1F47U9knGaEsVgsCjPFKGGz51lfahSkxpZwoaW9lYkh11yQjahkQ/CWX14lzYuq51a9+8tK7S6PowgncArn4MEV1OAW6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cD5/ACj9kA4=</latexit><latexit sha1_base64="TP22ywbOtGHwPMHmKyxoYqPfmB4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76U2GzD6c6RVCyE948aCIV3/Hm3/jJNmDJhY0FFXddHcFqZKGXPfbKaytb2xuFbdLO7t7+wflw6OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96Qm1kEj/QOEU/4oNYhlJwslK7S0Mk3lO9csWtunOwVeLlpAI56r3yV7efiCzCmITixnQ8NyV/wjVJoXBa6mYGUy5GfIAdS2MeofEn83un7MwqfRYm2lZMbK7+npjwyJhxFNjOiNPQLHsz8T+vk1F47U9knGaEsVgsCjPFKGGz51lfahSkxpZwoaW9lYkh11yQjahkQ/CWX14lzYuq51a9+8tK7S6PowgncArn4MEV1OAW6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cD5/ACj9kA4=</latexit><latexit sha1_base64="TP22ywbOtGHwPMHmKyxoYqPfmB4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76U2GzD6c6RVCyE948aCIV3/Hm3/jJNmDJhY0FFXddHcFqZKGXPfbKaytb2xuFbdLO7t7+wflw6OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96Qm1kEj/QOEU/4oNYhlJwslK7S0Mk3lO9csWtunOwVeLlpAI56r3yV7efiCzCmITixnQ8NyV/wjVJoXBa6mYGUy5GfIAdS2MeofEn83un7MwqfRYm2lZMbK7+npjwyJhxFNjOiNPQLHsz8T+vk1F47U9knGaEsVgsCjPFKGGz51lfahSkxpZwoaW9lYkh11yQjahkQ/CWX14lzYuq51a9+8tK7S6PowgncArn4MEV1OAW6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cD5/ACj9kA4=</latexit><latexit sha1_base64="TP22ywbOtGHwPMHmKyxoYqPfmB4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMeAF71FMA9IljA76U2GzD6c6RVCyE948aCIV3/Hm3/jJNmDJhY0FFXddHcFqZKGXPfbKaytb2xuFbdLO7t7+wflw6OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96Qm1kEj/QOEU/4oNYhlJwslK7S0Mk3lO9csWtunOwVeLlpAI56r3yV7efiCzCmITixnQ8NyV/wjVJoXBa6mYGUy5GfIAdS2MeofEn83un7MwqfRYm2lZMbK7+npjwyJhxFNjOiNPQLHsz8T+vk1F47U9knGaEsVgsCjPFKGGz51lfahSkxpZwoaW9lYkh11yQjahkQ/CWX14lzYuq51a9+8tK7S6PowgncArn4MEV1OAW6tAAAQqe4RXenEfnxXl3PhatBSefOYY/cD5/ACj9kA4=</latexit>

[⇢(s), ⇣(s)]
<latexit sha1_base64="LOktXdQViJ8MSyZGmExv7NkvwCs=">AAACCHicbZC7SgNBFIZn4y3GW9TSwsEgRJCwK4KWARsriWAukF3C7ORsMmT2wsxZIYaUNr6KjYUitj6CnW/jJNlCE38Y+PjPOZw5v59IodG2v63c0vLK6lp+vbCxubW9U9zda+g4VRzqPJaxavlMgxQR1FGghFaigIW+hKY/uJrUm/egtIijOxwm4IWsF4lAcIbG6hQPXQkBtqmr+nFZn5y6D4DMgDFEr49ep1iyK/ZUdBGcDEokU61T/HK7MU9DiJBLpnXbsRP0Rkyh4BLGBTfVkDA+YD1oG4xYCNobTQ8Z02PjdGkQK/MipFP398SIhVoPQ990hgz7er42Mf+rtVMMLr2RiJIUIeKzRUEqKcZ0kgrtCgUc5dAA40qYv1LeZ4pxNNkVTAjO/MmL0DirOHbFuT0vVW+yOPLkgByRMnHIBamSa1IjdcLJI3kmr+TNerJerHfrY9aas7KZffJH1ucPJuCYzw==</latexit><latexit sha1_base64="dC7fD/5x86MHsGQYu6ayuTQ+Z6A=">AAACLXicjVC7SgNBFJ2NrxhfUUsLB4MQQcKuCFoGbKxEwTwgu4TZyd1kyOyDmbtCDCn9Ggsbv0SwUMTW33CSbKGJhQcGDuecy517/EQKjbb9ZuUWFpeWV/KrhbX1jc2t4vZOXcep4lDjsYxV02capIighgIlNBMFLPQlNPz+xdhv3IHSIo5ucZCAF7JuJALBGRqpXdx3JQTYoq7qxWV9dOzeAzJDjCC6PfTaxZJdsSeg88TJSIlk+F+8XXxxOzFPQ4iQS6Z1y7ET9IZMoeASRgU31ZAw3mddaBkasRC0N5xcO6KHRunQIFbmRUgn6s+JIQu1HoS+SYYMe3rWG4t/ea0Ug3NvKKIkRYj4dFGQSooxHVdHO0IBRzkwhHElzF8p7zHFOJqCC+Z0Z/bQeVI/qTh2xbk5LVWvss7yZI8ckDJxyBmpkktyTWqEkwfySJ7Ju/VkvVof1uc0mrOymV3yC9bXNxfeoEg=</latexit><latexit sha1_base64="dC7fD/5x86MHsGQYu6ayuTQ+Z6A=">AAACLXicjVC7SgNBFJ2NrxhfUUsLB4MQQcKuCFoGbKxEwTwgu4TZyd1kyOyDmbtCDCn9Ggsbv0SwUMTW33CSbKGJhQcGDuecy517/EQKjbb9ZuUWFpeWV/KrhbX1jc2t4vZOXcep4lDjsYxV02capIighgIlNBMFLPQlNPz+xdhv3IHSIo5ucZCAF7JuJALBGRqpXdx3JQTYoq7qxWV9dOzeAzJDjCC6PfTaxZJdsSeg88TJSIlk+F+8XXxxOzFPQ4iQS6Z1y7ET9IZMoeASRgU31ZAw3mddaBkasRC0N5xcO6KHRunQIFbmRUgn6s+JIQu1HoS+SYYMe3rWG4t/ea0Ug3NvKKIkRYj4dFGQSooxHVdHO0IBRzkwhHElzF8p7zHFOJqCC+Z0Z/bQeVI/qTh2xbk5LVWvss7yZI8ckDJxyBmpkktyTWqEkwfySJ7Ju/VkvVof1uc0mrOymV3yC9bXNxfeoEg=</latexit><latexit sha1_base64="dC7fD/5x86MHsGQYu6ayuTQ+Z6A=">AAACLXicjVC7SgNBFJ2NrxhfUUsLB4MQQcKuCFoGbKxEwTwgu4TZyd1kyOyDmbtCDCn9Ggsbv0SwUMTW33CSbKGJhQcGDuecy517/EQKjbb9ZuUWFpeWV/KrhbX1jc2t4vZOXcep4lDjsYxV02capIighgIlNBMFLPQlNPz+xdhv3IHSIo5ucZCAF7JuJALBGRqpXdx3JQTYoq7qxWV9dOzeAzJDjCC6PfTaxZJdsSeg88TJSIlk+F+8XXxxOzFPQ4iQS6Z1y7ET9IZMoeASRgU31ZAw3mddaBkasRC0N5xcO6KHRunQIFbmRUgn6s+JIQu1HoS+SYYMe3rWG4t/ea0Ug3NvKKIkRYj4dFGQSooxHVdHO0IBRzkwhHElzF8p7zHFOJqCC+Z0Z/bQeVI/qTh2xbk5LVWvss7yZI8ckDJxyBmpkktyTWqEkwfySJ7Ju/VkvVof1uc0mrOymV3yC9bXNxfeoEg=</latexit>

Figure 3: The surface of a liquid bridge (r, z) = [ρ(s), ζ(s)] is
parametrized by the arc length, s, (measured from one con-
tact line) and is defined in terms of the angle, ϕ(s), between
its tangent and the horizontal. (In this diagram, the liquid
bridge is to the left of the curve defining the free surface.)
The liquid bridge interface meets the lower surface z = hl(r)
at the static contact angle θl (and similarly for the upper
surface which is not depicted).

2. Materials and methods: Adhesion force

We consider a liquid bridge confined between two
solid surfaces, and neglect the effect of gravity on
the bridge (e.g., because the bridge is sufficiently
small that the Bond number is negligible). A liquid
bridge in equilibrium cannot include flow and hence
must have a uniform internal pressure, given by the
Young–Laplace equation (1). To find the capillary
adhesion force provided by such a bridge, the shape
of the bridge must be found first before determin-
ing the corresponding force as the sum of Laplace
pressure forces and capillary line tension forces.

The exact shape of a single capillary bridge can
be determined by solving a set of ordinary differ-
ential equations (ODEs) that describe a surface
of constant curvature, subject to boundary condi-
tions that impose that the bridge meets the given
solid surfaces, does so at contact angle(s) θ and
has a bridge volume V1. While this problem shall
be solved numerically from ODEs here, note that
Carter [25] gave an analytical solution for a bridge
spanning two smooth, parallel plates; here, we ap-
proach the problem by solving a series of ODEs
because this method does not constrain the geome-
try to planar surfaces, allowing more versatility to
describe other topographies.

The shape of an axisymmetric bridge can be de-
scribed by a single curve that gives the free surface
when it is rotated about the central axis. This curve

can be entirely determined by the function ϕ(s),
where ϕ is the angle between the tangent to the
curve and the horizontal, which is parametrized by
the arc length, s, as illustrated in fig. 3. The verti-
cal and radial coordinates of this curve r = ρ(s) and
z = ζ(s) are determined from the angle by elemen-
tary geometry: dρ/ds = cosϕ, dζ/ds = sinϕ. The
function ϕ(s) for the constant curvature surface sat-
isfies the ODE [see, for example, 51, 53, 54, 55]

dϕ

ds
+

sinϕ

ρ
= κ =

∆p

γ
, (3)

where κ is the (unknown) constant surface curva-
ture, and the arc length s ∈ [0, smax] for some (un-
known) total arc length smax.

This system is subject to boundary conditions
that enforce that the bridge meets the given solids
at a specific contact angle, θ, as well as an integral
constraint imposing the total bridge volume

V1 = π

∫ smax

0

ρ(s)2 sinϕ ds

− 2π

∫ ρ(smax)

0

x[hu(ρ(smax))− hu(x)] dx

− 2π

∫ ρ(0)

0

y[hl(y)− hl(ρ(0))] dy, (4)

where z = hl(r) and z = hu(r) define the surfaces of
the lower and upper solid, respectively. Note that
the latter two integrals here account for the volume
excluded due to the presence of the solid surfaces
within the bridge perimeter.

This system is simplified by eliminating the un-
known constant curvature κ by differentiating (3)
with respect to s. For numerical convenience, the
integral constraint (4) is also converted into an ad-
ditional ODE by introducing a function for the cu-
mulative volume

∫ s
0
πρ(η)2 sinϕ(η) dη. For given

solid surfaces separated by a typical lengthscale L
(that shall be defined concretely for each specific
problem), the problem is non-dimensionalized by
scaling all extrinsic lengths by L, while the menis-
cus arc length is scaled by the total arc length, smax.
These different lengthscales introduce a dimension-
less parameter ς = smax/L. The problem of finding
the shape of a constant curvature liquid bridge then
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becomes that of solving

d2ϕ

dS2
+ ς

cosϕ

%

dϕ

dS
− ς2 sinϕ cosϕ

%2
= 0,

d%

dS
= ς cosϕ,

dξ

dS
= ς sinϕ,

dv

dS
= ςπ%2 sinϕ,

dς

dS
= 0,

(5)

where S = s/smax ∈ [0, 1] is the (scaled) arc length;
%(S) = ρ(s)/L and ξ(S) = ζ(s)/L are the dimen-
sionless radial and vertical coordinates of the menis-
cus; ϕ is the inclination angle as defined previously;

v(S) =
∫ S

0
ςπ%(x)2 sin[ϕ(x)] dx is the dimensionless

cumulative volume and ς = smax/L is the dimen-
sionless total arc length. The positions of the solid
surfaces are now given by z̃ = Hl(r̃), Hu(r̃) where
Hu,l = hu,l/L and the dimensionless cylindrical co-
ordinates are (r̃, z̃) = (r/L, z/L).

This is a sixth order system of ODEs and so
six boundary conditions are required. Two of the
required boundary conditions are simply that the
bridge interface meets each solid surface

ξ(0) = Hl[%(0)], ξ(1) = Hu[%(1)]. (6)

Two further conditions are given by the contact
angles at each end, carefully accounting for the
slope of each of the solids

ϕ(0) =π − θl + tan−1 {H ′l [%(0)]} ,
ϕ(1) =θu + tan−1 {H ′u[%(1)]} ,

(7)

where the dash notation denotes differentiation
with respect to r̃, and θl and θu are the contact
angles at each of the solids.

The final two boundary conditions enforce the
fixed volume condition (4)

v(0) = 0,

v(1) = v1 + 2π

∫ %(1)

0

x[Hu(%(1))−Hu(x)] dx

+2π

∫ %(0)

0

y[Hl(y)−Hl(%(0))] dy,

(8)

where v1 = V1/L
3.

In principle, solving the coupled ODEs (5) sub-
ject to the boundary conditions (6)–(8) gives the
shape of the bridge (%, ϕ, ξ) for given boundaries
Hl, Hu, contact angles θl, θu and bridge volume v1.

Once the shape of the bridge is known, the force
F1 applied by this bridge on one of the solid surfaces

can be calculated as the sum of the contributions
from the capillary pressure and tension terms

F1 =

∫
D

−∆p n dA+

∫
∂D

γt ds, (9)

where n is the normal to the solid surface, t is the
tangent to the liquid interface, D is the wetted area
and ∂D its perimeter. Note that the capillary pres-
sure jump, ∆p, is determined from the shape of
the bridge through the (constant) meniscus curva-
ture, κ, due to the Young–Laplace equation (1),
∆p = γκ; the dimensionless curvature K = κL is
given by

K =
1

ς

dϕ

dS
+

sinϕ

%
. (10)

After finding the adhesion force due to the surface
tension of one bridge, F1, the total adhesion force,
Ftot = nF1, for n identical bridges with a fixed total
volume Vtot = nV1 can be calculated.

2.1. Bridge splitting on flat surfaces

Let us return to the problem of splitting bridges
between two parallel plates, as shown in the left
side of fig. 2. We would like to know whether hav-
ing many bridges gives stronger adhesion and, if so,
how to maximize the adhesion force by dividing the
liquid into many bridges. This problem has been
previously studied by De Souza et al. [37] using an
energy minimization approach. Here the work of
De Souza et al. [37] is reproduced by solving the
set of ODEs above; we shall move to consider the
effect of surface roughness in §2.2.

Consider two identical parallel, rigid plates that
are a fixed distance h apart. A volume Vtot of liq-
uid of surface tension γ is divided into n identi-
cal bridges of equal volume V1 = Vtot/n that meet
each plate at a contact angle θ (for simplicity, this
is taken to be the same on each surface). This
scenario is illustrated in the bottom left panel of
fig. 2. The total adhesion force, Ftot, due to these
n bridges is found by solving the ODEs (5) for the
shape of a single bridge of volume V1, subject to
the boundary conditions (6)–(8) with flat surfaces
Hl = 0, Hu = 1 (using the lengthscale L = h).
From the bridge shape, the adhesion force from
this single bridge, F1, is calculated as the sum of
the contributions from the suction pressure within
the bridge and the tension force around the bridge
meniscus, F = FP + FT = −πγr2κ + 2πγr sin θ,
where the radius r is evaluated at one of the solid
surfaces (z = 0, h); the total adhesion force is then
Ftot = nF1.
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2.2. Bridge splitting on an idealized rough surface

Capillary adhesion between rough surfaces has
previously been considered by Cai and Bhushan
[31], although they assume a circular shape for each
bridge meniscus — an assumption that falls down
when the bridge is no longer very wide compared
to its height (as will eventually be the case when
splitting bridges). Similar to the flat case, we shall
find that the details of the bridge shape and when
rupture occurs are crucial in determining whether
splitting has a beneficial effect. We therefore turn
now to investigate the bridge shape and adhesion
force in this rough scenario in some detail.

A given volume of liquid, Vtot, is split into n iden-
tical bridges, each of volume V1 = Vtot/n. As is the
case throughout this work, the liquid has a sur-
face tension γ and makes a contact angle θ with
each of the solid surfaces. We assume that the liq-
uid is freely mobile on the solid surfaces, with no
contact line pinning or contact angle hysteresis, so
that this contact angle is well-defined. The bridges
are sandwiched between two rigid surfaces, and are
expected to be located at local minima in the sep-
aration between the surfaces (because of geometry-
induced capillary pressure gradients, as illustrated
in fig. 1). In a physical experiment where bridges
are initially distributed across the surfaces, we may
expect scenarios where this motion causes bridges
in the same catchment to meet and merge, result-
ing in a hierarchy of bridge sizes; however, we focus
on the idealized case where all bridges are carefully
selected (and positioned) to have the same size.

In general, we would like to understand the be-
haviour of the adhesion force due to bridge splitting
for two arbitrary rough surfaces. However, such
a system has a large amount of complexity, with
many competing factors to investigate such as wave-
length, amplitude, shape and distribution of the
roughness of each surface, and typically the surfaces
have no correlation to one another. To simplify this
and make the problem more tractable, we shall con-
sider an idealized, reduced version: one surface is
considered to be planar and the other rough. In
most real-world scenarios, we expect that the most
important detail is how the distance between the
two surfaces varies, which cannot distinguish be-
tween two rough surfaces and a rough-smooth pair.
(However, the geometry of the surfaces does matter
somewhat; the contact angle conditions at the triple
contact line (7) differ between the rough-rough and
rough-planar cases.)

We now need to choose a model for the shape
of the surface roughness. Consider a rough surface
separated from a plane by an average distance h̄,
as shown in fig. 4. Assuming that a single asper-
ity is locally smooth and axisymmetric, then, since
it is a local minimum of separation, the shape of
the asperity close to its tip can be approximated by
a parabola: h(r) = h0 + r2/2R, for some h0 < h̄
and R, with r the radial distance from the centre.
(Analogous calculations with linear cone-like asper-
ities are given in Appendix B for comparison.) We
therefore assume that each of the n bridges is con-
fined between a plane and one of these parabolas.
While surface roughness is expected to have a va-
riety of roughness amplitudes and wavelengths, as
shown in fig. 4, we simplify our system further by
assuming that each asperity has the same curvature
and amplitude. Surfaces with the same mean sepa-
ration, h̄, are compared by varying the amplitude of
the roughness, ∆h = h̄− h0, but fixing the aspect
ratio

α =
R∆h

h̄2
. (11)

The aspect ratio α gives the relative size of the
width of the roughness

√
2R∆h to its average height

h̄. Examples of two asperities with the same aspect
ratio α and different roughness amplitudes ∆h are
shown in the lower half of fig. 4 (for an example of
different aspect ratios, see the inset to fig. B.11 in
Appendix B).

For given parameters, the boundary value prob-
lem (BVP) defined in §2 is solved using a non-
dimensionalization with the lengthscale L = h̄.
More specifically, the ODEs (5) are solved for the
shape of a single bridge of volume V1, subject to
the boundary conditions (6)–(8) when one surface
is flat, Hl = 0, and the other has parabolic shape,
Hu(r̃) = h0/h̄ + r̃2/2(R/h̄). These boundary con-
ditions can be written as

ξ(0) = 0, ξ(1) =
h0

h̄
+

[%(1)]2

2(R/h̄)
,

ϕ(0) = π − θ, ϕ(1) = θ + tan−1

[
%(1)

(R/h̄)

]
,

v(0) = 0, v(1) =
V1

h̄3
+
π

4

[%(1)]4

(R/h̄)
.

(12)

Once the aspect ratio (α = R∆h/h̄2), the dimen-
sionless roughness amplitude (∆h/h̄), and the di-
mensionless bridge volume (V1/h̄

3), are specified,
then the values of h0/h̄ and R/h̄ to be used in these
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boundary condition are determined by the relations

h0

h̄
= 1− ∆h

h̄
, (13)

R

h̄
=

α

∆h/h̄
. (14)

For each choice of parameters, the system of
ODEs (5) is solved subject to the boundary con-
ditions (12) using MATLAB’s in-built BVP solver
bvp4c. The adhesion force provided by a single
bridge on the planar surface can then be calculated
by

F1

γV1/h̄2
=
−πK%(0)2 + 2π%(0) sin θ

V1/h̄3
, (15)

where the dimensionless curvature K is defined in
(10). (Recall that a positive adhesion force corre-
sponds to the plate being pulled towards the rough
surface — adhesion.)

In fact, the dimensionless adhesion force for a sin-
gle bridge is precisely the dimensionless total adhe-
sion force, Ftot = nF1, from n such bridges with
combined volume Vtot = nV1, which we write as

F ≡ Ftot

γVtot/h̄2
=

F1

γV1/h̄2
. (16)

This dimensionless force can be expressed as a func-
tion of the scaled number of bridges, which we de-
fine by

N ≡ h̄3

Vtot
n =

(
V1

h̄3

)−1

. (17)

If the two surfaces are sufficiently separated from
one another, or equivalently if the bridge volume is
sufficiently small, then a stable liquid bridge can-
not be formed between the two solid surfaces. Par-
ticular care must be taken to calculate when this
loss of equilibrium, which we associate with bridge
rupture, occurs. The scaled bridge number, N , at
which this occurs (as a function of ∆h) is calculated
using AUTO-07P, a computational tool for finding
bifurcations by arc-length continuation of solutions
in multiple parameters [56]. Starting from a nu-
merical solution to the BVP — given by the ODEs
(5) and boundary conditions (12) — for the flat
case, ∆h = 0, the scaled number of bridges N is in-
creased until a bifurcation is detected before follow-
ing this bifurcation as ∆h is increased. This gives
the locus of the rupture bifurcation Nrup(∆h).

Attention is restricted only to those solutions
where the bridge is shorter than the average rough-
ness, ξ(1) < 1; beyond this limit, the bridges take

Rough SurfacePlanar Surface

One 
drop

Many 
drops
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Figure 4: A schematic showing the roughness parameters
for two different asperities that are approximated locally as
parabolas. The left asperity has ∆h/h̄ = 0.2, whilst the
right one has ∆h/h̄ = 0.9. Both asperities shown have the
same aspect ratio α defined in eqn. (11). (Bridge shape and
volumes are not to scale.)

up a significant portion of each roughness asperity
and so approximating the shape as a parabola may
no longer be applicable. Additionally, it may rea-
sonably be expected that optimal adhesion through
splitting should be achieved when bridges are rela-
tively close to rupture (as was found for flat plates
in [37] and we shall see in §3.1). Therefore, the ad-
hesion force is calculated as a function of the rough-
ness amplitude ∆h and the number of bridges N
between the upper limit on N where rupture oc-
curs and the lower limit where the meniscus height
is equal to the mean roughness height, ξ(1) = 1.

3. Results and discussion: Adhesion force

3.1. Bridge splitting on flat surfaces

Results for the adhesion force when splitting
bridges between parallel plates are presented in di-
mensionless form in fig. 5; when comparing to real
data, we must fix the parameter Vtot/h

3 and then
consider discrete points along each curve, corre-
sponding to integer values of n. The results of
fig. 5 agree quantitatively with those presented by
De Souza et al. [37] or Carter [25], confirming the
accuracy of the numerical approach. These bench-
mark results will also be useful for comparison with
the results for rough surfaces later.

Figure 5 shows the effect of bridge splitting on
the adhesion force obtained for bridges between
two identical flat surfaces with contact angles θ =
0, 30◦, 45◦, 60◦, 70◦ and 80◦. For small contact an-
gles, a maximum adhesion force is attained at an
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Figure 5: The dimensionless total capillary adhesion force,
F = Ftot/(γVtot/h2), as a function of the scaled bridge num-
ber, N = n/(Vtot/h3), obtained when a liquid volume Vtot

with surface tension γ is split into n bridges that are con-
fined between two parallel plates, separated by a distance h.
Results are shown for various different values of the contact
angle: θ = 0◦, 30◦, 45◦, 60◦, 70◦, 80◦ (coloured dark blue to
yellow). Symbols denote the furthest level of bridge splitting
possible before the bridges can no longer exist in equilibrium
and must rupture. The dashed line denotes the maximum
adhesion force F = 3.58, as found by De Souza et al. [37];
the dotted line is the maximum adhesion force when θ = 0,
which is F = 2.68.

intermediate number of bridges, well before the so-
lutions cease to exist and the bridges must break.
With larger contact angles, however, the maximum
adhesion force is attained when the bridges are only
just able to stably bridge the gap: any further split-
ting would result in breaking of the bridges and no
adhesion. The point at which there ceases to be
a stable solution shall be referred to as ‘rupture’,
though we emphasise that this is purely a static
definition of the point by which rupture must have
occurred.

In general, as the fixed liquid volume is divided
into more bridges, the (positive) azimuthal curva-
ture around each bridge increases, which will act to
reduce the suction pressure force FP ; meanwhile,
the total contact perimeter increases, resulting in
an increase in the tension force FT . The enhanced
importance of the tension force leads to the increase
in adhesion force as the bridges are further split
for larger contact angles; for highly wetting liq-
uids (smaller θ) the tension contribution is smaller,
and eventually is less important than the curvature
changes. (This is not quite true for perfectly wet-
ting liquids, θ = 0, which have no tension force —

see Appendix A for an overview of this case.)
De Souza et al. [37] found that, over all contact

angles θ and number of bridges n, the maximum
adhesion force is Ftot ≈ 3.58 × (γVtot/h

2) which is
obtained when θ ≈ 70◦ and the bridges are just
at the point of rupture (i.e. there are no solutions
with smaller bridge size). For perfectly wetting liq-
uids, θ = 0, the increase due to splitting is ap-
proximately one third larger than expected on the
basis of the simple estimate given by eqn. (2): the
numerical solutions suggest that a maximum force
Ftot ≈ 2.68 × (γVtot/h

2) does exist, so that there
is still a small benefit to bridge splitting, even in
the perfectly wetting case where there is no contri-
bution from the capillary tension force. Across all
contact angles studied, it is found that dividing the
liquid into many bridges only leads to a mild im-
provement in the adhesion force (i.e. not orders of
magnitude larger). A key question is then: is the
enhancement from bridge splitting more significant
with a rough surface?

3.2. Bridge splitting on an idealized rough surface

In the results presented here for liquid bridges
between a rough surface and a plane, we focus on
the case of liquid that perfectly wets both surfaces,
θ = 0, and an aspect ratio α = 10. In Appendix B it
is shown that the effects of varying the contact angle
and aspect ratio are largely quantitative rather than
qualitative with a relatively minor impact on the
results (this is particularly the case for the effect of
the aspect ratio α).

The total adhesion force, Ftot, from n bridges
at several values of the fixed roughness amplitude,
∆h/h̄, is shown in dimensionless form in fig. 6a. (As
in the flat case, when comparing these results to
real data, one should consider discrete points along
the curve, corresponding to integer values of n — a
continuous curve is presented here to account for all
possible values of N .) It can be seen that (provided
that splitting is actually feasible, i.e. the total liquid
volume Vtot is not too small compared to h̄3) split-
ting can result in a significant increase in adhesion
force. The maximum adhesion force at fixed ∆h/h̄
can be several times larger than the respective sim-
plified flat case, given in eqn. (2); moreover, the
maximum occurs far from the end-point of splitting,
where bridges rupture — for a given roughness am-
plitude, there is an optimal level of bridge splitting,
achieved without those bridges rupturing. Finally,
the curves of F as a function of N are relatively
wide and flat, meaning that even levels of splitting
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that are far from optimal are still able to achieve
close-to-optimal adhesion forces.

Figure 6a also suggests that the total adhesion
force increases with increasing roughness, and so it
is important to also consider varying the roughness
amplitude ∆h/h̄ at fixed number of bridges N ; the
results are therefore shown in fig. 6b as a function
of the minimum gap width h0 = h̄ − ∆h. Here,
it is apparent that the adhesion force increases as
the roughness amplitude increases (h0 decreases).
In most of the cases shown, the force increases by
several orders of magnitude as the roughness is in-
creased.

The results for the adhesion force as a function
of the splitting and roughness are summarized in
fig. 7a. The colour denotes the (logarithm of the)
ratio of the force obtained with a particular sur-
face roughness to that obtained in the simplified
flat case described by eqn. (2). From this it can
clearly be seen that the force generally increases
with splitting (although with an intermediate max-
imum) and with roughness. Importantly, it is pos-
sible to get an increase in the adhesion force of over
an order of magnitude compared to the flat case.

Plotting the maximum force achieved by splitting
as a function of the roughness amplitude (i.e. the
envelope of curves in fig. 6b), fig. 7b is obtained.
The maximum force increases with the relative
roughness of the surface, appearing to diverge as
h0 decreases like Fmax ∼ h−2

0 (recall that h0 is the
minimal gap width). Indeed, the maximum force is
greater than that obtained by the simple flat scal-
ing of eqn. (2) with h = h0, but is actually less than
the maximum force possible if n bridges adhere flat
plates separated by h0, i.e. Fmax < 2.68×(γVtot/h

2
0)

(see fig. 5); however, note that the difference is al-
most indistinguishable at the scale of the inset to
fig. 7b.

3.3. Bridge splitting with heterogeneous roughness

In real-world systems, rough surfaces will have a
range of different aspect ratios, shapes and rough-
ness amplitudes rather than the idealized surface
presented so far with one roughness type. We note,
however, that our results can be simply extended
to many bridges of equal volume on a combination
of multiple kinds of roughness (but with fixed h̄)
by considering weighted averages of the results pre-
sented in §3.2. (Keeping bridge volume fixed across
all bridges is a reasonable restriction since we may
expect control of bridge size in such a real system.)
This is because, for a fixed single bridge volume V1,
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Figure 6: The dimensionless total adhesion force as a func-
tion of (a) the scaled number of bridges, N = n/(Vtot/h̄3), at
fixed roughness amplitudes ∆h/h̄ = {0, 0.1, 0.2, 0.3, 0.4, 0.5}
(plotted up to rupture, which is indicated by symbols), and
(b) the minimum gap width, h0/h̄ = 1 − ∆h/h̄, with fixed
number of bridges N = {0.1, 0.5, 1, 2, 5, 10, 20}. In both
cases here θ = 0 and α = 10, and results are compared
to a dashed line denoting eqn. (2). Note that in (a), the
case ∆h = 0 corresponds to the case of flat plates studied
by De Souza et al. [37].
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Figure 7: (a) The relative increase in the total adhesion force,
Ftot, for n bridges under a rough surface compared to the
simplified force calculation for a single bridge between flat
surfaces, Fflat from eqn. (2). Here Ftot/Fflat is represented
by colour (see colour bar), while ∆h/h̄ represents the am-
plitude of the roughness and N = n/(Vtot/h̄3) the (scaled)
number of bridges. No solutions exist in the upper white
region (rupture), whilst solutions where the bridge spreads
further than one asperity, ξ(1) > 1, are ignored (lower white
region). (b) The maximum total adhesion force, Fmax, at
each roughness amplitude ∆h/h̄ (solid blue curve) compared
to the benchmark scaling of eqn. (2), shown by the black
dashed line. Inset: a log-log plot showing the maximum
force (solid curve) as a function of h0 = h̄ − ∆h. The red
(lower) dashed line in the inset denotes y = 2/x2, whilst the
magenta (upper) dashed line is y = 2.68/x2; these respec-
tively correspond to the simple relation (2) and to optimal
adhesion, both when splitting between flat plates with a sep-
aration h0. In both (a) and (b), the contact angle and aspect
ratio are θ = 0 and α = 10, respectively.

the total force from n such bridges is linear in the
number of bridges. For example, if there are two
roughness types, a and b, with na and nb = n− na
bridges, respectively, then the total adhesion force
is

Ftot = naF
a
1 (V1) + nbF

b
1 (V1), (18)

where F a,b1 are the calculated adhesion forces from
a single bridge of volume V1 on each roughness type.
Rescaling this using the total bridge volume Vtot =
nV1, we find the dimensionless total adhesion force
is simply

F(N ) = φaFa(N ) + φbFb(N ), (19)

where φa and φb = 1−φa are the proportions of cap-
illary bridges on each type of roughness, and Fa,b
represent the dimensionless total forces due to N
bridges if the system only had roughness of type a or
b, respectively. Since N = nh̄3/Vtot = h̄3/V1, the
value of N is fixed in the scenario we consider. This
can similarly be extended to multiple roughnesses
by using weighted averages: F =

∑
φiFi. Note

that we find little qualitative variation in behaviour
when varying roughness type (see Appendix B), and
so omit any more detailed results from calculations
of multiple roughnesses since they are generally ex-
pected to look similar to the results already pre-
sented.

Results for bridges of multiple sizes (e.g., due to
merging bridges during migration) can be similarly
determined using a different weighted average of the
results presented in §3.2. For example, if a propor-
tion of the liquid volume φn is split into n bridges
and the remaining φm = (1 − φn) is split into m
bridges then the total force is

Ftot = nF1

(
φnVtot

n

)
+mF1

(
φmVtot

m

)
. (20)

The dimensionless total force can then be deter-
mined as

F = φnF
(N
φn

)
+ φmF

(M
φm

)
, (21)

where F = Ftot/(γVtot/h̄
2), N = (h̄3/Vtot)n and

M = (h̄3/Vtot)m. Note that for the case where k
identical bridges have a proportion φ that merge
once to form φk/2 bridges of twice the size, the
total force is given by

F = (1− φ)F(K) + φF
(K

2

)
, (22)
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where K = (h̄3/Vtot)k. Interestingly, the arguments
of the form N/φ in eqn. (21) remain constant after
merging.

We have seen that bridge splitting may give a
large increase in the capillary adhesion force be-
tween rough surfaces. The mechanism for this en-
hanced effect was the migration of bridges to the lo-
cal minima in the surface separation, which simul-
taneously increases the capillary suction pressure
and the wetted area over which this suction pres-
sure acts. However, this migration of liquid bridges
also provides a mechanism through which tangen-
tial motion between two rough surfaces can be re-
sisted — a capillary-induced resistance to shear.
We therefore turn now to quantify this.

4. Materials and methods: Resistance to
shear

In this section, we shall explore a capillary-based
mechanism for generating resistance to shear. This
is motivated by experiments on ants which showed a
resistance to shear that increases linearly with slid-
ing velocity [57]. This linear relationship suggests
a hydrodynamic mechanism, but to our knowledge
has not been explained previously. Here, we in-
vestigate whether geometry-induced migration can
provide a sufficient shear resistance: we consider
a liquid bridge trapped beneath a parabolic as-
perity that is dragged by an imposed shear away
from the minimum below a particular asperity (as
in fig. 1, if the planar base is sheared to the right
at a speed U). The resulting geometric asymme-
try introduces a pressure difference that leads to
an opposing flow within the liquid bridge. Ul-
timately, the bridge may be expected to reach a
steady state in which this capillary-driven flow pre-
cisely balances the dragging caused by the imposed
shear. The bridge thus remains beneath the asper-
ity (without being smeared out); at the same time,
the capillary-induced back-flow applies a force that
resists the imposed shear.

4.1. Model of the shearing motion

Consider a short, but wide wetting liquid bridge
confined between a flat plate and a rough surface
with a parabolic profile h(r) = h0 + r2/2R (as
in §3.2). The flat plate is sheared at a constant
speed U in the positive x-direction, with the fluid
flow modelled by thin-film lubrication equations

[see Chapter 5 of 58]. The horizontal velocity in
the liquid is then

u = −∇p
2µ

z(h− z) + U
(

1− z

h

)
, (23)

where ∇ = (∂x, ∂y) is the gradient operator in the
horizontal plane, U = (U, 0) is the applied shear
velocity in the x-direction and µ is the dynamic
viscosity of the liquid. Integrating this in z gives
the depth-integrated volumetric flux

q = − h3

12µ
∇p+

h

2
U. (24)

Focusing on steady states, for simplicity, conser-
vation of mass [58] then shows that the volumetric
flux q must obey the steady-state Reynolds’ equa-
tion:

∇ · q = 0 =⇒ U
∂h

∂x
=

1

6µ
∇ · (h3∇p), (25)

which is reminiscent of the governing equations for
coating problems (see, for example, [59, 60]).

In equilibrium with no shear, U = 0, the bridge
has its meniscus at r = a0, and its volume is given
by V = 2π

∫ a0
0
r(h0+r2/2R) dr = π(h0a

2
0+a4

0/4R),
where (r, φ) are the usual polar coordinates taken
in the plane of the flat surface. Note that when
the bridge volume is small, V/(h2

0R)� 1, then the
bridge width is small compared to the curvature
and the bridge experiences a relatively flat surface
with approximately constant gap width, so that
V ≈ πh0a

2
0.

At the meniscus, r = rM (φ), the action of surface
tension causes a jump in the normal stress propor-
tional to the curvature of the interface. When using
the lubrication approximation this simplifies to a
jump in the fluid pressure only (since the dominant
fluid stress is due to the capillary pressure), which
satisfies the Young–Laplace equation locally

p(rM ) = − 2γ̄

h(rM )
, (26)

where γ̄ = γcos θ, the external atmospheric pres-
sure is taken as the pressure datum, p = 0, and the
curvature has been approximated by a circular arc
between the surfaces.

4.2. Non-dimensionalization

The problem is non-dimensionalized using the
height scale [h] = h0, the radial scale [r] =

√
Rh0
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and the pressure scale [p] = γ̄/h0. The new di-
mensionless coordinates are written with hats, so
that, for example, the dimensionless separation of
the two surfaces is now ĥ(r̂) = 1 + r̂2/2.

The dimensionless version of (25) enforces that
the dimensionless liquid pressure p̂(r̂, φ) must obey
the partial differential equation (PDE)

Ca
∂ĥ

∂x̂
=

1

6
∇ · (ĥ3∇p̂), (27)

where the (modified) capillary number

Ca =
µU

γ̄

√
R

h0
, (28)

measures the relative size of the shear (Couette)
contribution to the liquid flux compared to the cap-
illary pressure-driven (Poiseuille) flux. Note that
the definition of Ca in (28) differs from the usual
capillary number [58], µU/γ, since the typical ver-
tical and radial length scales are different here: h0

for Couette flow and
√
h0R for the capillary-driven

Poiseuille flow. The system is then controlled by
two parameters, the capillary number Ca and the
dimensionless bridge volume V̂ = V/(h2

0R). We
now assume that Ca � 1, allowing us to treat the
shear as a small perturbation to the bridge equilib-
rium.

4.3. Small Ca perturbation expansion

To find solutions in the small shear limit, Ca� 1,
a perturbation expansion is conducted in Ca about
the equilibrium solution to determine the pressure
field and bridge position. In particular, the position
of the meniscus, r̂M (φ), and the pressure, p̂, are
expanded in terms of the capillary number

r̂M (φ) = â0 + Ca f(φ) + . . .

p̂(r̂, φ) = − 2

ĥ(â0)
+ Ca δp(r̂, φ) + . . .

(29)

We wish to determine the leading order corrections
to the radius and pressure, i.e. to find the functions
δp(r̂, φ) and f(φ).

Note that the surfaces are flat in the azimuthal
angular direction, hφ = 0, because of the assump-
tion of axisymmetry, so that the gradient of h in the
x̂-direction in the PDE (27) is ĥx̂ = ĥr̂ cosφ. It is
then natural to seek a separable solution of the form
δp(r̂, φ) = P (r̂) cosφ with a similar angular depen-
dence for the meniscus position, f(φ) = A cosφ for
some constant A, (i.e. the meniscus is perturbed a

small constant amount, ACa, in the x-direction).
From (27), the equation for the radial dependence
of the first-order correction to the pressure is

P ′′ +
ĥ+ 3r̂ĥ′

r̂ĥ
P ′ − P

r̂2
=

6ĥ′

ĥ3
, (30)

where we recall that ĥ(r̂) = 1+r̂2/2. This is subject
to two boundary conditions at r̂ = â0, where the
pressure is set by the curvature through the Young–
Laplace equation (26) and there is no fluid flux, i.e.

P (â0) =
2ĥ′(â0)

[ĥ(â0)]2
A, (31)

P ′(â0) =
6

[ĥ(â0)]2
. (32)

The magnitude of the meniscus perturbation A is
unknown, and so an extra boundary condition is
required: the pressure must be non-singular at the
origin, and considering (30) at small values of r̂
gives that

P ∼ Cr̂ +
3

8
(2− C)r̂3 as r̂ → 0 (33)

for some constant C. Note that (33) is in fact two
conditions with an extra unknown C: when cal-
culating P , (33) is imposed a small distance from
the origin in both P and its derivative (so that
the unknown C can be determined/cancelled). The
problem (30)–(33) is therefore fully specified, when
given an equilibrium radius â0.

For a given â0, the ODE (30) is solved for P (r̂)
subject to the boundary conditions (32) & (33) us-
ing MATLAB’s in-built BVP solver bvp4c; the rel-
evant radial perturbation A is then calculated from
(31).

To close the problem requires the determination
of â0, which comes indirectly from the dimension-
less bridge volume constraint. In practice, it is eas-
ier to pick â0 and find the appropriate dimensionless
volume V̂ from

V̂ = π

(
â2

0 +
â4

0

4

)
. (34)

5. Results and discussion: Resistance to
shear

5.1. Pressure field during steady shear

At leading order in Ca, the pressure is constant
and equal to the value in the static case. The
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Figure 8: The first order correction to the (dimension-
less) pressure field inside the bridge, δp(x, y) = (p −
p0)/(Ca γ cos θ/h0) as it is sheared in steady state for (a)
V/(Rh2

0) = 1 and (b) V/(Rh2
0) = 100. The leading order

pressure is uniform, p0 = −2γ̄/h(a0). Note that the radial
lengths have been rescaled so that the equilibrium position
has r = 1 in these images; the corresponding equilibrium
radii are a0/

√
Rh0 = 0.30 and 9.5, respectively. The devia-

tion in meniscus position is not illustrated for simplicity.

change in pressure occurs at O(Ca); two illustrative
examples of the first order correction to the pres-
sure field inside the bridge are shown in fig. 8 for
different dimensionless bridge volumes. In fig. 8a,
the dimensionless bridge volume is relatively small
and the pressure gradient is approximately uniform
and aligned with the direction of the imposed shear.
For bridges with larger dimensionless volume, as in
fig. 8b, a recirculating flow is found; this recircu-
lation leads to a much stronger resistive pressure
gradient near the origin and a weaker recirculation
around it. A natural question to ask is then: how
does this affect the resistance to shear?

5.2. Resistance to shear during steady motion

For shearing to be maintained in a steady state, a
tangential force must be applied to each solid sur-
face. The dimensional shear force that the liquid
applies on the flat plate is Fshear =

∫∫
µ∂u∂z |z=0 dA,

which can be expanded in terms of the perturbation
solution and rearranged to give the leading order
dimensionless shear force in the x-direction

F

µUR
= −2π log[ĥ(â0)]− π

2

∫ â0

0

r̂ĥP ′ + ĥP dr̂.

(35)
The shear force F can be found as a function of
the volume V , though in practice it is simpler to
use the equilibrium bridge radius a0 as a parame-
ter and compute the appropriate V given by (34), as
already discussed. From this shear force, F [V (a0)],
for a single bridge of volume V the total shear
force due to n such bridges can be calculated since
Ftot(Vtot) = nF (Vtot/n) with Vtot = nV .

The contributions to the required horizontal force
from both the resulting Couette flow and the
counter flow due to the leading order pressure gra-
dient are both linear in the shear velocity U = U x̂,
and so the shear force is linear in U . The goal is
to find the prefactor for this linear relationship as
the bridge volume and geometry are varied and, in
particular, to determine the role of the splitting de-
scribed in §2.2 & §3.2.

The resistance to shear must be equal and oppo-
site on each of the solids [61]. To corroborate the
calculation of the resistance to shear on the planar
surface, the force applied on the rough surface has
also been calculated in Appendix C, taking care-
ful account of the fact that, in this case, the pres-
sure has a horizontal component when it acts on
a curved or sloping surface. The difference in the
resistance to shear on each surface is found to be
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Figure 9: (a) The magnitude of the dimensionless shear force
for a single bridge as a function of the bridge volume. (b)
The magnitude of the total shear force when splitting into
n bridges. In both cases, results are presented for the shear
force applied on the flat plate only; when the results for
the shear force on the rough surface are plotted, they are
indistinguishable at the scale of the plot.

less than 0.1% over the range presented here, sup-
porting the accuracy of the calculations. Results
are therefore presented for the resistance to shear-
ing of the planar surface, but this is equivalent to
the shear force experienced by the rough surface.

The shear force applied on the flat plate by a
single bridge depends on which of the two types of
pressure fields shown in fig. 8 are observed: these
lead to different behaviours of F (V ), as can be seen
in fig. 9. Figure 9a shows the dimensionless applied
shear force for a single bridge; in this case, the force
increases more rapidly with dimensionless volume
when the volumes are small, V/(h2

0R) < O(10),
than when they are larger, V/(h2

0R) ≥ O(10). For
smaller volumes, the shear force increases linearly

with volume according to F/(µUR) ≈ 4V/(h2
0R)

(see Appendix C for a derivation of this rela-
tion). For larger bridge volumes, the shear force
increases extremely slowly: the dimensionless force
F/(µUR) increases by approximately 10 for each
additional factor of 10 increase in the dimension-
less volume V/(h2

0R) (i.e. it appears to be approxi-
mately logarithmic). The dimensionless shear force
in this large bridge volume scenario can be ap-
proximated as constant for simplicity, with a value
F/(µUR) ≈ 100.

Having considered the force required to shear a
plate past a single bridge, it is important to con-
sider the effect of bridge splitting on the total shear
force that is generated. For n such bridges with
a fixed total liquid volume, Vtot, the total shear
force due to this effect is calculated and is plotted
in fig. 9b. Again there are two distinct behaviours,
transitioning when the number of bridges is in the
region of n ≈ 0.1[Vtot/(h

2
0R)]. Below this, the to-

tal force increases almost linearly with the number
of bridges; for a small number of bridges (i.e. large
bridge volumes), the total shear force is approx-
imately independent of the gap width and liquid
volume: Ftot ≈ 100 µUR n. Above the transi-
tion, the dimensionless total force saturates and re-
mains approximately constant as more splitting oc-
curs, giving an upper bound for the shear force that
can be achieved by splitting from this mechanism:
Ftot ≈ 4µUVtot/h

2
0 (again, see Appendix C).

Whilst the linearity of the resistance to shear
with the sliding velocity found here is similar to
that observed in experiments on insects [57], the
magnitude of the force does not appear to be large
enough to explain insects’ strong resistance to shear
(see Appendix D for a comparison of the calcu-
lated shear resistance with measurements on in-
sects). While this hydrodynamic mechanism does
not seem to be that behind the resistance to shear
seen in these experiments, it is important to em-
phasize that the experiments on insects do suggest
a hydrodynamic mechanism of unknown origin.

6. Conclusions

We have considered theoretically the effects of
bridge splitting on both normal adhesion and tan-
gential shear forces between rough and flat surfaces.
In particular, we have shown that the tendency of
capillary bridges to spontaneously migrate to re-
gions in which the gap separation is locally minimal
acts to enhance the normal capillary adhesion force,
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as well as leading to a mechanism through which the
shear force is linear in the imposed shearing veloc-
ity.

By solving for the shape of capillary bridges nu-
merically, the total adhesive capillary force was cal-
culated as the number of bridges or surface rough-
ness is varied. For perfectly wetting liquids, split-
ting bridges generally results in an increase in the
adhesion force — an intermediate maximum in the
adhesion force is found in this case, corresponding
to optimal capillary adhesion away from the very
smallest bridges that can exist without rupture. For
larger contact angles, the optimal adhesion force is
larger and found much closer to rupture, similar
to the case of smooth flat surfaces studied previ-
ously [37] (see Appendix B). Fixing the number of
capillary bridges, the adhesion is found to increase
with the amplitude of the surface roughness, with
the maximum capillary adhesion force increasing by
orders of magnitude in some cases.

In the case of a small applied shear, steady solu-
tions to the lubrication equations were found, and
the tangential force on the base plate required to
maintain a steady state was calculated. This shear
force is linear in the imposed velocity and initially
increases as the liquid is split into more bridges.
This is reminiscent of some experiments on Weaver
ants, which found a similar linear behaviour be-
tween shear resistance and sliding velocity [57], al-
though the mechanism presented in this work does
not appear to be large enough to explain the ants’
strong resistance to shear (see Appendix D). A
potential alternative mechanism that could explain
this behaviour is the sliding of a saturated poroelas-
tic medium, such as the recent studies on hydrogels
[62, 63, 64]; however, a quantification of the mag-
nitude of this effect remains outstanding.

Although we have generally focused on adhesion
as a benefit and considered how to vary parame-
ters to maximise the forces, our results could also
be used to understand situations where strong ad-
hesion forces are detrimental. Roughness has pre-
viously been appreciated as an important factor in
determining capillary adhesion for contaminants on
solar cells [17] and the fouling of membranes [16].
Experiments in these systems show that the in-
creased amplitude of roughness decreases adhesion
[17, 65]. This appears contrary to our results; how-
ever, in these scenarios, liquid arises from capillary
condensation and so any bridge volumes are also
dependent on the roughness scale. Nevertheless,
we hope our work helps to illuminate and inspire

further study on the different roles roughness can
play in capillary adhesion under fixed volume con-
ditions, compared to an environment dominated by
condensation.

One physical aspect that has been omitted in our
models is the possibility of contact line pinning,
which could be caused by the presence of small-
scale roughness or impurities. Pinning would act
to hinder the mechanism for the capillary-induced
bridge motion used throughout this work. It is ex-
pected that in scenarios where pinning is impor-
tant, the bridges may not manage to reach the lo-
cal minima in gap width and so the observed adhe-
sion force would be lower than the values presented
here. However, pinning and contact angle hystere-
sis could contribute additional resistive forces in the
steady shear problem (although the combined force
from this and our mechanism is unlikely to account
for the ant’s strong shear resistance).

Our analysis highlights the possible importance
of bridge splitting as a means of exploiting sur-
face roughness to enhance capillary adhesion and
resistance to shear. In reality, surfaces will not
be as idealized as the identical parabolic asperities
studied here, but will be composed of a variety of
wavelengths and amplitudes, and the topography
and surface properties may vary spatially. Pro-
vided that such a roughness can be characterized
well by averages of these properties, our predictions
should carry across qualitatively in these more re-
alistic scenarios. However, these added details may
complicate the picture: for example, it is known
that the shape of capillary bridges can be affected
by the presence of smaller-scale roughness [45]. In
addition, our focus on the behaviour of bridges be-
tween one rough and one planar surface may not al-
ways be appropriate for real-world applications; two
arbitrary rough surfaces will have independent to-
pographies and the asperities are unlikely to align.
In such a system, the assumption of axisymmetry
used in our model will no longer be reasonable in
general, and a new method may be needed to inves-
tigate these cases in more detail. The importance
of each of these complicating factors warrants fur-
ther study to fully understand their impact on the
capillary forces when splitting. It is hoped that
the possible benefits to bridge splitting found here
might inspire more detailed experiments with con-
trolled roughness scales that can test these theoret-
ical predictions quantitatively.
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Appendix A. Splitting perfectly wetting liq-
uid between plates

The increase in adhesion force with splitting (and
intermediate maxima) seen in fig. 5 can largely be
explained by a competition between the tension
force increasing with n and the decreasing pressure
force. However, an increase in adhesion force is also
initially seen for perfectly wetting liquid, θ = 0,
even though in this case there is no tension force,
FT = 0.

Heuristically, this is because of changes in shape
of the bridge as the liquid is divided more: when
splitting, liquid is initially lost preferentially from
the centre, or ‘neck’, of the bridge. This means
that the wetted area does not decrease in magni-
tude as much as might have been expected when
splitting perfectly cylindrical bridges (in which the
wetted area of a single bridge Awet ∝ V1 ∝ 1/n).
Despite this ‘necking’ also causing the curvature to
become more positive (i.e. a more repulsive pres-
sure), the pressure force-per-bridge (the product of
curvature and wetted area) decreases slowly enough
with number of bridges that having more bridges
still results in a larger total adhesion force.

As the bridges are split further, the wetted area
begins to decrease (and curvature to increase) more
rapidly with n, causing an eventual decrease in the
pressure force, and hence total force. This increase
in the pressure force is only seen when the liquid is
very wetting; for contact angles as small as θ = 30◦

the pressure force decreases with increasing number
of bridges and the increase in adhesion with split-
ting is simply due to the tension force only.

Appendix B. Rough capillary adhesion with
other wettabilities and rough-
ness geometries

In this appendix, we consider modifications to the
results presented in the main text when taking ac-
count of different liquid wettabilities and roughness
geometries.

Appendix B.1. Variation with contact angle

Results in the main text were presented for per-
fectly wetting liquid bridges with contact angle
θ = 0. If the contact angle, θ, is varied, then the
results remain qualitatively similar (see fig. B.10).
Similarly to the perfectly wetting bridges, rupture
is found to occur later and the adhesion force is
seen to increase as the roughness amplitude is in-
creased. In fact, splitting is even more beneficial
at these contact angles than for perfect wetting: a
similar magnitude (or larger) force can be obtained
by splitting, but this can be many times the force
found in the large single bridge case of eqn. (2), due
to the factor cos θ there. Additionally, it is possi-
ble to get many more bridges before rupture occurs.
However, it must be noted that as the contact an-
gle increases, the maximum moves closer to rupture
and is not as broad — a more accurate (discrete)
choice of n may be required to maximize the force
whilst avoiding rupture.

Appendix B.2. Variation with aspect ratio

To investigate how the results change as the
roughness aspect ratio is altered, α (given by
eqn. (11)), the force at fixed roughness amplitude is
plotted when α = 100 and compared to the values
obtained at α = 10 (the value used for results in
the main text). This is shown in fig. B.11a. If the
average height, h̄, is held constant and the same
roughness amplitudes, ∆h, are compared then in-
creasing α corresponds to increasing the radius of
curvature of the asperity, R, i.e. making the rough-
ness flatter. At the larger aspect ratio, the force ini-
tially increases more rapidly with n, but otherwise
the behaviour is qualitatively the same: there is an
intermediate maximum in the force when varying
n and the force increases with the roughness am-
plitude. There is minimal change in both the force
and the value of n at which the bridge ruptures,
varying by only a few percent at most.

From this comparison, it seems that changing the
value of α does not change the results a great deal.
However, it should be noted that larger α may mean
a sparser packing of asperities (since the radius of
curvature R is larger, see inset to fig. B.11a), and
so a larger adhesive area may be needed to generate
the same absolute adhesion force.

Appendix B.3. Geometric variation: the conical
case

Here, we investigate the effect of changing the
local geometry of the roughness. If the roughness
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Figure B.10: Effect of varying contact angle θ: the di-
mensionless total adhesion force F as a function of the
scaled number of bridges N for the roughness amplitudes
∆h/h̄ = {0, 0.1, 0.2, 0.3, 0.4, 0.5} when (a) θ = 45◦, and (b)
θ = 60◦. In both cases, the dotted curves indicate the re-
sults for a perfectly wetting bridge, θ = 0, for comparison
with the results in the main text while the dashed lines show
the simple parallel plates model, F = 2 cos θ. In both (a) and
(b), the values of ∆h/h̄ and colour code are the same as in
fig. 6a.
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Figure B.11: Effect of varying the aspect ratio and roughness
type: the dimensionless total adhesion force, F , as the scaled
number of bridgesN is varied for various fixed roughness am-
plitudes ∆h/h̄ = {0, 0.1, 0.2, 0.3, 0.4, 0.5} when the liquid is
perfectly wetting, θ = 0. (a) Varying α: solid curves show
numerical results with α = 100, while dotted curves repro-
duce the results of fig. 6a (for α = 10). Inset: representative
profiles showing rough surfaces with aspect ratios of α = 10
(lower) and α = 100 (upper). (b) The conical asperity case:
solid curves show results for the conical aspect ratio β =

√
20

are compared to the parabolic case with α = 10 (dotted). In
both (a) and (b), lines and symbols are the same as those in
figs. 6a and B.10, and the dashed lines again show the simple
parallel plates model, F = 2, from eqn. (2).
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is not sufficiently smooth then locally it may look
more conical in nature.

Consider a roughness that is locally conical,
i.e. h(r) = h0 + Br, for some slope B. The aspect
ratio β = ∆h/Bh̄ is fixed in the same manner that
in the parabolic case α was fixed. The eqns. (5) are
the same as for the parabolic case, but the bound-
ary conditions (12) are altered appropriately.

An example of the total adhesion force is given
in fig. B.11b for the case β =

√
20. This value of

β is used to compare to the α = 10 case from the
main text, because when β =

√
2α then the radius

at which ξ(1) = 1 (i.e. the r at which h(r) = h̄) is
the same in both cases, and so their aspect ratios
can be considered equivalent.

Again, the results are qualitatively similar to
those presented in the main text: there is an in-
termediate maximum and the force increases with
roughness amplitude. It can be concluded that,
regardless of whether the roughness looks locally
parabolic or conical, splitting can give a significant
increase in adhesion force.

Appendix C. Calculation of the resistance
to shear

Appendix C.1. Shear force on the rough surface

In §5, results were presented for the shear force
applied by the liquid on the flat surface. Here, the
shear force on the rough surface is calculated. In
this case, it is important to account for the fact that
(in addition to the usual viscous shear µ∂u/∂z)
the pressure can have a horizontal component that
modifies the resistance to shear: the rough surface
is sloped and so its normal action leads to a small
horizontal component. In terms of the small Ca
expansion, this pressure contribution to the shear
comes in two main parts, both of which give a lead-
ing order correction to the shear that is not seen in
the flat case: (i) the uniform leading order pressure

−2/ĥ(â0) acting over its perturbed radius, and (ii)
the asymmetric pressure correction δp acting over
the equilibrium footprint â0.

The leading order dimensionless shear force that
the liquid applies on the rough surface in the x-
direction is found to be

F

µUR
= 2π log[ĥ(â0)] +

2πâ2
0

ĥ(â0)
A

− π

2

∫ â0

0

r̂ĥP ′ + ĥP + 2r̂2P dr̂ (C.1)

which can be compared to the shear force on the
plane (35). The second term here is the contribu-
tion caused by the moving edge of the liquid bridge;
the final term in the integral is the part from the
asymmetric pressure correction.

We find that the calculated shear force on the
rough and planar surfaces differ by less than 0.1%
over the range considered — this difference is in-
distinguishable at the scale of fig. 9; default toler-
ances were used when implementing bvp4c (rela-
tive and absolute tolerances were 10−3 and 10−6,
respectively). The difference between shear forces
observed here may therefore be attributed to nu-
merical error since the maximum error is within the
requested error tolerance. It is therefore suggested
that the shear force on each surface is the same,
and focus in the main text only on the shear force
on the planar surface for simplicity.

Appendix C.2. Behaviour for small bridges

If the bridges are small (but still remain in the
lubrication limit), â0 � 1, then the rough surface

will look flat on the scale of the bridge with ĥ ≈ 1
(and also log[ĥ(â0)] ≈ â2

0/2). The solution of (30)
is then

P (r̂) ≈ 6r̂, (C.2)

because the condition (33) enforces that the pres-
sure behaves linearly at small radii, and the no flux
boundary condition at the edge, (32), gives a pres-
sure gradient of 6. This linearity in P can be seen
in fig. 8a. The shear force on the flat surface can
then be approximated by

F

µUR
≈ −πâ2

0 −
π

2

∫ â0

0

12r̂ dr̂ ≈ −4πâ2
0. (C.3)

Furthermore, in this small bridge case, the dimen-
sionless bridge volume is V̂ ≈ πâ2

0 so that the pre-
dicted shear force behaviour is

F

µUR
≈ −4

V

h2
0R

, or
Ftot

µUVtot/h2
0

≈ −4

(C.4)
which is observed in the results of fig. 9 for small V
or large n.

Appendix D. Resistance to shear in insects

When insects adhere to a surface they are able to
withstand large normal loads relative to their body
weight, but also comparatively large shear forces
[66, 8]; a long-standing problem in insect adhesion
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Figure D.12: Resistance to shear provided by an Asian
Weaver ant. Experimental data from Federle et al. [57]
are digitally captured and plotted in the main figure. The
data appear to be well-approximated by a linear relation-
ship F = 20U + 4 (black dashed line) with F measured in
mN and U in mm/s. Inset: An approximation for the data
as would be seen on a Stribeck curve. For this inset, the
load was estimated as W = 40 µN, the length of contact
L = 0.1 mm (both from data in [57]) and the dynamic vis-
cosity µ = 0.1 Pa s [35].

is to understand the origins of this resistance to
shear. Experiments on Asian Weaver ants suggest
that the shear force increases linearly with the ve-
locity of shearing [57], with only a relatively small
threshold at U = 0 (see fig. D.12). This linear rela-
tionship between force and velocity is evocative of
the relationship between rate of shearing and shear
stress acting on two parallel plates separated by a
Newtonian liquid [61, 67].

A common means of plotting such data is via a
Stribeck curve [68] showing friction coefficient as a
function of dimensionless speed — this clearly dis-
tinguishes between boundary lubrication (that is in-
dependent of speed) and hydrodynamic lubrication
(that increases linearly with speed). The inset of
fig. D.12 shows an estimated Stribeck curve (based
on an assumed load W = 40 µN, contact length
L = 0.1 mm and dynamic viscosity µ = 0.1 Pa s),
where friction coefficients are plotted as a function
of the Hersey number (µUL/W , which is a dimen-
sionless lubrication parameter but for our purposes
can be thought of as a dimensionless speed). Again,
this shows an approximately linear trend, suggest-
ing the origin of this shear force is hydrodynamic.
However, a simple model of a Newtonian liquid
bridge between plates does not appear to provide

a large enough resistance to shear to explain the
observed forces [35]; further, a steady state can-
not exist in the case of a finite liquid bridge, which
would be smeared over the plate by the shearing.

One possible clue as to insects’ strong resistance
to shear is the presence of emulsion droplets in
their oily secretion. As well as the potential bene-
fit of enhancing capillary adhesion, it has also been
suggested that these emulsion droplets could en-
dow the liquid with non-Newtonian properties, such
as a yield stress, thereby also allowing for resis-
tance to shear [36, 69]. Another possibility is that
contact angle hysteresis and contact line pinning
may oppose shearing as the pull of the contact line
contributes a horizontal component [66]. However,
both of these mechanisms predominantly generate
a static resistance to shear and cannot explain the
simple linear relationship between the resistance to
shear and the imposed shear velocity that is ob-
served experimentally (fig. D.12).

Our theory for shear resistance due to steady cap-
illary migration on rough surfaces (presented in §4
& §5) does show a linear dependence between the
shear force and velocity, just as observed by Fed-
erle et al. [57] for Asian Weaver ants on a rotating
turntable. Their data suggest a linear relationship
with a gradient close to c = F/U ≈ 20 N s/m, as
shown in fig. D.12. The question is then to explain
the order of magnitude of the friction constant c
— can it be explained as being the result of the
splitting of capillary bridges on a rough surface?

Appendix D.1. Comparison of shear resistance

To make a quantitative comparison between the
predictions of our model and the experimental ob-
servations of Federle et al. [57], we take published
values of parameters for Asian Weaver ants from
Dirks and Federle [70], Federle et al. [57], Federle
et al. [35] and Dirks et al. [36]. Since the mech-
anism for generating a shear resistance discussed
here would work equally well for a single curved
object (i.e. the whole foot pad, or a single asper-
ity,) as many smaller ones, it is not immediately
clear whether the relevant scale here is the whole
oil secretion (volume V ≈ 103 µm3 [70] with radius
of curvature R ≈ 100 µm of the whole footpad [57])
or the emulsion droplets (smaller volume and a ra-
dius of curvature from local asperities). In either
case, the experimental capillary number is small,
Ca . 0.1 (based on a shearing rate U ≈ 1 mm/s,
viscosity µ ≈ 0.1 Pa s [35], and assuming a simi-
lar surface tension to other insect species γ ≈ 20–
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30 mN/m [66, 71]), provided that the separation
h0 > 100 nm. Hence the small capillary number
theory developed here is expected to be valid for
these experiments.

At the scale of the whole foot, a single bridge
consisting of the entire oily secretion may be con-
sidered, and results applied from fig. 9a. If the
ant’s foot is reasonably far from the surface, h0 >√
V/10R ≈ 1µm, then the force would be expected

to be in the linear regime with friction constant
c = F/U ≈ 4µV/h2

0. Using the previously men-
tioned values, the friction coefficient is found to be
c < 10−4 N s/m. This is around five orders of mag-
nitude smaller than the observed value. If the sep-
aration were much smaller than this, h0 < 1 µm,
then instead the force-velocity relationship would
be expected to saturate, so that c ≈ 100µR ≈
10−3 N s/m — again, much smaller than observed
experimentally.

Alternatively, it is possible to estimate the shear
force from bridges on the scale of the watery
droplets within the emulsion, using results from
fig. 9b. Suppose that the secretion consists of
10% watery droplets by volume, of typical extent
a0 ≈ 1 µm (estimated from images of the insect se-
cretion [36]), and that these all form bridges on a
substrate roughness of a similar scale, R ≈ 1µm.
Then, since the radial lengthscale is 1/100th of the
whole foot and the volume is 1/10th of the whole se-
cretion, approximately n ≈ 1000 bridges would be
expected for the same separation h0. At the scale of
the individual bridges, the insect foot will look flat
compared to the substrate roughness. It is then rea-
sonable to consider a shear being applied on the flat
surface, whilst measuring the resulting resistance to
shear. If the surface separation is large enough h0 >√

0.1Vtot/nR ≈ 0.1 µm, then the shear friction is
bounded above by c ≈ 4µVtot/h

2
0 < 10−3 N s/m;

if h0 is smaller than this then the friction will be
c ≈ 100µRn ≈ 10−2 N s/m. Again, this remains
significantly smaller than the value measured ex-
perimentally.

It can therefore be concluded that the shear resis-
tance provided by the migration of capillary bridges
is not sufficient to generate the shear forces ob-
served in insects (even after accounting for the fact
that the insect has 6 points of contact). Never-
theless, this does give an example of a mechanism
that would yield a linear relationship between shear
force and velocity. Additionally, this bridge migra-
tion may help to retain liquid during shear, when
in other scenarios the bridges may be sheared away

or end up coating the surfaces.

[1] R. Hooke, Micrographia, The Royal Society, 1665.
[2] H. Power, Experimental Philosophy, Martin and

Allestry, London, UK, 1664.
[3] K. Autumn, M. Sitti, Y. A. Liang, A. M. Peattie, W. R.

Hansen, S. Sponberg, T. W. Kenny, R. Fearing, J. N.
Israelachvili, R. J. Full, Evidence for van der Waals ad-
hesion in gecko setae, Proc. Natl. Acad. Sci. USA 99
(2002) 12252–12256.

[4] G. Hanna, W. Jon, W. P. J. Barnes, Adhesion and de-
tachment of the toe pads of tree frogs, J. Exp. Biol.
155 (1) (1991) 103–125.

[5] S. Ishii, Adhesion of a leaf feeding ladybird Epilachna
vigintioctomaculta (Coleoptera: Coccinellidae) on a
virtically smooth surface, Appl. Entomol. Zool. 22 (2)
(1987) 222–228.

[6] D. Labonte, W. Federle, Scaling and biomechanics of
surface attachment in climbing animals, Phil. Trans. R.
Soc. B 370 (2015) 20140027.

[7] M. W. England, T. Sato, M. Yagihashi, A. Hozumi,
S. N. Gorb, E. V. Gorb, Surface roughness rather than
surface chemistry essentially affects insect adhesion,
Beilstein J. Nanotechnol. 7 (1) (2016) 1471–1479.

[8] J.-H. Dirks, W. Federle, Fluid-based adhesion in in-
sects: principles and challenges, Soft Matter 7 (2011)
11047–11053.

[9] T. C. Halsey, A. J. Levine, How sandcastles fall, Phys.
Rev. Lett. 80 (14) (1998) 3141.

[10] M. Pakpour, M. Habibi, P. Møller, D. Bonn, How to
construct the perfect sandcastle, Sci. Rep. 2 (2012) 549.

[11] W. B. Haines, Studies in the physical properties of soils:
II. A note on the cohesion developed by capillary forces
in an ideal soil, J. Agr. Sci. 15 (4) (1925) 529–535.

[12] R. A. Fisher, On the capillary forces in an ideal soil;
correction of formulae given by WB Haines, J. Agr. Sci.
16 (1926) 492–505.

[13] G. V. Middleton, P. R. Wilcock, Mechanics in the
earth and environmental sciences, Cambridge Univer-
sity Press, 1994.

[14] C. M. Mate, Application of disjoining and capillary
pressure to liquid lubricant films in magnetic recording,
J. Appl. Phys. 72 (7) (1992) 3084–3090.

[15] C. Gao, B. Bhushan, Tribological performance of mag-
netic thin-film glass disks: its relation to surface rough-
ness and lubricant structure and its thickness, Wear
190 (1) (1995) 60–75.

[16] L. Zhang, B. Hu, H. Song, L. Yang, L. Ba, Colloidal
force study of particle fouling on gas capture membrane,
Sci. Rep. 7 (1) (2017) 1–11.

[17] H. R. Moutinho, C.-S. Jiang, B. To, C. Perkins,
M. Muller, M. M. Al-Jassim, L. Simpson, Adhesion
mechanisms on solar glass: Effects of relative humid-
ity, surface roughness, and particle shape and size, Sol.
Energy Mater. Sol. Cells 172 (2017) 145–153.

[18] T. Tanaka, M. Morigami, N. Atoda, Mechanism of Re-
sist Pattern Collapse during Development Process, Jpn.
J. Appl. Phys. 32 (12S) (1993) 6059.

[19] C. H. Mastrangelo, C. H. Hsu, Mechanical stability and
adhesion of microstructures under capillary forces - Part
1: Basic theory, J. MEMS 2 (1993) 33–43.

[20] N. Chakrapani, B. Wei, A. Carrillo, P. M. Ajayan, R. S.
Kane, Capillarity-driven assembly of two-dimensional
cellular carbon nanotube foams, Proc. Natl. Acad. Sci.
USA 101 (12) (2004) 4009–4012.

[21] B. Pokroy, S. H. Kang, L. Mahadevan, J. Aizenberg,

21



Self-organization of a mesoscale bristle into ordered, hi-
erarchical helical assemblies, Science 323 (5911) (2009)
237–240.

[22] M. de Volder, A. J. Hart, Engineering Hierarchi-
cal Nanostructures by Elastocapillary Self-Assembly,
Angew. Chem. Int. Ed. 52 (2013) 2412–2425.

[23] T. Young, III. An essay on the cohesion of fluids, Phil.
Trans. R. Soc. Lond. (95) (1805) 65–87.

[24] P. S. Laplace, Mechanique Celeste, Supplement to Book
10, 1806.

[25] W. C. Carter, The forces and behavior of fluids con-
strained by solids, Acta Metall. 36 (8) (1988) 2283–
2292.

[26] J. C. Melrose, Model calculations for capillary conden-
sation, AIChE J 12 (5) (1966) 986–994.

[27] C. D. Willett, M. J. Adams, S. A. Johnson, J. P. K.
Seville, Capillary bridges between two spherical bodies,
Langmuir 16 (24) (2000) 9396–9405.

[28] F. M. Orr, L. E. Scriven, A. P. Rivas, Pendular rings
between solids: meniscus properties and capillary force,
J. Fluid Mech. 67 (4) (1975) 723–742.

[29] B. J. Lowry, P. H. Steen, Capillary Surfaces: Stabil-
ity from Families of Equilibria with Application to the
Liquid Bridge, Proc. R. Soc. A 449 (1995) 411–439.

[30] H.-J. Butt, M. Kappl, Normal capillary forces, Adv.
Colloid Interfac. 146 (2009) 48–60.

[31] S. Cai, B. Bhushan, Meniscus and viscous forces during
separation of hydrophilic and hydrophobic surfaces with
liquid-mediated contacts, Mater. Sci. Eng. R 61 (1-6)
(2008) 78–106.

[32] M.-H. Meurisse, M. Querry, Squeeze Effects in a Flat
Liquid Bridge Between Parallel Solid Surfaces, J. Tri-
bol. 128 (2006) 575.

[33] S. N. Gorb, The design of the fly adhesive pad: distal
tenent setae are adapted to the delivery of an adhesive
secretion, Proc. R. Soc. Lond. B 265 (1398) (1998) 747–
752.

[34] T. Eisner, D. J. Aneshansley, Defense by foot adhesion
in a beetle (Hemisphaerota cyanea), Proc. Nat. Acad.
Sci. 97 (12) (2000) 6568–6573.

[35] W. Federle, M. Riehle, A. S. G. Curtis, R. J. Full, An
integrative study of insect adhesion: mechanics and wet
adhesion of pretarsal pads in ants, Integr. Comp. Biol.
42 (6) (2002) 1100–1106.

[36] J.-H. Dirks, C. J. Clemente, W. Federle, Insect tricks:
two-phasic foot pad secretion prevents slipping, J. R.
Soc. Interf. 7 (2010) 587–593.

[37] E. J. De Souza, M. Brinkmann, C. Mohrdieck, E. Arzt,
Enhancement of capillary forces by multiple liquid
bridges, Langmuir 24 (16) (2008) 8813–8820.

[38] S. Zilberman, B. N. J. Persson, Adhesion between elas-
tic bodies with rough surfaces, Solid State Commun.
123 (3-4) (2002) 173–177.

[39] B. N. J. Persson, S. Gorb, The effect of surface rough-
ness on the adhesion of elastic plates with application
to biological systems, J. Chem. Phys. 119 (21) (2003)
11437–11444.

[40] W. Federle, Why are so many adhesive pads hairy?, J.
Exp. Biol. 209 (14) (2006) 2611–2621.

[41] K. L. Johnson, K. Kendall, A. D. Roberts, Surface en-
ergy and the contact of elastic solids, Proc. R. Soc.
Lond. A. 324 (1558) (1971) 301–313.

[42] E. Arzt, S. Gorb, R. Spolenak, From micro to nano
contacts in biological attachment devices, Proc. Natl.
Acad. Sci. USA 100 (19) (2003) 10603–10606.

[43] R. Spolenak, S. Gorb, E. Arzt, Adhesion design maps
for bio-inspired attachment systems, Acta biomater.
1 (1) (2005) 5–13.

[44] R. G. Beutel, S. N. Gorb, Ultrastructure of attachment
specializations of hexapods (Arthropoda): evolutionary
patterns inferred from a revised ordinal phylogeny, J.
Zool. Syst. Evol. Res. 39 (4) (2001) 177–207.

[45] J. Wang, J. Qian, H. Gao, Effects of capillary conden-
sation in adhesion between rough surfaces, Langmuir
25 (19) (2009) 11727–11731.

[46] F. W. DelRio, M. L. Dunn, L. M. Phinney, C. J. Bour-
don, M. P. de Boer, Rough surface adhesion in the pres-
ence of capillary condensation, Appl. Phys. Lett. 90 (16)
(2007) 163104.

[47] B. N. J. Persson, Capillary adhesion between elastic
solids with randomly rough surfaces, J. Phys. Condens.
Matter 20 (31) (2008) 315007.

[48] Y. I. Rabinovich, J. J. Adler, M. S. Esayanur, A. Ata,
R. K. Singh, B. M. Moudgil, Capillary forces between
surfaces with nanoscale roughness, Adv. Colloid Inter-
face Sci. 96 (1-3) (2002) 213–230.

[49] E. Reyssat, Drops and bubbles in wedges, J. Fluid
Mech. 748 (2014) 641–662.
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