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Abstract We consider an isolated point defect embedded in a homogeneous
crystalline solid. We show that, in the harmonic approximation, a periodic
supercell approximation of the formation free energy as well as of the tran-
sition rate between two stable configurations converge as the cell size tends
to infinity. We characterise the limits and establish sharp convergence rates.
Both cases can be reduced to a careful renormalisation analysis of the vibra-
tional entropy difference, which is achieved by identifying an underlying spatial
decomposition of the entropy.
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1 Introduction
The presence of defects in crystalline materials significantly affects their me-

chanical and chemical properties, hence determining defect geometry, energies,
and mobility is a fundamental problem of materials modelling. The inherent
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discrete nature of defects requires that any “ab initio” theory should start from
an atomistic description. The purpose of the present work is to extend the
model of crystalline defects of [15] (cf. §2) to incorporate vibrational entropy,
in order to describe the thermodynamic limit of transition rates (mobility) of
point defects. As an intermediate step we will also discuss the thermodynamic
limit of defect formation free energy.

Apart from being interesting in their own right, our results provide the
analytical foundations for a rigorous derivation of coarse-grained models [33,
36,5,19], and of numerical and multi-scale models at finite temperature (22,32,
33,3,4] which entirely lack the solid foundations that static zero-temperature
multi-scale schemes enjoy [26,23,24].

Precise definitions will be given in Section 2 but, for the purpose of a
purely formal motivation, we consider a crystalline solid with an embedded
defect described by an energy landscape Ey : (R™)4~ — R, based on a set
of reference atoms Ay C R%. We then consider a local minimizer ﬂrﬁi“ of En
representing a defect state.

In transition state theory (TST) [16,39], the transition rate Ky from @™
to a nearby state @2 is given by comparing the equilibrium density, given by
the Boltzmann probability distribution, in a basin A C (R™)4~ around @™
to the density on a hyper-surface S C (R™)4~ separating A from a similar
basin around @32, That is,

Jge Pent) dy

TST __
ICN - fAeiﬂ‘SN(u)dUJ

with inverse temperature 3. The transition state is an index-1 saddle point
usaddle ¢ G of Ey representing the most likely transition path between the
two minima. For sufficiently large S, |, S e PEN () dy is concentrated close to
aspddle. Similarly, [, e PEN() dy is concentrated around the local minimum

uN'". Therefore, it is reasonable to consider the harmonic approzimations

gN(u) SN('L_L?\%ddle) + %<v25N(ﬂ?\a}tddle)(u o a?\z}xddle)’ u— L—ﬁ\a}ddle>

En(u) = En(uN™) + L(V2EN (an™) (u — ay™),u — aN™),

Q

and to integrate over all states instead of A and the tangent space of S at u53ddle

instead of S. The argument is classical, see [35], and evaluating the Gaussian
integrals leads to the well known harmonic TST (HTST) with transition rate

HTST H )\;nil’l 1z —saddle —min
Ky™>o = (H/\S.addle> exp(—ﬁ[é‘N(u‘N ) — En(uy )]), (1.1)
J

where the A\ enumerate the positive eigenvalues of V2Ex (@}), with * = min
or x = saddle.

Formally, 87! log K&FT = g~ 11og KETST + O(572), and indeed in mate-
rials modelling applications far from the melting temperature, the harmonic
approximation is considered an excellent model [17,36]. Making this statement
rigorous is an interesting question in its own right, especially in the limit as
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N — oo, but will not be the purpose of the present work. Related results in
this direction, though with a very different setup, can be found, for example,
in [2,1].

Instead, the goal of this paper is to show that the thermodynamic limit
JCRTST — |CHTST exists as Ay tends to an infinite lattice A and to characterise
the limit CHTST. The interest in this result is two-fold: (1) it establishes that
the finite-domain model is meaningful in that increasingly large domains yield
consistent answers; and (2) it provides a benchmark against which various
numerical schemes to compute transition rates can be measured.

Our starting point in establishing the thermodynamic limit of ICETST is
a model for the equilibration of an isolated defect embedded in a homoge-
neous crystalline solid introduced in [15,21]. Briefly, it is shown under suitable
conditions on the boundary condition that, as Ay — A, @)y has a limit a*
and moreover the decay of u* away from the defect core is precisely quanti-
fied. These results directly give a convergence result for the energy difference
En(usddle) — g (ain) and also supply us with structures that can be exploited
in the analysis of the Hessians V2&(@*).

Still, the convergence of IC]IE,TST is a difficult problem. In the limit, one
would expect to find both a continuous spectrum as well as infinitely many
eigenvalues for the Hessian, hence the representation of limy KETST will un-
likely be in terms of the spectra of the associated operators.

Mathematically, it turns out to be expedient to rewrite (1.1) in terms of a
free energy difference or an entropy difference. That is, we write

’CJP\I]TST — exp ( _ 6([51%ef<as]\?ddle> _ Sj(%fef(,ar]sin)]
— 5—1 [SN(,L—L?\“%ddle) _ SN(,L—L%in)}))
= exp (= B[Fw (@) - Fu(ay™)] ),

and then consider the limiting behaviour of the difference of vibrational en-
tropies Sy (u52441¢) — Sy (@wi™). A key idea in the analysis of the entropy differ-
ence is then to discard the spectral decomposition of the Hessians and instead
work with a spatial decomposition that we will derive in § 2. We then prove
locality estimates in this spatial decomposition that allow us to renormalise
before taking the limit NV — oo.

In our analysis of the free energy difference, i.e., differences of Fp, one
can also compare the homogeneous lattice with a defect state, allowing us to
additionally get a result on the thermodynamic limit for the formation free
energy of a defect in the harmonic approximation.

We point out that, for technical reasons and to simplify the presentation
of our main ideas, our paper admits only defects where the number of atoms
is equal to that in the reference configuration, including for example substi-
tutional impurities, Frenkel pairs, and the Stone-Wales defect. However, we
expect that it is possible to adapt our methods and results to the cases of
vacancies and interstitials, while extensions to long-ranged defects such as dis-
locations and cracks may be more challenging; cf. § 2.7.
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While there is a substantial literature on the scaling limit (free energy
per particle), see e.g. [11] and references therein, we are aware of only two
references that attempt to rigorously capture atomistic details of the limit
N — oo of crystalline defects in a finite temperature setting [32,13]. While
[32] considers the somewhat different setting of observables rather than forma-
tion energies there is a close connection in that those observables are localised.
Moreover, an asymptotic series in 3 is derived instead of focusing only on lead-
ing terms. By contrast [13] addresses the finite 8 regime, but severely restricts
the admissible interaction laws. Both of these references are restricted to one
dimension, which yields significant simplifications highlighted for example by
the fact that discrete Green’s functions decay exponentially. Thus, treating the
d-dimensional setting with d > 1, relevant for applications, requires different
techniques.

Outline

In §2, we will precisely define all relevant quantities and present our main
results, namely, the construction of limit quantities 7 and KHTST on an infinite
lattice A, as well as the convergence results Fy — F and IC%TST — JCHTST
with explicit convergence rates.

In the subsequent sections we will prove these results. Based on opera-
tor estimates in §3, we construct F in §4. In §5, we then prove the con-
vergence Fny — JF. Finally, in §6, we will discuss saddle points in the en-
ergy landscape and use the results from §§3-5 to construct HTST and show
IC%TST — ICHTST 'n the appendix in § 7, we collect several auxiliary results
and proofs used throughout the previous sections.

General Notation

If X is a (semi-)Hilbert space with dual X* then we denote the duality pair-
ing by (-, ). The space of bounded linear operators from X to another (semi-
)Hilbert space Y is denoted by £(X,Y).If £ € C?(X) then &(x) € X* denotes
the first variation, while (§€(z),v) with v € X denotes the directional deriva-
tive. Further 62€(z) € L£(X, X*) denotes the second variation (informally we
may also call it the Hessian).

If V € CP(R™) then we will denote its derivatives by V/V (z) and interpret
them as multi-linear forms, which read V/V (x)[a1, . . ., a;] when supplied with
arguments a; € R™.

If A is a countable index-set (usually a Bravais lattice A = AZ? with
A € R¥4 non-singular) then £(A;R™) = {u : A — R™ : 3, ,[ul* < oo}
When the range is clear from the context then we often just write £2(A) or 2.

Given A € L(*(A;R™),02(A;R™)) we define the components Agp; =
(A(dgei),dnej)ﬁm;w) for ,m € A and 4,5 € {1,...,m}. We will also use the
notation A, = (Aginj)i; € R™*™ for the matrix blocks corresponding to atom
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sites. The identity is denoted by (I, 02( A;Rm,)) tinj = Opn0;;, sometimes shortened
to Ipz2 4y or just I, if the context is clear.

2 Results

We consider a point defect embedded in a homogeneous lattice, following the
models in [15]. To simplify the presentation, we consider a Bravais lattice, a
finite interaction radius, and a smooth interatomic potential. Moreover, we
only formulate the model for substitutional impurities, short-range Frenkel
defects, and other point defects that do not change the number of atoms.

On a Bravais lattice A = AZ¢ C R?, lattice displacements are functions
u: A — R™ for some m € N, typically m = d. Let r¢,t > 0 be an interaction
cut-off radius, then R := (4\ {0}) N B,.,, is the interaction range and

Du(?) := (Dpu(f))peR = (u(l+p) — u(ﬂ))p672
a finite difference gradient. We assume that the cut-off radius rey is large
enough such that A4 = span,(R) := {Zjvzl njpj:n; € Z,pj € R,N € N}. For
each £ € Alet V, € CP((R™)R), p > 4 be a site energy potential so that the
total energy contribution from site ¢ is given by Vy(Du(f)).

We assume that the interaction is homogeneous away from the defect, i.e.,
Ve = V for all || > reut, and that V satisfies the natural point symmetry
V(A) = V((=A_,),er) for all A € (R™)R. The presence of a substitutional
impurity defect can then be encoded in the fact that possibly V, # V when
|4] < reut. (We also allow V; = V for all £, for example to model a short range
Frenkel pair.)

To simplify the notation we assume that V;(0) = 0 for all ¢, which is
equivalent to considering a potential energy-difference.

2.1 Supercell Model
Take a non-singular B € R%*? with columns in 4, i.e., A=!B € Z4*4. For each
N € N we let

Ay := ANB(=N, N]* = AZ¢ N B(-N, N]%.

denote the discrete periodic supercell. We assume throughout that N is suf-
ficiently large such that B, N A C Ay. The associated space of periodic
displacements is given by

W = {u: A — R™|u is Ay-periodic},
that is u € WY if and only if u(¢ + 2NBn) = u(¢) for all n € Z%. An
equilibrium defect geometry is obtained by solving

iy € argmin {En(u) |u € WY}, (2.1)

where En(u) := Z Vi(Du(0)) for u e W™
LeAN

Tcut
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is the potential energy functional for the periodic cell problem. In § 2.6 we
will also consider more general critical points dEn () = 0. For future refer-
ence, we also define the analogous functional for the homogeneous (defect-free)
supercell,

Ehom (y) := Z V(Du(?)) for u e WX, (2.2)
teAy
Due to the assumption that Vy(0) = 0, the energy En(un) can in fact be

interpreted as an energy difference, Ey (tiy) — ER°™(0), between the defective

and homogeneous crystal in the supercell approximation, called the defect
formation energy. In § 2.3 we review the limit, as N — oo, of (2.1) and of the
associated energetics, which was established in [15].

2.2 Supercell approximation of formation free energy

The focus of the present work will be to incorporate vibrational entropy into
this model. Our first quantity of interest is the defect-formation free energy,
which is used, for example, to obtain the equilibrium defect concentration [29,
37] or to analyse defect clustering [30,18].

In the harmonic approximation model (thus incorporating only vibrational
entropy into the model) we approximate the nonlinear potential energy land-
scapes by their respective quadratic expansions about the energy minima of
interest,

Ehom () = %<H1}$,°mw,u)>, and
5N(’HIN + w) S gN(ﬁN) + %<HN(QN)’LU,U)>,
where we used 6E8°™(0) = §En (i) = 0. Here and in the following, we use the
notation Hy (u) := 62En(u), HE™(u) = §2E8™ (u), and HY™ = HE™(0)
for the Hessians as mappings Wi — WX.
The harmonic approximation of the partition function is then given by

J,

where Cjy = (21/8)(2N)*=Dm/2 and we introduced the notation Wi =
{u € W' : S u = 0}, as well as det™(A) := [1; Aj, where X; enumerates
the positive eigenvalues of A (with multiplicities). We also implicitly used an
assumption that we will formulate below in (2.7) and (2.8), that Hy (ux) and
HY™ have only one non-positive eigenvalue, namely A = 0 with all translations
making up the associated eigenspace (cf. Lemma 2.2).

The resulting harmonic approximation of formation free energy (derived
analogously to (1.1)) is then given by

Fn(ay) = Enlan) — 71 ( - %log det™ Hy () + %logdet+H]}{,°m)
=: 51\[(@]\7) — ﬁilsN(ﬂN). (2.4)

—1/2
o B HNww) g [detwy;g (BHN/(27T))} — Oy n(det™ Hy) "1/
N0 ’

(2.3)

<
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The limit of Ey(ay) is identified in [15], and will be reviewed in § 2.3. One of
the main results of this work is the identification of the limit of the entropy
difference limy_,o Sy, which we summarize in § 2.5.

2.3 Thermodynamic Limit of Energy

To establish the limit of ay and Ey (@), we review the results of [15]. For
w:A—R™ let

IDu(0))? =" |Du(®)F  and | Dulle = || [Dul| ..
pPER

This defines a semi-norm on the natural spaces of compact and finite energy
displacements

We = {u: A — R™ |supp(Du) is compact } and

. 2.5
W2 = {u: A—R"™|Due ’}. (25)

The homogeneous and defective energy functionals for the infinite lattice are
given, respectively, by

ghom(y) = Z V(Du(¥)) and
leA
E(u) = Vi(Du(t))  for ueWe
leA

(2.6)

Lemma 2.1 [15, Lemma 2.1] E*°™ € : (W, ||D-||2) — R are continuous. In
particular, there exist unique continuous extensions of EM™ and & to W2 gs
WE is dense in W2, The extension will still be denoted by EPO™ and £. These
extended functionals E2™ € : W2 — R are p times continuously Fréchet
differentiable.

We then set H(u) := 62E(u), H™™(u) := §2£P°™(u), and for convenience
Hhom = Hhom(o).
(STAB): We assume throughout that there exists a strongly stable equi-

librium @ € W2, i.e., 6€(@) = 0 and that there are constants co,¢; > 0 such
that

col|[Dv||7 < (H(@)v,v) < e1]|Dv||7 for all v € W°. (2.7)
A necessary condition for (2.7) is that the homogeneous lattice is stable, i.e.,

col|Dv||% < (H™™v,v) < ¢;||Dv||% for all v € W°. (2.8)

(Note that the upper bounds in (2.7), (2.8) are immediate consequences of
€ € CP and are stated here only for the sake of convenience.)
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Theorem 2.1 [15, Thm 1] Suppose that u € W2 s a critical point of €, and
that (2.8) holds, then there exists a constant C > 0 such that for 1 < j <p—2
and for €] sufficiently large

|DIu(e)| < Cle[i=4-7. (2.9)

Strong stability (2.7) and regularity (2.9) imply convergence of the super-
cell approximation:

Theorem 2.2 [15, Thm 3] and [8, Thm 2.1] For N sufficiently large, (2.1)
has a locally unique solution ty (up to translations) satisfying

|Diy — Dl 2a) S N-2, (2.10)
DN — Ditl| g (ay) S N9, (2.11)
|Ex(an) — £(@)] < N (2.12)

A key ingredient in the proof of Theorem 2.2 is the stability of the supercell
approximation, i.e., positivity of the Hessians Hy = Hy (ay) and HYO™:

Lemma 2.2 [15, Eq (18)] For N sufficiently large and for all v € WY,

(Hyv,v) > %COHD"L}H?Q(AN), and

(HX™v,0) > G0l Dulfaa,)-

In particular, for N sufficiently large, (2.3) holds.

2.4 Spatial decomposition of entropy

Our goal is to characterise the thermodynamic limit of the entropy difference
Sy — § as N — o0, as an entropy difference, which formally one might
expect to be of the form S(u) = —1 logdet™ H(u) + 4 log det™ H"™, but this
expression is not well-defined.

In the following, let mn : WK™ — WX be the orthogonal projector onto
the space of constant displacements. This allows us to define an operator that
acts as (HR™)~1/2 orthogonal to constant displacements:

Lemma 2.3 There exist linear operators F : WX — WX such that

Fy =Fy, (2.13)
FNHY"Fy + 7y = Lyper, (2.14)
FNTFN:TFNFN:O. (215)

These operators and additional properties will be discussed in detail in §§ 5.2
5.3. It follows that

(Fn +7n)(HE™ + 7n) (Fy 4+ 7n) = Dyer,
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and we can rewrite the entropy difference as
Sn(u) = —3logdet™ Hy (u) + & log det™ Hy™ (2.16)

= —1logdet (Hy(u) + mn) + 5 logdet (HN™ + mn)
= —1logdet (Hy(u) +my) —logdet(Fy + mn)
= 7% log det ((FN + WN)(HN(U) + WN)(FN + 7TN))
= —% log det (FNHN(U)FN + ’7TN)
= —%Trace log (FNHN(u)FN + 7TN>.

While “log det” is a sum over eigenvalues, which are global objects, the key

observation is that “Tracelog” can be interpreted as a sum over atoms. Thus,
upon defining

Sn,e(u) == —1Trace [log (FNHy(u)Fy + WN)}”, (2.17)

where [L]gs denotes the 3 x 3 block of L corresponding to an atomic site £ € A,
we obtain

Sn(u) =" Sn(u). (2.18)

LeEAN

This spatial decomposition of the entropy will play a central role throughout
this paper. Indeed, it is straightforward to write down a suitable limit quantity
for each Sy g,

Sg(u) :

— L Trace {1og (F*H(U)F)L/ (219)
Fi= (H) 7 e £(2,012).

For a rigorous definition of F via Fourier transform, as well as log (F*H (u)F) :
02(A) — £2(A) see §§3.2-3.3. Since £2(A) does not contain any constant dis-
placements, there is no need for a projector analogous to 7 in the definition
of F.

We will call Sy ¢ and Sy site entropies, since they are contributions from
individual lattice sites to the global (vibrational) entropy. There is moreover
a direct analogy with a definition of site energies in the tight-binding model
[9].

To formulate our main results, we also define the corresponding homoge-
neous local entropy

8™ (u) := —iTrace [ log (F*Hhom(u)F)} " (2.20)

The next steps are to define the total entropy S and show that it is the
limit of Sy.

As we will see in Proposition 4.1, however, the operator log (F*H(u)F)
cannot be expected to be of trace class. Consequently we cannot simply define
S(u) := —3Tracelog (F*H (u)F) which would be the sum of the site contribu-
tions Sg(u), but a more careful definition of S(u) is required.
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In this analysis we heavily employ estimates quantifying the locality of
the site entropies. This locality is twofold. First, the site entropies Sy become
smaller as the distance to the defect |¢| grows larger, and, second, each indi-
vidual §; only depends weakly on far away atom sites which is quantifiable by
the decay of derivatives such as aa ‘;i ((1:3) as |¢ — n| grows. More precisely, one
has estimates of the form

oS,(u)  aSPo™(0)

9Du(n) ~ 9Du(n) < |£ —n|72%|n|~? 4 higher order terms. (2.21)

While we will not ezplicitly use or prove it, (2.21) and similar statements for
second derivatives are implicit in Proposition 4.1 and its proof. More impor-
tantly, (2.21) gives a good first intuition about the locality of Sy(u) and why
one can hope that its sum over ¢ may be controlled.

2.5 Definition and convergence of entropy

Let us come to the first main result of the present paper. The following theorem
establishes a rigorously defined notion of the limit entropy difference S(@) and
justifies this definition via a thermodynamic limit result.

Theorem 2.3 (1) u > Sp(u+u), u— SH™(u) are well-defined and CP~2 on
Bs(0) € WH2, § > 0 sufficiently small.

(2) The lattice function £ — Sg(w) — (58p°™(0), @) belongs to £*(A) and
hence

S@ =Y (sz(a) — (38k°™(0), a>) (2.22)

LeA

is well-defined.
(3) Let un € WX denote the locally unique solution to (2.1) identified in
Theorem 2.2, then

|S(a) — Sy (un)| S N~4log”(N). (2.23)
In particular,
| F () — Fy(an)| S N4+ BN~ log®(N), (2.24)
where F(u) = E(u) — B1S(u).
Proof The proofs of (1) and (2) are given in §4, the proof of (3) in §5. O

Remark 2.1 (1) The definition of S(@) in the theorem can be interpreted as
follows: One can show (with the methods in the proof of Proposition 4.1) that
for u € By (@) N W*, the sums S(u) = 3, S(u) and > e (688°™(0), u) con-
verge absolutely and Y-, 4 (657°™(0),u) = 0. As We € Wh2 is dense, (2.22)
then becomes the unique continuous extension. The renormalised expression
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(2.22) becomes necessary, as the separate sums do not converge any longer for
U.

(2) There is no reason to believe that the logarithmic factor log®(N) is
sharp. However, we will discuss the sharpness of the rate N =% up to logarithmic
terms in §2.7.

2.6 Application to defect migration

Recall from § 1 that transition state theory (T'ST) characterises the transition
rate from one stable defect configuration (energy minimum) to another via the
associated transition state, i.e., the lowest saddle point that must be crossed.
A free energy difference between saddle and minimum describes the transition
rate. Thus, our techniques to characterise the thermodynamic limit of defect
formation free energy are almost directly applicable to (harmonic) TST as
well. In practical modelling scenarios, i.e., in the finite temperature setting,
one is in fact interested in the rate at which all low-lying saddle points are
crossed [12,6]. Our subsequent results are sufficiently general to account for
this. That is, it applies to a general (index-1) saddle point. However, there
are some interesting associated mathematical challenges to which we return in
§ 2.6.1.

To motivate our assumptions, let us suppose for the moment that, in ad-
dition to a sequence of energy minima uy, there exists a sequence of saddle
points %, € Wi with associated unstable eigenpair ¢ € Wi, Ay < 0 such
that

0EN () =0,
HYon = Andn,
z 2.25
An <0, and ( )

(H¥v,v) >0 for v € WX,  with (v, ON)e2(ay) =0,

where H; := §2En (). Then, the transition rate according to HTST is given
by (1.1), i.e.,

JCHTST . (%)1/2 - ( _ Bleway) - 5N(11N)])v (2.26)

where the /\;-nin and )\j-addle enumerate the positive eigenvalues of, respectively,
Hy and HY including multiplicities. While (2.26) is the common definition,
it is more convenient for our purpose to restate it as

/C]IE,TST = exp ( — BA}"N) = exp ( — B(ASN — B_lASN)), where
AEN = En(uy) — En(un), and (2.27)
ASy = Sy (uly) — Sn(un)

= —1logdet"Hy + 1logdet™Hy

= =3 log A% 4 1 "log AT,
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This establishes the connection to the vibrational entropy functional anal-
ysed in Theorem 2.3. Note that, Sy(@) is defined in the same way for the
saddle point, as det™ now excludes the negative eigenvalue as well.

With the natural embeddings (W'2)" < ¢2 < W12, the canonical ther-
modynamic limit of the saddle point and natural analogue of (STAB) can be
formulated as

0E(T®) =0,
H*¢ = \o,
. _ 2.28
(Hv,v) > co|| Dv||% for all v € WH? with (v, Byire przy =0, (2.28)
A<0 andc > 0.

We now make (2.28) our starting assumption and prove the existence of a
sequence of approximate saddle points in the supercell approximation. More-
over, we can establish the limit of the transition rate. In that part, we will also
assume that naturally £(a%) > £(u).

Theorem 2.4 (1) Suppose that (2.28) holds, then for N sufficiently large
there exist S, dn, AN satisfying (2.25), such that

IDuy — Dl + |6n — bl + [An — A + [En (@) — E@)| S N~
(2) The limit KATST .= limy o0 IC%TST exists, with rate
|ICI;\I[TST _ ,CHTST| < N—4log?(N),
and is characterised in (6.17).

Proof The proof of (1) is an extension of [8] and is given in § 6.1. The proof
of (2) is given in § 6.2. O

Remark 2.2 For large f3, the transition rate CHTST becomes very small. In this
case one might prefer to consider the relative error, which can be bounded by

’ICHTST _ ]CHTST‘ 4
N < PPN (BN~ + N~410g®(N)),

JCHTST ~
which follows from the estimates in the proof of Theorem 2.4.

Remark 2.3 The characterisation of the limit KHTST = limy KETST is not as
explicit as the limit S(@) in (2.22), but is presented in full in §6.
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2.6.1 Stability assumptions and connection with transition state theory

At first glance our assumption (2.28), which postulates the existence of a sta-
ble saddle, may seem very strong. This is made necessary due to our weak
assumptions on the interatomic potential, aimed at including realistic models
of interaction in our analysis. However, one can immediately show that states
satisfying (2.28) are the only possible (strong) limits of a sequence of index-1
saddle points @}, with uniform upper and lower bounds on the spectrum.

Interestingly, while weak limits of configurations with uniform lower bound
on the spectrum preserve that bound (i.e., minimality), this is not true for sad-
dle points. The reason is that a localised defect in a saddle point configuration
could “shift” to infinity which could, e.g., give a homogeneous lattice and hence
a minimiser in the limit. Thus the negative eigenvalue is lost. It may be possible
to circumvent this situation using a concentration compactness type principle;
see e.g. [21] where it was used in a similar setting.

Returning to strong convergence for now, we have that all index-1 saddle
points (2.28) are limits of supercell approximation, and vice versa all (strong)
limits of supercell index-1 saddle points are of the type (2.28). This is impor-
tant in practise since realistic models of point defect diffusion will take into
account the transition rates across all low-lying saddle points and not only the
lowest one [12,6].

However, if we were to take a “pure” view of transition state theory, then
the rate KETST defined in (2.26) need not necessarily be the transition in the
size- N supercell model. One would also have to establish that the saddle point
U is not only a saddle point approximating @* but that it is indeed the lowest
lying saddle point in the supercell model. Although it is intuitive to expect
that this is true, it does not appear to be provable within the confines of the
analytical techniques employed in the present work.

2.7 Conclusions and Discussion

We have developed a technique to analyse the harmonic vibrational entropy
of a crystalline defect in the limit of an infinite lattice. Two applications of
this technique are to characterise the limit of formation free energy as well
as of transition rate, both in the harmonic approximation. These results are
interesting in their own right in that they demonstrate that boundary effects
vanish in this limit, but more generally establish the mathematical techniques
to study existing and develop novel coarse-grained models and multi-scale
simulation schemes incorporating temperature effects.

We briefly outline extensions that may require substantial additional work:

2.7.1 Other defects

Extension to interstitials and vacancies: We expect that our convergence re-
sults can be extended to these cases, with only minor differences in the char-



14 Braun, Duong, Ortner

Convergence Formation Energy Convergence Transition Rate
10° —0— |Ey—¢| —0— |Aly— A€
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1072
10°?
10 S

16 54 128 4321024 2662 6750 16 54 128 4321024 2662 6750
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Fig. 2.1 Convergence of energy and entropy contributions to formation energy Fyn and
transition rate Kp, for a vacancy defect in bee tungsten (W) modelled by a Finnis-Sinclair
(EAM) potential [38], employing a cubic computational cell, i.e., B o< I.

acterisation of the limit. This is supported by numerical evidence displayed
in Figure 2.1. The main additional difficulty comes from the different number
of degrees of freedom compared to the homogeneous lattice when treating the
Hessians. A possible approach is to extend the smaller Hessian to the larger
dimension and perform a calculation similar to (2.16). The overall strategy
then proceeds similarly to what we present here, however, there will be an
additional finite-rank perturbation. This term is of a different structure for
interstitials and vacancies and requires additional work.

Extension to topological defects such as dislocations and cracks: the key
difficulty is that an inhomogeneous reference configuration must be used in
the analysis, for which the Green’s functions are more difficult to estimate.

2.7.2 Sharpness of the convergence rates

It is in general difficult to observe logarithmic contributions in numerical tests,
hence our numerical tests in Figure 2.1 should not be taken as evidence that
the sharp convergence rate for the entropy is indeed O(N~2). It is unclear
to us, at present, whether or not the sharp rate should include logarithmic
contributions.

In the example shown in Figure 2.1 we even observe the rate O(N %)
for ASy. Since the rate for A€y is still O(N~3) we speculate that this is
a pre-asymptotic effect likely caused if the dipole moments of the defect in
its minimum and saddle point states nearly coincide; see [7] for a detailed
discussion of such cancellation and near-cancellation effects.
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3 Resolvent Estimates
3.1 Notation / Preliminaries

Let us fix some more notation.
e |r| is the standard Euclidean norm and
Pl o= (|r| + 1) P log® (e + |7]), (3.1)

where r can be a vector or scalar and p, k > 0. For M > 0, we extend the
definition by setting

)"y, = min {[n],7, [M]"}.
e For m,n € A and M > 0,k > 0 we then define
Li(n,m) = [nl 3 n = m|p? + Iml R n = mlp + ]l ml, (32)

—d —d —d —d —d —d
ng(nvm) = |n‘lk7M‘n_m|lk + |m|lk7M|n_m|lk +|n|lk7M|m|lk7M~
(3.3)

e We use the semi-discrete Fourier transform (SDFT)
. 1 ;
(k) = Ze”"éu(ﬁ)7 with inverse u(¢) = —/ e *la(k)dk, (3.4)
LeA ‘B‘ B
where B = 7A~T(-1,1)? is a fundamental domain of reciprocal space

_ (em?

(equivalent to the first Brillouin zone) and has the volume |B| = 15554

3.2 Estimate of F

We begin by defining and establishing decay estimates for the operator F.
Since H"™™ is circulant, it is natural to formally represent Fw = F % w and
define F' via its Fourier transform. First, recall that

(H"mu,0) = 3 V2V (0)[Du(t), Du(0)],

Lezd

then applying the SDFT we obtain

(HPomy, v) / (k) dk, (3.5)
1Bl
a"h(k)b:= V2V (0)[((e™™* = Da)yer, (¢ = 1)b) per].
One can also reduce ﬁ(k) to the simpler form

)=4 Z A, sin® 7" , (3.6)

pER!
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where R’ is the double interaction range R’ = (R U {0}) + (R U {0}), see [15,
Sec. 6.2]. Furthermore, (STAB) implies that ¢o|k|2] < h(k) < ¢1]k|*] in the
matrix sense for all k € B, see [20]. We observe that |h(k)~/2| < |k|~! as
|k| — 0, hence we can define

-5 / e~ f(k where F(k) = h(k)"2,  (3.7)
(Fu)(¢) := Z F({ —m) — F(—m))u(m). (3.8)
meA

The constant shift > = F(—m)u(m) in the definition of Fu ensures that Fu is
well-defined (when d = 2 the separate sums need not converge).

Lemma 3.1 Let F : A — R™*™ be defined by (3.7) and F by (3.8), then

(i) For any p € R?, j > 0, there exists a constant C' such that
ID,F(0)| <Oty ™7 v ez

(i) F € L(F2,WH2).
(iii) F* H'™F = I, understood as operators £> — (2.

Proof Our argument closely follows the Green’s function estimate of [15],
adapted to the fact that F' is the square-root of a Green’s function. The details
are given in § 7.1. O

3.3 Functional calculus

Suppose that A : /2 — (2 is a bounded, self-adjoint operator with o(A) C
[0,7], 0 < ¢ <1 < 7, and C is a contour that encloses [o,7], but not the
origin, then [14, Ch. VIL3]

log A := %Z_]ilogz(z —A)"ldz

defines a bounded, self-adjoint operator on £2. Note that here and in the follow-
ing we always drop the identity matrix and write (z—A)~! := (21— A)~. More
generally, let A : /2 — 2 be bounded, self-adjoint with o(A) N (0,0) C [g,7],
we can use the same contour to define

1
log™A = 5t ji log z(z — A) "t dz. (3.9)

This generalisation will be crucial to be able to apply the subsequent analysis
not only to the formation free energy (Theorem 2.3), but also to the analysis
of transition rates (Theorem 2.4). As clearly log A = log©A in the case that
o(A) C [g,7], it suffices to consider logtA in the following.
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In order to apply this in our setting we substitute A = F*H'(u)F, where
H'(u) := (1 —t)H™™ +tH(u), t€]0,1],

for w in a neighbourhood of #. Our first step is therefore to show that these
operators remain uniformly bounded above and below.

Lemma 3.2 Let u be a stable minimiser of £, then there exist €,a,0 > 0 such
that, for all u € B.(a) C W2 and t € [0, 1],

c[F*H'(u)F] C [o,7]. (3.10)

More generally, assume uo, € W2 satisfies o(F*H*(uso)F) N (—a, 00) C
[20,5/2] for some 0 < g < T, then

o[F*H'(u)F] N (0,00) C [g,7]. (3.11)
for all u € Be(us) C W2 and t € [0,1].
Proof According to (STAB) we have
ool Dvl|7 < (H'(@)v,v) < c1]| Dol (3.12)

Hence, H'(7) € LONV'2, OW12)*) and Lemma 3.1 implies that F*H*(7)F €
L(¢%,¢%). Since F* H™™F = [ (see again Lemma 3.1) it follows that

co| DFw|7: < (F*H"™Fw,w) = |w||% < ¢1|| DFw||%.
Substituting v = Fw into (3.12) we obtain
w7 < (H'(@)Fuw,Fu) = (F*H' (@) Fw,w) < & |w]Z.
If now u € B.(i), we use the assumption V; € C? to estimate
(B (w) — H' () Fu, Fw)| < |DFw|E|Du — Difl i S elwl?,
which proves the remaining claims. 0O

In light of the foregoing lemma, there exists a contour C encircling [o, 7]
but not the origin, such that, for u € B.(u) and for all ¢ € [0, 1],

2mi
F: = F(u) = (2 —F*H' (u)F) .

log*[F*H'(u)F] = L j{ log 2z %! (u) dz, where (3.13)
c

From now on, we will fix this contour and always have z € C and ¢ € [0, 1]. We
will also use the notation Z2°™ := %#%(u) and %, (u) := #%(u). We remark
that, since F* HP™F = I, we have '™ = (z — [)~! = (z — 1) L.

To exploit the representation (3.13) we will analyse the resolvents Z:.
Specifically, we will estimate how [Z],, decays as |¢], |n| — oc.
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3.4 Finite-rank corrections

A basic technique that we will employ in the resolvent decay estimates is to
decompose a Hessian operator H into two components H = H, + Hy where
H, has finite rank while Hy, is close to H™™. To estimate the correction to the
resolvent due to H;, the following lemma shows that we can instead estimate
powers of the finite-rank correction.

Lemma 3.3 Let X be a Hilbert space.

(i) Let A € L(X,X) be a bounded linear operator with range of finite di-
mension at most v € N and I + A is invertible, then there exist c1(A),
s crp1(A) € R such that

r+1
(T+A)7 =T+ ¢;(A)A. (3.14)

j=1

If U C C such that (I +~A) is invertible for all v € U, then v — c;j(vA)
are continuous functions on U.

(ii) More generally, let X = X1 @ Xo be a fized orthogonal decomposition
with dim(X1) < r then (3.14) holds for all A for which Xo C kerA
and (I + A) is invertible. The coefficients can be written as c¢;(A) =
d;j(mx,Alx,) where mx, Alx,: X1 — X3 is the restriction and projection
of A to X1 and the d; are continuous on the finite-dimensional set {B €
L(X1,X1): (I + B) is invertible}.

Proof The result is a consequence of the Cayley—Hamilton theorem; we give
the complete proof in § 7.2. O

3.5 Resolvent estimates

The goal of this section is to estimate Z%(u) = (z — F*H'(u)F)~!, where
ueld:=U(g,7,C)
= {u e Wh? : u satisfies (3.11) with 0,7 and |Du(¢)| < C|¢];,*}.

This more stringent condition is sufficient for our purposes and considerably
simplifies several proofs. In particular, C,& > 0 sufficiently large and o > 0
sufficiently small are fixed throughout this discussion and all constants in the
following are allowed to depend on them.

As already hinted to above, a key idea is to split the difference of the Hamil-
tonians H(u) — H"™ into a sum of a large finite-rank operator representing
the defect core and a small but infinite-rank part representing the far field.
Let

(HM(u)v,z) = > V2V(0)[Do(0), Dz(0)]+ > V2V (Du(€))[Dv(¢), D=(0)],
|| <M le)>M
(3.15)
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and define H*!(u) := (1 — t)H™™ + tHM (u) and ZM** analogously. Then,
-1
RM (1) — phom = ((z — 1)I —tF*(HM (u) — Hhom)F) —(z=1)7r

= (2— 1)1{ (1= 5P (M ) - Hhom)F)_1 = [}.
(3.16)

We now show that Ay := F*(HM (u) — HM™)F is small provided that M
is sufficiently large. Starting with this lemma, we will heavily rely on the
convenient notation \€|l7€d defined in (3.1) for a decay rate up to k logarithmic
factors, as well as the notation %, and ZM defined in (3.2) and (3.3) for
operator estimates.

Lemma 3.4 There exist Cy,Cq,Cs > 0 independent of m, n, M, and u € U
such that

[(Arr)mn| < Co LM (m,n), where (3.17)

> LM(mn)? < iM%, and (3.18)
m,neA

ZflM(m,é).flM(f,n) < C’2|M|l_3d$1M(m, n). (3.19)

LeA

Proof Many detailed sums we need here and in the following are collected in
the appendix in Section 7.3. Specifically, (7.13) yields (3.17):

(Arr)mnl <Y [V2V(Du(t)) = V2V (0)||DF(£ = m)||[ DF(¢ = n)]
[€]>M

—d —d —d
N Z |£|10 |£ - mllo |€ - n|10
|e|>M

/S gljw (ma ’fl)
For (3.19) we estimate

ZglM (ma é)le (E’ n)

e
—d —d —d —d —d —d
S |n|ll7M|m|l1’M Z(lﬂll,M + \m - g‘zl )(lg‘lgM + |n - Elll )
e
+ Il DI Im = ey + In =€)

LeA
+imlahy S 1% = Ry, + Im = )
e
+ >l m = i — e (3.20)
e
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We look at each of the sums in detail. According to (7.5) and (7.7) we have
the estimates

Sl S MR

e
—d —d —d —d
Zlflll,Mln - €|ll N \n|l3,M N |M|13 )
e
Z|m - €|l_1d|€|l_1flM 5 ‘m‘l;flM /S |M|l_3d7
e
> Im = — 054 < fn —mld,
e

Furthermore, according to (7.8) and (7.14) we also have

D MR m =t S mlp 1M
e
d

—d —d —d —d |, |—d —d|, |-
ZMH,M'm - £|ll In — €|ll < |m|l1’M|n|l37M +|m — n|13 |m‘11,Ma
leA

and analogously for m and n reversed. At last, according to (7.16), we also
have

—2d —d —d —d —d —d —d
ZMZZ?MM - n‘ll ‘f - m‘ll s |n|ll,M|m|llvM(|M|13 + |m - n|13 )
leA

Inserting these intermediate estimates into (3.20) we get (3.19), as
—d —d —d —d
> Lm0 LM (4n) S Il Imlp G (MY + [m —nls?) (3.21)
LeA
< M 2M (m,n).

Finally, summing over m = n in (3.21), and using (7.5), we deduce (3.18):

YD AMm LM em) S Y ImlEy S 1M

meALeN meA
O

Proposition 3.1 There exists a constant Cs > 0 such that, for all u € U,
te[0,1], z €,

‘ (%! (u) — Z*™) | < Csi(m,n). (3.22)

minj
Proof We split #! — o™ = (% — #M*) + (#M* — Fhom). To estimate the
first group we will use that H* — H has finite rank. To estimate the second

group we will use that Mt — HM™ jis small.
We begin by estimating 2t — %™, Recall from (3.16) that

T ) — 2 = (o= ) (1= ) 1),
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with Ay = F*(HM (u) — H™™(0))F.

We can show that for M sufficiently large the associated Neumann series
converges, from which we can deduce not only that (I — £ Ax) ™" (and hence
also ZM-t(u)) is well-defined but also obtain decay estimates. Indeed, we can
bound the Frobenius norm by

|Au|7 < C3d* Y~ M (m,n)? < CRd>Cr M |5°,

m,neA

according to Lemma 3.4. As the Frobenius norm is sub-multiplicative, for M
sufficiently large, the Neumann series

1 0 tk
(1= 25n) =3 ot

converges strongly in the Frobenius norm, uniformly in z € C,t € [0,1] and
u € U.. From Lemma 3.4 we can moreover deduce that

(ARl < (dCo| M) 1 C5 LM (m, m),

and hence
(AR ) M S CECy R (M)A
—— — T < Y (n,m) L
21 Hnm ==

For M large enough the series on the right-hand side converges uniformly in
z, and therefore

\ [ZM () — Z2hom] | < £M (m,m). (3.23)

~

mn

It remains to estimate %! — #M:*. We begin by rewriting

Aw) = (1+ B2 P (1 (1) = ' )F) 2w

=: (I + B M ).
Lemma 3.2 implies that the resolvent %% (u) exists for all z € C, ¢ € [0,1],u € U
and hence the inverse on the right hand side exists as well.

Moreover, BM+* has finite-dimensional range since clearly this is the case
for HM-*(u) — H*(u). More precisely, if we set Xo = {u € ¢?: D(Fu)({) =
0 for all [¢| < M}, then Xo C ker(BM:!), while X; := X3 is finite dimensional.
According to Lemma 3.3 it follows that

r+1 .
(I+BMY ™ =1+ (BMY) 4, (3.24)
j=1
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with d; depending continuously on the projected and restricted operators
7x, BM!| x,. In particular, these constants remain uniformly bounded in z,¢
and u € U. Therefore, we only have to estimate

(BM,t)J'%vM,t _ ((@M,tF*(HM,t _ Ht)F)j%M,t
for 1 < j <r+1. To that end, we note that similarly as in Lemma 3.4

(E(HM — H)F)nl St (€710 = ml1€ = nl?
lel<m

<D M1 = mlp e =l
< él(m7 n), (3.25)
based on (7.13). Recall also from (3.23) that
(221 (u) = 22 )| S LM (mym) < L (m,m), (3.26)

hence we can now use (3.19) with M = 0 to deduce

‘ [(%fj’t(u)F*(Ht’M _ Ht)F)j%y’t(u)]

mn| S Z1(m,n),
where the implied constant is independent of z € C,t € [0,1] and v € U.
Combined with (3.24) this completes the proof. O

4 Locality Estimates for S

In the following, we will use the definition

Sf(u) = —%’Iirace[long (F*H(u)F)LZ7 (4.1)

for u satisfying (3.11). Of course, we have S, (u) = Sy(u) included as a special
case if (3.10) is true.
Let us start with the regularity claim.

Proof (Theorem 2.3 (1)) According to Lemma 2.1, H(u), H™™ (u) : W2 —
LOV2, (W12)') are (p — 2)-times continuously Fréchet differentiable. Due to
Lemma 3.1 and Lemma 3.2, Z2°™(0) and %, () exist. As the set of invertible
linear operators is open and inverting is smooth, we find that Z2°™ (u), Z. (i +
u) : Bs(0) € Wh2 — L(£2, %) to be (p—2)-times continuously Fréchet differen-
tiable for § > 0 small enough. All of this can be done uniformly in z € C. There-
fore, the same regularity holds true for log (F*H(u)F), log (F*Hhom(u)F)7 and
any of their components. 0O
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Based on H'(u) = (1 —t)H"™(0) + tH (u) for u € U, define

S} (u) := —3Trace [ log+(F*Ht(u)F)} o
then

0 U 1 2 Qt U
Szr(u):S?(u)—f—LSéf )+/0 (1—:5)a ggi ) at,

Indeed, we directly check that ¢t — S} is twice differentiable with

885(“’) _ 11 t* hom t
S~ 59 Clogz’I‘race(%ZF (H(u) — H™™(0))F#.),, d=
and
2.6t
S w) _ —12L log = Trace(ZLF* (H (u) — H"™(0))F

oz 272w [,
ZLF*(H(u) — H*™(0))FZL),, dz.

In particular, we find SP(u) = 0 and

I8P (u) 11 log z W
=——— ¢ ——=T F*(H(u) — H*™ F
ot 227 Jo (z — 1) vace (B (H (u) (0))F) . d2
1
= —§Tmce(F*(H(u) — H™™(0))F),,.
We can then write
as?(u) 1 * hom
et —§Trace(F (0H"™(0),uw)F),,
1 ! * om
- 5/0 (1 — s)Trace(F*(6*H" (su)u,u)F),, ds
1 * om
- iTrace(F (H(u) - H" (u))F)M.
Also note that
11
hom . hom * hom hom
(0857°™(0),u) = ~55. clongrace(%z F*(6H™™(0),u)FZ, )M dz

1 * om
= —§Trace(F (6H" (0),u)F) ,,.

Overall, we have decomposed S (u) into

S (u) = (587°™(0), u) + Se1(u) + Se2(u) + Se3(u), (4.2)
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with
Sea(u) = f% /01(1 — s)Trace(F* (6> H"™ (su)u, u)F) , ds,
Sea(u) : :—lTrace(F*(H( ) — H"™(u))F),,,
Sea(u :—f/ 7{ (1—1) —1ongrace(<%’tF*( (u) — H*™(0))F

HF*(H(u) — H*™(0))F2%L),, dz dt.

This decomposition will be useful in light of the properties we establish
next:

Proposition 4.1 Forueld

1(687°™(0), w)| < 1€l (4.3)

but
|Se.i(w)| S [€);6%,  fori e {1,2}, (4.4)

and
|Ses(u)| S €];5%7 (4.5)

In particular, the sum

S*u) =Y (S5 (w) — (05 (0),w)

£

converges absolutely.

First, let us look more closely at the variations of H"™. Remember that
HYom (y) = §2EP°m (). We can write its components as

HY™ () ming = (H"™ (u) =Y VAV(Du(€)[D(Emei) (), D(8ne;)(€)]:

e

Accordingly, the first variation is

[GH"™(w),0)] s = D VV(Du(€))[D(Gmei) (€), D(Gne;) (), Du(&)].

e

Similarly, for the second variation of H we will use the notation

[<52Hhom( mzn] Z V4 Du (5m61)(£),D(6n6])(€),

£eA

Du(&), Dw(§)].
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Lemma 4.1 For all t € [0, 1] uniformly, it holds that

([FoH e (tu), F] | S 7 1€ = mlptle —nla? D), (46)
e
|[F* 2o (t)o, w)F] | S D7 1€ = ml? ¢ = nla? [Du()]| Dw(€).
cA
‘ (4.7)
[P (H () = HP )F], | S il ol (4.8)

Proof We have

[F*6H"™ (tu) ()F],,,,, = V2V (EDu(€))[DF:(€ — m), DF;(¢ — n),

minj

and |DF(§)] < |§\l_0d according to Lemma 3.1. The same is true for the second
variation with V4V. As V = Ve for |€] > rous, we find

( [F*(H (u) — H"™ (u))F]

ming
S Y (VVe(Du(E) — VAV (Du(€) ) [DFi(¢ — m), DF(€ — )]
[€]<reut
S Y = mlptlE —nl
[€]<reut

We now have all the tools to prove Proposition 4.1.

Proof (Proposition 4.1) Let us begin with the first order term. Using (4.6),
u € U, and (7.8) we find that

(687°™(0),u)| < | Z Trace(F*6H"™(0)()[Du(¢)]F) |
e

S 1€ 1> Du()]
feA

S 16— 7
ten

<

This proves (4.3). Equation (4.4) for Sg2(u) is already included in (4.8) in
Lemma 4.1.
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To estimate Sy 1(u) we can use (4.7) and (7.9) to see that

|(F (02" (swpu, w)F) | S Dl — 0 Du(©)]?
e
< D_l6 = gl
e
< ™.

The last remaining claim (4.5) requires the resolvent estimates from § 3.
We have

Se3(u) = —%/ (1- t)a gﬁi )dt

= —7/ 7{ (1-1) —long‘raee(%tF*( (u) — H™™(0))F
RBF*(H (u) — Hhom(O))F%;)M dz dt.
We already know from Proposition 3.1 that

(m,n),

|(#w) — 22|

with Z2°™ = (z — 1)~!I. Furthermore, according to Lemma 4.1 and (7.13)

‘(F*(H(u) — H"™(0))F)

ming

ming
< Imlpe?nlp® + Zlm — &l3%m — &[5 Du(é)
EeA
S Imlp®inle® + ) Im = &l n — €€ R"
ceA

5 |m|l73d|n|l7)d + ‘(F*(Hhom(u) _ Hhom(O))F)

< Z(myn).
% is submultiplicative up to a constant, in the sense that (see Lemma 3.4)

> _Altm)Zi(m.n) < Ll n).

As also

Z Zm (0, m) L (myn) < L n),

we can apply the submultiplicativity several times, and use (3.21), to find

[Sea(w)] £ D LAl m)L(m,0) S 105>

meA
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Proof (Theorem 2.3 (2)) As 4 € U with S} (a) = S,(a) for all £, we can
directly apply Proposition 4.1 to see that

3 ‘Sg(a) — (388 (0), )| < oo
4

5 Periodic Cell Problem and Thermodynamic Limit
5.1 Discrete Fourier Transform

Recall that A = AZ?, Ay = B(—N, N]¢ N A, and that A, B are non-singular
with A~1B € Z%*?, We will extend that notation and later also write A; =
B(—t,t]NAfort € R, t > 0, to conveniently discuss smaller and larger sections
of the lattice. Based on the periodic cell, we will also use the short notation

|€|l_’€(,lAN = géz%;w +2NBz[,*

gk,/lzv(nvm) = (|n|17cflAN + |m|17cilAN>‘n - m|17cflAN + |n‘;cflAN‘m‘;«?ANa

for estimates respecting the periodicity of the supercell approximation.

We wish to define a Fourier transform of functions u : Ay — R™. To that
end we characterize the dual group of Ay. We expect that the following lemma
is known; indeed, special cases such as cubic domains for fcc or bce crystals
are commonly used for FFT implementations [10]. Lacking a clear source for
the general case A # B, we included a proof nonetheless.

Lemma 5.1 All the characters on Ax (characters are the group homomor-
phisms (An,+) — (C\ {0},-)) are given by

k() = ke %B—Tzd NrA~T(=1,1]* =: By.

Proof First we show that the characters on G = B(0,1]¢ N A are precisely
given by xx with k € 2aB~TZ4 N 7A~T(—1,1]¢ =: G. Indeed, as e*B¢ = 1
for k € 27B~TZ% and all j, the x; with k& € 2rB~TZ? are all characters on
G. Furthermore, yr = x if and only if ¢!k=F) — 1 for all £ € G. Since
k k' € 2nB=T7Z% this is equivalent to e!k=k)0 — 1 for all ¢ € AZ?. This is
true if and only if k — k' € 2rA~TZ%. In particular, all the y; with k € G are
different characters. As also |G| = |G, these are already all characters.

Choosing B’ = 2NB and shifting G by multiples of B gives the desired
result. O

Corollary 5.1 With By defined in Lemma 5.1 we have

ST ) — suulAy| Wk K € By, and (5.1)
LeAN
3 Ok = 6y |By| Ve € Ay, (5.2)

keBn
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Proof Identity (5.1) follows directly from Lemma 5.1, as the set of characters
on any finite Abelian group G forms an orthogonal basis of the functions
G — C, see [25, Thm. 3.2.2|. Identity (5.2) follows for the same reason, using
the Pontryagin duality theorem. 0O

We can now define the discrete Fourier transform by

=Y e*ge),  forke By,

leAN

According to (5.2), the inverse is given by

71k€
E e , for £ € Ay,
|BN| kEBN

with |By| = |Anx| = (2N)%|det(A~1B)|. Although we use the same notation
as for the semi-discrete Fourier transform, it will always be clear from context
which one is meant.

Given f: A — R™, for which the SDFT f is well-defined, we can obtain a
Apn-periodic “projection” fy : Ay — R™ via

() = IBNI > e f(k) (5.3)

keBn

Lemma 5.2 Suppose that f: A — R™ with |f(£)] < |0],0™ where o > d (in
particular, f € L=(B)), then

If = fnllesean) SN

Proof As f is summable over A, one can directly check the Poisson summation
formula

0) =Y f(t+2NBz).

z€Z4

Employing the decay |f(€)] < (1+|¢])~¢

|f(€) — fn(l > f(t+2NBz)
2€7Z4\{0}
< > [e+2NBz
LeA\{0}
SNTTY [Etaa
Le A\{0}
SN,

wklelre the sum is finite due to a > d and the estimate is uniform due to
BEHI<1. O
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5.2 Periodic projection of F

Recall the definition of F from (3.7) via its SDFT F(k) = > per 4sin®(3k -

p)A,]~1/2. Note that F(0) is undefined, but this is only related to the constant
part of Fly. Therefore, we slightly modify (5.3), to define its periodic projection
via

Fy(l) == Y e ™E(k). (5.4)
|Bx| keBn\{0}

D?Fy is then the periodic projection of D*F according to definition (5.3).

Lemma 5.3 There exist constants Cy, Cs, independent of N such that

|DF — DFy|goo(ay) < C,N—¢ and in particular
IDFN(0)] < Coltl? for L€ A

Proof We cannot employ Lemma 5.2 directly since |DF(¢)| < |€|l_0d but no
faster. Instead, we first estimate D?F — D?Fly.

Let p1,p2 € R, f(£) := D,,D,,F(¢), and fy its periodic projection (5.3),
then it is easy to see that in fact fy(¢) = D,, D,,Fn(£). Then, according to
Lemma 3.1, |[f(£)| S |€|l7,17d and hence Lemma 5.2 yields || f — fnllreay) S
N~174 Stated in terms of D?F we have

ID?E(€) = D*En(0)le=(ay) S N0 (5.5)

To obtain the estimate for DF — DFy we first note that the following
discrete Poincaré inequality is easy to establish: As for all g : Ay — R™ we
clearly have

lg(x) — g(y)| < ON||Dgllgoe(ay)y forallz e Ay, y € An,
it follows that
lg — (@) anllean)y < CN|Dglle>(ay)s (5.6)

where {g) 4y = 71 Sreny 9(0).
Fix p € R and let Cn = (D,F — D,Fn)a,, then combining (5.5) and
(5.6) we obtain

[DpF — DpFnllee(ay) < |DpF — DpFy — Cn|les(ay) + [Cn|
S N|DD,F — DD,Fn g (ay) + |Cn|
SN+ |Cn].

It thus remains to estimate Cl.
Periodicity of Fy implies that (D,Fn)a, = 0, hence,

1
Cy=— D, F(¥).
N |AN|@EZAN P()



30 Braun, Duong, Ortner

Using discrete summation by parts we see that

! > Fo- ) F(E)‘

Ay
| | Le(An+p)\AN LEAN\(AN+p)
< N—de—lNl—d _ N_d.

|ICn| =

5.3 Spectral properties in the periodic setting

We can now make the definition of Sy ¢ in (2.17) rigorous by specifying F v
via Fy and proving Lemma 2.3. In analogy with (3.8) but with a different
constant part, we define

(Fnf)(0) ==Y Fn({—n)f(n). (5.7)
neAn
Proof (Lemma 2.3) Since ;e 4 Fn(£) = 0 we directly see that TvFy =0
and Fymy = 0, that is (2.15). As
(Enfi9) ey = Z Fy(£—mn)f(n)g(f)
nleAnN
and Fy(¢) = Fn(—¥), Fy is self-adjoint, establishing (2.13). For k € By \{0}
we have Fy f(k) = F(k)f(k), while Fy f(0) = 0. Hence,
(FENHY"FNT, 9)e(ay) = (HhomFNﬁFNg)zz(AN)
= Y VV(0)[D(Fnf)(£), D(Fng)(0)]

LeAN

S P IRGCHON OO

Nl keBy\{0}

1 .

= f(k)*g(k)
[Bv| keg;m}

= (f, 9)52(/11\,) - T

= (I =7Nn)f,9)e(an)-
This shows (2.14) and completes the proof. O
In particular, if 7yv = 0, then
| DP ol < (HY™Fyo, Fxv)ecay, = [0la < ¢IDFyolZ,  (58)

based on Lemma 2.2. Furthermore, if @y is the solution from Theorem 2.2,
then we can combine Lemma 2.2 with (5.8) to see that

o
20||vll7z < (FNHNF v, 0)e2(ay) < FllvIlZ,
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for some ¢, > 0 and any v with 7wyv = 0. Therefore
o(FnHy(an)Fy +7y) C 20, 35].
A perturbation argument as in Lemma 3.2 then shows that
oc(FNHy(w)Fyn +7n) C [0,7], (5.9)

for all u with [|[Du — Dun||¢2(ay) < € Based on Fymy = nyFy = 0, we have
the resolvent identity

(z— (FyHn(uFy + 7rN))_1 —(z- FNHN(u)FN)_1 =(z—-1)"tayzt,

which implies

Sne(u)
= —%Trace{log (FnHN(u)F N + WN)LZ
- 7%%Tracefglogz{(z — (FyHy(u)Fy + WN))_l]zz dz
— _%%Traceyilogz[(z — FJ\rHN(U)FNY1 +(z— 1)717”\[271}% dz
= _%%Trace 7€ log 2 [(Z - FNHN(U)FN)?I} 17 dz
= 7%Trace log "(FNHy (u)F n) e, s
as log(1) = 0.

For the sake of generality, in the following, we will use the definition

S&e(u) = —%Trace[log"'(FNHN(u)FN)LZ, S (u) == Z S&é(u),
LeEAN
(5.11)
for u satisfying
O’(FNHN(U)FN) n (0, OO) - [g, 5]. (512)
Due to the calculation in (5.10), Sy e(u) = S;{M(u) is included as a special
case for u with ||[Du — Dayl||z < e. This generalization allows us to include
saddle points in §6. We also look at a more general sequence. Let us consider
any uy € Wy, us € W2 with

| Duoo ()] < 16157,

|Dun = Dol (ay) S N4,
o(FyHy(un)Fn +7n) N (—g,00) C [20,7/2],
o(F*H(ux)F) N (—0,0) C [20,7/2].

(5.13)

In particular, for any u with || Du—Dun||e2(ay) < €, (5.12) is true and S;’e(u)
is defined according to (5.11). Similarly, for the limit we have B.(uso) C U
according to Lemma 3.2.
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5.4 Resolvent estimates

Before we can proceed with the convergence analysis for the entropies, we need
to establish decay estimates for the periodic resolvent operators, analogous to
Proposition 3.1.

We first introduce a compactly supported vy & us that allows us to relate
Uso to the periodic case. To do that we use a previously developed cut-off
operator Tg.

Lemma 5.4 [8, Lemma 3.2] For all R > Ry, with some sufficiently large Ry,
there exist cut-off operators Tr such that for all2 < q < oo, u: Ag — R™, we
have Tru : A — R™ and

|DTrulles < CllDulleran), (5.14)
| DTru — Dullescany < ClDUles (A 4- (5.15)

Furthermore, DTru(€) =0 for [£| > R and DTru(f) = Du(¢) for |¢| < R/2.

Crucially, for R < N, Tru can also be interpreted as a periodic function. We
can then define vy : A — R™ by vy := Ty 2us to find

supp(Dun) C Anya, (5.16a)
|[Duy — Dt lee < N9, (5.16b)
vy €U for all sufficiently large N. (5.16¢)

Here we used Lemma 5.4 and Lemma 3.2. We can also interpret vy as a
periodic function, in which case we rename it v8" € Wi for additional clarity.
The uniform convergence rate in (5.13) and (5.16b) then imply

| DVRT — Dun|lpso(ay) S N2 (5.17)
In particular, v} satisfies (5.12) and we can use the definition (5.11).

Lemma 5.5 For N sufficiently large, and z € C, the resolvent

er r -1
%N,z(v?v ) = (z[lz(AN) — ]:?]\]]‘]]\[(’l)g;3 )FN)
is well-defined and
| [%N,z(vjlifer) - ]}:/O,?] < fl,AN (ﬁ, n)v (518)

Inl ~
where

1

AN = (2leay) —FNHY"Frn) = (2= 1) gy,

Proof In light of the estimates on Fy that we established in Lemma 5.3 this
proof is analogous to the proof of Proposition 3.1 and is hence omitted. 0O

Treating un as a perturbation to v}, we also obtain a decay estimate on
RN, (O + s(uy — vR)).
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Lemma 5.6 For N sufficiently large and u € conv{uy, v} } the resolvent
ZN,(u) = (z —FNHy(u)Fn)™! is well-defined and

H%’Mz( ) — ZnN,.(VR) }nm’ <N~ p — m\l;tiAN, and, in particular,
(5.19)

} [L%’N,Z(u) — %’R,Og‘ S LA oay(n,m) + N_d|n — m|l§?AN. (5.20)

Jm]

Proof We write

T (0) = [Tma) + RV Ew (i () — Hyr(u))F ] e (05,

The resolvent on the left is well-defined if and only if the inverse on the right
exists, which is the case if

AN = AN (O)FN(Hy(WR") — Hy(u)Fy

is sufficiently small in the Frobenius norm.
We first calculate

|(Fn(Hy (o)) — Hy(u)F N )]
<Z (V2Vi(DUR(0)) = V2Vi(Du(0)))[DFN (¢ i), DEx (£ — 5)]

S Z|Dvaer = Du(O)][€ = il 1€ = Gl
¢
SN N = il 1= gty
¢
Therefore, using the estimate (7.15) and (7.7),

(AN)ijl S D Oim + Lran Gm) N =il 0=l

m,{
_ —d —d
SN dzw - Z|l27/1N|Z _]|ZO,AN
4
SN Ui Y, - (5.21)

We can thus estimate the Frobenius norm as

IANIZ < 2dZIZ e, SN

In particular, for N large enough, the resolvent Zy ,(u) exists and is given by
the Neumann series

Rn.- (1) — By - (V%) (i )%NZ( pery). (5.22)
k=1
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Let us now use the easier estimate (5.21) to estimate products. We have
_ —d —dy - —d _ . —d
ZN d|m - Z|137ANN d|] - m|137AN SN 2d‘] - Z‘177/11\,
m
SN — il N
again according to (7.7). Therefore,

(AR < CH(IN

—d  \k—1p: _ :—d —d
l4,AN) lj— Z|13,ANN
for some constant C' > 0. Hence, using (7.15),

|[Zn,-(u) — 2™

nm|

SO D CRUNEY ) = nlty N7 G + Lan (,m)
k=1i€AN

S D li=nlpt (N7 G + Ali,m)
1EAN

<|m— n|l§flANN_d.

5.5 Entropy error estimates

Our aim is the proof of Theorem 2.3(3); i.e., proving the convergence rate of
Sn(un)—S(u). For the sake of generality we prove the following more general
statement.

Proposition 5.1 For un,us satisfying (5.13),
[Sx(un) = 8™ (us)| S N7 (5.23)
To prove this statement, we split the entropy error into
ST (uce) = S{(un) = (87 (us) = S¥(vn)) + (ST (vn) = Sy (v)7))
+ (SN (o)) = S (un)). (5.24)

5.5.1 The term ST (us) — ST (vn)

We investigate the term S (us) — St (vn) first. Substituting w := vy — us
we rewrite this as

S+(UN) - S+(u<>0)
=37 (S (on) = S (ua0) = (3} (0), w))

LeA
= Z (68} (uoe) — 6S7°™(0),w) + Z/ (1= 8){0°S;} (uso + sw)w,w) ds
LeA ten”0

= Ay + By. (525)
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To estimate Ay we decompose it into Ay = Ee AN ¢ where

Ay = (68 (uso) — 68)°™(0), w)
11

- _ T _ hom
2251 I race<6[%z]g¢ 0%, ]u,w>dz,

where we write Z, = Z.(ux) for simplicity. The resolvent variations can be
written as

(3100, w) = [@ZF*@H(%O), w)F%’ZLZ (5.26)

—(z—1)2 [F*<5H(uoo), w)F} .,

+2(z— 1) [(% — RONVFH (5 H (use), w>F}

7
+ (. — B2 F (0 H (), w)F (2. %zom)he, and
(312 r,w) = (2 = )72 [F* (SH"™(0), w)F] . (5.27)
These expressions highlight the key estimates that we now require.
Lemma 5.7 We have the estimates
3 ‘ [F*(éH(uoo) — S (0), w)F| | SINRY (5.28)
LeA S
S| [ - #emF 51 (o), w)F| | SINIEY and
LeA S
5.29)
S| [ — 22 E 0 H (e, w) B (. — )] | S INEE (5.30)
LeA S
In particular,
[An| S NI
Proof Eq. (5.28): We first estimate the site contribution by
[F*<5H(uoo) — §HMom(0), w>F] .
=Y (V*Vi(Duse(n)) — V3V(0)) [Dw(n), DF (n — £), DF (n — £)]

neA

< D [Duae(n)] [Dw(n)||DF(n - 0)?
neA
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Summing over ¢ and substituting |[DF (n—£)| < |n—€|l_0d and |Dus (n)] S \n|l_0d
, yields

> |[F 6H () — 6 0) w)F| |37 D Inlgin — 42 Dw(n)|

LeA neAleN

—d|, |—d
S Z m |n|107N

neA

S N > nlp

neAN neA\AN
SN

Eq. (5.29): Arguing as in the first part of the proof of (5.28), employing
Proposition 3.1 to estimate %, — Z2°™, we obtain

> || - 22 F 6 H (uec), w)F]

N‘

leA
S Y. L, m)|Dw(n)||[DF(n—0)|[DF(n - m)|
ln,meA
< Z | Dw(n) Z Z(l,m)|n — €|l5d|n — m\l}d.
neA £,meA
As

S Ll m)ln— ' < La(n,m)

LeA

according to (7.15), we see that

> A m)n— 5% n — ml?

l,meA
< Z Za(n,m)|n — m|;0d
meA
—d —d —d —d —2d —d
f, |n‘12 Z (‘n - m|12 + |m|l2 )|n - m|10 + Z |n - m|l22 |m|l2
meA meA
S Il + [0l + ¢
< Il (531)

where we also used (7.7) and (7.9). Therefore,

Z ‘ { (%= = Z.°")F" (O H (o), ] ‘ S Z |n|10 N|n|12 ‘N|fsd.
leA
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Eq. (5.30): The proof of this estimate is entirely analogous to that of (5.29),
and only requires replacing the estimate (5.31) with

Z Z(L,a)|n — a\fod|n - b|fod.$1(€, b)
L,a,beA
<D B(tn)?
e
S Il + = 0207+ nl e — €]
e

< Inlia??,

based on (7.15) and (7.9).
Finally, the result |Ay| < |V \lgd is an immediate consequence of (5.28)—
(5.30). O

We now turn to the second term in (5.25), By = >, By,¢ where

1

! 1
By, = ——/ (1—38)— j{ log z Trace(8°[Z. (uso + sw)]e w, w) dz ds,
’ 2 0 21 C

thus we now need to estimate the second variation of the resolvents. Let ug :=
Uso + sw, then

[<52%(u8) w,w>}u

_ [2%(us)F*<5H(us),@F%Z(uS)F*(éH(us),@F@Z(us)]u

+ [%Z(us)F*<62H(us)w, w>F=@z(us)}

e
1 2
=: Bgv,)z + BSV?Z'
Lemma 5.8 For sufficiently large N, we have the estimates

STBYL SN and (5.32)
leA
Z |B§3)z‘ < N4 and in particular (5.33)
e

Byl SN, (5.34)

with the implied constants independent of s, z, N.
Proof FEq. (5.33): According to Proposition 3.1 and (7.15) we know that

| [ﬂz(uSﬂmz‘ < Ome + L1 (m, 0), and (5.35)
Z((Sme + L (m, 0)|In —m;* < In— €] (5.36)

m
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Analogously to the proof of Lemma 5.7, we then calculate

ZH Us F* 52 (us)wvw>F%z(us)} ‘

leA e

S D IDwm)Pn—mlpln =l Ome + L1(m, £)(0ke + L1 (K, 0))

~

n,l,m,keA

S 1Dw®)?Y ] n— 02
neA LeA

S |1 DwlZ

< N

Eq. (5.32): Throughout this proof let A = F”‘<5H(us)7 w>F, then

Bg\%,)e = [QQZ(US)A%Z(uS)A%z(uS)]
We use (5.35) and (5.36), as well as

o

[Amn| = | Y VPV(Duy(€))[Dw(€), DF(§ = m), DF (¢ — j)]
geA
S Y IDw(©)][€ = mlpdE = nlp!
e

to deduce that

[(Z:(us)A)mn| = ‘ Y G + L1 (m k) [ Dw ()€ = ko€ — "

£ keA

< 1Dw(©)|1E — mltle — nl.

£eA
Therefore, using also (7.7) and (7.15)

BV, | = | [2. (us) A (u;) A% ()], |
< Y [Dw(@)E = €6 — Kl | Dw(n)|

&n,km
[0 — Kl — mlp® (Ome + Z1(m, 0))
S Y IDw(©)|[€ = ¢11E =l [Dw(n)ln — €.
&m
Summing over ¢ and applying (7.7) again then gives

Z‘BNZ’ —Z’ 122 (us) AR (us) AR (us ]zz’

<Z\Dw MIE = €21€ = nlid [ Dw(n)|In — £
&m,t

N Z | Dw(&)[[Dw(n)||n — €.
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Let us split the domain of the sum. First,

> Dw©lDwm)lln - &P SN YT =gt SN
EneNaN EnENan

For the mixed terms we use (7.5) and |n| ~ |n — |

Y Dw@lDwnlin - &>

£eAN nEA\ 2N

S D Dw@l Y Inlpen — €l

EeAN neA\Aan

S D Dw©l Yo Il

EeAn neA\AzN
S D IDw(©IIN]
£eAn
S |N|l;2deN_d _ ‘N|l:;2d (537)
and, due to (7.8) and (7.5),
> IDw@Dwm)lln - &S D el mletn — &>
EneMN\AN EneMNAN

S D kRSN (5.38)
EeMNAn

In summary, we have shown that
1) —d
> [Bi| s N7
¢

Finally, the estimate (5.34) is an immediate consequence of (5.32) and
(5.33). O

Corollary 5.2 For N sufficiently large,
8T (vn) = ¥ (ua)| S IV

Proof This result follows by combining Lemma 5.7 and Lemma 5.8. O

5.5.2 The term Sy (un) — Sy (vR")
Recalling the error split (5.24) we now turn to Si; (v ) —Si; (uy), the periodic
analogue of S(vy) — S(us). Recall that in estimating the latter, we relied on
the uniform estimate || Dvy — Do |lee < N™9, as well as the far field estimate
[ Do | < W;Od'

As the analogous estimate |DvR" — Dun/|s < N~ holds and the far
field estimates are no longer needed, the estimates for Sy (vi") — Si; (un) are
therefore, for the most part, analogous. Hence, we will skip many details.
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The key difference is that the N~¢|n — m|l_5‘fAN in the periodic resolvent
estimate, Lemma 5.6, gives some additional terms.

To justify these claims, we decompose the new error term similarly to the
previous one. Let wy :=uy — v} Using the periodicity, we have

> (8SRE(0), w)

LeAN

—% > VAV(0)[Dwn(n), DFy(n—£), DFy(n — ()]

LneEAN
=5 3 VO X Duw(n), DEy(m), DFx(m)
meAn neAn
—0. (5.39)

Hence we can write
S (un) = SF (™)

= 3 (Sheuw) = 8308 — (08K (0, wn) )

e
= 3" (585 (0RT) — 68k (0), wy)
leEAN

1
+ Z / (1-— s)<5281§’z(v§’fr + sz)wN,wN> ds
teay V0
=:pAy +pBy. (5.40)
Note in particular that we have expanded SJJ{[ , around o} instead of

uy. Since the decay estimate for Zn . (v)") is equivalent to that for 2, (ueo)
according to Lemma 5.5, it follows that we can repeat the proof of Lemma 5.7
almost verbatim to obtain the following result.

Lemma 5.9 For N sufficiently large, |pA | < |N|;5%.

We can therefore turn immediately towards the second term, pBy =
ZZGAN pBy , where

1
By = 5 [0,k ftog eace(n oo, i) s
) 2 0 21 c
vy = v + suy and
[(62[%1\1,2(113)]@@ w,w)Lé
e [2%N,Z(US)F*<5HN (Us)a wN>F'@NaZ(,U5)F*<6HN (’US), wN>F%N’Z(US):| 12
+ [%N,z (US)F* <52HN (US)IUN7 wN>F%N’Z (US)} o

=: pBS\?@ + pBE?,?Z.
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Lemma 5.10 For sufficiently large N, we have

DoPBYA[ SN and 3 [PBR[S NG (54D
teA teA
and, in particular, |IpBy| < N4, (5.42)

with the implied constants independent of s, z, N.
Proof Instead of (5.35) and (5.36), we now use that

‘ [‘%}Naz(vs)}mA < e+ Liay (m,€) + N4 m — €|l_5‘,iAN, (5.43)
as well as, (7.15) and (7.7) to obtain

> e+ Lray (m ) + N™m — €50 ln —ml

meAN
Sin— %, + N = Sin—ta%, - (5.44)

As the result in (5.44) is the same as in (5.36), the rest of the proof for pBg\Q,)

stays the same. For pBE\l,)

1 _
SN pBY s Y [Dun(©)[Dwym)lln — €%
¢ EmEAN

we also get

exactly as before. Of course, we do not need far field estimates now but only
the simpler estimate

1 _
S B S Y [Dwn(©)[Dwym)lln — €524
4 &meAN
SN =
EneAN

O
Corollary 5.3 For N sufficiently large, we have |S¥ (v —SH (un)| < |N|l_5d

Proof The result follows by combining Lemma 5.9 and Lemma 5.10 with
(5.40). O

5.5.3 The term S*(vn) — SH(vR")

The final term from (5.24) can be estimated by comparing Z,(vy) with
Zn,»(VR"), which we will reduce to the error estimate for Fy — F from
Lemma 5.3.

We begin by recalling the expressions, valid for N sufficiently large,

%Z(UN) = (ZI[2(A) - F*H(’L}N)F)il = (Z - A)il

%N,Z(U?Ver) = (ZIW(AN) - FNHN(UN)FN)_l = (Z — AN)_l
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We extend the “matrix” Ay by defining [An]minj = Omndij for (m,n) € A%\
A%;, which induces a corresponding extension of Zn (Vi) to a Z& (v]") by
Zh°m. This allows us to compare

(% (o) — Z (5],
= [%.(on) (A = AN) 22 (%)),
=(z-1)7[A- Ax],,
(2= )7 (o) — 22 (A - AN)]
bz - )7 [(A - A (@ ) - o]

+ [(on) = A2 (A= An) B R - A2

=R{" +R{” + RY + R{".
Lemma 5.11

N~ ; nl? (7 = nlp® +li = nlp?), if (i,) € A%,
€ANy2
[An — Alij| N o
| U’ > ‘n|lod|3 - n‘zﬂd” - n|10d’ if (i,7) € A? \A%\f
neAN/Q

Proof For (i,j) € A% we calculate

[AN - A]z] = [(AN - I) - (A - I)]z]
S (VEVu(DORT () — VPV(0)) [DEx (i — n), DEx(j — 1)
n€AN/2

= > (VVa(Dun(n)) = V2V(0))[DF(i — n), DF(j — n)],

n€An/2

where we have used the fact that Duy(n) = 0 for n € A\ Ay/o. Observing
that DvR"(n) = Dun(n) for n € Ay/s and recalling that [Duy(n)| < |n|p%,
we obtain

Ay = Al S Y 1Don)] (IDEy(i = n) = DF(i )| [DF(j - )|
n€AN/2

+|DFx(i = n)| [DFy(j —n) = DF(j - n)|)

SN STl (15 - nlp? + 1 - nl?)

nE/lN/g

where we used that j —n, i —n € Azy/o. This completes the case (i,7) € A%.
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In the case (i,7) € A%\ A% we simply have

[An — Alyj| = [[T = Al
< Y [Don(n)||DF(i —n)||DF(j — n)

~

n€An/2

S Y0 Inlpt i =l il
TLGAN/Q

O

Lemma 5.12 For all j € {1,2,3,4} we have the estimate

SR SN
leA

Proof According to (7.6) we can estimate

Z‘Rgl)lg Z n|l0d(N—dZ M_nhfod_"_ Z |€_n|w2d>

teA n€AN/2 leAn Le N\ AN
—d —d —d —d
N Z ‘n|10 (|N|zl + |N|10 ) S ‘N|12 .
nGAN/Q

Furthermore, using (7.15), (7.6), and (7.7),

PBLSEED L

e LeA
<) AWE|[Ax — Alw
LicA
S D Il (N‘d > A (i —nlp® + €= nlp?)
nEAN/2 (L,i)eA?,

+ ) AWl nl_od)

(£,§)€A2\ A2,

< Y |n|l_0d<NdZ$2(n,i)+ 3 .zQ(n,i)un;od)

n€Anyo2 i€EAN i€A\AN
<y |n|;d(|N|;d|n|;d+ 3 |n;2d|z'|;£d)
7‘L€AN/2 ZGA\AN

<y |n|lod(|N|lsd|n|lsd+ |N|lzd|n|pd) < IN|

nEAN/2



44 Braun, Duong, Ortner

And finally,

>R

teA
S Z L(00)|[Ar — Al 435, 0)

Li,jEA
S0 |n|;od(Nd > AGOL W[5 - nlpt + i - nle?)
LeAn€EAN2 (i,5)€A%

Y ﬂ(y‘,e)fl(e,i)u—n|lod|i—n|lod)
(i,j)EAz\A%\,

Y |n|lod(N—d > A 9)(15 = nlp® + li = nle?)

n€AN/2 (i.4)€Ay

+ ) Al -l - nllod)

(6,5)€AP\AY

<y |n|lod(N_dZ.,%(i,n)+ T %(i,n)u_nhod)
n€An/2 i€EAN i€ N\ AN

SINIEY

where we used the submultiplicativity of .2 and (7.15), as well as the end of
the previous estimate. 0O

Corollary 5.4 For N sufficiently large, |S¥ (v%") — S*(vn)| < [N ;5%

Proof According to Proposition 4.1 and (7.5), we have

D ISu(vn) = (688 (0), on)] S N[
LeAN\AN

Furthermore, we use that

> (ESRE R =0

leAN

according to (5.39). Hence, we have

[Sn(0R") = S| S IN" + Y [Se(vw) = Swe(vi)]
e

+ ) ESE™ o) — (5SRO, oR)I- (5.45)
LEAN
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Lemma 5.12 implies

> [Se(vn) = Sne(vR)]

LeAN

< Z ‘Trace]ilogZ(%z(vN)ez - %N,Z(U?\/?r)ﬂ) dz‘

= ‘TracefglogZ(%’( N) = #Z (v per))ﬂdz‘

For the last term in (5.45) we calculate

(687, un) = (OSNF oR )
= —$Trace(F(SH"™, un)F)e + 3 Trace(En (SH™, vR ) Fiv )ee
= —1Trace 3 VPV(0) [D’()N(m), DF(m — ) + DFy(m — 0),

meEAN

DF(m — ) — DFy(m — z)} .

With Lemma 5.3 we therefore obtain

D SO un) = (BSOS Y Imlpt e — m N
LeAN LmEAN
<IN

O

Proof (Proposition 5.1) The result is an immediate consequence of the split-
ting (5.24) where the three individual terms are, respectively, estimated in
Corollaries 5.2, 5.3 and 5.4. O

and ue, := U satisfy (5.13), as

Proof (Theorem 2.3(3)) Setting un = uy
= ST (u). Therefore, the result is a

well as Sy (un) = S (uy) and S(u)
consequence of Proposition 5.1. O

6 Thermodynamic Limit of HTST
6.1 Approximation of the Saddle point

Recall our starting assumption in (2.28) that there exist u°, o€ Wl’z, ¢ #0,
and A < 0,c¢g > 0 such that
0E(u®) =
H*¢ = A\, (6.1)
(H%v,v) > co|| Dv||% for all v € W2 with (v, @WL?,(WL?)' =0.
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Since [15, Thm 1] in fact applies to all critical points and not only minimisers,
we again have

|IDias(0) S for1<j<p-2.
Furthermore, we even have exponential decay of the unstable mode ¢.
Proposition 6.1 Under Assumption (6.1) we have
16(0)] S exp(—clf]).
Proof We rewrite the eigenvalue equation as
((HHM = AD)o = f:= (H)M — H*)9,

where (H*)M is defined by (3.15) which ensures that f is compactly supported.
Since |(H®%)M — Hh°m|\£(wl,27(wl,2),) — 0 as M — oo, it follows that,

for M sufficiently large, o((H*)™) C [0,00). Since X is negative, standard
Coombe-Thomas type estimates (see e.g. [9] for an applicable result) yield

()M = 2D, | < e,
for some v > 0. The stated result now follows immediately. O

Next, we observe that the related W1’2—eigenvalue problem has the same
structure.

Proposition 6.2 There exist 1 € W2, i <0, c1 >0 such that
s h — 7Hh0m _7
Y=r } G ) i (6.2)
(H%v,v) > c1 (H™M v, v) whenever (H"™Mv, 1) = 0.
Moreover, |DIp(€)| < |6)P=97 for 1< j<p-—2.

Proof Step 1: Existence. As

we can set v = 1) — 1); for a sequence with ¢; — v in W12 to find

liminf(Hy;, ;) > (HY, ) + —= ): limsup|(v) — ¥, @) |
J (¢7 ¢>£2 J
Additionally, the last term vanishes, as ¢ = A" H ¢ € (W'2)". We have thus
shown that 1 — (H,v) is weakly lower semi-continuous in W12,
Let R(v) = (H5,v)/(H"™), 1) be the associated Rayleigh quotient for
Y € W2\ {¢ = ¢ : ¢ € RY}. Then R(¢) < 0. Furthermore, we have H® €
LOVY2, W12)*) which together with (STAB) implies that

—CIDylp _ —C
co/2IDOIE ~ cof2

R(Y) =
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where C' = ||H®||z; hence, inf R is finite.

Let 1; be a minimising sequence with (H"™™; 1) = 1 and R(¢);) |
inf R. Then, up to extracting a subsequence, Di; — D weakly in (2. If
(H"™4) 4p) = 1, then 1 is a minimiser of R and the existence of a correspond-
ing i < 0 for (6.2) follows.

Set 6 = (H"mep ). As (H™™) 1)) is non-negative and weakly lower
semi-continuous, we have 6 € [0, 1]. It remains to show, that § = 1. If we had
6 € (0,1), then

R(P) = 5(H 0, ) < liminf g {H;,05) < 20 <inf R

a contradiction. As a last case, if # = 0, then 1) would be constant. Using the
weak lower semi-continuity of v — (H%v,v) we have

inf R = lim R(¢;) = lim(H*y;, ;) > 0,
J J

and hence obtain another contradiction. Thus v is a minimizer of R and we

can set fi := R(1).

Step 2: Stability. We now show that the rest of the spectrum is bounded
below by ¢ := co/||H"™| 2, where cq is the constant from (6.1). First note
that,

(H*0,0) = col Dvl[% = e(HY™0,0)  whenever (v, @)y sy, = 0.
. - (6.3)
If there were a non-constant ¢ € Wh2 e > 0 with (H™™p, ¢)) = 0 and
R(p) < ¢ —¢, then

(H(tp + s0), (to + s1)) = t*(Hp, ) + s> (H*, ) + 2stji(H"*"™4), )
= 1(H¢, @) + s> (H*, ¥)
< (C o E) <t2 <‘Z;Ihom<p7 (P> + 82 <Hhom’l/_}, QZ)>>
= (c — ) (H™™(tg + sv), (tp + s1)).
Since W := {tp + st : s,t € R} is two-dimensional, there exists w € W\ {0}
such that (w, ¢>W1>2,(W1>2)' = 0, a contradiction to (6.3).
Step 3: Decay. To prove the decay of 1), we can write
(HS - ﬂHhom)qz) = Oa
or, equivalently,
(1= @ H"™) = (H*™ — H*)p =: f,
where 1 — iz > 0. We can rewrite the right-hand side as
(f.0) =D (V2V(0) = V2V(Da")) [Dy(6), Du(0)]

LeA

= 3" 9(0) - Do(e),

LeA



48 Braun, Duong, Ortner

with |g(¢)] < |Dus(¢)||Di(¢)]. An application of [15, Lemma 13 and Lemma
14] now yields the stated decay estimate. O

We can now turn to the approximation results. We begin by citing a result
concerning the convergence of the displacement field. Recall that the cut-off
operator Tr was defined in Lemma 5.4.

Lemma 6.1 (i) For N sufficiently large there exist @y, € WX such that
EN(TY) =0 and

[En (@) — E@@)| + [ Duy — Dl < N7 (6.4)

(i1) For N sufficiently large, @y, is an index-1 saddle, that is, there exists
an orthogonal decomposition Wy = Qn,— ® Qno D QN+ where Qn,— =
Span{TN/Qz/;}, Qn.,0 is the space of constant functions and there exists a con-
stant aq > 0 such that

+(Hn(@y)v,v) > a1<H1}\‘,°mv,v> Yv € Qn,+-

(iii) For N sufficiently large, there also exists an *-orthogonal decompo-
sition W™ = Q. _ Bz Qno ez Q) where Qn,— = span{Ty/2¢} and a
constant ay > 0 such that

(Hy (T5y)v,v) < —a}|jv]Z VveQn—, and
(Hy(ay)v,v) > di|Dvlfa Vv e Q.

Proof The existence of @ and the convergence rate follows from [8, Theorem
3.14]. The convergence rate for the energy is already contained in [15].

The existence of the orthogonal decomposition (ii) is established in [8,
Lemma 3.10]. Our only claim that is not made explicit there is that QN _ =
span{TN/Qq_S}, but this is precisely the construction of Qu,_ employed in the
proof of [8, Lemma 3.10].

The proof of statement (iii) is very similar to the proof of (ii), following
8. O

Proposition 6.3 For N sufficiently large, there exist ¢n,n € WY and
AN, BNy < 0 such that

Hy (uy)oNn = Anodn, Hy (@y)0Nn = ANHN™ )N,

with convergence rates

6N — Dllezcan) + AN — Al S N7Y (6.5)
|IDYN — D2 any S N™Y2, and
v — il S N7

Moreover, there exists a constant a > 0, independent of N, such that

(H(@)o,0) > all™,0)  for 0,00 =0, (63)
(H(@y)v,v) > a(HY™ v, v) for (HY™y hn) = 0. (6.9)
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Proof These results follow from relatively standard perturbation arguments,
hence we will keep this proof relatively brief. To simplify notation, let Hy :=
Hy (@) and H := H(u@%).

We first consider the ¢2-eigenvalue problem. Let ¢y = Tn/20/ |1 Tnj29llez
then Lemma 6.1 implies

oy — Pller S e, (6.10)

for some ¢ > 0, and for all p € [1, 0c]. This suggests that ¢ is an approximate
eigenfunction; specifically, we can show that

(= D S N (6.11)
To see this, we split this residual into

|(Hn — 5\)¢~7NHZQ = ||(H(Tnuy) — S\)QZ;NHZQ
< || H(Txay)on — H@)g o + Pl|on — ol
< ||H(Tway)dn — H(@)d||,, +Ce ¥,
where we used (6.10) in the last step. The first term on the left-hand side can

be readily estimated using (6.4) to yield the rate (6.11).
We now write the /2-eigenvalue problem as a nonlinear system,

!

(Fn (8, N), (w, 7)) := (Hnod — A, w) + 5(1 = [|¢l|7)7 = 0,
then (6.11) implies that
[(Fn (o, N);s (w, )] £ N~ wllee
The linearisation of Fy is given by
(6Fn (0, M) (0,5), (w, 7)) = ((Hn = Nv,w) = ¢{¢,w)ez — 7(¢,v) 2.

It follows readily from Lemma 6.1(iii), and (6.11) that 6Fx(¢n,\) is a uni-
formly bounded isomorphism with uniformly bounded inverse. As also dFyn
is uniformly continuous, an application of the inverse function theorem shows
that there exist Ay, ¢n such that

lon — dnllez + A — A S N7

This completes the proof of (6.5). Moreover, Lemma 6.1(iii) implies (6.8).
We can now repeat the foregoing argument almost verbatim for the eigen-

value problem Hyvy = iy HR™iy, employing Part (i) instead of Part (iii)

of Lemma 6.1. The main difference is that the best approximation error now

scales as - -
ID$ — DTy ol e S N™2,

which leads to (6.6), (6.9) as well as the suboptimal rate

v — | S N2
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instead of (6 7). To complete the proof we need to improve this to the optimal
rate O(N—9).
Let ¢y = T /29. Convergence of v, (6.6), implies that (H"™y, Yn) —
1 as N — oo; hence, we can estimate
(i — Bn)(HN™ )N, b)) = BH " Ty, dn) — (Hy (W) n, )
= (H™™ (bn = 9), Tnow) + (H (@), Tnn) — (Hy (@) on, dn)
= {AtH (o = §), Tthw) — (H@) by = $), Tnvow) }

+ {{H(@)dn, Twin) — (Hy (@) Tvdn, ) |

=

=: A1 —|— AQ.
The first term is readily bounded by
|Ay| = ‘ﬂ<Hh0m(1/~)N — ), (Tnon — ) — (H(@)(bn — ), (Tndn — 1/;)>)
S |IDYn — DY |2 | DTy — Dplle S N™YEN-42 S N4

The second term is best written out in detail,

As] =

> <[v2w(DaS(e)) — V2Vo(Dayy (0))| DYn (£), D¢N(€)>’

fEAN/g
S 1D — Dy |lgs 4y | DN N2 [ D]l S N7
This establishes (6.7) and thus completes the proof. O

Proof (Theorem 2.4(1)) This is included in Proposition 6.3. O

6.2 Convergence of the transition rate
We can now turn to the analysis of the transition rate,

KHTST = exp ( — ﬁA]—"N) = exp ( — 6(A5N — ﬁ_lASN)), where
(6.12)
AEN = En(uy) — En(un), and
ASy = SN(I_LR;) — SN(ﬂN)
= —% log det+H]S\/' + %log det™ Hy

= =3 log A5 4 13 "log AT,

where )\;-“i“ and A;addle enumerate the positive eigenvalues of, respectively, Hy
and H3y;. We already know from Theorem 2.2 and Proposition 6.3 that

|AEN — AE| S N7 where A€ := (@) — £(a). (6.13)
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From Theorem 2.3 we know that
|Sn(an) — S(@)| S N~*log® N, (6.14)

hence, it now only remains to characterise the limit Sy (@) — S(@°) and es-
timate the rate of convergence. Again, we want to use a localisation argument.
To that end, we first rewrite Sy (@%) in a way that then allows us to exploit
the functional calculus framework that we developed in the prior sections. This
will require us to consider the logarithm of negative numbers. Let us therefore
look at the branch of the complex logarithm given by

log re'? :=logr + i, for r >0, p € (—7/2,37/2).

The logarithm of a finite-dimensional, invertible, self-adjoint operator with
spectral decomposition A = Zj a;v; ® vy, is then given by

log A := Zlogajvj ® vj.
J
Recalling the definitions of Ay, fiy from Proposition 6.3 and of Fy and my
from § 2.4, we calculate

(i) =~ 3 o 0+ 1 ol
= —1Tracelog(H} + mn) + 3 Trace log(HY™ 4 7mx) + 3 log An
o det(HY, + )
det(HNom + 7TN)
= —% logdet(Fy + 7n)(Hy + 78 )(Fy + 7n) + %logf\N
—%Tracelog(FNHjstN + 7TN) + %10g S\N

+%log5\N

= —1Tracelog+(FNHjstN) — Zlogiin + 3 log Ay
:ZSN, (@) — 3 logiin + 3log Ay, (6.15)

based on the definition of S+e in (5.11). Note, that the formula logdet A =
Tracelog A is still true for the complex logarithm as there is only one nega-
tive eigenvalue. Otherwise a correction by a multiple of 27i would have been
needed.

We already know that fix, Ay converge as N — oo, and from the definition
of the complex logarithm we immediately also obtain that

llog Ay — log \| + |log fiy — log fi| < N~ (6.16)

Finally, we must address the group
Sy () Zs iy

Due to Proposition 6.3, we have indeed o(FyHYFn) \ {0,an} C [o,7] for
o > 0 small enough and & > 0 large enough.
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To define the limit, recall that for u satisfying (3.11)
S, (u) = —1Tracelog "(FH (u)F)

As @® € U, we can apply (4.2) and Proposition 4.1 to see that

¢ (@) - (gt 0), )

< 1%

)

and thus

S = (Sila) - (34 (0), ) )

leA

is well-defined.
Lemma 6.2 For N sufficiently large, let @y, be given by Proposition 6.3, then
|S* (@) - S{(ay)| S N~?log” N.

Proof Setting uy = @Y and us = @°, (5.13) is satisfied. Therefore, this
result is a consequence of Proposition 5.1. O

We can now define

KT = exp (— B(AE = B71AS)),  where (6.17)
AE = E(u°) — E(u), and
AS = §* (i) - S(a) — L logljil + 1 log]|

Proof (Theorem 2.4 (2)) According to (6.13), (6.14), (6.16), and Lemma 6.2.

we have
|AEN — AE| SN, |ASy — AS| < N~ %log” (N).

Using AE > 0, we have

IKTST — KI8T < |ASy — AS| + |AEy — AE|sup sup  Be P?
B xz€[AE)2,2AE]

2
eAE

< N~ 4log?(N) + N4
< N~%1og®(N).
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7 Appendix
7.1 Proof of Lemma 3.1

Preliminaries: Recall from (3.5) the Fourier representation of H"°™. Expand-
ing h(k) in (3.6) as k — 0 yields the continuum (long wave-length) limit

) = 3 Ak o)

pER!

which is the symbol of a linear elliptic PDE operator of a linear elliptic operator
of the form

H := —divAVu,

where A is a fourth-order tensor and (STAB) implies that it satisfies the
strong Legendre-Hadamard condition [15,20],

Z A?jﬁmﬂjfaﬁﬁ > colnl?|€? v, &€ € RY,

a,p,1,j

for some ¢y > 0.
Let F<(k) := [h¢]~1/2, then F¢ € C>(R%\{0}) and it is (—1)-homogeneous.
It now follows from [27, Theorem 6.2.1] (see also [7] for a more detailed
enactment of Morrey’s argument specific to our setting) that there exists
F¢ e C°(R?\ {0}) with symbol F° such that F© is (1 — d)-homogeneous.
In particular,
|VIFe(z)| < Clz|'~47  for j > 0. (7.1)

We can now use the sharp decay bounds on F° and the connection between
the symbols F'(k) and F*°(k) to modify the arguments from [15,28], to estimate
the decay of F' as well.

Proof (Lemma 3.1(1): decay estimates) Let 7j(k) € C°(B) with 7j(k) =1in a
neighbourhood of the origin. Then its inverse Fourier transform 7 := F~1[] €
C>(R%) has super-algebraic decay [34]. Therefore, 1 * F€¢ is well-defined,

|Dp(n* F)(0)] < Cle)yg '™ (7.2)
and Fln* F¢] = ﬁFC is compactly supported in BZ and smooth except at the
origin.

Next we show that
[Dp(F =% F)(O)] < Ol (73)

which, together with (7.2), implies the stated result.
From the explicit representation of h(k) and h°(k) we have

||k ~2h(k) — k|20 (k)| < C|k[.
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Recall the (STAB) implies that |k|~2h(k) and |k|~2h¢(k) are bounded above
and below in BZ, hence

] (k) 712 = [kl (k) 7/2] < ClRI2,
or, equivalently, |F(k) — F<(k)| < C|k].
Along similar lines, we can prove that
IV E (k) — V™ Ee (k)| < [k
Applying [28, Theorem 7 & Corollary §|, this implies (7.3). O

Proof (Lemma 3.1(ii), (iii):) We need to show that F: £2 — W2, Let v € (2.
For a fixed ¢,
|F(l = m) = F(=m)| < |m]z*
due to the decay for DF established in part (i). Therefore, F(I—-)—F(—-) € (2
and Fov(¢) is defined for all £. Clearly, we also have Fv(0) = 0.
For any p we find

0) = Z D,F (¢ —m)v(m).
The Plancherel theorem then implies
D, (Fv)(£) = ITl3| / (e®P — 1) E(k)o(k)e™ " dk
B

As the Fourier-multiplier satisfies (e?*? — 1)F'(k) € L>(B), we find D,(Fv) €
¢? and thus Fv € W12,
For v,w € £? we calculate

(F*H"™Fu, w) e
= <Hhom(FU) (F’w)>(w1 2)7, Wi.2
= Z V2V (0)[D(Fv)(£), D(Fw)(0)]

= ;ﬁ/ VQV(O)[((e’ik'p — 1)F(k)ﬁ(k))pe72, ((eik'P _ 1)F(kﬁ)w(k))pe7g] dk

)*hFw dk
IBI /

i dk
8l /

= (v, W)z,
which proves (iii). As
IDwlfS (H*"w, w)e S || Dwl|z
for all w € W2 according to (2.8), we can set w = Fu to find
IDF||%S (F*H*"Fv,0) = |[vfl2 < | DFv|.

In particular, F is one-to-one and continuous. 0O
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7.2 Proof of Lemma 3.3

We use arguments similar to those in [31]. Let us start with the finite dimen-
sional case. For an r X r matrix B let

pp(A) :=detOA\ —B) =X+ A" . oA Fe,
be the characteristic polynomial of B. The coefficients ¢, are of the form
cr = cx(B) = tr(A¥B),

where A*B is the k-th exterior power of B, i.e., a homogeneous degree k
polynomial in the coefficients of B which can be written as a sum of minors.
If I + B is invertible, then

a:=pp(=1)= (1" +c1 (=) +.. . +e #0.
Therefore, there is a polynomial
PN =N+ N 4 e Nt
such that Apg(A) + a = (1 + A\)pp(A). Indeed, the coefficients are given as
cp=c—1,ca6 =cog—¢C1,y...,Ch, =Ck — Cl—1y---,Cr—1 = Cp—1 — Cr_2
ie.,

[
(—1) ]Cj.
1

Cp, = (—1)k + '

k
Jj=

According to the Cayley-Hamilton theorem, pg(B) = 0. Therefore, o = (I +
B)pp(B). Hence,

(T +B)" = Zpu(B)

1
= —(BT +B" ! +...+ET,1B+a>
(6%

1

=1+ —(BT’ +aB v+ ET_lB)
8%
B +¢&B'+...+¢_1B
()" +e (-1 +... +ec

=1+ &B" (7.4)
k=1

A representation as desired with coefficients ¢, = ¢ (B) depending continu-
ously on B.

Now let us discuss the general case. We will immediately prove the main
statement and (ii), as (i) is clearly a special case of (ii).

So let X be a Hilbert space with orthogonal decomposition X = X; & X5
such that dim(X;) < r and X5 C kerA for an operator A. If Py : X — X is
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the orthogonal projection onto V, we can the operators as A = Px, APx, +
]DXQAI:)X17 as PXlAPX2 = 13)4'214]3)(2 = 0. Let us write B: X1 — X1 and
C: X1 — Xy for these restricted and projected operators. That means we
have

A= LXI.BTI'X1 + LXZCﬂ'Xl,

where tx,: X; — X and 7x,: X; — X are the standard embedding and
orthogonal projection. In particular, for 7 > 1 we have

Al = ALXIB]_l’]TXl.

If I + A is invertible, then so is Ix, + B as (Ix, + B) ™' = 7x, (I + A)"lix,.
We can also represent (I + A)~! in terms of (Ix, + B)~! as a block inverse by

(I+ A)_l =ixy (IX1 + B)_lﬂ—xl - I’X2C(IX1 + B)_17TX1 T XX,
In particular,

(I+A)t T
=ux,((Ix, + B)"' = I)rx, —tx,C(Ix, + B) 'mx,
= (tx, —x,C) (Ux, + B)™! - Ix,)mx, —tx,Crx,
= (— tx,B — LXQC) ((IX1 +B)"' - le)ﬂxl —vx,Brx, —1x,Cmx,
=—Aux,((Ix, + B) ' = Ix,)mx, — A

According to (7.4) we have
(Ix, + B) ™' = Iy, = Y _ & B,
k=1

and hence,
14[,)(1 ((IXl + B)_l — IX1)7TX1 = Z EkAk+1.
k=1

Overall we have,

r+1
(T+A) =T+ &AF
k=1

with é; = —1 and é, = —¢,—1 for k > 2. In particular, for a family (A, ), of
operators with the same orthogonal decomposition of X, the ¢ are given as
continuous functions of B, = 7x, Aatx, € L(X7).
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7.3 Auxiliary Estimates

We want to collect a few auxiliary estimates for certain sums that appear in
a number of variations throughout.

Lemma 7.1 All the implied constants in the following are allowed to depend
on the exponents «a, 8,7, p, as well as the dimension d, but not on the lattice
points n,m € A, or the cut-off M > 0.

ZIZI;{’XF S |MYF for allp >0, a > 0.
=
(7.5)
Z 1078 S 1M [fuia for all o > 0.
teA, el <M
(7.6)
Dl = mlpt S mlan for all a, >0, m € A,
teA
(7.7)

Z|£|fad|€ - m|l_ﬁ"i]\_f < |m|l;"iM|M|l_lfH for all a, 8 >0,p >0, m € A
e

(7.8)
S MR = ml S T forallao>B>0,p>0,me A
leA

(7.9)

—d —d —d —d —d —d —d
Zlﬂlza,le - m|w [0 —n[ " < |”|la,M|m - n|lﬁ+w+1 + |n|l7,M|m|la+ﬁ+17M
leA
for all a, 8,7 >0, m,n € A with |n| > |m|. (7.10)

—d— —d —d —d— —d —d —d -
Z|£|la,Mp|€ - mllﬁ 1€ — n|m S |n|la, plm - n|[ﬁ+w+1 +|n|l7,M|m|lﬁ7M‘M|loﬂ1
e

for all a, B,y >0, m,n € A with |n| > |m)|. (7.11)

As a special case, note that one can always take M = 0, where one finds
1€ty = )" and |M],." = 1.

Corollary 7.1 In particular, if follows that

Z\é\;dw — m|l_1d|£ — n\l:d S ZLyyo(m,n)  forally >0, n,me A

LeA
(7.12)
Z \E\l_od|€—m|l_od|£—n\l_0d < ZM(m,n) for all n,m € A.
LeA > M

(7.13)
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—d —d —d —d —d —d —d
Z|£|ll,M|m_£|11 |n_€|11 §|m|l17M\m—n|l3 +|m|ll7M|n|l37M

LeA

for all n,m € A. (7.14)
S im Ol — 15 < 2y a(m,m) S b=l
LeA

forally >0, n,m € A. (7.15)
D lRA e = mlpte = nln® < nlpdy mlp G, (M1 + Im = a7
LeA

for all n,m € A. (7.16)

Proof To show (7.12) just note that we can estimate \m\l}d < \m\ﬁd|n|l01 in
(7.10) for the case |n| > |m/|. If on the other hand |m| > |n|, (7.10) becomes

e = mlpte =l S fmlpfm = nl s + mlpfnl L
e

which already gives the result.

(7.13) follows directly from (7.10) as it is symmetric in m, n.

(7.14) directly follows from (7.10) and its version with m, n reversed, so
(7.14) holds true for all m,n € A.

The first inequality in (7.15) is just a combination of (7.12) and (7.7). The
second follows from |n — m|p < |n|p|m|po.

(7.16) immediately follows from (7.11) as it is symmetric in m, n. O

Proof (Lemma 7.1) Let us start with (7.5). The statement is trivial if the sum
is restricted to |¢] < M. At the same time,

o0
Sl s [l ar S g
le]>M M
For (7.6), we estimate
M+42
S ! Stog(e+ M) [l dr S M
1

[ <M

In (7.7), first consider |m| < M. Then we can split the sum and estimate

St =mlpt S D A+ MRt Y 6= mlf
¢

le|>2M le|<2M
—d
< |M|la+ﬁ+17

according to (7.5) and (7.6). On the other hand, the case |m| > M follows
directly if we can show the entire statement for M = 0. Splitting up the sum,
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we find
—d —d —d|,|—d —d —d

SR -mipt s Y JRmlpt Y imlde - mlg
4 LEB | (0) LEB || (m)

3 3

D A+ Iml2 Iml
LE By (0)©
S |m|;x(«i+ﬂ+1v

according to (7.5) and (7.6).
Now let us look at (7.8). First consider the case |m| < M. Then

—d —d— —d —d— —d|p—d—
Zw‘za |¢— m|m,Mp S Z €35 | M Pt Z 1€]3a°1E] 5 P
14 LeBap (m) LE€Ban (m)©
—d—
5 |M|la+5‘il
—d —
S |m‘la,M‘M|mﬁ1-

If on the other hand |m| > M, we use the splitting from the proof of (7.7), to
find

- —d— - —d— - —d—
Z‘£|lad|g_m|lﬁ7Mp § Z |€|lad‘m‘lﬁ P+ Z |m|lad|g_m|1B7Mp

—d|y—d— —2d—p| |d
+ Y R 4 mlR3 P ml
LE By (0)°

—d— _ _
< Imlpfah + Imld M
—d —_
S ‘m|la,M|M|lﬁZ—)H'

The same splitting of the sum for (7.9) gives
D PN = ml
¢

< O R Y e = ml

—d—p|y—d— —2d—2 d
+ Z Mza p|€|m Py |m‘la+ﬁ p‘m‘lo
ZEBZ\'/M(O)C
—d— —d— —d—2
S |m|l,3 Py \m\la P+ |m|la+ﬂ b
—d—
S Imla b

We get to (7.10). First, let |m/|, |n| < 2M. Then
D _Nelitagll = mite = nli!

leA
S > MR mipte =l YT 0
L€ B3 (0) L€ B3 (0)°

—d —d —2d
N |M|ln |m — n|lﬁ+w+1 +|M la2+/3+w
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according to (7.5) and (7.7). Next, let |n| > 2M, |n| > |m/|, and |m—n| > |n|/4.
Then

D 1Tl = ml e —nln?
e

—dip|-d —d —d —d|_|—d
s Z Inlielnly"1E = nl" + Z €] 0 1€ = ml 5% In 5
te€B|n (1) €€B || (n)°
8 8
—2d _d| |-d
5 |n|1a+ﬁ+v+1 + |n|lw |m|la+[f+1’M.

At last, let |n| > 2M with |m — n| < |n|/4. Then,

DLty —mlfe = nli?

LeA
< |1 —mlHe — nlt + 105y Inl s nl o
l 1 l I, M 1771 l
EEB% (n) EEBQW (0)\3% (n)
—d —d —d
S S 14 o Vi e 1
£€B2|n\(0)u

< |n‘;d|m - n|;ﬁiw+l + |n|ltri£l/3+w+l‘

Overall, we have shown that if |n| > |m|, then

—d —d —d —d —d —d —d
ZM[Q,MM - mllﬁ = n|m S |”|la,M|m - n|m+w+1 + ‘n|m,M|m|la+ﬁ+1,M-
LeA

That also means, that if |m| > |n|, then
D e = m|pte =l S fmldylm =l o+ Imlpty ket

leA

We are only left with (7.11). As in the proof of (7.10), we find for |m/|, |n| < 2M
that

—d— - - —d— - —2d—
Z|£|la,Mp|€ - m|lﬁd‘£ - n|lwd S |M‘za p‘m - n|lﬁiw+l + |M|la+ﬁ+€'
e

Also, for |n| > 2M, |n| > |m|, and |m — n| > |n|/4 we have

—d— —d —d
Z\flla,M”lf —m|;°[€ = |
leA

—d— —d —d —d— —d|,_|—d
< E |n|za p|"|lﬁ M_nhv + E |€|la,Mp|£_m|m |n|m
EEBM (n) ZGBm(n)C
8 8

—2d— —d —d —
S |n|la+ﬁ+1—)y+1 + |n|m |m|lﬂ7M‘M|laﬁ17
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according to (7.8). At last, let |n| > 2M with |m — n| < |n|/4. Then,

> 11— mlptle = nln

leA
—d— —d —d —d—p|, |—d|, |—d
S Z n;a p|€*m|m ¢ — [+ Z |£|lﬂ,Mp|n|lB [
ZEB%(n) ZEan‘(O)\B% (n)
—d—p|p|—d|p|—d
S D P

EGBQ‘M(O)C
—d— —d —2d —2d—
S ‘n|la p|m - n‘[ﬁ+'¥+1 + |n|lﬁ%—w + |n‘[l‘1+/5+1’)‘/

—d— _ _
N ‘n|la p|m - n‘lﬂiv+l + |n|lﬁ?ﬁy

Overall, we have shown that for |n| > |m)|

—d— —d —d
ZWM,MPM —m|;° [ —n[;

leA
S ‘n|lac,lMp|m —nlpl e + |n|lw(,iM|m|lB(fM‘M|laﬁl'
O
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