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A PROOF OF THE UPPER MATCHING CONJECTURE
FOR LARGE GRAPHS

EWAN DAVIES, MATTHEW JENSSEN, AND WILL PERKINS

ABSTRACT. We prove that the ‘Upper Matching Conjecture’ of Friedland, Krop, and Mark-
strom and the analogous conjecture of Kahn for independent sets in regular graphs hold for
all large enough graphs as a function of the degree. That is, for every d and every large
enough n divisible by 2d, a union of n/(2d) copies of the complete d-regular bipartite graph
maximizes the number of independent sets and matchings of size k for each k over all d-
regular graphs on n vertices. To prove this we utilize the cluster expansion for the canonical
ensemble of a statistical physics spin model, and we give some further applications of this
method to maximizing and minimizing the number of independent sets and matchings of a
given size in regular graphs of a given minimum girth.

1. INTRODUCTION

Let ix(G) be the number of independent sets of size k in a graph G and let my(G) be the
number of matchings of size k (that is, of k edges). Then we can write the independence
polynomial and matching polynomial (or matching generating function) of G as

Za(A) =) (@A and  Z2(N) =) mp(G)A
k>0 k>0
respectively. Evaluating Zg(\) and Z%(X) at A = 1 gives the total number of independent
sets and matchings in G respectively, which we denote by i(G) and m(G).

Extremal properties of i(G) and m(G) as well as Zg(A) and Z% () over the class of d-regular
graphs have been studied since Granville asked which d-regular graph on n vertices maximizes
the number of independent sets and Alon [1] conjectured that (when n is divisible by 2d) the
answer was the graph Hg,,, the union of n/(2d) copies of the complete d-regular bipartite
graph Kg 4. Using a beautiful entropy argument, Kahn [22] proved this conjecture over the
class of d-regular bipartite graphs. Galvin and Tetali [18] later gave a broad generalization
of Kahn’s result, showing in particular that Ky, maximizes ﬁlog Za(\) for all A > 0
over d-regular bipartite graphs. Zhao [36], then removed the bipartite restriction in this
statement for the independence polynomial, resolving Alon’s conjecture as a result. In his
2001 paper Kahn conjectured a stronger result, that Hg, should maximize each coefficient of
the independence polynomial.

Conjecture 1 (Kahn [22]). For all d > 1, all n divisible by 2d, all d-regular graphs G on n
vertices, and all k, we have

ix(G) < i(Hap) -

The history of the problem for matchings is somewhat different but ends in roughly the
same place. For an n vertex graph G, m,,/5(G) counts the number of perfect matchings of G.

Date: February 12, 2021.
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Bregman’s Theorem [§] (and its extension from bipartite graphs to general graphs by Kahn
and Lovéasz) gives an upper bound on m,,/»(G) in terms of the degree sequence of G. In the
case where G is d-regular and n is divisible by 2d, the result states that m,, /»(G) is maximized
by Hg . Both Kahn’s result on independent sets and Bregman’s theorem have elegant proofs
using the entropy method [30, [I7].

In 2008, Friedland, Krop, and Markstrom [I6] made the equivalent of Conjecture [I| for
matchings.

Conjecture 2 (Friedland, Krop, Markstrom [16]). For all d > 1, all n divisible by 2d, all
d-reqular graphs G on n vertices, and all k, we have

my(G) < my(Hap) -

The authors of [16] named this the ‘Upper Matching Conjecture’. A weaker form of this
conjecture was simply that Hg, maximizes m(G) or Zg(\) over d-regular graphs, but unlike
the case of independent sets no entropy-based proof of this is known. In light of this (and
the appealing name ‘Upper Matching Conjecture’), somewhat more attention was paid to
Conjecture [2| than Conjecture[l] Partial progress was made on both conjectures in a series of
papers including [15], 9], 20, 28], though the upper bounds on my(G) remained an exponential
factor larger than my(Hgp).

In 2017, the current authors and Roberts introduced a new method for proving extremal
bounds on graph polynomials such as Zg and Z7 based on logarithmic derivatives and linear
programming relaxations [I3]. One of the results proved with this method was that Ky 4 max-

imizes ﬁ log ZZ () for all A over d-regular graphs, and as a consequence, Hy , maximizes

m(G).

In addition, [13] provided a new approach to Conjectures || and [2| by developing generic
methods for transferring bounds on graph polynomials to bounds on their individual coeffi-
cients. This approach gave upper bounds on ix(G) and my(G) within a factor O(y/n) of the
conjectured bounds. Then in [14], the same authors gave a more sophisticated version of this
approach using stability-type results for Zg and Z® to show that Conjectures (I} and [2| hold
when n is large and k > en (see Theorem |8 below for the precise statement). In this paper,
we use a new method to deal with small values of k (that is, & < en). Combined with the
results from [I4] this allows us to prove our main result, that Conjectures (1| and [2| hold for
n > n(d) large enough.

Theorem 3. For all d > 2 there is N large enough so that for all n > N divisible by 2d, all
d-reqular graphs G on n vertices, and all k,

ir(G) <ip(Han) and mi(G) < mi(Hap) -

Moreover, if G is not isomorphic to Hg,, then the inequalities are strict for all 4 < k < mn/2.

We note that for a d-regular graph G on n vertices, ix(G) = 0 for k > n/2, and iy (G) =
i (Hqp) for kE < 3if G is triangle free (similarly for my(G)). Thus the range 4 < k <n/2in
Theorem [3|is best possible.

1.1. New techniques. To address the case k < en we turn to a technique from statistical
physics, the cluster expansion, which was originally developed to study the phase diagrams
of gasses and spin systems [24] but which has also found a number of applications in combi-
natorics and graph theory [33] 135, [0} [7, 2T, 4].
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In its basic form, the cluster expansion is an infinite series that formally represents the
logarithm of a function like Zg (). To make practical use of the cluster expansion, one must
know for what values of X this series converges, and general results tell us that A < 1/(ed)
suffices for graphs of maximum degree d. Moreover, when X is small enough (as a function
of d but not of n) the dominant terms of the cluster expansion come from the counts of
small subgraphs (edges, triangles, four-cycles, etc.). This holds more generally; instead of
considering the independence polynomial, one can consider a vertex-weighted homomorphism-
counting polynomial ZH for any graph H. Borgs, Chayes, Kahn, and Lovasz [7] used the
cluster expansion to show that for small weights (the equivalent of A < 1/(ed)), < log zg
converges if the sequence G, of graphs on n vertices is Benjamini-Schramm convergent; that
is, its small subgraph densities converge.

Conjectures [T and [2, however, deal with the individual coefficients of Zg and Z@% instead
of the values of the polynomials themselves. Fortunately there is a natural statistical physics
perspective to this as well. Polynomials such as Zg and Z7 are the partition functions of
statistical mechanics models, the hard-core model and the monomer-dimer model respectively.
These are probability distributions over the independent sets and matchings of a graph G,
in which e.g. each independent set has probability A!l/Z5(\). This distribution is known
as the grand canonical ensemble and represents particles of a gas (occupied vertices of the
independent set) in a volume in thermal equilibrium within a much larger volume (and so
particles can enter and leave the small volume). There is another natural probability distri-
bution over independent sets: the uniform distribution over independent sets of size k, which
represents particles of a gas in a confined volume (the particles cannot escape so their number
k is fixed). This is the canonical ensemble, and its partition function is simply ix(G). Much
of the intuition behind the methods of [I4] came from comparing the probabilistic behavior
of the grand canonical and canonical ensembles.

There is also a cluster expansion for the canonical ensemble, first presented by Pulvirenti
and Tsagkarogiannis in [29] in the setting of Gibbs point processes. In our setting this gives
an infinite series representation of logix(G), and for small k again the dominant terms of its
cluster expansion are counts of small subgraphs. We will use two very simple facts about Ky 4
to show that it maximizes i: it has no triangles and it has the highest 4-cycle density of any
d-regular graph. The method is much more general and can be applied to independent sets,
matchings, and graph homomorphisms over various classes of graphs.

In a little more detail, the following informal meta-theorem follows naturally from the
cluster expansion arguments we develop here. Let G be a class of graphs (e.g. d-regular
graphs, d-regular bipartite graphs, line graphs of d-regular graphs, etc.), and let H € G be
uniquely optimal for maximizing independent sets of size jg; that is, for j < jo a union of
copies of H has at least as many independent sets of size j as any other graph G € G on the
same number of vertices, and for j = jo it strictly maximizes i;(G). Then a union of copies
of H is the maximizer of i; for all £ < en and H is the maximizer of %log Za(A) for all
A < e. See Theorem |Z| below for one example of such a result, and Theorem for a similar
minimization result.

Concretely, we can consider the problem of minimizing the number of matchings of a given
size in a regular graph (the minimization problem for independent sets is rather straight-
forward, see [12] and the discussion in [I4]). For even d, a natural conjecture is that Ky
minimizes WlG)I log Z7#(A) for all A and a union of copies of Kgy; minimizes each coeffi-
cient of Z7#. For odd d, the clique K441 contains a perfect matching so cannot minimize
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WlG)I log Z7# () over d-regular graphs for large A. Csikvari and others have conjectured that

it is the minimizer for A < 1. Similarly, an n-vertex union of these cliques cannot minimize
the high order coefficients of the matching polynomial when an n-vertex d-regular graph with
no perfect matching exists. We make partial progress on these minimization problems for
matchings with the following pair of results.

Theorem 4. There is a constant ¢ > 0 such that for all d > 2 and 0 < A < cd™*, we have

1 m 1 m
(1) G@l log Z¢ (M) > a1 log Z%, ., (N)

for all d-regular graphs G, with strict inequality if G is not a disjoint union of copies of Kqy1.

For all d > 2 there is a constant & = &(d) > 0 such that for all n divisible by d + 1, a
disjoint union of n/(d + 1) copies of Kgi1 minimizes my(G) for all k < &n.

Borbényi and Csikvéri [5] have independently proved the first statement of Theorem [4| for
a wider range of A.

1.2. Related work. The problems of maximizing and minimizing the number of independent
sets and matchings in regular graphs have many extensions and generalizations, from asking
which regular graphs maximize or minimize the number of homomorphisms to a given fixed
graph H (e.g. the number proper g-colorings with H = K;) . Results and open problems in
the area are given in Zhao’s survey [37]. Further extensions consider irregular graphs with
bounds that depend on the degree sequence [31]. Often in these problems the extremal graph is
Kqq, K441, or, in a limiting sense, the infinite d-regular tree [11]. This is not always the case,
however, as Sernau gave counterexamples to some previous conjectures [34]. Nevertheless,
for maximizing the number of homomorphisms to a fixed graph over the class of d-regular,
triangle-free graphs, Kggq is always optimal [32]. One can also consider similar questions
for hypergraphs, where the above problems are more difficult and remain open in general.
Some bounds and conjectures for independent sets in hypergraphs are given in |25 10, [3].
One takeaway from the methods of the current paper is that understanding the maximizer
and minimizer of small cycle counts in the class of (hyper)graphs considered can give a good
indication of the plausibility of a conjectured extremal result.

1.3. Organization. In Section [2| we outline the proof of Theorem (3] reducing it to a more
general statement about independent sets and matchings in regular graphs of a given minimum
girth. In Section [3] we present the canonical ensemble cluster expansion and give sufficient
conditions for its convergence along with tail bounds based on the Kotecky—Preiss condi-
tion [23]. In Section {4 we use this to complete the proof of Theorem [3| for independent sets,
and in Section [5] we extend this to matchings. In Section [6] we prove Theorem [] and discuss
possible extensions of these results.

2. PROOF OUTLINE FOR THEOREM [3]

The main new technique we introduce in this paper is a way to use the canonical ensemble
cluster expansion to bound i (G) (and my(G)) for small values of k, that is, for k& < en where
€ depends only on d. We do this in considerably more generality since the proof is the same
and the more general statement gives more intuition.
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The girth of a graph is the length of its shortest cycle, and a homomorphism from F to G
isamap ¢ : V(F) — V(G) such that ij € E(F) = ¢(i)¢(j) € E(G). We write inj(F,G) for
the number of injective homomorphisms from F to G.

Definition 5. For d,g > 2, we call a graph H strictly (d, g)-optimal if it is d-reqular of girth
at least g, and there exists n = n(d, g) > 0 such that

6 (G- @) < o (G H) —

for all connected d-regular graphs G of girth at least g — 1 which are not equal to H.

The only non-trivial property of K, 4 that we require for the proof of Theorem [3|is that it
is strictly (d,4)-optimal.

Lemma 6. Ford > 2, Kqq is strictly (d,4)-optimal.

Proof. Let G be a connected d-regular graph on n vertices and let f be an injective homo-
morphism from C4 to G. Write V(Cy) = {1,2,3,4}. There are at most n choices for f(1).
Given any choice of f(1) there are at most d(d — 1)? choices for f({2,3,4}) with equality if
and only if each pair of vertices in the neighborhood of f(1) has d common neighbors, i.e.,
G = K;q4. It follows that if G is not isomorphic to Ky 4 then

1 1
5 i1, @) < d(d—1)° —1 = 57 inj(Cs, Kaa) = 1. -

More generally, all girth g, d-regular Moore graphs are strictly (d,g)-optimal, including
Kqq and the clique Kq11 for g = 4,3 respectively (see Section @

The following theorem states that for even girth g, a disjoint union of copies of a strictly
(d, g)-optimal graph will maximize iy and my, over d-regular graphs of girth at least g — 1 for
small enough k.

Theorem 7. Let g > 4 be even, let d > 2, and suppose a strictly (d, g)-optimal graph H
exists. Then there exists € = £(d,g) > 0 so that the following holds. Let h = |V (H)| and
suppose G is a d-regular graph of girth at least g — 1 on n vertices where n is divisible by h.
Then for k < en,

ik(Q) < ip(Hp) and mi(G) < mp(H,),
where H,, consists of n/h copies of H. Moreover, if G is not isomorphic to H, then the
inequality is strict for k > g.
Theorem [3] follows from Theorem [7] Lemma [6] and the following result of the current authors

and Roberts which shows that Conjectures [I] and [2] hold when n is large and k > en.

Theorem 8 ([I4]). For alle > 0 and d > 2, there is N1 = Ni(e,d) large enough so that for
all n > Ny, n divisible by 2d, all d-regular graphs G on n vertices, and all k > en,

mk(G) < mk(Hd,n) and ’Lk(G) S ik(Hd,n) .

Moreover the inequalities are strict if k < n/2 and G is not isomorphic to Hgp,.

We remark that the theorem statement in [I4] does not include the final observation re-
garding strict inequalities. However it is clear from the proof of Theorem [§| that this holds.
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Proof of Theorem[3 Let d > 2 and let € = £(d,4) be as in Theorem [7} Let N = Nj(e,d) be
as in Theorem Let G be a d-regular graph on n vertices where n is divisible by 2d and
n > N. Moreover suppose that G is not isomorphic to Hy,,.

By Lemma@and Theoremwith g = 4 (noting that all graphs have girth at least g—1 = 3),
for k < en we have

(2) ir(G) < ig(Hapn) and my(G) < my(Hgp)

where the inequality is strict for £ > 4. By T heorem the inequalities hold and are strict
for en < k < n/2 also. O

It remains to prove Theorem |7l Henceforth let g > 4 be even and let d > 2 be such that a
(d, g)-optimal graph H exists. Let h denote the number of vertices in the graph H, suppose
that h divides n, and let H,, be a disjoint union of n/h copies of H.

The key idea in proving Theorem [7] is to show that the number of independent sets (or
matchings) of small size (that is, at most en) is essentially determined by the density of
the cycles Cy—1 and C, in G, with more copies of C,_; leading to fewer independent sets
(or matchings), and more copies of Cy leading to a greater number. Intuitively even cycles
are beneficial to the count whereas odd cycles are harmful. To make this rigorous we write
logix(G) and logmy(G) as an infinite series using the cluster expansions for the canonical
ensembles of the hard-core model and the monomer-dimer model. The first step is to rewrite
ix(G), mk(G) in terms of the partition function of a polymer model. The derivation of this
polymer model is simple and we present a self-contained argument in the next section; see
also [29, 35, [6] for related work. We will present the argument first for independent sets and
then extend this argument to matchings in Section [5]

3. CLUSTER EXPANSION IN THE CANONICAL ENSEMBLE

Given a simple d-regular graph G = (V, E) on n vertices, we begin by showing how ix(G) can
be expressed in terms of the partition function of an abstract polymer model. Let G° = (V, E°)
be G with a self-loop added to every vertex. Then

, 1
@) =17 > I Lewswmes

" pik]—=V ije([k])

Z IT O+ 1me0)¢e — 1)

B oo e

Z Yo T Qewepigee — 1) -

! ¢>[ HVFC( k])zjeF

Let II denote the set of all unordered partitions of the set [k]. For a subset S C [k], write
Cgs for the set of all connected graphs on vertex set S. By grouping graphs ([k], F) according
to their component structure we have, for any fixed ¢ : [k] — V,

> I Gwwemee - =311 >° Il Gewomes -1

FC( ]) ijEF mell Ser FeCs ije E(F)



THE UPPER MATCHING CONJECTURE FOR LARGE GRAPHS 7

This allows us to break the sum over ¢ : [k] — V into separate terms ¢ : S — V for each
S emell For S C k], let

(3) wa(S) ::ﬁ > 2 I Wwwoer -1

¢SV FeCs ije E(F)
We will refer to wg(S) as the weight of S (with respect to G). Then

nk
iK(G) = T Z H we(S).

mell Sem

Let P denote the set of all subsets S C [k] with |S| > 2. We call the elements of P polymers.
We say that two polymers Si, So are compatible, and write S| ~ S, if S1 NSy = (. We note
that wg(S) depends only on the size of S, however it will be important to make S explicit in
the notation since the notion of compatibility of polymers depends on the polymers themselves.
Let © denote collection of all sets of pairwise compatible polymers. Since wg(S) = 1 whenever
|S| =1 we have

nk
(4) w(G) = 17E(G),
where
Er(G) =Y [ wa(s).
reqQ Ser

The set P together with the compatibility relation ‘~’ and weight function wg defines a
polymer model, as defined by Kotecky and Preiss [23], generalizing a technique used to study
statistical mechanics models on lattices (e.g. [19]). The expression Zi(G) is known as the
polymer model partition function.

Expressing ix,(G) as a polymer model partition function (scaled by n*/k!) allows us to use
the cluster expansion, an infinite series representation of log Z;(G). To introduce the cluster
expansion we require some notation.

Suppose that I' = (S1,...,S;) is an ordered tuple of polymers. We define the incompatibility
graph I(T") to be the graph on vertex set 1,...,¢ where i ~ j if and only if i # j and S; is
incompatible with S;. A cluster is an ordered tuple I' of polymers whose incompatibility
graph I(T") is connected. Given a graph F', we define the Ursell function ¢(F') of F to be

1
o(F) = » —1)kAl,
( ) ‘V(F)“ ACE(F) ( )
spanning, connected

Let C be the set of all clusters. The cluster expansion is the formal power series in the
weights weg(S)

log Zx(G) = Y wa(T),

where

A sufficient condition for the convergence of the cluster expansion is given by a theorem of
Kotecky and Preiss.
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Theorem 9 (|23]). Let a : P — [0,00) and b : P — [0,00) be two functions. If for all
polymers S € P,

(5) D w(S)[er ) < (),
S’ S

then the cluster erpansion converges absolutely. Moreover, if we let b(I') = Y gcp b(S) and
write T' = S if there exists S € T so that S = S', then for all polymers S,

(6) Yo o@D <a(s).

reC, 'S
The main result of this section is that for small values of k, as in k < en for some explicit
e = e(d), the cluster expansion of log Zx(G) converges.

For a cluster I', we let |I'| denote the number of polymers (with multiplicity) in " and let
|IT'|| denote the sum of the sizes of these polymers.

Lemma 10. For every d-reqular graph G on n vertices, and all k < e=®n/(d+ 1), the cluster
expansion for log Zx(G) converges absolutely. Moreover, we have the following tail bound on
the cluster expansion.

(7) > lwe(D)] <k
rec
IT)=IT1 =1
where v = (d + 1)e’k/n < 1.
We begin with a standard argument to upper bound the absolute value of the weight
wg(S) of a polymer S. Throughout this section we denote the weight function we simply by
w. Recall that for a set S, we let Cg denote the set of all connected graphs with vertex set

S. Let us also define Tg to be the set of all spanning trees on vertex set S. We appeal to the
following special case of an inequality due to Penrose [20] (see also [35, Proposition 4.1]).

Lemma 11 (Penrose inequality [20]). Let S be a finite set and for each e € (g) let we be a
complex number such that |1 +we| < 1. Then

2 I wep= 3 11 Tl

FeCs ecE(F) FeTs eecE(F)

For fixed S C [k] and ¢ : S — V, applying Lemma [11) with w;; = 1y(y(j)¢re — 1 yields

Yo I eeetness =D < Do T Tewsiyes -

FeCsijeE(F) FeTsijeE(F)

It follows that

|w(5)|§ﬁ > |2 I (ewemes -1

¢:S—V |FeCs ije E(F)

o 2 22 1 Lswswer

¢ S—=V FeTsije E(F)

| /\
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< Y HEGY),

FeTg
where we write
HEG) =n VO ] Lsaemenon
¢V (F)=V(G°) ijeE(F)
for the standard notion of homomorphism density of F' in G°.

Lemma 12. Let G be a simple d-reqular graph on n vertices, and G° be formed from G by
adding a self-loop at every vertex. Then for any tree F,

V)1
“Rgﬂ:(d+ﬁ

n

Proof. The proof is a simple induction on |V(F)|. The case |[V(F)| = 1 holds trivially.
Suppose that F' is a tree on at least 2 vertices and let = be a leaf of F. By the induction
hypothesis

d+1 [V(F)|-2
KF—@Gﬂ:<_+) .
n
The result follows by noting that any homomorphism from F' — x to G° can be extended to
a homomorphism from F' to G in precisely d + 1 ways. ([l

Now we can prove Lemma [I0}

Proof of Lemma[I0. Applying Lemmal[I2|together with Cayley’s formula, the well-known fact
that |Tg| = |S|1°1=2, we obtain

1S]-1
®) ()] < |51 (dzl) |

Given this bound, we can now verify the KoteckyPreiss condition (5) with a(S) = |S| and
b(S) = K(|S| —1) where K = >0 . We want to show that for all S’ € P

log (d+?)e5k
D ()M < s7],
5SS

and hence it suffices to show that for all v € [k],

Z’w cK+DISI-K < 1

S3v

Now the weight bound gives

k i—1
k ; d+ 1Y’ ;
K+1 S cj—2 K+1 K
g lw(S ISI-K < E <j 1>jj < n ) el )i

S3v J
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o0
= ¢? 26733 <1.
j=1

Theorem |§| then tells us that the cluster expansion converges absolutely, and applying @ to
the polymer S = [k] which is incompatible with every S’ € P gives

Z lwe ()| UTI=ITD <
rec
which implies
Y lwa@) < kY
rec
ITl|—[T>t
where v = e & = (d + 1)e’k/n. O

4. PROOF OF THEOREM [7/| FOR INDEPENDENT SETS

We will prove Theorem [7] in several steps. Throughout this section we assume that H is
strictly (d, g)-optimal on h vertices, G is a d-regular graph on n vertices of girth at least g—1,
and H,, is the union of n/h copies of H. It will be useful to introduce the following notation.
For a graph F let

t(F):=t(F,H,) —t(F,G°).
Lemma [12[ tells us that t(F") = 0 for any tree F', and since G' and H,, have girth at least g — 1
we have t(F) = 0 for any F on at most g —2 vertices. We also have ¢(Cy_1) < 0 which follows
from the fact that H, has girth at least g whereas G is permitted to have girth g — 1.

First we will deal with the relatively simple case of k < g — 1. In this case,

nk

in(Hp) —ix(G) = k, (Zk(Hy) — E(G))

S99 PIEITLIT

I'eQ Sel’' FeCg
nk
= _Et(cgfl)lk:g—l Z 0.
We henceforth assume that k > g. We will write G = GoU Gy where Gy is a union of copies
of H and Gy has no component isomorphic to H. We let @ = |Go|/n and can also write

H, = Hy U Gy where Hy is the graph on an vertices consisting of a union of copies of H.

We first consider the case a > 1/10; in this case there is a significant gap in the Cy density
of G and H, which will be enough to prove the result via the canonical ensemble cluster
expansion of the previous section.

Lemma 13. There exists 6 = 0(d, g) so that if o > 1/10,
1(Cy) > on'=9 + Ly(0y_y).
n

Proof. For a graph F' and unordered partition = of V(F), we denote by F/m, the graph
obtained by identifying nodes that belong to the same part of 7 and then deleting loops and
multiple edges. We have the following relation:

(9) hom(F,G°) = Y inj(F/x,G),

mell
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where the sum ranges over the unordered partitions II of V(F'). Letting F' = Cy, and noting
that G has girth at least g — 1, we have that inj(F/m,G) # 0 only if F'/x is a tree or a cycle
of length g or g — 1. If F/m =T is a tree then it must have at most g/2 edges (indeed if U, W
are sets in the partition 7w corresponding to an edge of T', then U, W must be connected by
at least two edges of F, else F' = Cj could be disconnected by the removal of one edge). If
{z,y} is an edge of T where z is a leaf, then since G has girth at least g — 1 we have

inj(T, G) = inj(T — =, G)(d — dr—(y)),

where dr_,(y) denotes the degree of y in the graph T'— z. Iterating the above, it follows that
inj(7T, G) depends only on d, n and T'. We therefore have

hom(Cy, G°) = inj(Cy, G) + ¢ginj(Cy—1,G) + f(n,d,g),

where f is a function only of n,d and g. The second term appears with coefficient g as
contracting an edge of Cj is the only way for F//m to equal Cy—;. Similarly, noting that
inj(Cy—1, Hy,) = 0, we have

hom(Cg, HSL) = iIlj(Cg, Hn) + f(nv dvg) )
for the same function f and so

(10) t(Cy) = n9[inj(Cy, Hy) — inj(Cy, G) — ginj(Cy—1,G)] .

Let Gi,...,G, be the connected components of G. We have that inj(Cy,G) =
> j=11nj(Cy, Gj) because Cy is connected. When G is not isomorphic to H we have

inj(Cy, G;) < v(Gy) (iinj(cg,H) - 77)

by the strict (d, g)-optimality of H. This gives

(11) inj(C,, G) < %inj(C’g,H) — ann < inj(C,, Hy) — %77-
Letting § = 1/10, it follows from that
t(Cy) > 6n' "9 — ginj(Cy_1,G)n" 9.
The argument used to derive shows also that
t(Cy—1) = —n'91inj(C,y-1,G) .
The result follows. O

We now deduce the case o > 1/10 of Theorem [7]in a strong form.

Lemma 14. There exist e1 = ¢1(d,g) > 0 and ¢ = ¢(d,g) > 0 so that if « > 1/10 and
g <k <en, then
ix(G) < exp{—ckIn'9}ir(H,).

Proof. Recall that |I'| denotes the number of polymers in a cluster I' and ||T'|| denotes the
sum of their sizes. For k < e~°n/(d + 1), we can apply Lemma [10| with ¢ = g to obtain

> wel) —ky? <logEx(G) < > we) 4k
L0 =T <g—1 4|0 =[P <g-1

with 4 = (d+1)e’k/n. If T is a cluster such that |T'|| — |T'| < g — 1, then one of the following
holds:
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(i) Each polymer in T has size < g — 2,
(i) I' = (S) where [S] € {g — 1,4},
(i) T' = (S1,S2) where {|S1|,|S2|} = {9 — 1,2}.

We note that if each polymer in I' has size at most g — 2, then by Lemma wg (L) is the
same for all d-regular graphs G on n vertices with girth at least g — 1. It follows that

ix(Hy) =p(Hp)
log -1 — log =
R TE) BE=N e}
(12) > (wi, () —waM)+ 3 (wy, (1) — we(T)) — 2ky .
r'=(9) I'=(S51,52)
|Sle{9—1,9} {IS1],1S21}={9—1,2}

If S is a polymer of size g — 1, then by Lemma (12| t(F) = 0 for all graphs F' € Cg except
those isomorphic to Cy_1, giving for I' = (.5) that

(g —2)!

win, (1)~ wg(1) = (-1 Py, ) = 192

2

t(Cy-1) .

Suppose S is a polymer of size g, and suppose also that g > 6. Then any graph F' € Cg of
girth at least g — 1 is either a tree, a cycle of length ¢ — 1 with a pendant edge or a cycle of
length g. If g = 4, then we have two additional possibilities for a graph F' € Cs: F' = [/ and

F=KX.
If F'is a cycle of length g — 1 plus a pendant edge then by @ we have

H(F)| = n~9[imj(F, G) + (g — 1) inj(Cy1,G)] < n9(d + ) ini(Cy1,G) < I11(Cy ).

n

Similarly if F = or F = (and g = 4) then
t(F) = O(1/n)t(C3)
where the implied constant depends only on d. It follows that if I' = (S), then

(g - e 10 (i) HCyr),

where the implied constant depends only on d and ¢. Finally, if I' = (S1,S52) where
{I151], 52|} = {g — 1,2}, then

wgH, (F) — 'wg(r) =

wi (1)~ wa (1) =~ - (g~ 2)11(Cy ).

From we now have

log zflf(lﬁg)) , 0= [_ (g k 1>t(Cg_1) L (g—1) <’;> (t(Cg) Lo (711) t(Cg_1)>

(%)) ve- 1>dzlt<cg_1>] ~ 2k

L9 _2 1)! (l;)t(cg) (9 ; 2)! <g ﬁ 1)15(091) — 2k,

provided € := k/n is sufficiently small (recall that t(Cy—_1) < 0), which small enough £ =
e1(d,g) and k < e1n permits.
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Since @ > 1/10, Lemma [13] gives
ik(Hp) (91! (k . 9 (9—2)!( &k (d+1)e’k\?
og LG =g (g) (5n1 + Et(cg,l)) - <g " 1>t(091) — 2%k <n>
(13) =Q(eI9n)+ O (59719_1) t(Cy—1) — Q2 (69_1719_1) t(Cy—1) — O (59+1n)

where the Q(-) and O(-) terms are all positive and the implied constants depend only on d
and g. The result follows provided e is sufficiently small. (|

We now complete the proof of Theorem [7| by treating the case o < 1/10. The intuition
behind the proof is that a uniformly chosen independent set of size k in G should intersect G
in approximately %\G0| vertices with high probability. In this case we can apply Lemma
to get the desired inequality.

Proof of Theorem[7 for independent sets. By the above results we may assume k > g and
0 < a < 1/10. We will show that there exists g2 = e2(d, g) sufficiently small such that if
g <k < eon then ix(G) < ix(Hy).
With a A b denoting the minimum of a and b, we can write
kAan
i(G) = > i;(Go)ir—;(Gn)
§=0
kAan

in(Hp) = Y ij(Ho)ir—j(Gu) -

§=0
Let e1 = €1(d, g) be the constant from Lemma [14] Since i;(Hp) > i;(Go), for all j < [e1an],

kAan
(14) ik(Ho) —ik(G) > > (i5(Ho) —i5(Go))ik—;(Gr) .

j=leran]

We consider two cases. Suppose first that |[ejan]| < g, and note that this implies via ((14))
and the simple cases k < g applied to Hy and Gq that in fact

kAan
in(Hn) = ir(G) = Y (ij(Ho) — i;(Go))ir—;(Gr) -
j=g
By Lemma [14] we have i,(Hy) > i4(Gop), and these are both natural numbers so differ by at
least one. Hence it suffices to show that
kAan
(15) ik—g(Gr) > Y (i;(Go) —ij(Ho))ir—;(Gr).

j=g+1

We will use the following fact, shown by counting the ways of extending each independent
sets of size ¢ in a d-regular graph G on n vertices. For each such independent set there are at
most n — t and at least n — (d + 1)t ways of extending it by a single vertex. Then whenever
n > (d+ 1)t we have

t+1<t+1<‘zt(G) < t+1 .
n ~n—t " 41(G) T n—(d+ 1)t
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When &5 is small enough in terms of d, for ¢t < ean we therefore have

ir—1(Gr) < t
iw(Ga) ~— (1—ajn—(d+1)(t—1)

(using that o < 1/10). It follows that the right hand side of is at most

(16)

§2€27

ir—g(GH) ’“/\Z“” <aﬁ> (262)79 <iy_y(Gn) kAZan (g/?1>(252)j_g <ir—g(GH),

Jj=g+1 J Jj=g+1 J

for 5 sufficiently small and so holds.

Suppose now that |ejan] > g. When t < kA an and k < egn for €59 small enough in terms
of d, we have

i141(Go)ik—t—1(GH) < on— t k—t
WGoiri(Gr) 4l (—a—(d+D)k—i=1)
an k

< :
“t+1 1—an—(d+1)k’

which is decreasing as t increases, so when we also have t > aein (and we use that &9 is small
enough in terms of d and k < g9n), this gives

it41(Go)ik—t—1(GH) < o2

i(Go)ir—+(Gr)  ~ “er

Thus for £ = |e1an] and j > 0 such that ¢+ j < k A an we have

i045(Go)i—i—;(Gr) < (2e2/e1) - i0(Go)ir—e(Gr) -

Now working from we have

(kAamn)—¢
ik(Hn) — ix(G) > (ig(Ho) = ie(Go))ir—e(Gu) — > ierj(Go)ik—e—j(Gn)
j=1
> (ie(Ho) — ie(Go)i— () — 12— iu(Gohin-+(Cin)

> (ig(Ho) — i4(Go))in—e(Grr) — 3%@(%)@@4@1{) ,

when 9 is small enough in terms of €. Since iy(Go)ix—¢(Gr) > 0 it therefore suffices to
show that ip(Ho)/i¢(Go) > 1 + 3ea/e1. By Lemma [14] with G in place of G, recalling that
|Ho| = |Go| = an, we have

on
> 1+ 3ey/e1,

i(Ho)fi(Go) 2 exp (€>g an}

for €9 sufficiently small. O
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5. PROOF OF THEOREM [7] FOR MATCHINGS

The proof of Theorem [7] for matchings is essentially the same as that for independent sets
subject to some straightforward modifications which we detail now.

Given a graph G, the line graph of G, denoted by L(G), is the graph on vertex set F(G)
where e ~ f if and only if e, f share an endpoint in G (and e # f). We then have for all k,
m(G) = ix(L(G)) .

If G is a d-regular graph on n vertices then L(G) is a D-regular graph on N vertices where
D = 2(d—1) and N = nd/2. We may therefore simply replace G and H, in the above
arguments with their line graphs and replace d with D and n with N.

The only step that does not follow trivially under this substitution is in establishing
Lemma . Indeed this is the only step where we apply the (d, g)-optimality of H. We
bridge this gap with the following lemma. Given a graph F, let

T(F) = t(F, L(Hy)®) — t(F, L(G)") .
We let sub(F, G) denote the number of copies of F' in G as a subgraph.

Lemma 15. If at least 10% of the vertices of G belong to components not isomorphic to H
then there exists 6 = 6(d, g) such that

D
7(Cy) > ON'9 4 %T(Cg,l) .
Moreover
7(Cy-1) < 0.

Proof. In the following f1, fo,... represent functions of n,d and g only. Since G has girth
g — 1, the edge-minimal subgraphs of G whose line graphs contain Cy_; are Ki 41 and Cy_
itself. The line graph of Cy_; contains one copy of Cy_; whereas the line graph of K; 41 (a
clique on g — 1 vertices) contains (g — 2)!/2 copies. Thus

d
g— 1> = sub(C'g_l, G) + f1 .

Since inj(Cy—1,G) = 2(g — 1) sub(Cy_1, G) (and similarly for L(G)) we have
(17) inj(Cg,l, L(G)) = inj(C’g,l, G)+ fo.

If F is a graph on less than g — 1 vertices then, since G has girth at least g — 1, the edge
minimal subgraphs of G that contain F' must all be trees. It follows that inj(F, L(G)) depends
only on n,d and F. By the relation (9) (with L(G) in place of G) and we therefore have

hom(Cy-1, L(G)°) = inj(Cy-1, L(G)) + f5 = inj(Cy-1,G) + fi.

sub(Cy_1, L(Q)) = sub(Cy_1, G) + (9_22)'71(

Similarly

hom(Cy—1, L(Hy)?) = inj(Cy—1, Hp) + fa = fa
and so
(18) 7(Cy1) = =N'"9inj(Cy-1,G) <0.

This proves the second assertion of the lemma.

By @D again and we have
hom(Cy, L(G)°) = inj(Cy, L(G)) + ginj(Cy1, L(G)) + f5
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= inj(Cy, L(G)) + ginj(Cy-1,G) + fs -
Similarly
hom(Cy, L(Hy)®) = inj(Cy, L(Hpn)) + fo -

The edge-minimal subgraphs of G' whose line graphs contain Cj, are Kj 4, Cy and Cy_1
with a pendant edge. Let P denote Cy_1 with a pendant edge. The line graphs of C; and P
both contain one copy of Cy and so

sub(Cy, L(G)) = sub(Cy, G) + sub(P, G) + f7.
We also have
Sub(Pv G) < (g - 1)(D - 2) ’ Sub(Cg—h G) )
by bounding the number of ways of extending a copy of Cy_1 in G to a copy of P. Therefore
sub(Cy, L(G)) < sub(Cys G) + (g — 1)(D = 2) - sub(Cy1,G) + fr.
Again since inj(Cy, G) = 2gsub(Cy—1,G) (and similarly for L(G)) we have
inj(Cy, L(G)) < inj(Cy, G) + (D — 2) - inj(Cy 1, G) + fi.
Similarly, noting that H,, is Cy_1-free, we have
inj(c!b L(Hn)) = inj(céb Hn) + fs.
Putting everything together we get
N7(Cy) = inj(Cyy L(Hy)) — mj(Cy, L(G)) — gini(Cy 1, G)
> inj(Cy, Hy) — inj(Cy, G) — gD inj(Cy-1, G)
n

> 0"~ gD inj(Cy_1,G)
= %N + gDN9" 7 (C,_y),
where in the third line we used and for the final equality we used . O

6. EXTENSIONS

In light of Theorem we would like to find examples of strictly (d, g)-optimal graphs. One
class of examples are Moore graphs. If g is even, a (d, g)-Moore graph is a d-regular graph of
girth g with precisely

(9-4)/2
1+ (d-1)9 22 4a Y (d-1)
j=0

vertices. If g is odd a (d, g)-Moore graph is a d-regular graph of girth g with precisely
(9—3)/2 '
1+d > (d—1)
j=0

vertices. In particular Ky g4 is a (d,4)-Moore graph and Kg1; is a (d, 3)-Moore graph. It is
not difficult to generalize Lemma@to show that for g > 3 and d > 2, any (d, g)-Moore graph
is indeed strictly (d,g)-optimal (see also [2]). Perarnau and Perkins [27] conjectured that
Moore graphs of even and odd girth are maximizers and minimizers respectively of % logi(G).
Theorem [7] gives some evidence towards this conjecture, along with the following minimization
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result which follows by mimicking the proof of T heorem and using the fact that ¢(Cy, -) terms
appear in the cluster expansion with sign depending on the parity of g.

Theorem 16. Let g > 3 be odd, let d > 2, and suppose a strictly (d, g)-optimal graph H
exists. Then there exists € = €(d,g) > 0 so that the following holds. Let h = |V (H)| and
suppose G is a d-regular graph of girth at least g on n vertices where n is divisible by h. Then
for k <en,

ik(G) > ix(Hy) and mi(G) > my(Hy),
where H, consists of n/h copies of H. Moreover, if G is not isomorphic to H, then the
inequality is strict for k > g.

In particular, since K41 is (d, 3)-optimal it minimizes the number of matchings of small
size, which proves the second statement in Theorem [

A further example is the analogous result to Theorem [3] for cubic graphs of girth at least
5. Let W denote the Heawood graph: the (3,6)-Moore graph on 14 vertices. For n divisible
by 14, let W, be the union of n/14 copies of W. In [27] it was proved that W,, maximizes the
independence polynomial for all values of A over all 3-regular graphs of girth at least 5. Here
we show that this holds coefficient-by-coefficient for large enough n.

Theorem 17. For all sufficiently large n divisible by 14, and all 3-regular graphs G of girth
at least 5 on n wvertices, i(G) < ix(Wy) for all k. The inequality is strict for k > 6.

Proof. Let € = £(3,6) be as in Theorem m Suppose that G is not isomorphic to W,,. In [14]
Theorem 7], it is shown that there is N(e) large enough so that if n > N and k > en, then
ix(G) < i (Wy). Since W is a (3, 6)-Moore graph it is strictly (3, 6)-optimal and so Theorem 7]
shows that i,(G) < ix(W,,) for k < en with strict inequality for k£ > 6. O

Finally, to prove the first statement of Theorem [4] we briefly give an argument using the
cluster expansion for the grand canonical ensemble partition function Z%(\).

Proof of the first statement in Theorem [] Without loss of generality we may assume that G
has no Kg1; component, as log Z¥(A) is additive over components.

Let L(G) be the line graph of G, which is a D-regular graph for D = 2(d — 1). The
observation that Z¢ () = Z1,)(A) is equivalent to the statement that Zg7()) is the partition
function of a polymer model where the set of polymers P is E(G), w(e) = X for e € E(G),
and two edges are incompatible if and only if they are incident (or identical).

A standard application of Theorem [9] shows that [A| < 1/(e(D + 1)) is sufficient for con-
vergence of the cluster expansion, and with a little extra room, say |A| < 1/(Ke(D + 1)) for
some K > 1, we have the tail bound

(19) D lw@)] <nK™,
rec
T[>t
obtained by summing @ over a collection of edges that covers every vertex.

To calculate the first few terms of the cluster expansion, note that clusters of size 1 are
single edges, clusters of size 2 are single edges with multiplicity 2 or pairs of edges sharing a
vertex, and clusters of size 3 consist of single edges with multiplicity 3, pairs of edges sharing
a vertex one of which has multiplicity 2, claws, triangles, and paths of 3 edges. The weight
of any given cluster I' is simply A"l which does not depend on the graph, but the number of
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each type of cluster may vary amongst d-regular graph. In fact, for all of these clusters except
triangles and paths of 3 edges, the number is constant over d-regular graphs. Recalling that
clusters are ordered tuples of polymers (whose incompatibility graph is connected), we have
that the number of triangle clusters in G is inj(C3, G), and the number of 3-edge path clusters
is 3d(d — 1)®n — 3inj(C3,G). For triangle clusters H(T') is a triangle and ¢(H(T')) = 1/3.
For 3-edge path clusters H(T') is a 2-edge path and ¢(H(I')) = 1/6. Then using the tail
bound we have

inj(c;g, Kd+1) _ inj(Cg, G)
d+1 n

Cd+1

1 m m 1 3 —4
Elog Ze(N) log Zg, ., (A) = 6)\ —2K°.

The clique K441 has inj(Cs, Kg11)/(d+ 1) = d(d — 1), while any n-vertex d-regular graph
G without a K411 component has inj(C3,G)/n < d(d — 1) — 2 as every vertex of G must be
contained in at least one triple of vertices that does not induce a triangle. Then

1 m 1 m 1 3 —4
— - > _
10g ZG (A) 1 log ZKdJrl ()\) 3)\ 2K y

which is strictly positive for any A satisfying

0<A<———L——
6(2d — 1)4et

by choosing K = (eX(2d — 1))~!. That gives the required statement with ¢ = 1/(96e%). O

ACKNOWLEDGEMENTS

We thank Péter Csikvari for sharing [5] with us. We also thank Julian Sahasrabudhe for
carefully reading the first version of this paper. WP was supported in part by NSF grants
DMS-1847451 and CCF-1934915.

REFERENCES

[1] N. Alon. Independent sets in regular graphs and sum-free subsets of finite groups. Israel Journal of
Mathematics, 73(2):247-256, 1991.

[2] J. Azarija and S. Klavzar. Moore graphs and cycles are extremal graphs for convex cycles. Journal of
Graph Theory, 80(1):34-42, 2015.

[3] J. Balogh, B. Bollobas, and B. Narayanan. Counting independent sets in regular hypergraphs. arXiv
preprint arXiv:2002.09995, 2020.

[4] J. Balogh, R. I. Garcia, and L. Li. Independent sets in the middle two layers of Boolean lattice. Journal
of Combinatorial Theory, Series A, 178:105341, 2021.

[5] M. Borbényi and P. Csikvari. Matchings in regular graphs: minimizing the partition function. arXiv
preprint arXiv:2006.16815, 2020.

[6] C. Borgs. Absence of zeros for the chromatic polynomial on bounded degree graphs. Combinatorics,
Probability and Computing, 15(1-2):63-74, 2006.

[7] C. Borgs, J. Chayes, J. Kahn, and L. Lovasz. Left and right convergence of graphs with bounded degree.
Random Structures € Algorithms, 42(1):1-28, 2013.

[8] L. Bregman. Some properties of nonnegative matrices and their permanents. Soviet Math. Dokl, 14(4):945—
949, 1973.

[9] T. Carroll, D. Galvin, and P. Tetali. Matchings and independent sets of a fixed size in regular graphs.
Journal of Combinatorial Theory, Series A, 116(7):1219-1227, 20009.

[10] E. Cohen, W. Perkins, M. Sarantis, and P. Tetali. On the number of independent sets in uniform, regular,
linear hypergraphs. arXiv preprint arXiw:2001.00653, 2020.
[11] P. Csikvari. Extremal regular graphs: the case of the infinite regular tree. arXiv preprint

arXiv:1612.01295, 2016.



[12]
[13]
[14]
[15]
[16]

[17]
[18]

[19]
[20]
21]
22]
23]

[24]
[25]

[26]
27]
28]
[29]
(30]
31]
32]
[33]
[34]
[35]
[36]

37]

THE UPPER MATCHING CONJECTURE FOR LARGE GRAPHS 19

J. Cutler and A. Radcliffe. The maximum number of complete subgraphs in a graph with given maximum
degree. Journal of Combinatorial Theory, Series B, 104:60-71, Jan. 2014.

E. Davies, M. Jenssen, W. Perkins, and B. Roberts. Independent sets, matchings, and occupancy fractions.
Journal of the London Mathematical Society, 96(1):47-66, 2017.

E. Davies, M. Jenssen, W. Perkins, and B. Roberts. Tight bounds on the coefficients of partition functions
via stability. Journal of Combinatorial Theory, Series A, 160:1 — 30, 2018.

S. Friedland, E. Krop, P. H. Lundow, and K. Markstrém. On the validations of the asymptotic matching
conjectures. Journal of Statistical Physics, 133(3):513-533, 2008.

S. Friedland, E. Krop, and K. Markstrém. On the number of matchings in regular graphs. The Electronic
Journal of Combinatorics, 15(1):R110, 2008.

D. Galvin. Three tutorial lectures on entropy and counting. arXiv preprint arXiv:1406.7872, 2014.

D. Galvin and P. Tetali. On weighted graph homomorphisms. DIMACS Series in Discrete Mathematics
and Theoretical Computer Science, 63:97-104, 2004.

C. Gruber and H. Kunz. General properties of polymer systems. Communications in Mathematical
Physics, 22(2):133-161, 1971.

L. llinca and J. Kahn. Asymptotics of the upper matching conjecture. Journal of Combinatorial Theory,
Series A, 120(5):976-983, 2013.

M. Jenssen and W. Perkins. Independent sets in the hypercube revisited. Journal of the London Mathe-
matical Society, 102(2):645-669, 2020.

J. Kahn. An entropy approach to the hard-core model on bipartite graphs. Combinatorics, Probability
and Computing, 10(03):219-237, 2001.

R. Kotecky and D. Preiss. Cluster expansion for abstract polymer models. Communications in Mathe-
matical Physics, 103(3):491-498, 1986.

J. Mayer and M. Mayer. Statistical Mechanics. John Wiley, 1940.

E. Ordentlich and R. M. Roth. Two-dimensional weight-constrained codes through enumeration bounds.
IEEE Transactions on Information Theory, 46(4):1292-1301, 2000.

O. Penrose. Convergence of fugacity expansions for classical systems. In Statistical Mechanics: Founda-
tions and Applications, page 101, 1967.

G. Perarnau and W. Perkins. Counting independent sets in cubic graphs of given girth. Journal of Com-
binatorial Theory, Series B, 133:211-242, 2018.

W. Perkins. Birthday inequalities, repulsion, and hard spheres. Proceedings of the American Mathematical
Society, 144(6):2635-2649, 2016.

E. Pulvirenti and D. Tsagkarogiannis. Cluster expansion in the canonical ensemble. Communications in
Mathematical Physics, 316(2):289-306, 2012.

J. Radhakrishnan. An entropy proof of Bregman’s theorem. Journal of Combinatorial Theory, Series A,
77(1):161-164, 1997.

A. Sah, M. Sawhney, D. Stoner, and Y. Zhao. The number of independent sets in an irregular graph.
Journal of Combinatorial Theory, Series B, 138:172-195, 2019.

A. Sah, M. Sawhney, D. Stoner, and Y. Zhao. A reverse Sidorenko inequality. Inventiones Mathematicae,
pages 1-47, 2020.

A. D. Scott and A. D. Sokal. The repulsive lattice gas, the independent-set polynomial, and the Lovasz
local lemma. Journal of Statistical Physics, 118(5-6):1151-1261, 2005.

L. Sernau. Graph operations and upper bounds on graph homomorphism counts. Journal of Graph Theory,
87(2):149-163, 2018.

A. D. Sokal. Bounds on the complex zeros of (di) chromatic polynomials and Potts-model partition
functions. Combinatorics, Probability and Computing, 10(1):41-77, 2001.

Y. Zhao. The number of independent sets in a regular graph. Combinatorics, Probability and Computing,
19(02):315-320, 2010.

Y. Zhao. Extremal regular graphs: independent sets and graph homomorphisms. The American Mathe-
matical Monthly, 124(9):827-843, 2017.



20 E. DAVIES, M. JENSSEN, AND W. PERKINS

DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF COLORADO BOULDER, BOULDER, CO

Email address: maths@ewandavies.org

ScHOOL OF MATHEMATICS, UNIVERSITY OF BIRMINGHAM, EDGBASTON, BIRMINGHAM, B15 2TT, UK

Email address: m.jenssen@bham.ac.uk

DEPARTMENT OF MATHEMATICS, STATISTICS, AND COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS AT
CHicaGo, CHicAGO, 1L

Email address: math@willperkins.org



	1. Introduction
	1.1. New techniques
	1.2. Related work
	1.3. Organization

	2. Proof outline for Theorem 3
	3. Cluster expansion in the canonical ensemble
	4. Proof of Theorem 7 for independent sets
	5. Proof of Theorem 7 for matchings
	6. Extensions
	Acknowledgements
	References

